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Preface

This thesis is the culmination of my years as a PhD student at the
Department of Mathematics at the University of Aarhus during the
period 1999-2003. I have studied some relatively uncorrelated problems
in the theory of automorphic forms and have obtained results in the
theory of modular symbols, properties of Eisenstein series twisted with
modular symbols and the asymptotic density of Maass newforms.

The thesis is organized as follows. The first chapter is a survey con-
veying and highlighting most of the main results of the thesis, along
with some history of the problems in question. Then follows a chap-
ter which fixes further notation and reviews some known results to be
used in the subsequent chapters. In Chapter 3 we study the asymptotic
distribution of modular symbols using methods from spectral theory,
probability theory and analytic number theory. The main object of
study in this chapter is Eisenstein series twisted with modular sym-
bols. In chapter 4 we prove that these Eisenstein series all satisfy a
functional equation analog to the classical functional equation of the
non holomorphic Eisenstein series. We then go on to study some of the
properties the scattering matrices involved. In Chapter 5 we study the
asymptotic densities of Maass newforms and discusses the relevance of
this to the Jacquet-Langlands correspondence.

I would like to take the opportunity to express my gratitude to some
people without whom this thesis would have been impossible for me to
write: Erik Balslev, my thesis advisor, for many useful discussions and
much encouragement, Alexei B. Venkov, who along the way became my
de facto co-advisor, for inspiring conversations and helpful advice, the
Max Planck institute of Mathematics for its hospitality during spring
2002, Andreas Strombergsson for generously sharing with me unpub-
lished ideas and results and Yiannis N. Petridis, my coauthor on the
material presented in chapter 3, for being a wonderful mathematical
mentor and friend. Last but not least I thank my wife Sigrid for her
patience, understanding and support.

Aarhus, February 28th., 2003.






CHAPTER 1

Introduction

1. The distribution of modular symbols

Let M be a hyperbolic Riemann surface of finite volume. Hence
the universal covering of M is the upper halfplane, H, and the covering
group, I, is a discrete subgroup of PSLy(R). Let f(z)dz be a holomor-
phic 1-form on M. If ¢ is a curve on M we may integrate f(z)dz along

the curve to get
/ f(2)dz

We have a bijection between the covering group I' and the funda-
mental group (M, Zy) given by sending v € I to the unique geodesic
between zy and vz in H where zy lies above 2y, and then projecting
this curve to M. By integrating along this curve we get an additive
homomorphism

I' — C
YZ0

Y= f(2).

20

It is the distribution of this map we wish to study. We assume that
M has a cusp at ioco and that f(z)dz is cuspidal, i.e. that f(z) is a
cusp form of weight two. Due to the cusp condition the stabilizer of

100 is of the form
1 h
r=((o 1)) er

for some h € R. It turns out that the above homomorphism factors
through the quotient I';,,\I'. We let (c,d) be the lower row of v and
when ¢ + d? > 1 we define

_ [ volIT'\H)
. fl= 21og(c? + d?) / 1z

If & +d* <1 we set [y, f] = 0 We assume that the Petersson norm
Il = 1.

Our main result is the following

1



2 1. INTRODUCTION

THEOREM A. Asymptotically |7y, f] has a normal distribution. More
precisely, for any fixed rectangle R in C,

#{ve T \D)"y,fleR} 1 2?4y
frn e e ()

as T — oo.

Here
T \D)' ={yeT\I| F+d*<T}.
Since a cuspidal harmonic 1-forms, «, may be written as a(z) =
R(f(2)dz) we also get a result about these also. Let

v, a] = VolF\]HI /

2log( 02 + d?)
Assume that ||f]| = 1.

THEOREM B. Asymptotically [y, o] has a normal distribution. More
precisely, for any a < b,

#{re @ \D ol elab]} 1 (o2t
#(To\ )T m/ p( 2>d

as T — 0.

This work uses heavily Eisenstein series twisted by modular sym-
bols, introduced by Goldfeld. The general framework is as follows. Let
f(2),9(z) be holomorphic cusp forms of weight 2 for a fixed cofinite
discrete subgroup I' of SLy(R). In (Goldfeld 1999b, Goldfeld 1999a)
Goldfeld introduced Eisenstein series associated with modular symbols
defined in a right half-plane as

E™(z,8) = Y (v )" (19) S(y2), (1.1)
YET o \I'

where for v € I' the modular symbol (v, f) is given by

(v, f) = —2mi /WO f(2)dz, (1.2)

and one defines similarly (v, g). Here zy is an arbitrary point in the
upper half-plane H.

If we take f(2) to be a Hecke eigenform for I'¢(/V) and Ey is the
elliptic curve over Q corresponding to it by the Eichler-Shimura theory,
then

(v, ) = na(f, V) (f) +n2(f,7)Q(f),
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where n; € Z and (Q; are the periods of Ey. The conjecture n, < N k
for |c| < N? and some fixed k (Goldfeld’s conjecture) is equivalent to
Szpiro’s conjecture D < N¢ for some C, where D is the discriminant
of Ey. This was the motivation to study the distribution of modular
symbols.

As an example of such a distributional result Goldfeld conjectured
in (Goldfeld 1999b) that

Y. (nf)~ROT, (1.3)

c2+d?<T

where R(z) is the residue at s = 1 of F'0(z,s), and we sum over
the elements in I'y, \ T' with lower row (c¢,d). This is now proved in
(Goldfeld & O’Sullivan 2003, Theorem 7.3). He also suggested that,
when f = g, the twisted Eisenstein series E'1(z,s) should have a
simple pole at s = 1 with the zero Fourier coefficient of the residue
proportional to the Petersson norm || f||*. He concludes the conjectural
asymptotic formula

> NP~ RO, (1.4)

c2+d?<T

where R*(z) is the residue of E'!(z,s) at s = 1 and where the sum-
mation is again over matrices in I'y, \ T" with lower row (¢, d). In this
work we, among other things, reprove while settling in the
negative. But our result shows that the Petersson norm does indeed
play a role, see Theorem [G] below. Averages of functions of modular
symbols have been investigated also in (Manin & Marcolli 2002).

It turns out to be crucial to consider Eisenstein series associated
with the real harmonic differentials a; = R(f;(2)dz) or a; = I(f;(2)dz)
where f; are holomorphic cusp forms of weight two. We shall write

(7, ;) = —2mi /m Q. (1.5)

20

As in (Petridis 2002) we define
E<Z7S7E> = Z X?(V)%(fyz)i (16)

Y€l \I

where xz is a n-parameter family of characters of the group defined by

xe(v) = exp (—27?2' <i €k /720 ozk>> : (1.7)



4 1. INTRODUCTION

The convergence of (1.6]) is guaranteed for R(s) > 1 by comparison with
the standard Eisenstein series. The Eisenstein series with a character
transform as

E(’YZ,S,E_) = XE(’Y)E('%&G_’)' (18)
We see that

P B(z5,9) S L6 S(2) (1.9)

Oer...06y |
1 n 0 €T \T i=1

€=

by termwise differentiation whenever the sum is absolutely convergent.
By taking linear combinations of these we may of course recover the
original series . This observation allowed the first author to give
a new approach to the Eisenstein series twisted with modular symbols
using perturbation theory. In particular, a new proof of the analytic
continuation was given in (Petridis 2002) and the residues of E'9(z, s)
on the critical line were identified. In this paper we further pursue this
method. We start by giving a third much shorter proof of the main
theorem in (O’Sullivan 2000).

THEOREM C. (O’Sullivan 2000, Petridis 2002)
The functions E™"(z, s) have meromorphic continuation to the whole
s-plane. In R(s) > 1 the functions are analytic.

The last claim of the theorem, which does not seem to have been
explicitly stated before, enables us to evaluate the growth of the mod-
ular symbols as v runs through the group I". The best known result in
this aspect is

(7, f) = O(log(c* + d*)).
This is due to Eichler (see (Eichler 1965)). Using the above theorem
we get the following slightly weaker result.

THEOREM D. For any € > 0 we have
(v, f) = O=((* + d*)").

We then continue to study the singularity of E™"(z,s) at s = 1
when f = g. In particular we study the pole order and the leading term
in the singular part of the Laurent expansion. In principle the method
gives the full Laurent expansion of E™"(z,s) but only in terms of the
coefficients in the Laurent expansions of the resolvent kernel and the
usual non holomorphic Eisenstein series at s = 1. The combinatorics
involved in getting useful expressions is quite ponderous. As a result
we settle with calculating some of the most interesting coefficients and
evaluate the pole orders. As an example of this type of result we have:
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THEOREM E. At s =1, E*%(2,s) has a simple pole with residue

st o 0]

while EYY(z,s) has a double pole with residue

/oo F(2)dz

167> / o » /
F EVED o o) 7o X0 LGP )

The coefficient of (s —1)72 is

167° | f]
vol(T"\ H)?”

Here the coefficient r4(z, ') is the constant term in the Laurent ex-
pansion of the resolvent kernel around s = 1. The coefficient Ey(z) is
the constant term in the Laurent expansion of the usual non holomor-
phic Eisenstein series and is given by Kronecker’s limit formula. For
[' = SLy(Z) this is classical, see, for instance (Lang 1973, p. 273-275).
For a generalization to all I' see (Goldstein 1973).

