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ON THE KK-THEORY AND THE E-THEORY OF
AMALGAMATED FREE PRODUCTS OF C*-ALGEBRAS

KLAUS THOMSEN

ABSTRACT. We establish six terms exact sequences relating the KK-theory groups
and the E-theory groups of an amalgamated free product C*-algebra, 4; xp A,
to the respective groups of the three constituents, A;, A and B. In the KK-
theory case we assume the existence of conditional expectations from Ay onto B
or that Ay, A> and B are all nuclear, and in the E-theory case that there exist
sequences R¥ : Ay — B,n € N, of completely positive contractions such that
lim,, o RE(b) = b for all b € B,k = 1,2. This condition is fullfilled e.g. when B
is nuclear or sits as a hereditary C*-subalgebra of the Ay’s.

1. INTRODUCTION

Cuntz and Germain have conjectured the existence of two short exact sequences
which should relate the KK-groups of an amalgamated free product A; x5 A, to
the KK-groups of A;, A; and B. See Remark 2 of [C1], Conjecture 0.1 of [G2] and
Conjecture 3.11 of [G3] where the conjecture is formulated in varying generality.
In [C1] Cuntz proved the conjecture when there are retractions from the Aj’s onto
B, in [G1] Germain proved it when B = C sits unitally inside the A,’s which
were assumed to be 'K-pointed’, c¢f. Definition 5.1 of [G1], a condition which he
subsequently, in [G2], weakened to K-nuclearity (in the sense of Skandalis, [S]).
Finally, in [G3] he announced a proof of the conjecture under certain technical
assumptions (‘relative K-nuclearity’) which among other things require the existence
of conditional expectations Py : A, — B. In another direction the conjecture was
established in increasing generality for examples coming from groups or actions by
groups in [C2], [L], [N]. In this direction the ultimate result seems to be that
of Pimsner, [Pi], who obtained results which, among other, verify the conjecture
when (G; and G5 are countable discrete groups containing a common subgroup H,
A, =AX G k=1,2,and B = A x H for some actions of G; and G5 on A which
agree on H. However, in the general case the conjecture remained open even when
B=C.

In this paper we establish the conjectured six terms exact sequences when there
are conditional expectations Ay — B,k = 1,2, or A;, Ay and B are all nuclear. In
principle the method we use for this is the same as that of Germain. In [G2] and [G3]
Germain wrote down a x-homomorphism ¢ : C' — S(A; %5 A2) between the mapping
cone C' for the inclusion B — A; & A, and the suspension S(A; xp Ag) of Ay x5 As,
and made the observation that the conjecture is equivalent to the KK-invertibility of
. He was then able to invert ¢ in KK-theory when B = C under the assumption on
Ay and A, mentioned above. The method of proof that we shall use is in principle
the same, but the goal - to invert ¢ in KK-theory - is achieved by completely different
means. In fact, we shall obtain the proof by working with extension groups in much
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the same way as in the work of L. Brown, [Br|, who obtained partial results which
inspired Cuntz in the formulation of the conjecture, c¢f. Remark 2 of [C1l]. By
working with extensions we shall establish enough of the desired exact sequences
to deduce that Germains homomorphism is invertible in KK-theory. To do this we
use two important ingredients which were not available when Brown did his work,
namely Boca's result on free products of completely positive unital maps, [Bo], and
the automatic existence of absorbing trivial extensions together with the related
duality results for KK-theory obtained in full generality by the author in [Thl].

A major part of the paper is an attack on the analogous conjecture in the E-theory
of Connes and Higson, [CH], and we obtain the desired six terms exact sequences
under even weaker conditions in this setting, as described in the abstract. The
approach we take for this is new: Provided B is properly embedded in both Ag’s,
meaning that an approximate unit in B is also an approximate unit in Ay, there is
an exact sequence

0 —— S(A; x5 Ay) —— cone(A;) xsp cone(Ay) —= Ay x Ay — 0, (1.1)

where A; x Ay is the unrestricted free product. As shown by Cuntz, [C3], A; * A,
is KK-equivalent to A; @ A,. Based on methods and results from [DE] and [Th2]
we show here that cone(A;) xgp cone(Asy) is equivalent to B in E-theory provided
there are sequences of completely positive contractions R} : Ay — B such that
lim,, o R}(b) = b for all b € B,k = 1,2. The desired exact sequences then come up
as the E-theory exact sequences arising from (1.1). Note that the extension (1.1) is
actually semi-split (this follows from Boca’s result, [Bo]), so it is not inconceivable
that this extension can be used to obtain the result in KK-theory rather than E-
theory. However, the methods that we use here to show that cone(A;) xsp cone(As)
is equivalent to B works only in E-theory. In a final section we point out a serious
limitation of our methods which explains why they stop short off a proof in the
general case.

2. ON ABSORBING EXTENSIONS AND ASYMPTOTIC HOMOMORPHISMS

In this section we gather a series of lemmas. Only the first two are needed for our
results in KK-theory. Let A and D be separable C*-algebras, D stable. Let M (D)
denote the multiplier algebra of D. Since D is stable there are isometries Vi, Vs, €
M (D) such that ViVi* + V2V, = 1 and Vi*V, = 0 and we can define the orthogonal
sum a @ b of two elements a,b € M (D) to be ViaV}* + V2bV,'. Similarly, we can add
maps, ¢, : A — M(D), orthogonally; viz. (¢ @ ¢)(a) = Vip(a)Vi* + Vayp(a) Vs
We call a *-homomorphism ¢ : A — M (D) absorbing when the following holds:

When 7 : A — M(D) is a x-homomorphism, there is a sequence of unitaries
{U,} € M(D) such that lim, o, U,(¢ ® 7)(a)U} — ¢(a) = 0 for all a € A.

See Theorem 2.5 of [Th1] for alternative characterizations of absorbing *-homomorphisms
which we shall use quite freely. By Theorem 2.7 of [Thl] there always exists an ab-
sorbing x-homomorphism.

Lemma 2.1. Let A, D be separable C*-algebras, D stable and B C A a C*-subalgebra
of A. Assume that that there is a sequence of completely positive contractions R, :
A — B such that lim, R,(b) = b,b € B. If 7 : A — M(D) is an absorbing
x-homomorphism, then 7|g : B — M (D) is an absorbing *-homomorphism.
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Proof. By Theorem 2.5 of [Th1] we must show that the unitization (r|g)" : BT —
M(D) of 7|p is unitally absorbing. We check that condition 1) of Theorem 2.1 of
[Th1] is satisfied. Consider therefore a completely positive contraction ¢ : Bt — D.
Then poR} : At — D is also a completely positive contraction and since 7 : AT —
M (D) is unitally absorbing, we know that there is a sequence {W*} C M (D) such
that lim,, o ||oo Ry (a) —WF nt(a)WE| = 0 for alla € A* and lim,, o, |[WF"d|| =0
for all d € D. Since limy_, R (b) = b for all b € BY C AT, it follows that also
(m|g)t = 7|+ satisfies condition 1). O

Lemma 2.2. Let A, D be separable C*-algebras, D stable and B C A a C*-subalgebra
of A. Assume that B is nuclear. If m: A — M (D) is an absorbing x-homomorphism,
then w|g : B — M(D) is an absorbing x-homomorphism.