We wish to use these results to obtain results a la . We do
this using the method of contour integration but, in order to make
this work, we need to prove a result on the growth of E™"(z,s) as

J(s) — oo. We can prove

2

42
vol(T" \ H)

THEOREM F. The functions E™"(z,s) grow at most polynomially
on vertical lines with o > 1/2. More precisely: for every ¢ > 0 and
o€ (1/2,1] and z € K, a compact set, we have

E™M(z, 0 + it) = O(|t|6(m+m)-1-o)+e) (1.10)

Using the above theorems and contour integration we get asymp-
totic expansions for summatory functions like the one in (1.3). An
example of the results we prove is:

THEOREM G. There exists & > 0 such that

Y o= m (—2m’ /OO £(7) dr)QT +O(T°)

2+d2<T
167>
> 10D = s M1 Tlow T+ O(D)
c24+-d2<T

The summations are over (c,d) lower row of v € T \ T
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This settles the conjectural status of in the negative. How
small we can make 1 — ¢ in the above theorem depends on how good
polynomial bounds we have in Theorem [F| and whether the Laplacian
has small eigenvalues. If there are no such eigenvalues we can prove

12
1—0=— )
13—1—5

By using similar asymptotic expansions we can calculate the moments
of the normalized modular symbols and prove the distributional result
in Theorem [A], which is the main theorem of our work.

The usual nonholomorphic Eisenstein series satisfies a functional
equation of the form

E(z,5) = ®(s)E(z,1 — s). (1.11)
We show that the Eisenstein series twisted with modular symbols has
an analog functional equation. We state a result for g = f.

THEOREM H. The function Em’”(z,s) satisfies a functional equa-
tion of the form

Emm(% S) = Z ®m—m’,n—n’(s)ﬁm/7n/(z7 1 - S)'

m/+n’<m-+n

We find explicit, though quite complicated, expressions for the ma-
trices @y ;(s) in terms of the usual scattering matrix ®(s) and various
L-functions.

The idea of putting the Eisenstein series in a continuous family
to study how the spectrum changes as the parameters change is very
fruitful, see for instance (Bruggeman 1994), where the parameter is the
weight of the modular form. The study of E™"(z,s) using perturbed
Eisenstein series is an interesting application of the spectral deforma-
tions used in (Phillips & Sarnak 1987, Phillips & Sarnak 1991, Phillips
& Sarnak 1994, Petridis 2000). In (Petridis 2002) the Eisenstein series
with modular symbols was put into this framework. In this work we
apply the same techniques to produce results which at least to us seem
difficult to attack with the methods used by Goldfeld, O’Sullivan et.al.

2. Spectral correspondences for Maass forms

For a Fuchsian group of the first kind, I'; we let Ar be the automor-
phic Laplacian related to I'. The Jacquet-Langlands correspondence
(See (Jacquet & Langlands 1970, Chapter3), (Gelbart 1975, Theorem
10.5)) gives (among other things) a correspondence between the -
eigenspace of Ar,, and the A-eigenspace of Ap . Here I'., T',. are
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certain arithmetical Fuchsian groups of the first kind, where I'. is co-
compact while I',,. is non-cocompact but cofinite. This correspondence
is usually described using the language of representation theory and
adelic trace formulaes.

Parts of this theory was reproved in a succession of papers by Hejhal
(1985), Bolte & Johansson (1999a)(1999b) and Strombergsson (2001b)
using classical techniques 4 la Selberg (1989). Here the correspondence
is given by an integral transform ©. The cocompact group I'. is the unit
group in a maximal order in an indefinite rational quaternion algebra
with reduced discriminant D. Hence d is the product of an even number
of different primes, and any such number may be realized in this way.
Let I';. = T'o(d) be the Hecke congruence group of level d.

In (Strémbergsson 2001b) it is proved that © gives a bijection be-
tween the A-eigenspace of Ar, and the A-new eigenspace of Ar,  when
A # 0. This is proved by a careful comparison of Selberg Trace Formu-
las for modular correspondences (Hecke operators) in the two pertinent
settings.

Now for cocompact groups I'. the spectral counting function

Nr,(A) = #{ )\, < A\, eigenvalue of Ar,}

has an asymptotic expansion of the form

_ vol(I".\ H)

oAt O(V\/log(N)),

Nr. ()

while for congruence groups I',,.

vol(I',,.\H
We notice the difference in the error terms in the compact and the non-
cocompact case. Using the “classical” case of the Jacquet-Langlands
correspondence quoted above we find that if we define a spectral count-
ing function Ny, (A) which only counts the newforms then when d is
the product of an even number of different primes we have
_ vol(I',\H)

Tota)(A) = — 0 Tt O(VA/log(N))

i.e. the sort of expansion characteristic to the cocompact case.
We can now ask whether Nyt (A) has the same type of expansion

for any M not an even number of different primes? When

NET L (A) = eph + O(VA/ log(N))
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for some constant ¢, we shall say that NFgZVM)()\) is of cocompact type.
By making an asymptotic expansion of the scattering determinant re-
lated to I'o(M) at the halfline  + it we can determine asymptotic

expansions of Ny, (A) with error term O(VM/log\).
We can hence answer the above question. We write M = t?n where
n is square free

THEOREM 1. The spectral counting function NF(‘?EVM)(A) is of cocom-
pact type if and only if at least one of the following holds:

(1) n contains at least two primes.
(2) n is a prime and 4 || M.

Hence there are an abundance of cases where Ny (A) is of co-
compact type but M is not a product of an even number of different
primes.

At this point it would be interesting to revert the reasoning and see
if NFEZVM)()\) of cocompact type implies that there is a Ny, with ', co-
compact or a linear combination of those that coincides with Nyt /) (N).
In other words: Are there spectral correspondences which are respon-
sible for the remaining cases in Theorem [I|

In (Strombergsson n.d.) it is shown that if ['.(M) is the unit group
in an Eichler order of level M in an indefinite rational quaternion di-
vision algebra with reduced discriminant D then there is a correspon-
dence given by an integral operator such that for A\ # 0 a certain
A-new eigenspace of Ar_(y) is in bijection with the A-new eigenspace
of Arypary. Hence we still get a bijection with the A-new eigenspace of
Arypury if we only “lift” the A new eigenforms at the quaternion level.

We choose a slightly different approach. For D|M’ we define the
A D-old eigenspace of A,y to be the subspace of the A eigenspace
spanned by

KdlM' K +# M M'|KD
We then define the A D-new eigenspace to be the orthogonal comple-
ment in the A-eigenspace of Apyy). If (M, D) = 1 we can prove, using
the trace formula calculations of (Strombergsson n.d.), the following

{f(dz) ‘f in the A eigenspace of Ar ) } .

THEOREM J. When X\ # 0 there is a bijection between the -
eigenspace of Ar,y and the X D-new eigenspace of Aryvpy given
by an integral transform.

This theorem as well as the one in (Strombergsson n.d.) gives
correspondences “responsible for” the result of Theorem|[[|for DM when
(D, M) =1 and D is a product of an even number of different primes.
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There are still may cases where NﬁgEVM)()\) is of cocompact type
that has not been explained in this way. We note however that in
all the cases M contains at least two different primes. This leaves
some hope that there might be some quaternion division algebra in
play. The smallest level that we have not “explained” is M = 12. Are
there cocompact groups responsible for the fact that NF?ZVH)()\) is of
cocompact type or is this accidental?






CHAPTER 2

Prerequisites

This chapter fixes notation not already defined and reviews some
known results which shall be used in the subsequent chapters. General
references are (Shimura 1971, Venkov 1982, Hejhal 1983, Selberg 1989,
Bruggeman 1994, Iwaniec 1995).

1. Fuchsian groups

Let
H = {z € C|Y(2) > 0}
be the upper halfplane. We equip this with the Poincaré metric

da? + dy?
g2 = & T4 —z y ,
Y
and get an associated measure
dxdy
du(z) = e

The Laplacian associated with the metric ds? is
0? 0?
A=y =—+=—].
# (5 )
The group of holomorphic automorphisms of H is isomorphic to
PSLy(R) = SLy(R) /{£1}

via the map

PSLy(R) — Aut(H)
v o (22 =2,

a

where v = . The group PSLy(R) is also isomorphic to the

b
d
group of orientation preserving isometries of H as a Riemannian via the
same map. We note that the map ~y extends continuously to HURU{oo}
in the obvious way. We see that any subgroup I" of SLy(R) gives rise to
a subgroup of Aut(H). We shall often not specify whether I is a group
of matrices or a group of automorphisms of H. We shall always assume
[ (or a corresponding group of matrices) to be a discrete subgroup of

11
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PSLy(R). We shall say that a set [T C H is a fundamental domain if it
contains at most one element from each I'-orbit, 'z | while its closure
must contain at least one element from each orbit. It is always possible
to choose a fundamental domain which is open and connected.

The volume of the quotient, I' \ H is defined as

vol(I'\ H) = / du(z).

Fr

When the volume of the quotient is finite we say that I' is cofinite. We
shall always assume this to be the case.

We call v € T elliptic (resp. parabolic, resp. hyperbolic) if Tr () =
la+d| < 2 (resp. Tr(g) = 2, resp. Tr(g) > 2.) This corresponds to
v having exactly one fixed point in H (resp. exactly one in R U {oc},
resp. two fixed points in R U {oo}). Since Tr (oyo™!) = Tr(y) the
conjugacy classes of I' is divided into elliptic, parabolic or hyperbolic
classes.

THEOREM 1. The number of parabolic conjugacy classes of T' is
finite if and only if T is cofinite.

When there are no parabolic conjugacy classes the quotient I' \ H is
compact in the quotient topology, and we may choose complex charts
to make it a compact Riemann surface (See (Shimura 1971)) If I" has
only hyperbolic elements H is the universal covering of I' \ H and T is
the group of deck transformation of I' \ H. If " has parabolic elements
the quotient is noncompact but we may compactify by adding fixpoints
of parabolic elements (We call such a fixpoint a cusp) and open sets
around these to obtain a compact space, I'\ H". We can also add
complex charts at the cusps to obtain a compact Riemann surface.
This is done as follows:

Fix a maximal set of inequivalent cusps ay,...,a,. Let I';, be the
stabilizer of the cusp a;. Then I'y, is cyclic with I'y, = (;) and can
choose scaling matrices o7, . ..o, such that o;(c0) = a; and

- 1 m
Uill“uiai:{<0 1 )‘mEZ}

We may choose an open set U C I'\ H" containing only one cuspidal
orbit I'a;. The chart around a; is given by

Go;: U — C
2mio 1z

'z — ™%
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2. Automorphic forms
Let k be an even integer let v € GLy(R). We then define
Jj(v, 2) =cz +d.
Let y : I' — S! be a unitary character. For f : H — H we define

Fliae (2) = det(1)*2j (7, 2)* f (72).
If k = 0 we simply write f|, instead of f]},.
DEFINITION 2. A smooth function f : H — H is called a modular
form of weight k and character y if

(1) f is holomorphic,

(2) flppe = x(0)f forall y € T,
(3) f is polynomially bounded as $(o; 'z) — oc.