Proof. Since B is nuclear there are sequences S, : B — F,,, T, : F,, - B,n € N, of
completely positive contractions, where the F},’s are finite dimensional C'*-algebras,
such that lim, ,o, T, 0S,(b) = b for all b € B. By Arvesons extension theorem, [A1],
there is for each n a completely positive contraction, V,, : A — F),, extending S,,.
Set R, =T, oV, and apply Lemma 2.1. O

Throughout the rest of the paper Ay, Ay, B, D are separable C*-algebras with D
stable, and i : B — A, k = 1,2, are embeddings.

Lemma 2.3. Assume that there are sequences Rf : A, — B,n = 1,2,3,---, of
completely positive contractions such that lim, o RF(ix (b)) = b for all b € B,k =
1,2. Let m : Ay — M(D),k = 1,2, be saturated and absorbing *-homomorphisms.
It follows that there is a normcontinuous path {u}cn ) of unitaries in M(D) such
that wymy o i1 (b)u; — mg 0 ig(b) € D for all t € [1,00),b € B, and lim;_,» w1 ©
i1(b)u; — o 0ig(b) =0 for all b € B.

Proof. Recall from [Th2] that 7 being saturated means that the infinite direct sum
0@ mp @ m D mp @ -+ is unitarily equivalent to m,. It follows from Lemma 2.1
that 7, o iy : B — M(D),k = 1,2, are both absorbing (and saturated). From the
uniqueness of absorbing x-homomorphisms it follows that 7 0 iy @ (T3 0 i2)se ~
7 odp and (7 041)ee D T 04y ~ T 0 g, in the notation of [DE]. It follows
therefore from Lemma 2.4 of [DE] that there is a normcontinuous path {w;}ie1 00
of unitaries in M (D) such that w;(m; 0i1)eo (b)w; — (T2 012)00(b) € D for all ¢, b, and
limy o0 wi (1 041) 5o (b)w; — (2 0 42)00(b) = 0 for all b € B. Since 7, is saturated, 7,
is unitarily equivalent to (7)o, S0 the conclusion follows. 0]

In the following we shall consider the suspensions SA;, SA,,SB and the cones
cone(A;), cone(Asy), cone(B). The embeddings iy, : B — Ag, k = 1,2, induce embed-
dings between some of these algebras (e.g. SB — cone(Ay)) in a natural way, and
in order to avoid too heavy notation we shall denote a map induced by 7, : B — Ay
by i again. It will always be clear from the context which domain and target is
meant.

Lemma 2.4. Assume that there are sequences RE : Ay, — B,n =1,2,3,---, of com-
pletely positive contractions such that lim, . RE(ip(b)) = b for all b € B,k = 1,2.
There ezist absorbing and saturated x-homomorphisms oy, : cone(Ag) — M (D), k =
1,2, such that oy oy, : cone(B) — M(D), k = 1,2, are both absorbing and saturated,
and there exist normcontinuous paths, {p;}icio,o0)s {Witteio,00), 0f elements in M (D)
such that the w;’s are unitaries, and



4 KLAUS THOMSEN

1) 0<p <1, tel0,00),

2) prag(cone(Ay)) €D, tel0,00), k=1,2,

3) (b} — pr)aw(cone(4y)) = {0}, t€[0,00),

4) limy oopyd = d, deD,

5) limy o ||ptak( ) —ag(a)p]] = 0, a€cone(Ag), k=1,2,
6) Po _0 pn =DPn, N = 172737"':

7) hmH00 wiay 0 i1 (b)w; — g 0 ig(b) =0 for all b € cone(B),

8) limy 00 prwy — wypy = 0.
Except for 7) and 8), Lemma 2.4 follows from Theorem 3.7 of [Th2|. To obtain 7)

and 8), which will be crucial for us here, we must elaborate on the proof of Theorem
3.7 of [Th2] as follows.

Lemma 2.5. Let D be a separable C*-algebra. Let Ky C Ky C M(D) and F C D
be compact subsets. Let § > 0 and assume that p € M (D) is a projection such that
[p,m| € D, m € K,, and

|lmp —pm|| <6 , me K. (2.1)

Let 0 < z <1 be a strictly positive element in (1 — p)D(1 — p) and let €1, € € ]0,1]
be given. There is then a continuous function h : [0,1] — [0, 1] such that h is zero
in a neighbourhood of 0, h(t) =1, t > €,

sup |[[m,p+ h(tz)]|| < 56, meK;, (2.2)
te[0,1]
lm,p+h)l < e, mekK,, (2:3)
and
lpd+ h(z)d —d|| < €, deF . (2.4)

Proof. Let A denote the convex set of continuous functions H : [0,1] — [0, 1] such
that H is zero in a neighbourhood of 0 and H(t) = 1, ¢t > €. For each z € K, define
a multiplier Z of cone((1—p)D(1—p)) by (Zf)(t) = (1—p)x(1—p)f(t), t €]0,1],
and define H € cone((1 —p)D(1 — p)) by H(t) = H(tz). Since t — tz is a strictly
positive element of cone((1 — p)D(1 — p)), {(H, p+ H(2))}uea is a convex net in
cone((1 — p)D(1 — p)) @ M (D) such that

lim (A, p+ H(2))X = X

for all X € cone((1—p)D(1—p))®D. Since [m, p] € D for allm € K, we can therefore
use the arguments from the proof of the existence of quasi-central approximate units
to find a h € A such that [|[(Z,y), (h,p+h(2))]|| < min{d, e}, x € K, y € K>, and
lpd + h(z)d — d|| < €2, d € F. In particular (2.3) and (2.4) hold and we have that
sup [[[(1 = p)z(1 —p), h(t2)]]] < 6, v € Ki . (2.5)
te[0,1]
Since [z, h(tz)] = [(1 - p)(l — ) h(tz)] + [(1 = p)ap, h(t2)] + [pr(1 — p), h(t2)], we
get (2.2) by combining (2.5) with (2.1).
U

Let H be an infinite-dimensional separable Hilbert space. We can then define
g :10,00[— [0, 2] by

g(s) = sup{|[[a,Vzlll : a,x € B(H), lla| <1, 0 < <1, [[fa, 2]l < s} .
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By the lemma on page 332 of [A2], g is continuous at 0, i.e. lim;,og(s) = 0. g
will feature in the next lemma. In that lemma we introduce the notation 0,, for the
zero in the n-by-n matrices over a C*-algebra.

Lemma 2.6. Let A and D be separable C*-algebras with A contractible. Let ¢y :
A — A, t €]0,1], be a homotopy of endomorphisms of A such that oy = id and ¢ =
0, and let L C M (D) be a fized subset. Let Fo C F; CAand K C D, Go CG; C L
be compact subsets. Let m : A — M(D) be a x-homomorphism and p € M(D) a
projection such that pr(4) C D, [p,m] € D, m € L, |pr(gi(a)) — m(pi(@)p]l <
K, a € Fy, t €10,1], and ||pm — mp|| < &, m € Gy, for some k > 0.

For any € > 0 there is an n € N, a x-homomorphism 7, : A — M (M, (D)) of the
form

Wl(a) = diag(ﬂ'((pm(a)), 7r(9052 (a))7 T 77r(905n (a)))
for some s1,89,---,s, € [0,1], 51 = 0,5, = 1, and a normcontinuous path p;, t €
0, 1], of elements p, € M (M, +1(D)) such that

1)0<p <1, tel0,1]

2) (p?_pt)(ﬂ(a) Wl(a)> =0 ) CEEA, tG[O,l],

3) n; (ﬂ(a) 7r1(a)> - Mn+1(D) , a€ A, t € [0, ]_],

Dl (" ) = (" )il < 69200 +38, ae Ry, teo1],
5 (Po,) < i, t€10,1],

6) llps <7r((pt(a)) 7r1(<Pt(a))) N <7r((pt( ) Wl(@t(a)))pln <€, ach, tel01],
7)o (Y9,) = (Y0,) I <e, de K

8) lzp%7 pOZ(pOn)7

9) [(Ing, 1 (0) @), pt] € Mysa (D), m € L, t €[0,1],

10) 1[(1agia(c) ® m),pelll < 69(20k) + 3k, m € Gy, t € [0,1],

1) ||[p17 (1Mn+l (© ®m)]|| < €,me G-

Proof. The proof is an elaboration of Voiculescus proof of Proposition 3 in [V]. Let
d > 0 be so small that 6g(46)+30 < €, § < kand d++/||d||0 < eforalld € K. Choose
n so large that ¢,5 € [0,1], |s—t| < (n—1)"" = ||¢i(a) — @s(a)|| <6, a € Fy. Let
0 < z <1 be a strictly positive element in (1 — p)D(1 — p). It follows from Lemma
2.5 that there are continuous functions g; : [0,1] — [0,1], ¢ =0,1,---,n — 1, which
are all zero in a neighbourhood of 0 such that ¢;g; 1 = ¢g;-1, 7 = 1,2,---,n —1,
and such that the elements z; = p + g;(2) and 2% = p + g;(t2) satisfy that

laym —ma|| <8, m € G, 2.6)
lzjm 0 ¢5(a) — w0 ps(a)a;l| < 6,0 € R, (2.7)
||x§7r ops(a) —mo @s(a)x§|| < 5k, a € Fy, (2.8)
and
latm —mat || < 5%, m € G, (2.9)

forall s,tand all j =0,1,2,--- ;n—1, and ||zod—d|| < 4, d € K. Sets]—J—i Jj=
1,2,---,n, andm:diag(wogosl,wo<p52,--- o s, ). Let

pU t 0 1
e n—1 , 6 , = -
b ( 2t(1—p>) 0,51
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Then 1)-5), 9) and 10) hold trivially for ¢ € [0,1]. Note that zlz! | = zf_|, i =
L,---,n—1. Set X? = 22!, X] = x?tfl — x?t:ll, j =1,2,---,n—1, and

Xp=1-—2a227" te[i 1] Define T, € M(M,1(D)), t € [1,1], by

29

X,? 0 0
Xl

T, = o 0 , 0
X 0 ...0

Then T,T} is a projection since T;T; clearly is. Since T%Tf = p1 we can extend
2

pi, t € [0, 3], to a continuous path in M (M, (D)) by setting p, = T,T;, t €[5, 1].
Then 1) and 2) clearly hold and 3) follows from the observation that

1
(w(a) m(a)>Tt C Mun(D) . a€d ez,

It follows from (2.7) and (2.8), by using that 7,7} is tri-diagonal as in the proof of
Proposition 3 in [V], that

[, (W(ws(a)) (s >]|| < 69(46) +35 <€, a € Fy s €]0,1],

and

mTia 1
||[Pt,( ( )m(a))]“ < 69(20k)+3k, a€e Fy, te [5,1] :

i.e. 4) and 6) hold. 10) and 11) follow in the same way. 5) is trivial when ¢ € [0, 1]
and for ¢t > % it follows from the observation that

It is straightforward to check that |[p; (%4 ) — (%o, ) | < | XPd—d+/ X1/ XVd|| <

d + +/||d||6 when d € K, and 7) holds. 8) is trivial and 9) is a consequence of the
construction of p; and the assumption that [m,p| € D, m € L.
0]

Proof. (of Lemma 2.4) We apply first Lemma 2.3 to obtain saturated and absorbing
x-homomorphisms O : cone(A;y) — M(D),k = 1,2, and a normcontinuous path
{ui}iep,o0) of unitaries in M (D) such that limy_. u©1 0 i1 (b)u; — ©9 0 is(b) = 0
for all b € cone(B). Define © : cone(A;) & cone(Ay) — M(D) by O(ay,a) =
©1(a1) ® O2(az). There is then a normcontinuous path {v;}cjo,00) Of unitaries in
M (D) such that v,0(i1(b),0)v; — ©(0,i3(b)) € D for all t € [0,00),b € cone(B),
and limy_,o v,0(i1(b), 0)v; — ©(0,i5(b)) = 0 for all b € cone(B). Let F; C F, C
F; C--- and G; C Gy C G3 C --- be sequences of finite sets with dense union in
cone(A;) @ cone(As) and D, respectively. By using Lemma 2.6 with L = {vs : s €
[0,00)} we can construct a sequence 1 = ny < ny < ny < --- of natural numbers,
paths p;(t), t € [i,i + 1], in M, (M(D)), i = 0,1,2,---, and *-homomorphisms
m; @ cone(A;) @ cone(As) — My, —p,_, (M(D)), i =1,2,---, such that my = © and
T =m 1 ®m : cone(A;) P cone(Ay) - M,,(M(D)), i=1,2,---, satisfy

1) 0<p(t) <1, te€fiyi+1],i=0,1,2,---,

2) [pit)mi(a) — m(a)pi(®)|| <+, a€Fy, telii+1],i=0,1,2,---,

3) pi(t)m;(cone(A;) @ cone(Ay)) C M, (D), t € [i,i+1], i=0,1,2,---,
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4) ||pisa(t) (do) . do) | < ! when all the entries of d ¢
M,. (D) come from G;, t € [i+1,i+2], i=1,2,3,---,
5) (pi(t)? — pi(t))m;(cone(A;) @ cone(Ay)) = {0}, t€i,i+1], 1 =0,1,2,---,

6) pili+1) = pli+ 1% pil@) = (740, 0 ) i =123,

Onj—n;_y

7) ||pl(t)(1Mnl((C) ® US) - (]‘Mnl(c) ® 'Us)pl(t)H < %7 te [Z72+ 1]7 5 € [07Z+ 1]7Z =

07 ]-7 27 Ty
8) [pi(t), (ani(C) ®vs)] € M, (D), t €[0,1], s € [0,00),
and po = 0. Note that thanks to the way m; is constructed in Lemma 2.6 we

find that 7; has the form m; = m;1 @ ¢; @ 0,,_, for some x-homomorphism ¢; :
cone(A;) @ cone(As) — My, o, ,(M(D)), and that

lim sup | (Lo, 0 ® v (0), 0)(Las, (o) © ) — m(0, ia(B))]| = 0

for all b € cone(B). Now define ¢ : cone(A;) & cone(Ay) — Lp (l2(D)) by ¢'(a) =
diag(©(a), 7 (a), F2(a), Fy(a), - ), and set

P} :(p"(t) 0@) , tefiyi+1],i=0,1,2,---,

and w; = diag(vy, v, vy, - -+ ), t € [0,00). ¢ is unitarily equivalent to a x-homomorphism
7w : cone(A;) @ cone(Ay) — M (D) since lo(D) ~ D as Hilbert D-modules. Via
the isomorphism l5(D) ~ D, p' and w' become paths in M (D) which satisfy 1)-8)
relative to a;(a) = m(a,0) and az(a) = 7(0,a) in the statement of the lemma. ay
and oy o,k = 1,2, are all absorbing because ©; and ©, are, and they are also
all saturated because each m; occurs infinitely often as a direct summand in the
sequence Ty, Mo, g, * . O

Lemma 2.7. Assume that there are sequences RF : A, — B,n = 1,2,3,--+ k =
1,2, of completely positive contractions such that lim, o RF(ix(b)) = b for all
x € B,k =1,2. For any pair of asymptotic homomorphisms ¢, : cone(B) — D,
there are asymptotic homomorphisms p* : cone(Ay) — D,k = 1,2, such that
limy o0 gty © i1(x) — pf 0 ix(x) = 0,z € cone(B), and a normcontinuous path of
unitaries {W;biep,00) in Ma(D)*t such that

. ot(z) * Pe(z) _
Jim TV ( u%oz'l(m) Wi - ( u%oil(m)> =0
for all x € cone(B).