The space of such functions is denoted M (x,T).

DEFINITION 3. A function ¢ : H — H is called an automorphic
function with eigenvalue A, character x (or a Maass form) if
(1) Ag = Ag,
(2) gly = x(v)g for all y € T,
(3) g is polynomially bounded as $(o; 'z) — oo.

The space of such functions is denoted by /Nl()\, X, I'). We could also de-
fine Maass forms of weight different from zero (see (Bruggeman 1994))
but we shall not use them here.

We now assume that I" has at least one cusp. If

11\
=%\ 01 )%

and x(v;) = e*™% then if f € My(x,T) or f € A(\, x,T) we have that
e mirz f o], 18 invariant under z — z+1, and has a Fourier expansion

o0

6_27rmjzf|[aj]k (Z) _ Z an(y)ewrim:'

n=—oo

If fe Mi(x,T') we have

) 0 ifn<0
an = .
4 gne 2™ if n >0

where ¢, € C. Hence

00
6—27riﬁjz]c’[aj]k<z) _ Z qne27rinz'
n=0
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If ¢qo = 0 for all cusps we say that f is a holomorphic cusp form and
we write S(x, ') for the set of holomorphic cuspforms related to the
character y and the cofinite group I'. For such an f we define the
Petersson norm

12 = / ) dulz).

If x =1 we shall often write Sk(T) instead of Sk(x,T).
If fe A\ x,T) then
an(Y) = @u/YKs_1/2(2m |n|y) when n # 0.

where ¢, € C. Here A\ = s(1 — 5) and K,_1/, is the exponentially
decaying Bessel function

K,(z) = %/0 exp <—§ (t +t_1)> t#1dt.

If ap(y) = 0 for all cusps we say that f is a nonholomorphic cusp form
and we write A(A, x, ') for the set of nonholomorphic cuspforms related
to the eigenvalue A, the character x and the cofinite group I'. If y =1
we shall often write A(\,I') instead of A(A, x,T).

3. The non-holomorphic Eisenstein series

A very important example of an automorphic function is the non-
holomorphic Eisenstein series related to any cusp a such that x(v,) =1

defined as
Eu(z,8) = Y x(7)'S(og'72)"
v€L\L
where z € H. This is absolutely convergent for (s) > 1 and for
R(s) > 1+ 0 it converges uniformly. It transforms as

Ea(vz,5) = X(7) Ea(2, 5),
and as a function of z it is an eigenfunction of the Laplacian, i.e.
—AFEq4(z,8) = s(1 — s)Eq4(z, 9)
The zero’th Fourier coefficient at the cusp b is given by
Sasy® + dan(s)y'

where 04 is the Kronecker delta.

THEOREM 4. As a function of s E4(z,s) may be meromorphically
continued to the whole complex plane. In R(s) > 1/2 there are only
finitely many poles all lying at the real axis and s = 1 is always a simple
pole with residue

E{:els(Eu(z, s)) = vol(T \ H)~".
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The matrix ®(s) = {¢pas(s)},, is called the scattering matrix. The
Eisenstein series satisfies the functional equation

— —

E(z,s) =®(s)E(z,1—s).

Here E(z,5) = {Ea(z,5)}a is the vector of Eisenstein series indexed
according to the cusps of the group. The scattering matrix satisfies

O(s)P(1—s) = [

1 1
@(54-%) d* (§+it> = T
CD*(t) = (I)(t) fort e R

os) = 2(3)

where the star denotes the conjugate transpose.

4. The automorphic Laplacian

We let L*(T, x,du) be the set of measurable functions f : H — C
that transforms as f(vz) = x(7)f(z) and satisfies

/ FE duz).
I\H

This is a Hilbert space with the inner product

(f:9) = [ f(2)g(z)dp(z).
I\H
Since I' is cofinite the (T-automorphic) constants belong to L*(T', x, dp).
We define the automorphic Laplacian (L, (L)) to be the operator

L: ©(L) — LT,y dp)
f - —Af.

where
f smooth
O(L)={ f:H— C| f,Af bounded
f(yz) =x()f(2)

This set is dense in L*(T', y, du) and —L is densely defined, nonnegative
and essentially selfadjoint. We denote by — L its selfadjoint closure. We
shall sometimes use —Ar to emphasize the dependence of the group I'.
The spectrum is contained in the positive real axis [0, ool

We shall consider the resolvent R(s) = (L + s(1 — s))™!, defined
off the spectrum of L. Since we shall only use this in the case y = 1,
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we restrict ourselves to this case. When R(s) is sufficiently large the
kernel of the resolvent may be constructed as follows. Let

2
A ’Z B Z/’
U= 7) = SEsE)
This is a point pair invariant i.e. u(yz,vz') = u(z, 2’). We set

B(u, 5) = i/o (11 = 1)) (t +u)~*dt.

We then define
1
T(Z7 Z,7 S) = _5 Z ¢(U(Z, 72,)7 S)‘

vyel
This is the resolvent kernel. Then for R(s) > 0 and f : H — C
bounded and smooth we have

R(s)f= | r(z2,5)f(z)du(z").
Fr
The resolvent cannot be meromorphically continued across the halfline
R(s) = 1/2, but one may attach a meaning to the meromorphic contin-
uation of the resolvent kernel in the s-plane. We note that the s-plane
is a two sheeted covering of the A = s(1 — s)-plane, and that the -
plane cut along the the positive real axis [0, oo[ corresponds to the right
halfplane (s) > 1/2 cut along 1/2 < s < 1.

THEOREM 5. For s, 1 —s non-singular we have the limiting absorp-
tion principle

1
/ / o /
r(z,2,s) —r(z,2,1—s)= T 59 Ea Eo (7, 8)Eq(z,1—5)  (2.1)

If Ao = s0(1 — sp) is an eigenvalue of L of multiplicity [ then we has
the following expression for the resolvent near s

r(z,2',s) = m ;vz(z)vl(z’) +r1(z.7,s) (2.2)

where {Ui}§:1 is a real orthonormal basis of the \y-eigenspace, and
r*(z, 72, s) is analytic in s in a neighborhood of sj.

If the fundamental domain, FT, is chosen to be a normal polygon
we may decompose the fundamental domain Fr into

Fr = Fy | Fu(To) (2.3)
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where the closure of Fj is compact and F} is isometric to
H={zeHl -1/2 <R(z) <1/2, I(z) > T}
by simply setting
FJTo) = FNo{z e H| —1/2 < R(z) < 1/2, S(z) > To}.

We assume that T} is chosen large enough that this gives disjoint sets.
Faddeev (Faddeev 1967) introduces weighted Banach spaces that we
shall now define. For a I'-automorphic function, we set fo(z) = f(z)
for z € Fy and fq(z) = f(0q2) for z € II. For u € R we let B, be the
Banach space of complex-valued functions f whose components f; and
fa are continuous on ® and F|, respectively with

| fa(2)] < Cy*

for some constant C'. We define the norm by

A1, = sup [fo()l + ) supy ™| fal(2)] -

zem

For a fixed p < 1/2 the meromorphically continued resolvent kernel,
r(z,2',s) defines a meromorphic continuation of the resolvent consid-
ered as the integral operator

R(s) : B, — B,

g— r(z, 2, 8)g(2)du(2").
I\H

whenever R(s) > p.
A different approach due to Miiller (Miiller 1996) uses weighted
L2?-spaces of the form

Li(F) = {f : X — C|f measurable and/ ]f(z)]ze%p(z)du(z)}
F

where p(z) = 1 for z € Fy and p(z) = S(o,'2) for z € F,. We note
that when 6 > 0

Li(F) C LX(F) C L24(F). (2.4)
This gives a meromorphic continuation of the operator
R(s) : LA(F) — L?4(F)

whenever § > 0.



18 2. PREREQUISITES

5. Modular symbols

Let f € S3(I"). By the transformation properties of f we see that
f(2)dz is T invariant and hence defines a holomorphic 1-form on the
Riemann surface I' \ H. We define modular symbols, (v, f) by

(1) =271 [ f(a)a

0

Here zj is any point in the (extended) upper halfplane and the integral
is along any curve from zg to vzp. Since f is holomorphic the modular
symbol is independent of the path chosen. Since f(z)dz is '-invariant
it is easy to see that the modular symbols are also independent of zj.
Hence (-, f) defines an additive homomorphism

(f):T = (C,+).

This map has a weight k analogue (period polynomials) due to Eichler,
Manin, Shimura and others, and a Maass cusp form analogue (period
functions) due Lewis, Zagier, Mayer, Chang and others, but we shall
not study these at the moment.

We have

LEMMA 6. If v is elliptic or parabolic then (v, f) = 0.

PRroOOF. If v is elliptic then 7 is of finite order m and hence

m vy, f) (¥, f) =0.

If 7 is parabolic then v can be conjugated into .. We shall prove that
(Va, f) = 0. Since (-, f) is additive it follows that (v, f) = 0.

If
1 1 1
Vi = 0j 0 1 g,

then since f is a cusp form of weight two we have

f|[0j]2(z) = Z e’
n=1

Hence

z1+1
[ Glepiaz =0

zZ1
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By a change of variables, 0,2' = z we find

V%0 aon-&-l
(. f) = / f(2)dz = / F(0;)i (07, 2')2d2!