Proof. Let ¥, @ : cone(B) — Cy([1,00), D)/Cy([1,0), D) be the *-homomorphisms
arising from 1) and ¢, respectively. By Lemma 2.6 of [Th2] there is a stable separable
C*-algebra Dy C Cy([1,00), D)/Cy([1,00), D) such that ¢(cone(B)) U @(cone(B)) C
Dy. For any C*-algebra X, define p : cone(X) — cone(X) and s : cone(X) — SX C
cone(X) by p(f)(t) = f(3) and

_[ren. tepd)
s(f)(t) = {f(g —2t), te[i1]’

29

Note that 1) o plsp and @ o p|sp both represent zero in [[SB, Dy||ep- Let py, wy, oy
and ay be as in Lemma 2.4, relative to Dy. By Theorem 4.1 in [Th2] there is an
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increasing continuous function r : [1,00) — [1,00) with lim;_,. 7(f) = oo and a
normcontinuous path {S}e1,00) of unitaries in My(Dg)* such that

gop(a x _ [ dop(z) _
}E?OS ( Pr(t)“l“l“”’r(t)) St ( Pryar1oit(@)pry ) T 0

for all x € SB. Set
Ty = ( “’r(t))St( :(t))

and [} (-) = wr(t)pT(t)al(-)pr(t)w:(t), 2(:) = prwyae(-)pr@y- Then IF : cone(A4;) —
Dy, k = 1,2, are asymptotic homomorphisms such that limy_, [} 0i1 (b) —1?0is(b) = 0
for all b € cone(B) and

pop(b) * &Op(b) =
()T () 0

for all b € SB. Note that {Tt}te[lm) is a normcontinuous path of unitaries in
Ms(Dg)*t. Let x : Cp([1,00), DT)/Co([1,00), DT) — Cy([1,00), D) be a continuous
right-inverse for the quotient map ¢ : Cy([1,00), D7) — Cy([1,00), D1)/Cy([1,0), D).
Standard arguments give us a normcontinuous path of unitaries {V;} in My(D)*
such that (idy, ®q)(Vi) = Ti. Set vf(x) = x(I¥.1,)(2))(t) for a sufficiently rapidly
increasing continuous bijection s : [1,00) — [1,00). If s increases fast enough, this
will give us asymptotic homomorphisms v* : cone(A4,) — D,k = 1,2, such that
lim; 00 v} 0 i1(2) — V7 0 dg(x) = 0,2 € cone(B), and a normcontinuous path of
unitaries W; = V-1 (t) in My(D)* such that

lim W (lPtOP ) ) W* (z/)top(w) ) ) =0

P vioii (z) vioir(z)
for all x € SB. Set u* = v*os: cone(Ay) — D,k =1,2. Then pfoi, =1 os0i) =

V¥ 0 iy o s and hence lim; o, p} 041 (x) — p? oiy(z) = 0,2 € cone(B), and

; pi(x) * Yi() .
Jim W (7 ) = (7 o) =0
for all x € cone(B). o

3. REsuLTs IN KK-THEORY

Assume now that A;, Ay, B and i, : B — A,k = 1,2, are all unital. Let j; :
A, — Ay xg Ay, k = 1,2, be the natural maps. The basic assumption in this section
is that there is an absorbing *-homomorphism « : A; xg Ay — M (D) such that ao jy
and « o ji oig, k = 1,2, are all absorbing. (Of course, a0 j; 04y = o jy 04.) This
is the case when either,

a) there are surjective conditional expectations Py : Ay — B,k =1,2
or
b) Ay, Ay and B are all nuclear.

Indeed, in case a) it follows from [Bo] that there are also conditional expectations
idy, xgPy : Ay xg Ay — Ay and P xpidy, @ A; xp Ay — A,. Hence by Lemma
2.1 any absorbing x-homomorphism « : A; xg Ay — M(D) will have the desired
property. And « exists by Theorem 2.7 of [Th1]. In case b) it suffices to use Lemma
2.2 instead, plus the non-trivial fact that j; : Ay — A *g As, k = 1,2, are injective,
see Theorem 3.1 of [Bl] or Theorem 4.2 of [P2].
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This « will be fixed throughout this section. To simplify notation we set aj =
&Ojk,k‘: ]_,2 Set
Ap ={x € M(D) : zayg(a) — ag(a)x € D, a € Ay},
B, ={zx € Ay, : zap(a) € D, a € A},
A = {ZU € M(D) Lo Oll(b) — 1 OZl(b)ZU € D, be B},
B={x e A:za,0i,(b) € D, be B}.
Obviously, A, € A,k = 1,2, and since A, Ay, B share the same unit, we see that
By = B, = B. Hence A /By, C A/B,k =1,2. By Theorem 3.2 of [Th1] we can make
the following identifications
KK(Ag, D)= K (Ag/B), k=1,2,
KK(B,D) = K,(A/B).

In the following, when given a *-homomorphism ¢ : £ — F between C*-algebras,
we will denote the x-homomorphism E — M,,(F), given by

E 5 e diag(p(e), p(e), -+, p(e)),
by [1, ® ¢]. Let gp : M(D) — Q(D) = M(D)/D be the quotient map. We
define a map p : KK(B,D) — Ext '(A;, g Ay, D) in the following way. Let
u be a unitary M, (A/B) for some n, and let @ € M,(A) be a lift of u. Then
u[l, ® aq o iy](b)u* — [1,, ® ag 0 i5](b) € M, (D) for all b € B and au*[1, ® aq](a) =
w*all, ® ai](a) = [1, ® aq](a) modulo M, (D) for all a € Ay, so

p(u) = (QMn(D) oAduol[l,®a]) *p (QMn(D) o[l, ® az))

is a well-defined extension, p(u) : Ay g Ay — Q(M,(D)) ~ Q(D).

(u)

Lemma 3.1. p(u) is an invertible extension. In fact, (p p(u*)) 18 a split extension.

Proof. Choose first a unitary lift w € My, (A) of (* ). Then

(p(u) p(u*)) = (qry, () © Adw 0 [l ® 1]) *B (qusy, (D) © [Lon @ az)).

As is wellknown, there is a continuous path of unitaries in My, (A) connecting w to
a unitary wy € Mo, (B)*. Set w; = ww} € My, (A), and observe that

(" ey ) = (@a(p) © Ad w1 0 [Loy @ 1)) %5 (qatzn(p) © [130 @ 2]).

Note that Adw; leaves [lo, ® @y 0i1]7(BT) + My, (D) globally invariant and that
the path of unitaries in My, (A) connecting w; to 1 shows that the automorphism
of [1g, ® g 041 |T(B) + My, (D) given by Ad w; is homotopic to the identity in the
uniform normtopology. Consequently this automorphism is inner by Corollary 8.7.8
of [P1], i.e. there is a unitary T € [1y, ® ay 041]"(BT) + My, (D) such that wizw] =
TaT* for all x € [1y, @ a1 0 i3] (BT) + My, (D). Write T = [13, ® oy 0 41]7(S) + d,
where S € Bt and d € M, (D). Since a; oy is absorbing, qus,,(p) 0 [Lon ® o 041] "
is injective, so we conclude that S is a unitary. Furthermore, since

AMa (D) © [120 ® 1 0 41](D)
= My, (p) © Adwy 0 (1o, ® o 041](b) = qM;,, (D) © [1op, ® g 01](SHS™)
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for all b € B, we conclude that SbS* = b for all b € B. We can therefore de-
fine an automorphism ® = (AdS) *p ids, of Ay xp Ay such that ® o ji(z) =
A () wif (S)), © € Ay, and @ 0 js(y) = ja(y), y € Aa. Then

p(u)
(7 ) o @

= (g (p) © Ad(w1 12, ® g 0 11]7(S)*) 0 [1on ® 1]) %5 (a1, (D) © [L2n ® 2])
= (qMan () © Ad(w1 T™) 0 [19, ® 1)) *B (G, (D) © [12n ® O2])
which admits the lift (Ad(w;T*)o[le, @ 1)) *p [lon @ an]) : A1 xp Ay — My, (M(D)).
It follows that (P‘“’ p(u*)) admits the lift (Ad(w1T*) 0 [Lon @ au]) 5 [Lon @ a]) 0 &,
U

Given Lemma 3.1 it is clear that the construction gives us a homomorphism
p: KK(B,D) — Ext ‘(A x5 Ay, D).
Lemma 3.2.

K(A1, D) ® KK (4, D) ~—% KK(B, D)

EXt_l(Al *B A2, D)
l(a’f,jg)
Ext (B, D) =<—= Ext '(A;, D) ® Ext ™' (45, D)
b1 7%

18 exact.

Proof. Exactness at KK (B, D): Consider elements v, € M, (Ay) that are unitaries
modulo M, (Bg). Then

(qrn(py © Adwyvy o [1, ® 1) *5 (qar,(p) © [1n ® @2])
is unitarily equivalent to
(qr,(py o Adwy o [1, ® ay]) *p (qur, (py) © Ad vy 0 [1, ® ap]) =
(ar 0y © [1n ® 1)) *5 (qr,(p) © [In ® @2]) = g, () © [1n ® @,

which is a split extension. This shows that p o (if — #3) = 0. Consider then a
unitary u € M,(A/B) and assume that [p(u)] = 0 in Ext *(4; *p Ay, D). Since «
is absorbing this implies that

Ad g, (py(W) o (ﬂ(u) qDoa) = (QMn(D)O[In@)OA] qDoa>

for some unitary W € M,, (M (D)). Alternatively,

Ad Aty ir (D )(W) o (QMn(D)oAdao[ln@)m] ipoas ) — (QMn(D)o[ln(X)aﬂ oo )

and
Ad an+1(D)(W) o) <‘1Mn(D)O[1n®oc2] iboas ) _ (QMTL(D)O[In@az} S )

Hence W* and W (%) represent unitaries in M, 1(As/By) and M, 1(A;/By), re-
spectively, and since the product of their images in M, (A/B) is (" {), we conclude
that [u] is in the range of i — 3.

Exactness at Ext (A} x5 Ay, D): It is obvious that the composition (j7, j3) o p is
zero, so consider an extension - a priori not necessarily invertible - ¢ : A xp Ay —
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Q(D) with the property that ¢ o ji, k = 1,2, are both split. Since ay is absorbing
there are unitaries Sy € My(M (D)) such that

Ad QM2(D)(S’C) © (Lpojk QDOOék) = (QDOO”c qpoag ) )

k = 1,2. It follows that SS} € My(A) and that (¥ 4,0 ) is unitarily equivalent
to (Ad qur,(p)(S257) o [12 ® ay]) *p [12 ® ay] which is clearly in the range of p. In
particular, ¢ is invertible afterall, and we have exactness at Ext™' (A, x5 Ay, D).
Exactness at Ext '(A;, D) ®Ext *(Ay, D): It is trivial that (i —i%) o (5, 44) = 0,
so consider a pair of invertible extensions ¢ : Ar — Q(B),k = 1,2, with the
property that if[p1] = i3[¢2]. There is then a unitary S € My(M (D)) such that

Ad QMZ(D)(S) © (@1°i1 LIDOCmOil) = (<P2°i2 QD0a20i2) :

After adding gp o ai to ¢, we may assume that ¢ o4y = @y 0 iy. Similarly, if
Yy © A — Q(D) represents the inverse of ¢y in Ext™' (A4, D), k = 1,2, we may
assume that ¥, o i; = 15 015. We can then consider the two extensions ¢; *p
P2, Y1 *p Yyt Ay xp Ay — Q(B) whose sum p = (¢1 *p p2) © (11 *p 1)2) has the
property that poji : Ay — Q(D),k = 1,2, both split. By the arguments in the last
paragraph we conclude that p and hence also ¢; *p @9 is an invertible extension.
Since ¢ = (@1 *B P2) © jk, k = 1,2, the proof is complete. O

Theorem 3.3. Let Ay, Ay, B be separable C*-algebras. Assume that i, : B —
Ap, k = 1,2, are embeddings, and that there are surjective conditional expectations
Py 1 Ap — ix(B),k = 1,2, or that Ay, Ay and B are all nuclear. Let jp : Ay —
Ay xg Ao,k = 1,2, be the natural maps. For any separable C*-algebra D there are
stz terms exact sequences

(il*yiQ*)

KK(D,B) KK(D,A) ® KK(D, A)) 2 KK(D, A, %5 Ay)

! |

KK(SD, A #p A3) =— KK(SD, A1) & KK(SD, A) KK(SD, B)

(114,824
and

i1%—i* (41 J5)

KK(B, D) KK(Ay,D)® KK (As, D) <222 KK (A, 5 Ay, D)

l T

KK(A; x5 Ay, SD) —= KK(A,,SD)® KK(Ay, SD) — KK (B, SD) .

(47.33) 0" —iz

Proof. Consider first the case where A;, A, and B share the same unit, and let
¢ : C — S(A; xg A2) be Germain’s x-homomorphism, cf. [G3], where C is the
mapping cone for the embedding B — A; & As. ¢ relates the Puppe exact sequence
of Theorem 1 in [CS] to the exact sequence in Lemma 3.2 in such a way that we can
conclude from the five lemma that ¢* : KK(S(A; x5 A3), D) - KK(C,D) is an
isomorphism. Since D is arbitrary here, standard KK-theory arguments show that
(o] € KK(C,S(A; x5 Ay)) is invertible. By using that (A; xp Ag)T = A x5+ AJ it
follows straightforwardly that [¢] is also invertible in the general (non-unital) case.
As pointed out by Germain in [G3], this completes the proof. O
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The possibilities of our approach are not completely exhausted; if we assume that

D is nuclear we can obtain the second of the six terms exact sequences in Theorem
3.3 without any conditions on i, : B — Ag, k=1, 2.
Theorem 3.4. Let Ay, Ay, B be separable C*-algebras. Assume that i, : B —
Ap, k = 1,2, are embeddings, and let j, : Ar — Ay xp As, k = 1,2, be the natural
maps. For any separable nuclear C*-algebra D the following six terms sequence is
exact:

KK(A, D) & KK (A, D) "% KK(B, D)

EXt_l(Al *B AQ, D)

(j;:j;)T l(jr,jp
KK(A, xg Ay, D) o Ext '(B,D)<— Ext '(A, D) ® Ext '(A4,,D) ,
opoy 11—

where o : Ext™' (-, D) — KK(—,SD) and B : Ext™'(—,SD) — KK(—, D) are
Kasparov’s natural transformations.