-1
20 ;20

a;lzo—‘rl , ,
= [ Mz =0
o 1

i ~0

which completes the proof. U

Since (-, f) is additive it is also trivial on the commutator subgroup
I, T']. Hence its kernel is rather big.

PROPOSITION 7. (Eichler 1965) We have the following bound
(v, f) = O(log(c* + d*))

Eichlers proof of this is purely geometrical. In the next chapter we
shall show that we can “almost” recover this using spectral methods.






CHAPTER 3

The distribution of modular symbols

In this chapter we shall investigate the distribution of modular sym-
bols using methods from spectral theory, perturbation theory, analytic
number theory and probability theory. We do this by studying Eisen-
stein series twisted with modular symbols. The setup is still, as in
the previous chapter, that of a general cofinite discrete subgroup, I, of
PSL;(R). We mentioned in the introduction that it is crucial for our
method to “twist” with symbols associated with real harmonic differ-
entials o = R(f(2)dz) or a = J(f(z)dz) where f(z) € So(T"). In fact it
turns out to be convenient to use compactly supported smooth 1-forms
w. We start by showing how we may approximate o by such a w.

1. Approximating cuspidal harmonic forms with compactly
supported forms

We note that we can always assume that the real harmonic differ-
ential «; is the real part of a holomorphic cusp form since

S(f(2)dz) = R(—if(z)dz)
and —if is a holomorphic cusp form of weight two. We want to ap-

proximate a real harmonic differential o = R(f(z)dz) where f € Sy(I")
with a compactly supported real differential. We do this as follows.

Let ay,...,a,, be a maximal set of inequivalent cusps. We may assume
that a; = i00. When we write a we shall always assume that a = a;
for some 7 =1,...,m.

Let

Fliola(2) = Y aae™™
n=1

be the Fourier expansion of f(z) at the cusp a;. We define
o J
n 27rinaj_lz
2min '
n=1

Fo(2) =

Then IF
%) = f(2).

21
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Since «a;(2) = R(f(2)dz) we have «;(z) = dR(F(z)). We have the
decomposition (See (2.3))
Fr = Fy UFa(TO>

We then choose a smooth function ¢ : R — [0, 1] such that

. 1, ift<0
t — ) [— )
140 {o, ift > 1.

We then define, for T > Ty, 7 : F' — [0,1] by

W(S(o7'2) = T)).
7j=1
For z € F' we define
w' = dWTR(F))
gT = (1 - 77DT)§R(‘F&)7
when 2z € F,(Ty). When 2z € F, we set w! = o, g = 0. We can
now extend these to smooth I" automorphic functions on H by setting
wl'(v2) = wl'(z) and g/ (vz) = ¢! (2) for each v € I'. Then we have
a=w"+dg". (3.1)
PROPOSITION 8.

(1) The smooth 1-form w™ is compactly supported on T\ H.
(2) If z€ F and %(aj_lz) <T forallj=1,...,m then

wT(z) = a(z2).

(3) If z€ F and (o 2) < T then

/ “Je

(4) (v,04) = (v,w]) for alyel and all T > T.

PROOF. We note that (1)) and (2| . ) follows from the observation that
when (o 12) < T for every j=1,...,m we have ¥(z) = 1 by defini-
tion. To prove we note that

/a—/ /dg g7(a) = 0 — R(Fa(a)) = 0.

The identity in (4)) is proved by observing that

(7,0) = (v, w") = —2mi /720 dg = —2mi(g(vz0) — g(20)) = 0.

20
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O

We shall often exclude 7" from the notation and simply write

a=w+dg.

2. Finding Laurent expansions using perturbation theory

We now let fi € So(I') and we let ag(z) = R(fr(2)dz) or ag(z) =
3(fr(2)dz). Using the approximation method from the last section we
set ap = wg + dgr. We define x(7) as in (1.7). We note that by

Proposition

xe(7) = exp (—27m' (z”: €k /WO wk)> : (3.2)

We consider the space L?(T" \ H, yz) of square integrable functions that
transform as

h(v-z) =Xey)h(z), ~€T
under the action of the group. We introduce unitary operators
U(€): L*(T'\ H) — L*(T \ H, xe)
given by

(U(&)h)(2) == Uz, )h(z) = exp <2m' <Z € / ) wk)> h(z).

)

We notice that this extends in the obvious way to an operator from the
set of all I'-automorphic functions to the set of all (I', yz)-automorphic
functions. We set
L(&) =U()'AU(e)

We notice that for (L(€)h)(z) = (Ah)(z) for z “close to a cusp” since
U(z, €) is constant outside a compact set.

We also define L(€) = U(€)~'(L)U(€), where L is the automorphic
Laplacian. We let h(y) € C*°(R,) be a smooth function which is 0 if
y<Ty+1land 1ify>Ty+ 2. Let

Qe={s € C|R(s) >1/2 s(1—s) ¢ spec(L(e))}.
LEMMA 9. (Colin de Verdiére 1981, Petridis 2002) For s € Qg there
exists a unique Dq(z, s, €) such that
Du(vz,8,€) =Dq(z, s, €) for all vy € T,
(L(€) + (1 — s)) Da(z, 5,€) =0

and
Dqy(z,5,6) — h(o;'2)S(0,12)* € L*(T, dp).
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Moreover, s — Dgy(z, s,€) is holomorphic, while € — Dg(z, s, €) is real
analytic.

PRrROOF. Given a candidate
Dalz5,8) = hloy ' 2)3(0722)" + g(2, 5,8
we have
(L(€) +5(1 = 5))g(z,5,€6) = —(L(&) + s(1 — 5))h(0, ' 2)S(0, " 2)°",
which is compactly supported. We let
H(z,8,6) = —(L(€) + s(1 — s))h(0,*2)S (0, *2)".

Since this is now in particular in L?(T', du) we can invert as long as
s(1 — s) is off the spectrum. We therefore get

9(2,5,€) = (L(€) + 5(1 = 5)) " H(z,5,6). (3.3)

This proves uniqueness and using as a definition we also get the
existence. The operator (L(€) 4+ s(1 — s))~" is holomorphic outside
the spectrum and depends real analytically on the parameter € (See
(Kato 1976, IT 1.3. and IV 3.3)). U

We note that
l 700
Ey(z,5,€) = exp <2m' Zek/ wk> U(€)Dq(z, s, €). (3.4)
k=1 a

This follows from the known asymptotical behavior of F,(z, s, €) (see.
e.g (Kubota 1973, Thm. 2.12.)) and the fact that

(A +s(1 —5))Eq(z,s,€) =0.

We note that E,(z,s,€) is independent on the cohomology class, i.e.
independent on T,while Dy(z, s, €) and U(€) are not. We also remark
that (Petridis 2002, Remark 2.2) is only true for zy = a, since both
Eq(z,5,€) and D4(z, s,€) have asymptotic behavior at a of the form
S(o,12)% for R(s) > 1 and, consequently, U(z, €) should tend to 1, as
Z—a.

For the rest of this chapter we assume for simplicity that [" has only
one cusp which we assume to be located at ico. We also assume that
it is reduced i.e. that h = 1. The generalization to the multiple cusp
case is straightforward.

In the rest of the paper we will use the following convention. A
function with a subscript variable will denote the partial derivative of
the function in that variable.
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LEMMA 10. Let n > 1. For R(s) sufficiently large we have
e1ren(2,8,0) € LA(T, dps).

.....

n z mg
De,...cn(2,5,0) = Z H (—2m‘/ wk) E1-m '..el_mn(z,s,a).

me{0,1}7 k=1

(3.5)
We note that since w; is compactly supported all the terms with m # 0
becomes compactly supported. Now in order to control the term with
m = 0 we need some bound on the growth of (y,q;). Any bound of
the form

(7, i) < O(* + d?)°
will do. We quote (O’Sullivan 2000, Lemma 1.1) with z = i to get
= 1. If we use the inequality (see (Knopp 1974, Lemma 4))

lcz +d|* 1+ 4]z
) Y

(P +d*) <

we get:

n

H <77 aj)

j=1

S(vz2)°

5>

Y€l \I'
v#AL

=C (—1+4|Z| ) Z S(yz)7 "

y YEL\T
y#I

We note that the sum is O, (y' =) by (Kubota 1973, p. 13) so we

get
2 n
< <1+4‘Z’ ) Yl
Yy

< O//yl—a+2n

Hence we conclude that for o > 2 4+ 2n we have D, . (z,s,0)
L*(T, du(2))-
We define
(fidz + fodz, g1dz + godZ) = 2y*(fr01 + f2g2)

S(pdz + qdy) = —y*(ps +qy)-

.....

am
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LEMMA 11. The conjugated operator L(€) is given by

L(e)h = Ah+4mi i ex(dh,wy) — 2mi (i eké(wk)> h

k=1 k=1
—47?2 <Z ekel<wk,wl>) h. (36)
k=1

PROOF. The proof uses induction on n. We start with n =1
2

0

(=g, 2

L(e)h =U(e) 4y 828§U(6)h
_ 0?h OU(e)Oh  OU(e) Oh  0*Ule)

_ 14,2 an it

=U(e) 4y (U<6> 9202 0z 0z 0z 0: @ 0:0 h)
If wi(z) = vi1(2)dz + vo(2)dz we have U, (e) = 2miev;U(€) and Uz(e) =
2mievaU(€). We therefore get

=Ah + 8miey? (vi(2)hz + v2(2)h.) + 87T7Jy2%h — 167y v1v0¢h
z

Using w; = w; we see that v; = 73 and we get

=Ah + 4rie (dh,wy) — 2mi <—4y2%) h — 47 (wy, w) .