Proof. By adjoining units we may assume that A;, Ay and B share the same unit,
and we may assume that D is stable. By Theorem 5 of [K| the nuclearity of D
implies that any absorbing x-homomorphism 7 : A; xg Ay — M(D) restricts to
absorbing x-homomorphisms on Ay, A> and B. Consequently the proof of Lemma
3.2 works to give us the stated six terms exact sequence. O

In particular, Theorem 3.4 calculates of the K-homology of an arbitrary amalga-
mated free product of separable C*-algebras.

The crucial Lemma 3.2 in this section is in some sense merely an updated version
of the result in [Br]. Brown’s result contains also the statement that Ext(A; xg As)
is a group when Ext(A), k = 1,2, are groups and B is finite dimensional. This part
of Brown’s result can now be improved as follows.

Proposition 3.5. Let A, Ay, B, D be separable C*-algebras, D stable. Assume that
ir + B = A,k = 1,2, are embeddings, and that Ext(Ag, D),k = 1,2, are both
groups. If either

a) there are surjective conditional expectations A, — B,k = 1,2,

or

b) Ay, Ay and B are nuclear,

or

¢) D is nuclear,

it follows that also Ext(A; xg Ay, D) is a group.

Proof. The assumptions ensure that there is an absorbing s-homomorphism £ :
Ay % Ay — M(D) such that S o jg, k = 1,2, and o j; 0i; = o jy0iy are all
absorbing; in case a) this follows from Lemma 2.1, in case b) from Lemma 2.2 and in
case ¢) from Theorem 5 of [K]. Therefore the arguments from the proof of Lemma
3.2 give that every extension of A; xg Ay by D is invertible.

O

As a particular case of ¢) in Proposition 3.5 we get that Ext(A; xp Ay) is always
a group when Ext(Ag), k = 1,2, both are. It is wellknown that the assumption that
Ext(Ag, D),k = 1,2, are groups is redundant in case b).
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4. AN APPROPRIATE PICTURE OF THE E-THEORY GROUPS

Let A, D be separable C*-algebras, D stable. In this section an E-pair for (A, D)
will be a pair (W, ), where ¢ : cone(A) — D is an asymptotic homomorphism and
W = {Witien,0) is a strictly continuous path of unitaries in M (D) such that

lim [[Wor(@) — () W] = 0 (4.1)

for all @ € SA. The pair (W, ¢) is degenerate when (4.1) holds for all a € cone(A).
We let Xy(A, D) denote the set of homotopy classes of E-pairs, where a homotopy
is given by an E-pair for (A,C[0,1] ® D). The direct sum of E-pairs, performed
with the aid of any pair V;, V5 of isometries in M (D) such that V*15, = 0 and
ViV + V3V5 = 1, makes obviously Xy(A, D) into an abelian semigroup. The sub-
semigroup of Xy(A, D) consisting of the elements of X,(A, D) that can be repre-
sented by a degenerate E-pair will be denoted by Xg(A, D). The quotient semi-
group X (A, D) = X,(A, D)/ Xp(A, D) is then an abelian group; a standard rotation
argument shows that (W, ¢) & (W*, ¢) is homotopic to a degenerate E-pair. Define
a map r : X(A4,D) — [[S*4, D]] in the following way. Given an E-pair (W, ¢) we
can define an asymptotic homomorphism W ® ¢ : C(T) ® SA — D such that

Jim (W@ ¢)i(g@ f) = g(Wi)pi(f) =0

for all g € C(T), f € SA. We set x[W, o] = i*[IW @], where i : S?A — C(T)®SA is
the canonical embedding. To show that x is an isomorphism, we need two lemmas.

Lemma 4.1. Let ¢ : C(T) ® A — D be an asymptotic homomorphism. There is
then a strictly continuous path W = {Wi}ien o0) of unitaries in My(M (D)) such that

thj?og(wt) (@t(lc(m@l) 0) _ (Lpt(g®a) 0) =0
for all g € C(T),a € A.

Proof. Let ¢y : C(T) ® A — Cy([1,00), D)/Cy([1,00), D) be the *-homomorphism
defined from ¢ in the usual way. Set H = ¢(C(T) ® A), and Hy = ¢ '(H) C
Cy([1,00), D), where q : Cy([1,00), D) — Cy([1,00), D)/Cy([1, 0), D) is the quotient
map. Since p; and ¢ extend to surjections g7 : M(C(T) ® A) — M(H) and ¢ :
M(Hy) — M(H), we can find a wnitary lift W € My(M(H)) of (7 ),
where z € M(C(T) ® A) is the element given by the identity function on T. Since
M (My(Hy)) € M(My(Cy([1,00),D))), W is given by a strictly continuous path of
unitaries in My(M (D)) with the desired property. O

Let ¢: SA — C(T) ® SA be the x-homomorphism ¢(f) = 1o ® f.

Lemma 4.2. Let ¢ : C(T) ® SA — D be an asymptotic homomorphism such
that ¢*[1p] = 0 in [[SA, D]]. It follows that there are asymptotic homomorphisms
" C(T) ® cone(A) — D, ' : cone(A) — D and a strictly continuous path
{Witien,o0) of unitaries in M (D) such that

lim [t @ ¥/](9 @ f) = g(W)e}(f) = 0
for all g € C(T), f € SA.
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Proof. Since ¢*[¢)] = 0 it follows from Theorem 4.2 of [Th2] that there is an as-
ymptotic homomorphism v : cone(A) — D and a normcontinuous path of unitaries
{Ut}te[l,oo) g MQ(D)+ such that

lim U, (wt(lom@f) yt(f)) Uy — (0 Vt(f)) =0

t—o00

for all f € SA. Let ev : C(T) ® SA — SA be the x-homomorphism obtained by
evaluation at some point in T. It follows from Lemma 4.1 that there is a strictly
continuous path {W,;},cn 00) of unitaries in M (D) such that

tli)rglog(Wt)(zl)t ©roev®0)(lomy® f) — (L @ roev®d0)(9® f) =0,
geC(T),feSA Set " =voev®0and ' =AdU S 1)* o (0dv & 0). O

To use these two lemmas to define a map § : [[S?A4, D]] = X (A, D), we remind
the reader that [[S—,D]] = E(S—, D), cf. [DL]. In particular, the contravariant
functor [[S—, D]] is split-exact, and this will be used now. Let ¢ : S?A — D
be an asymptotic homomorphism. There is then an asymptotic homomorphism
¢ : C(T) ® SA — D such that ¢*[p] = 0 and [¢)] = [p o] in [[S?A, B]]. Since
c*[¢] = 0, Lemma 4.2 gives us asymptotic homomorphisms ¢” : C(T) ® cone(A) —
D, ¢" : cone(A) — D and a strictly continuous path {W;}ici1 o) of unitaries in
M (D) such that

lim o, @ ¢1(g @ ) — g(Wip(f) =0
for all ¢ € C(T),f € SA. Then (W,¢') is an E-pair and we claim that we can
define 0 such that §[¢)] = [W,¢']. To see this, the only non-trivial point is to
show that the class of (W, ¢') is independent of the choices made. So assume that
A" C(T) ® cone(A) — D, X : cone(A) — D are asymptotic homomorphisms and
{Si}tenn,00) a strictly continuous path of unitaries in M (D) such that

lim [ @ X](9 ® f) = g(SHX(f) =0

for all ¢ € C(T),f € SA. By Lemma 4.1 there are strictly continuous pathes,
{Yi}teert,00)s { Xt} et 00) Of unitaries in M (D) such that

lim g(V)e! (lem @ £) = ¢/ (9 @ f) =0,
lim g(X)A} (Lo ® f) = Mg @ f) =0

for all g € C(T), f € cone(A). Since (Y, ¢"oc) and (X, \"oc) are degenerate E-pairs,
W, =W, ¢ +[X, N o) =[Wa X, ¢’ ® N oc] and [S,N] =[S, N]+[Y,¢" oc] =
SeY, N@p"oc]in X(A, D). Conjugating the pair (S@®Y, '@ " oc) by a unitary,
we see that [W,¢'] = [W! ¢!] and [S,\] = [W?, p?], where the E-pairs (W', ')
and (W2, ¢?) are related such that

tl_i)rélog(WtI)SO%(f) - Q(WtZ)‘P?(f) =0

for all ¢ € C(T), f € SA. In particular, lim; .o, ¢} (f) — ¢2(f) = 0 for all f € SA,
so a standard rotation argument shows that (W' @ W?2", o' @ ?) is homotopic to
(W2W! @ 1,0' @ ?). This shows that [W? '] — [W?2, ¢? is represented by an
E-pair (V, p) where limy_,o, (Vi) pe(f) — g(1)pe(f) = 0 for all ¢ € C(T), f € SA.
By rotation we find that [V, u] + [1,0] = [V,0] + [1,u] = 0 in X(A, D). Hence
(W, ¢'] =[S, '] and we conclude that ¢ is well-defined. Since ¢ is clearly an inverse
for k, we have obtained the following proposition.
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Proposition 4.3. k: X(A4, D) — [[S?A, D]] is an isomorphism with inverse §.

5. cone(A;) *sp cone(As) 1S EQUIVALENT TO B IN E-THEORY

Assume now that i, : B — Ay, k = 1,2, are proper embeddings, i.e. that ix(B)Ag
spans a dense subspace in Ay, and that there are sequences RF : A, — B,n =
1,2,3,---,k = 1,2, of completely positive contractions such that lim,,_,, R¥ (ir(z)) =
x for all € B,k = 1,2. By Theorem 5.5 of [P2] we have natural isomorphisms

S(Ay xp Ay) = SA; %5 SAy, cone(A; xp Ay) = cone(Ay) *cone(p) cone(As).

We can then define a map X (B, D) — [[cone(A;) *sp cone(As), D]] in the following
way. Let (W, ) be an E-pair. It follows from Lemma 2.7 that there are asymptotic
homomorphisms p* : cone(Ax) — D and v* : cone(A4;) — D,k = 1,2, such that
limy o0 1 041 () — p 0 dig(z) = limy 00 v} 041 () — 17 0 49(x) = 0 and

lim @1(x) & py 0 i1 (z) — v 0ir(z) =0

for all x € cone(B). Since lim; o Ad(W; @ 1) o v} 0iy(z) — v 0iy(x) = 0 for all
xr € SB, there is an asymptotic homomorphism
(Ad(W @ 1) ov') xg5 v/* : cone(A,;) *xgp cone(Ay) — D

such that limy . (Ad(W & 1) o ') xsp )0 j1(z) — Ad(W; @ 1) o} 05y (z) = 0 for
all x € cone(A;) and lim;_,o ((Ad(W @ 1) o ') x55 1?); 0 jo(x) — 12 0 jo(z) = 0 for
all x € cone(As). We claim that we can define a map p : X (B, D) — [[cone(A;) *sp
cone(Ay), D]] such that p[W, ¢] = [(Ad(W @ 1) o v*) xgp v?]. If k¥ : cone(4y) — D
and ¥ : cone(A4y) — D,k = 1,2, are other asymptotic homomorphisms such that
limt_>oo ltl @) ’Ll(fL') - lt2 e} 7,2(],') = lln’lt_>oo Kltl e} 11(1') - KJ% o) ’LQ(IL') =0 and

tlirn oi(7) ® Ky oy () — I oiy(z) =0

—00

for all # € cone(B), observe first that x! xgz K%, I x5 1% and p' xgp p? are all restric-

tions of asymptotic homomorphisms defined on cone(A; x5 Ay) = cone(A;) *cone(B)

cone(Ay), and hence null-homotopic. Consequently

[(Ad(W1)ov')xgpr?] = [((Ad(WD1)or)xsp1?)D(k xspk2) D (M 5512 B (1t xs517)].

Note that there is a unitary S € M (D) which commutes both with W@®11@1a141

and 1191 W @11, and has the property that

1tl_i)rn(((Ad(VV ® 1) ov!) xsp ) @ (k! x5 K2) @ (I' x5 1) ® (1" x5 11?))s 0 jr 0 ix ()
—AdSo(per' @ep dper' @p)oi(z) = 0

forall x € SB,k = 1,2. By first 'rotating’ Wa1do141d1dl to1e1ldlaWalal
and then connecting S to 1 through a strictly continuous path of unitaries in M (D),
we get a homotopy connecting

(AA(W @ 1) o) 55 %) @ (k' x5p k?) @ (I *55 1?) ® (1" *sB p*)
to
(V! x5 1)) @ (k' x5 K2) @ (AA(W @ 1) o 1') %55 1?) @ (u' 55 p?).
Hence [(Ad(W @ 1) ov!) g5 %] = [([Ad(W @ 1) o ') %55 [?], and we conclude that p

is a well-defined homomorphism. Note, however, that at this point we do not know
that [[cone(A;) xsp cone(Ay), D]] is a group.
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To obtain an inverse to p, consider an asymptotic homomorphism ¢ : cone(A;)*gp
cone(A4y) — D. By Lemma 2.7 there are asymptotic homomorphisms v* : cone(4y,) —
D,k = 1,2, such that limy_, v} 0i;(z) — v? o ix(x) = 0 for all z € cone(B) and a
normcontinuous path of unitaries {W;} in DT such that

tll)rg Wt(wt Ojl 0] Zl(ZU) D th 0] Zl(x))Wt* — ’Q/)t Oj2 0] 22(27) D l/t2 0] 22(27) =0

for all z € cone(B). Then (W* 1) o js 0y @ 1% 0iy) is an E-pair, and we claim that
§[p] = [W*, o jaoiaPr?ois] is a welldefined map ¢ : [[cone(A;)xggcone(As), D]] —
X (B, D). To see this, let u* : cone(A;) — D,k = 1,2, be another pair of asymptotic
homomorphisms and {S;} another normcontinuous path of unitaries in D" such that

tlgg Sy 0 g1 0ir(z) @ pp 0y (x))S; — by 0 jo 0 dg(x) B pF 0 ig(z) =0

for all z € cone(B). There is a unitary in M (D) conjugating (S, o j, 0 iy & u? o
i2) @ (1,02 01iy) to (T, o jo0iy ®v? 0iy @ p? 0iy), where {T}} is a normcontinuous
path of unitaries in D% such that