Using
(91)2 (9?)2 81}1
AR — 9 2 2
Vs y < 0= oz
ov Ovy  Ov ov
2 2 . 2 1 . 1
S = =4 —4i— | =4
Y (81‘ Z@y—i_ax—i_zay) (w)
we obtain the result for n = 1. We now move on to the general result.
With the convention that U(e;) = U((0,...,0,€,0,...,0)) we see that

L(&h =U(e,) Uler, ... €n-1,0) TAU (€1, ... €n_1,0)U(€,)h
n—1

=U(e,) 7! (AU(en)h + 4mi Z ex(dU (e,)h, wy)

k=1

—27rz'<z ekd(wk)>U(en)h — 472 (Z er€r (wy, wl>U(en)h).

k=1 k=1

We apply the result for one variable once more in the €, variable and
use the chain rule in the form

d(U(en)h) = Ulen)dh + 2mie,Ule,) hwy,
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to get the result. O
Lemma [I1] gives

Le, (0)h = 4mi(dh, wy) — 2mi(Swy)h, (3.7)

Le,, (0)h = —87%(wy, wy)h. (3.8)

and all higher order derivatives vanish. Differentiating the eigenvalue
equation

(L(6) + s(1 —5))D(z,5,6) =0 (3.9)
we get

—. =,

(A + s(1—8))D,, (2,5,0) = — (Lek(O)D(z, s, 6)) (3.10)

(Ats(1 = 8))D,.. e, (2,5,0) = — (Z L. (0)De,. . . (2,50) (3.11)
k=1

—,

+ Z Lo, (0)De, .65, 61,00 (258, 0)

k=1
k<l

Here €, means that we have excluded ¢, from the list. When R(s) is
sufficiently large we can use Lemma[l0] and invert (3.10) and (3.11]) by
applying the resolvent of the Laplace operator, R(s) = (Ap+s(1—s))~L.
We get

-,

D.,(z,5,0) = —R(s) (Lek(ﬁ)D(z, s, 6)) (3.12)
and

—,

De,...c,(2,5,0) = —R(s) (ZL€k<6)pq,‘,@,.,€n(z,5,6) (3.13)
k=1

=,

+ Z L€Ic6z(6)D617-7@7~7a7-76n(27 S, 0)

k=1
k<l

This will turn out to be identities of great importance for the proofs of

many results in this and the following chapter. Using these identities
we may now give a short proof of the analytic continuation of the

functions defined in a half-plane by (|1.1))

LEMMA 12. The functions Dq,,.en(z,s,ﬁ) have meromorphic con-
tinuation to C. In R(s) > 1 the functions are analytic.
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PRrROOF. The proof uses induction on n. For n = 0 the function
is the classical Eisenstein series and one of the many known proofs
may be found in (Kubota 1973). We note that by and
L, (0)De,. e (2,5,0) and Le,¢,(0)De,. e a..cn (2, 5,0) are compactly
supported. Hence from and (Miiller 1996, Theorem 1) (Or the

results cited in Section [214]) the conclusion follows. l

From the above lemma, (3.4} and ([1.9)) we find that
O"E(z,s,¢€)

ey ... 0¢,

=

e=0

has meromorphic continuation and that in $(s) > 1 these functions are
analytic. By taking linear combinations of these (see (1.9))) we obtain
Theorem

PROPOSITION 13. The sum defining E™"(z,s) is absolutely con-
vergent whenever R(s) > 1.

ProOF. Note that if we can prove the above for f = g and m =n
then we get the general result by appealing to the elementary inequality
2ab < a® + b? for a,b € R. This gives

0 1T al| < 5 (160 DE™ + [, 9) )

and comparison with f = g and m = n type Eisenstein series gives the
result.

We now consider the case f = g and m = n. This follows a proof
due to Landau (See e.g. (Titchmarsh 1975, Section 9.2)). We write
F(z,s8) = E™™(z,s) Notice that in the case we are considering the
sum,

1 AP S(), (3.14)

YEL\T

defining F'(z,s) is convergent in a right halfplane if and only if it is
absolutely convergent in that halfplane. Assume now that this sum is
convergent for (s) > ¢. Assume furthermore that F(z,s) is analytic
at s = ¢. We claim that there exists an g > 0 such that the sum is
convergent for R(s) > ¢ —gp. Let a = ¢+ 1. Then F(z,s) is analytic
at s = a, and has an absolute convergent power series expansion at a,

X FE) (5 g
F(z,8) = ZM<S—G)IC

k!
k=0
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with convergence radius R > 1. Since the sum (3.14]) is uniformly
convergent in every closed halfplane inside the domain of absolute con-
vergence we may calculate the derivative as the following sum of deriva-
tives

F¥(za)= > (3, )" log(S(72)FS(v2)", (3.15)
YET o \I'

and we hence get

2m a
Z 1 DI log(S(72)) S (y2) (s — a)*.
’YGFOO\F
Since R > 1 there exists ¢g > 0 such that this is valid for s = ¢ — ¢
where € < gg. The double series has nonnegative terms for this s from
some point F(vz) < 1 so we may change the order of summation and
get

F(ze—e)= Y | NI Sy2),

YEL o \I'
which settles the claim. By Theorem [C] we get the first singularity of
E™™(z,s) at s = 1 or further to the left. O

Clearly E., . (2, 5,0) is also absolutely convergent for R(s) > 1
by the same proof. We immediately get the following corollary:

COROLLARY 14. For any fized z € H, € > 0 we have
(v, f) = o(lez + df)
(v, @) = of|ez +d|°)
as |cz + d| — oo.

PROOF. Since the terms in an absolutely convergent series tend to
zero Proposition [13|implies that for any m € N,
y?

(7, )" S(v2)? = (v, H™ W —0.

Hence (7, f) = o(|cz + d|*/™). Similar with (7, a). O

We note that by picking z = i we get Theorem [D] Hence we
“almost” recover the bound in Proposition [7| using completely different
methods.

LEMMA 15. The function D, ., (z,s, 6) has the series representa-

tion
Dey,.en(z = > H( i / k) S(y2)°, (3.16)

YEL L\ k=1
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when R(s) > 1

PROOF. Once more we use induction on n. The claim is true for
n = 0, since in this case D(z, s,0) is the usual Eisenstein series. From
E(z,s,6) =U(€ z)D(z, s, E) we conclude that

(3.17)

where 7 = (mq,...,m,). We separate D, . (z,s 0) by taking m =
0. By inductive hypothesis we find that
Dey....cn(2,5,0) =
n n z my vz 1—my

Z H<%wk —Z H<2m’/ wk> ( 2m/ wk) S(y2)°

€T \I| k=1 me{0,1}7k=1 @00 00
m#£0

Since

z vz
(v, wy) = 2771'/ wy, — 27rz'/ Wy, (3.18)

500

for any z € H, the result follows. O

Combining this with Proposition [§| (3)), we see that, if z € F and
3(z) < T, then

Dey e ( Z H( 27m/ k) S(yz)*. (3.19)
YEL o\ k=1
In particular

Jim Dy, (2,5, 0)= > H( 27rz/ )%(vz) (3.20)

YET o \I" k=1

for all z € H.

LEMMA 16. For o > 1 we have
n vz

S I (—2m’ / ak)
k=1 100

YEL\I
as S(z) — oo for z € F. In particular imy_,o D, ., (2,0 + it,@) =
O(y'=).

3(72)” = O(y'™) (3.21)
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PROOF. We have for 0 > 1 (see (Kubota 1973, p.13))
D> S(v2)° = 0,(y'") (3.22)

V€L \T
v#L

as §(z) — oco. From Corollary [L4] we see that if we fix e.g. zo = i there
exists a constant C' > 0 such that

H /Y,OZ]C

this gives, using (I, o) = 0,

Z li[%@k

el \T |k

—&

CS(v20)

S(72)7 <C Y (i) S(y2)”
YEL\I
v#I

If we use the inequality (see (Knopp 1974, Lemma 4))
lcz +d|* 1+ 4]z

A+d) <
( ) y )

this is majorized by

¢ ¥ star (FEE) —o0)

YET o \I'
v#1

In the last equality we used (3 . The claim now follows by induction

from 1} by isolating D, (z, 5,0), using Lemma |15 and the fact
that

-----

z
—27Ti/ (675
100

is O(e™?™) as §(z) — oo. O

LEMMA 17. For R(s) > 1 we have
/ (d Jim Doy .o (2,5, 0), 0, |du(z) < oo
I\H

T—o00

PRroOF. Using (3.20) we see that for R(s) > 1

dlim De e . o (2,5,0) = Z d H( 27?2/ )%(72)
g

(3.23)
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Using

Yz
d (—27m'/ ak) = —2miqy,

z+d d
dS(vyz)® = % (—i (CZ il ) S(yz)°dz + i (Z+ ) %(72)%2)

we find that

=,

<d lim D ..... €y ETL(Z,S,O),aj> =

T—o0

Ml ff 3 H( ori / ak) (‘13) S(y2)°

'yEF \Fk 1
k]

+ complex conjugate.

The claim now follows from Lemma [16] since fi(z) = O(e™™) as

J(z) — 0. O

Using this lemma we can prove the following important result

LEMMA 18. Forallj=1,...,n and R(s) > 1

/ (dD,,...6...cn (2,5, 6), w;)dp(z) — 0 as T — oo.
I\H

Proor. We start by showing that

/F (d lim D, . gj’,_en(z,s,(j),a])du(z) = 0.

If we let Fiy = {2z € F|3(z) < M} then by lemma (17 the left-hand
side is

/(d Wm D, ¢ e (2,50), a;)du(z) + €(T)
F

T—o00
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where ¢(T) — 0 as T' — oo. We have

o /.. ~ f_]
/FM&@E%ODEI ----- €joeee en(z>3»0)> dedy (3.24)

For any real differentiable function A : U — C where U C C and
any bounded domain R C U with piecewise differentiable boundary
Stokes theorem implies that

Qi/g_hdxdy:/ h.
r Oz OR

We apply this to the second integral in ((3.24)). Since f; is holomorphic,
the integral equals
1 S

——/ llm -Del ..... gj ..... €n<Z7S70)fj'
1o}

The fundamental domain is the union of conjugated sides. These con-
jugated sides cancel in the integral. Hence this integral equals the line
integral along the top of the truncated fundamental domain Fj,;. But
this goes to zero by lemma |16, We observe that when s is real the first
integral in is the complex conjugate of the second one. Hence
this also vanishes and we have

/F (d lim D, . gjv,_en(z,s,(j),aﬁdu(z) = 0.

Using | [ w;| < |[7 ;| and the same approach as in the proof of
lemma (17 we see that for $(s) > 1 there exist U(z, s) independent on
T such that

=,

’<dD61 77777 & en(z,s,O),wj>‘§U(z,s)

and

/F L) < o0
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Hence for any given ¢y > 0 there exists a constant, M, independent on
T such that

/F\H(<d lim B(Z,s),ozj>—<dB(z,s),wj>) dp(z)

T—o0

S +€0.

/F (<dTIEI§o B(z, s),aj)—(dB(z,s),wj>> dp(z2)

.....

(3:19). (3-20) and Proposition [§] (2), we see that the integral over Fi;

vanishes which finishes the proof. O
Using this we can now prove

LEMMA 19. The function

-, —,

Tim (~R(5)Le, (0)Der o (2.5,0) (3.25)
15 reqular at s = 1.

PrOOF. We shall write B(2,5) = De,,..¢;...en (2, 5, 0). We note that
since «; is the real part of a holomorphic differential 6(a;) = 0 Since
d(w;) = §(ey) for I(z) < T (Proposition [§) we find from Lemma
that

lim Ly, (0)B(z,s)du(z) = 0.

T—o0 I\H
From ({3.13)) it is clear that s = 1 is not an essential singularity. Assume
that it is a pole of order k£ > 0. Hence

lim(s — 1)* lim (=R(s)L, (0)B(z,5)) # 0. (3.26)
But
lim, (s — 1)* TIEI;O(_R(S)LEJ(G)B(Z’ s))

s—1 T—oo

= —lim(s — 1)* lim (/ r(z,z/,s)Lej((j)B(z/, s)du(z’))
I\H
where 7(z, 2/, s) is the resolvent kernel

— _lim lim (/F(s — Dr(z,2,s)(s — )" L. (0)B(¢, S)du(Z'))

s—1T—oo \H

—vol B i ([ s - 10 2, @B )

T—oo \H s—1
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since r(z, 2/, s) has a simple pole with residue —vol(I'\ H)™". See re-
mark 20]

= vol(I' \ H) " lim(s — 1)*7! lim L., (0)B(Z, s)du(z)

s—1 T—o0 I\H
=0
by lemma . But this contradicts (3.26)), which completes the proof.

U

REMARK 20. Using the above lemma, (3.13)) and the fact that the
resolvent kernel for A respectively the Eisenstein series has expansions
at 1 of the form (see e.g (Venkov 1982, Theorem 2.2.6) or (2.2)))

vol T \H)™' &

r(z,2',s) = -3 +n;)%(2,z)(s —nm

C\H & (3.27)
—vo
— + ) ra(z, ) (s—1)™,
(s—1) n;]
respectively
vol(T
B(z,5) = — — 1 Z En(2)(s —1)™ (3.28)

we may now in principle write down the full Laurent expansion of the
function limy_s De, ., (2,5,0) at s = 1 in terms of 7,(z,2’), Ep(2)
and the real harmonic differentials. From this and we may also cal-
culate the Laurent expansion of E,, ., (z,s,0) and hence of E™"(z, s).
Since general expressions are quite complicated and the combinatorics
become quite cumbersome we restrict ourselves to a some particular
cases of special interest.

We let 2, be the elements of the symmetric group on 2m letters
1,2,...,2m for which 0(2j — 1) < (2j) for j = 1,...,m. We notice
that this has (2m)!/2™ elements, which is easily seen by induction.

LEMMA 21. If n is even limr_o D, ., (2, s, 6) has a pole at s =1
of at most order n/2+ 1. The (s — 1)"?*! coefficient in the expansion
of the function imy_.o D, ., (2,5,0) around s =1 is

n/2

87%) n/2
((F\Hn/2+l H/[‘ <a02r1 aa2r>d:u()

If n is odd, limp_, o Del,men(z, s, 0) has a pole at s = 1 of at most order

(n—1)/2.
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PrOOF. For n = 0 the claim is obvious, and for n = 1 (3.12]) and
Lemma|19|give the result. Assume that the result is true for all n < ny.

By (3.13)), (3.8]), Lemma (19| and the fact that
lim (_R<S)(_87T2 <wk7 wl> D€1,-,€ky-7€z7-7€n (Za S, 6)))

T—o00

can have pole order at most 1 more than limy_,oc D¢, e, .00 (2, S, 6))
at s = 1, we obtain the result about the pole orders. For even n we
notice that by induction and using (3.27) we find that the (s — 1)%/2~!
coefficient is
— 872 (_87.‘.2)(7172)/2
vol(I' \ H) vol(I" \ H)(n-2)/2+1"

n (n—2)/2
Z Z H ' / (Qo(2r-1), Qo(ar)) dp(2) / (o, oq) dp(z),
k];l:ll S r=1 \H T\H

<

where the prime in the product means that we have excluded ay, o
from the product and enumerated the remaining differentials accord-
ingly. The result follows. 0

Using this we can prove

THEOREM 22. For alln Eel,men(z,s,ﬁ)) has a pole at s = 1 of at
most order [n/2] + 1. If n is even the (s — 1)"/A+1 coefficient in the
Laurent expansion of E., ., (z,s,0) is

n/2

81°) /2
((F\H n/2+1 Z H (Qoar1); Aoon) dpi(2)

=\ J/n\HE

If n is odd the (s — 1)[n/2]+1 coefficient in the Laurent expansion of
E61,---en<273,6) 18

[n/2]

( 87T2)[n/2]
(F \ H) n/2]+1 27TZ / (673 Z H / <a0'(27” 1)7 aa 2r >dﬂ )

where the prime in the the product means that we have excluded oy, from
the product and enumerated the remaining differentials accordingly.

ProoF. This follows from (3.17) Lemma and the fact that
E.,. ¢ (z,8) is independent on the cohomology class of the real dif-
ferentials involved. U
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We notice that

(R(f(2)dz2), R(f(2)d2)) = (S(f(2)dz), 3(f(2)d2)) = v* |f (2) [,
(3.29)
while

(R(f(2)dz),3(f(2)dz)) = 0. (3.30)

Hence many of the involved integrals may be expressed in terms of the
Petersson norm defined in the weight two case by

1= ( | NCl du(Z))m | (331)

77777

fori=1,...,0 and a; = I(f(2)dz) for i =1+ 1,...,n. As a special
case of Theorem [22| we have the following

THEOREM 23. The function E®™5"" (2, s) has a pole of order m +
n+1ats =1, and the (s — 1)~ coefficient in the Laurent
expansion erpansion is

(—87T2)m+n ||f||2(m+n) (2m)'(2n)' (m+n>
vol(T'\ H)™ " +! 2m+n n )

If n or m is odd then the pole order of E®"S"(2,5) at s = 1 is strictly
less than (m +n)/2 + 1.

PROOF. The first part follows from Theorem 22] (3.29) and (3.30)

once we count the number of nonzero terms in the sum indexed by
Yomion. This is the set of elements

0(2i—1),0(2i) <2mor o(2i —1),0(2i) > 2m
foralli=1,....m+n '

(3.32)

{U S E2m—|—2n

We shall denote this by i%ﬁ 4on- This set contains

(2m)! (2n)! (m + n)

2m  2n n

elements which can be seen by noticing that each element may be
obtained uniquely by applying o; € X9, to 1,...,2m and oy € X9,
to 2m—+1,...,2m + 2n and then shuffling (0,(1),01(2)), ..., (01(2m —
1), 01(2m)) with (o2(2m+1), 02(2m+2)), ..., (62(2m+2n—1), 05(2m+
2n)).

If m + n is odd then Theorem [22| says that the pole order at s = 1
is at most [(m +n)/2] + 1 which is strictly less than (m + n)/2 + 1.

If m and n is odd then Theorem [22]says that the pole order at s = 1
is at most (m +n)/2 + 1, but since one of the factors in the product
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of the (m +n)/2 4+ 1 term has to be zero the pole is at most of order

(m+n)/2. O
We now turn to E™"(z,s). We assume [ = g.

THEOREM 24 (See also (Goldfeld & O’Sullivan 2003)). At s = 1,

EY9(2,s) has a simple pole with residue

m (27m' /OO f(z)dz) |

PRrROOF. This follows directly from Theorem [22 and
EY(z,5) = E®(2,5) +iE(2, ).
U

THEOREM 25. The Eisenstein series E™™(z,s) has a pole of order
m + 1. The (s — 1)™* coefficient in the Laurent expansion around
s=1u1s

(165" o

st
PRrROOF. Since (v, f) = (v, R(f(2)dz)) + i (v, 3(f(2)dz)) we have
(v, £)P" = (=)™ Z (:?) F(2)d2))*" (y, S(f(2)dz))2m™)

Hence

E™m(z,s) = (—1)™ i (m) ERSTY g,

n
n=0

From Theorem [23| we hence find that the leading term of E""™(z,s) is
(872)™ m e (m\ (2n)!(2(m —n))! (m
— e M) - :
vol(I" \ H) n 2 n

n=0

The sum equals (m!)?2™ from which the result follows. O

THEOREM 26. At s =1, E*(2,s) has a simple pole with residue

m (2m' /Oo f(z)dz)2

while EY' has a double pole with residue

vol(T \ H)
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The coefficient of (s —1)72 is
167° || f]
vol(T"\ HI)2'

PROOF. We start by noticing that as a special case of (3.17)) we

have
z

E..(z,5,0) = _472/ al/ asE(z,s) —|—27rz'/ o Tlim D, (z,5,0)
+2m'/ Qo Tlim D¢ (2,5,0) + lim D, (z,s,0).