}H&Tt(@btojloil(fﬂ)EBVtIOZﬁ(I)EB,uthil(x))Tt*—z/)tojzoiz(x)EBI/t?oiz(x)EB,u?oiz(x) =0
for all z € cone(B). Then a standard rotation argument shows that
[W*,1h 0 jia 0y @ 12 0dg] + [S, 1) 0 jp 0 iy ® pi? 0 i)
= [W*, 0 ja0iy ®v? 0ip) + [1, u? 0 ig] + [S, 9 0 jo 0dg @ p? 0 dg] + [1, 17 0 iy]

:[T(W*@1)a¢°j20i2@y20i2@u20ig]+[1,¢oj20i2@y20i2@u20i2]
=0

in X (B, D). Since X (A, B) is a group we deduce that
[W*adjon 07:2 ®V2 Oi?] = [S*adjon OiZ @IU’Z Oi?]a

proving that ¢ is well-defined. It is straightforward to see that ¢ is an inverse to p
so we have proved the following
Lemma 5.1. [[cone(A;)*gpcone(Ay), D] is a group, and p : X (B, D) — [[cone(A;)*sp
cone(Ay), D] is an isomorphism.

Note that it follows from Lemma 5.1 and [DL] that E(cone(A;)*spcone(Asy), D) =
[[cone(A;) *gp cone(As), D]].

In the following we let IC denote the C*-algebra of compact operators on an infinite
dimensional separable Hilbert space.

Theorem 5.2. Assume that iy, : B — A, k = 1,2, are proper embeddings, and that
there are sequences RE : Ay — B,n = 1,2,3,---  k = 1,2, of completely positive
contractions such that lim, ., R¥(ix(z)) = x for all v € B,k = 1,2. There is an
asymptotic homomorphism ® : cone(A;) xgp cone(Ay) — B & K which is invertible
in E-theory.

Proof. By Proposition 4.3 and Lemma 5.1, po x™" : [[S?B, D]] — [[cone(A;) *sp
cone(A,), D]| is an isomorphism. Let ¢ : S?B — B ® K be the asymptotic ho-
momorphism obtained by applying the Connes-Higson construction to the Toeplitz-
extension tensored with B. Let ® be an asymptotic homomorphism such that
[®] = portp] in [[cone(A;) xsp cone(Ay), B® K]]. Standard KK- and E-theory
arguments show that ® must be invertible in E-theory because of Lemma 5.1. [
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6. RESULTS IN E-THEORY

Theorem 6.1. Let Ay, Ay, B be separable C*-algebras. Assume that i, : B —
A,k = 1,2, are embeddings, and that there are sequences RE : A, — B,n =
1,2,3,--- ,k = 1,2, of completely positive contractions such thatlim,,_,o, R¥(ix(x)) =
x forallx € B,k =1,2. Let j, : A, = Ay xp Ag, k = 1,2, be the natural maps. For
any separable C*-algebra D there are siz terms exact sequences

(1145024)

E(D,B) E(D, A) ® B(D, Ay) 20 B(D, Ay %5 Ay)

T |

E(SD,AI *B Az)]f*—Jz E(SD,Al)@E(SD,AQ) E(SD,B)

1145024
and

*—ip* (]f:];)

E(B,D) <" E(A1,D) ® E(As, D) <~ E(A,; % A5, D)

| |

(]I:]S 11 —12

Proof. Let A}, AS, Bt denote the C*-algebras obtained by adjoining units to A, A,
and B. Let X denote the kernel of the natural map cone(Af) *g(p+) cone(AF) —
cone(C) xgc cone(C) and Y the kernel of the natural map A x Aj — Cx* C. There
is then a commuting diagram

0 0 0

0 — S(A; xp As) X Y 0

0 — S(Af x5+ AF) — cone(AT) *g(p+) cone(A7) — Af x A —=0

0 SC cone(C) #g¢ cone(C)

CxC——=0

0 0 0

(6.1)
By [C2] A * A and C x C are KK-equivalent to A] & AJ and C @ C, respectively,
so we find that Y is equivalent to A; & A in E-theory. In the same way it fol-
lows from Theorem 5.2 that X is equivalent to B in E-theory. The two six terms
exact sequences of the theorem now arise by writing down the two six terms exact
sequences of E-theory coming from the first row in (6.1), substituting A; @ A for
Y and B for X, and finally identifying the resulting maps in the diagram. We leave
this to the reader. O
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7. CONCLUSION

As pointed out by Germain in [G3] the six terms exact sequences of Theorem 3.3
imply that S(A; xp As) is KK-equivalent to the mapping cone C' of the embedding
B — A; @ Ay (and vice versa, essentially). It follows therefore from Theorem 3.3
that S(A; xp Ay) is equivalent to C' in E-theory under the assumptions of that
theorem, and the six terms exact sequences of Theorem 6.1 follow from this by
writing down the E-theory Puppe sequences for the inclusion B — A; & As. In
other words, Theorem 6.1 is a consequence of Theorem 3.3 when there are conditional
expectations from the A;’s onto B, and when A;, A, and B are all nuclear. But the
assumptions of Theorem 6.1 are much weaker than this; it suffices for example that
B is nuclear, or that B sits as a hereditary C*-subalgebra of the A;’s. Nonetheless
it would be nice to be able to remove the condition in Theorem 6.1 altogether, and
also in Theorem 3.3 for that matter. Let us therefore conclude by pointing out that
the methods we have used can not, without some serious adjustments, give the six
terms exact sequences of Theorem 6.1 in full generality.

It is clear that the assumption of Theorem 6.1 was used above to guarantee
that some absorbing x-homomorphism cone(B) — M(D) can be extended to a
s-homomorphism cone(A;) — M (D). Such an extension will not exist in general.
To see this observe that if B C A are separable C*-algebras and D is a stable sep-
arable C*-algebra, then there can only be a x-homomorphism 7 : A — M (D) such
that 7|p : B — M (D) is absorbing when

{¢lp: ¢ : A— D is a completely positive contraction}

is dense for the topology of pointwise normconvergence among all the completely
positive contractions B — D, see [Thl]. (In fact, this condition is also sufficient.)
Now consider a separable exact C*-algebra B for which Ext(cone(B)) is not a group
- such C*-algebras exist in abundance by [Kil]. Then B C A for some nuclear
separable C*-algebra A; in fact one can take A = Oy, cf. [Ki2]. That Ext(cone(B))
is not a group means that there is a *-homomorphism x : cone(B) — @ ( = the
Calkin algebra) which does not lift to a completely positive map cone(B) — B(l5).
Consider D = y(cone(B)) ® K which is certainly a separable stable C*-algebra. If
¢n  cone(A) — D,n € N, is a sequence of completely positive contractions such that
lim,, 00 00 (b) = x(b) ® €11, b € cone(B), we would clearly also have a sequence of
completely positive contractions v, : cone(A) — @ such that lim, . 1, (b) = x(b)
for all b € cone(B). Since cone(A) is nuclear each 1, would be liftable in the sense of
[A2] and hence this would force x to be liftable by Theorem 6 in [A2], contradicting
the choice of it. It follows that for such an inclusion B C A the approach we have
taken to prove Theorem 6.1 does not suffice to prove the general conjecture in E-
theory. The method we use to prove Theorem 3.3 requires even more; namely that
we can extend some absorbing x-homomorphism out of B, not only to A; and A,
but all the way to A; xg As. The obstacle we have just identified is therefore even
more serious in regards to Theorem 3.3.
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