—
0 T—o0

The first term has a simple pole at s = 1 with residue

—471'2 /z /z
VOITVH) Jioe ™ i ™

while the two middle terms are regular at s = 1 by (3.12) and Lemma
19, The singular part of the expansion of the fourth term equals the
singular part of the expansion of

Tli_r)rgo(—R(s)(LemE(z, s))) = 8r? /F\Hr(z, 2 s) {ar, an) E(z, s).

This follows from (3.13)) and Lemma[l9} But by using (3.27) and (3.28)

we find that this is

_87T2 |
R J o 0

—871'2 ’ / / -1
—i—m/F(Eg(z)—ro(z,z))<a1,a2>du(z)(s—1) |

\H

Hence we know the singular part of the expansion of E. ., (z,s) at
s = 1. It is easy to see that

E*0(z,8) = E™(z,8) +2iE™3(z,5) — BY (2, 5)
EY(z,8) = —E®(z,5) — E¥(2,5).

Using the above explicit expressions for the expansions of E, ,(z, s, 6)

now gives the result when using (3.29) and (3.30)). O

We note that this is Theorem [E] We state, without proof, the result
for the m +n = 3 case.

THEOREM 27. At s =1 E*°(z,s) has a simple pole with residue

st (o )
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while E*'(z,s) has a double pole with leading term

ﬁ(zm IRCOILR

3. Growth on vertical lines

By Proposition [L3| we see that E™"(z, s) = Ok (1) for R(s) =0 > 1
and z in a fixed compact set K. In this section we show that when we
only require ¢ > 1/2 then we have at most polynomial growth on the
line R(s) =

We take the opportunity to correct Theorem 1.5 in (Petridis 2002).
We first prove :

LEMMA 28. The standard nonholomorphic Eisenstein series E(z, s)
has polynomial growth in s in N(s) > 1/2. More precisely we have for
anye>0and 1/2<o0<1

E(z, 0 +it) = O (Jt|'"7™) (3.34)
for all z € K, a fized compact set in T\ H.

PROOF. According to (Selberg 1990) the scattering function ¢(s)

is given by
V(s —1/2) 11
ab L
¢(8) P(S) (8>7
where a, b are positive constants and L(s) is a Dirichlet series with
constant term 1. In particular, L(s) tends to 1 as R(s) — oo. This
implies that for R(s) sufficiently large, say R(s) > o9 > 1, we have
|L(s) — 1| < 1/2. Hence
E(z,s)
L(s)

is bounded for R(s) > oy and fixed. By the functional equation we
have

E(z,—og+1it)  ¢(—oo+it)E(z,1+ 09 — it)
L(—0g +it) L(—0¢ +it)
['(—op +it — 1/2)

F(—O’o + Zt)

\/Eabl+20‘072’it.
(3.35)

=E(z,1+ 09 —1it)

The asymptotics of the Gamma function (Stirling’s formula, see. e.g.
(Ivi¢ 1985, A.34))

D (o0 + it)| ~ V/2me 2™l |70/ as |t| — oo
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imply that the quotient of the Gamma factors in ((3.35]) is asymptotic to
t| 7"/ as |t| — co. In particular, we get that E(z,s)/L(s) is bounded
on the line R(s) = —oy. We want to use Phragmén-Lindel6f to conclude
that it is bounded for —oy < R(s) < g, so we need to verify that
E(z,s)/L(s) is of finite order in this strip.

The poles of E(z,s) and ¢(s) are the same (See (Iwaniec 1995,
Theorem 6.9-11)) So E(z,s)/L(s) has no poles, with the possible ex-
ception of finite many in any vertical strip coming from I'(s — 1/2).
These poles 71, 72, ... can be easily dealt with by considering (s —
1) (s =)+ (s —v)E(z,s)/L(s). Since ¢(s) is a meromorphic func-
tion of order < 2 (see (Selberg 1989, Theorem 7.3) or (Miiller 1992,
Theorem 3.20)) and I'(s) has order 1, we see that L(s) is of finite order
and by (Hejhal 1983, Th. 12.9(d) p. 164) we see that F(z,s) is of
finite order. We can therefore apply the Phragmén-Lindelof principle
(see e.g. (Patterson 1988, Appendix 5)) in the strip —og < R(s) < 0.

Since ¢(s) is bounded for R(s) > 1/2, |(s)| > 1 (see (Miiller 1983,
Lemma 8.8) or (Selberg 1989, (8.6))) we see, using Stirlings formula
again, that

E(z,s)
L(s)

['(s)
(s =1/2)

E(z,s) = ols) (v/7a)~ 5

is O(|t|'/?) for R(s) > 1/2.

Now we can even improve the result by applying Phragmén-Lindelof
in the strip 1/2 < R(s) < 1+ ¢ for some small 6 > 0 using the
fact that E(z,s) is bounded for R(s) = o > 1. The finite number
of poles s, s1,...5; in this region can be dealt by multiplying with
(s —s0)(s—s1)--- (s —sk). We get as result

E(z,5) = Ox(Jt|'™"")
for all z € K, a fixed compact set in I"\ H. O

REMARK 29. We remark that the functions E,(z,s) and FEx(z, s)
have no polesin R(s) > 1/2, s ¢ (1/2,1], and that they are holomorphic
on the line R(s) = 1/2. This follows from (Roelcke 1966, Satz 10.3 and
Satz 10.4 1)), where this statement is proved for the Eisenstein series
E*(z, s) of weight k. If we set

cz+d\"? s
Beo= X (S19) st
YET o \I'
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then F.(z,s5) = —isE?*(z,s)/(2y) and E:(z,s) = isE~%(z,s)/(2y),
since by termwise differentiation we have
s T2
E:(z,8) = Bl Z S(v2)° ez + d)
YEL\I
o —1s s—1 —2
E.(z,8) = - Z S(y2)° " (cz+d)".

YEL\T

LEMMA 30. The function D,(z, s, 0) has polynomial growth in s in
R(s) > 1/2. More precisely we have for any e >0 and 1/2 <o <1

D, (2,0 +it,0) = Ot ~7**). (3.36)
The constant involved depends on o, w; and

PrOOF. We have by (3.13) and (3.7)
D, (z,s, 0) = —R(s)(4mi(dE(z, s),w;) — 2mi(dw;)E(2,5)).  (3.37)

We need to control dE(z,s) = E,(z,s)dz + Ex(z,s)dz in some sense.
We note that by differentiating the functional equation for E(z,s) we
get the functional equation

E.(z,8) = ¢(s)E.(z,1 —s).
Since E,(z, s) has zero Fourier coefficient

—i(sy" 4+ o(s)(1 — s)y~") /2,

which could vanish only for s =0 or s = 1/2, E.(z, s) does not vanish
for any s € C\{1/2,1}. Since we know that that E,(z, s) has no poles
for R(s) > 1/2, s ¢ (1/2,1] (see Remark we can conclude that
the poles of E,(z,s) are the same as the poles E(z,s) with the same
multiplicity with the exception of finitely many in the interval [0, 1].

We repeat the Phragmén-Lindelof argument for F(z,s)/L(s) with
E.(z,5)/L(s). The only difference is that since

&@@:—%ﬁ@@

with F?(z,s) bounded on vertical lines for R(s) = o > 1 we start
with the bound F,(z,s) = O(|t|) when (s) = ¢ > 1 and we get
E.(z,s) = O(|t|’*) for R(s) > 1/2. Applying Phragmén-Lindelf again
in 1/2 < R(s) < 1+ ¢ as above we find E.(z,s) = Og([t|"77).
Similarly E.(z,s) = Og(Jt|> °%). This gives a L? = L*(T'\ H, dp)
bound for the function in to which we apply the resolvent. Since

< 1
° = dist (z,SpecA)

|1 R(2)]] (3.38)
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for the resolvent of a general self-adjoint operator A on a Hilbert space
and

dist(s(1 — s),SpecA) > |J(s(1 — s))| = |t (20 — 1)
we get for 1/2 <o =R(s) <1

=0 |t|2_—g+a = O, (|t|"~7%).
L? 7\ ] (20 — 1) 7

We finally need to get a pointwise bound from the L? bound, for which
we use the Sobolev embedding theorem (see (Warner 1983, 6.22 Corol-
lary (b))), which in dimension 2 implies that

HDej(z, s, 6))

[ull oo < ¢ llullge
where for any second order elliptic operator P there exist a ¢’ such that
lull 2 < (llull 2 + 1 Pull 2)-
(See (Warner 1983, 6.29)) In our case D, (z, s, 0) we have
Au=—(s(1 = s)u+ Lej(ﬁ)E(z, s),

and since we already evaluated D, (z, s, 0) Ly, (0)E(z,s) in L?-norm we
obtain D, (z, 5,0) = Ok(|t|* ") We now apply Phragmén-Lindelof
again in the strip 1/2 +6 < R(s) < 1+ 6 for some small § > 0 gives
the result. O

.....

.....

The involved constant depends on €, o and wy, ..., w,.

ProOF. This is induction in n. For n = 1 we refer to Lemma 30l
We now assume that

D., 6m(2,0+it,6) _ O(’t‘(ﬁm_l)(l_o)+€) (3'40)

Loy (0)Dey e (2,5, 0) = O(Je| D077+ (3.41)
whenever m < n — 1. By (13.13)) we see that we need to estimate the
two type of terms

Lfkez (0>D51y-7ék7-7€l7-75n (Z7 S,
L. (0)D

)
)

Ol O

(Z’ S’

€1,5€k,€En



44 3. THE DISTRIBUTION OF MODULAR SYMBOLS

when we apply the resolvent. We can control the first (in L?) by in-
duction hypothesis as we note that L., (0) is a compactly supported
multiplication operator (see . We get

A 6(n—2)—1)(1—0c
| Eaa0) Dt (25 0)| = O (fOr70070%)

By using that w; is compactly supported we easily deduce from ((3.7))
that

—,

HLGk (O)Del,.,él,.,en (27 87 6)‘ 12 S C (HDZ,Cl,.,ék,.,En (27 87 O)

L2(0)

—,

HDE,el,A,ék,.,en <Z7 S, 6) Lo(0) + HDel,.,ék,.,en (Za S, O)

where O is an open set lying between the support of w; and some other
compact set. We now evaluate these three terms separately. To handle
the first term we note that

—,

L(0) < HDE1,-7€1¢7~76n(z> S, 0)

HDz,el,.,ék,.,en (Za 376)‘ H(0)

S HDEl"’ék"’en (Za S, 6))

H2(0)
/ ~ (3.43)
<c (HDfly-,gkywﬁn(’Z?S’O) 12(0)
+ HADel,.,ék,.,en(Z73aO) L2(0)) :
We note that by (3.13)) and the induction hypothesis
HAD€17~7€k:-7€n(’Z7 s 6) o — O(‘t|(6(n—1)-1))(1—0)+s+2). (3.44)
LQ

Hence the left hand side of (3.43) is O([¢| 6" D=DI=)H42) " The gec-
ond term of (3.42) may be evaluated in the same manner, while the
third term is even smaller. We thus get

| (@)D e (25,0 = O 07000502y (3.05)

L2

By (3.13), (3.38)) and the above we find
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QW@M’

(Z Lek (6)D€11-7€,1\m~75n (Z’ S, 6)
k=1

—,

+ Z Lekq<6)D61,.,€k,.,a,.,en (27 S, 0)

k=1
k<l L2
= O(HE(=D-D(1-0)+e+1)
To get a pointwise bound we also need
..... en(Z,s,ﬁ)ng = O(|t|O-D-DA-o)HIE24ey (3.46)

which follows from (3.38)) and the above. From the Sobolev embedding
theorem we get

.........

Applying Phragmén-Lindel6f once again in the strip 1/2 40 < R(s) <
1 + ¢ finishes the proof. 0

We notice that we can get polynomial bounds on D, .. (z,s) with-
out using Lemma [30] We would then have to start the induction in
Lemma [31] at n = 0 by citing Lemma |28 This would lead to slightly
larger exponents. Using the above lemma we conclude

.....

mial growth in t in R(s) > 1/2. More precisely we have for any & > 0
and 1/2 < R(s) <1

Ee,...c(2,5,0) = O(|t| OOt (3.47)
Em,n(z’ S) _ O(|t|(6(m+n)71)(1fa)+s). (348)
The involved constant depends on €, o, f, g and aq,. .., q,.

Hence we have also proved Theorem [F}

4. Estimating various sums involving modular symbols

Using the results of the previous two sections we would now like to
obtain asymptotics as T' — oo for sums like

Z Wey (3.49)

YET o\
vl <T
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where w, = 1, (y,a1) -+~ (7, a0) or wy = (3, /)" (7,9)". Here |||, =
¢z + d|* with ¢, d the lower row in v and z € H. We let

E(z,5) = Z w,(72)%,
YEL o \I'

and assume that this is absolutely convergent for R(s) > 1, that it has
meromorphic continuation to R(s) > h where h < 1, and that in this
region it has at most polynomial growth on vertical lines as a function
of s. We further assume that s = 1 is the only pole in R(s) > h, and
that for all € > 0

wy = O(II[2) as [Ivll, — oo. (3.50)

We note that Theorem [C], Corollary [14 and Theorem [32] establish these
properties for the relevant Eisenstein series.

Let oy : R — R, U > Uy , be a family of smooth decreasing
functions with

1) =
i) =10 ift<1+1/U,

and ¢g)(t) = O(U’) as U — oo. For R(s) > 0 we let

/ oy ()t~ dt

be the Mellin transform of ¢y;. Then we have

{1 ift<1-—1/U

Rﬁ$:§+0<%> as U — o0 (3.51)

and for any ¢ > 0

Rﬂﬂ:@(ﬁ(rﬁgf} as |s| — 00, (3.52)

Both estimates are uniform for $(s) bounded. The first is a mean value
estimate while the second is successive partial integration and a mean
value estimate. The Mellin inversion formula now gives

71l. ! (ol
¥ er(l7) = 2 ega [0 () o

YET o \I' "/EFOO\F

1 E(z,s)

2m Jp(sy=2 Y

We note that by (3.52) the integral is convergent as long as F(z, s)
has polynomial growth on vertical lines. We now move the line of
integration to the line R(s) = h with h < 1 by integrating along a box

RU(S>TSCZS.
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of some height and then letting this height go to infinity. Assuming the
polynomial bounds on vertical lines the Phragmén-Lindel6f principle
implies that there is a uniform polynomial bound O(¢*) in h < R(s) < 2
(excluding a small circle around s = 1) and using we find that the
contribution from the horizontal sides goes to zero. Since we assume
that s = 1 is the only pole of the integrand with R(s) < h then using
Cauchy’s residue theorem we obtain

1 E
— / (2 5) Ry (s)T*ds
R(s)

2mi — Y®

— Res (MRU(S)TS> + i/ﬁ( | E(z) Ru(s)T*ds.

ys 271 -n Y°

If we choose ¢ = a + ¢ the last integral is convergent and O(T"U***)
uniformly for z in a compact set.

Assume that E(z,s) has a pole of order [ with (s — 1)~ coefficient
a_; then if [ > 1 we have

E(z,s) <
Res( " RU(S)T>

R T E(z,s) .
= o g <(S -1 < o oI ))

1 Z O™ (s — 1)'E(z,s)/y°| 0™Ry(s)
(-1 Os™ Osnz

ni1+ng+nz=Il—1 s=1

ang TS
4108

s=1

The first factor in the sum is independent on U and T, while the second
is independent of 7" and bounded in U. The third factor has leading
term T'(logT)"* and a reminder O(log 7™~ !). Hence the leading term
is the one corresponding to ny = ny = 0, ng =1 — 1 and we get, using

B51),

_ (lf—llMT(log T)=" + O(T(log T)' "2 + Tlog T /U).
This gives
VLY e -1

YET o \I'
+O(T(logT)"2 + Tlog T /U + T"U***).
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If [ =1 then by ({3.51])
Res (MRU(S)TS> - %T +O(T)U),

s=1 ys
and we get
Z vgbU ( ||7|| ) _ ET—}- O(T/U +ThUa+8).
YEL\I Yy
If E’(z, s) has a nonsimple pole we choose U = logT and we get

Y wdu (””) T i’1l>!yT(1ogT)l—1+0(T(1ogT)l—2). (3.53)

YEL\T

In the simple pole case we choose U = T ~M/(e+1+¢) in order to balance
the error terms and we get

.\ _aa wthe
> vch( )— - L L O(THE), (3.54)

YEL\I

At this point we note that if w., is non-negative for all v € I', \ I', then
by further requiring ¢y (t) = 0 if t > 1 and ¢y (t) = 1 for t < 1, we

have
Z vgbU(HVH)S Z w, < Z WgzsU(HWH)

Y€l \I Y€l \I €T\
Iv.<T

from which it easily follows that the middle sum has an asymptotic
expansion. As an application we use this on the usual nonholomorphic
Eisenstein series and from the above, Theorem [4] and Lemma [2§ we
find that

T

Y l=— + O(T/U+T'U' .
yvol(F\H)+O< JU + ThU ey, (3.55)

YEL o \I'

Ivl.<T

where we have used that we may choose a = 1 —h+¢ (see Lemma 28)).
We choose U = T= 4% to balance the error terms, and get

LEMMA 33. Assume that the only pole of E(z,s) in R(s) > h is
s=1. Then

T 1
l=— Ta=rTe). .
2, g O .

IV, <T



4. ESTIMATING VARIOUS SUMS INVOLVING MODULAR SYMBOLS 49

Using this lemma we can now deal with the general case. To get a
result without ¢y from (3.53)) and (3.54) we notice that if we choose
¢y such that ¢y (t) =1 for ¢ <1 then

Z 7¢U(|l7||>— Z w, + Z 7(bU(HVH)

V€L \I' AED o\ YET\T
vl <T T<|lv],<T(1+1/U)

Using ([3.50]) we see that we may evaluate the last sum in the following
way. For any € > 0 this is less than a constant times

(TA+1/U)° > 1<@T)F Y L
’YEFOO\F 'YGFOO\F
<y, £T(14+1/U) T<|lyll,<T(1+1/0)

The sum is O(T/U) + O(Tﬁ%) by Lemma . Using this with the
above choices of U we find

THEOREM 34. Assume that E(z,s) has a pole at s=1 of order |
with (s — 1)~ coefficient a_;. If 1 =1, i.e. if the pole is simple then

S - S o)

VEL\T
Ivll.<T

If 1 > 1 then
Z Wy = = ) ———TlogT" ' + O(log T'?).

YEL\I!
Ivll.<T

Using this we now get an expansion of the summatory function
(3-49) in all the cases that we studied in section 2] We only state the
result in a few cases.

COROLLARY 35. Let a = R(f(2)dz) and = R(f(2)dz). Then
o _ (=8 FIPTE (2m)! (2n))!

2m m4n
E = T log T
5 \ﬁy,o& (7. 5) yvol(T \ H)m+n+1 ml2m nl2n
v€loo
Ivll.<T
(3.57)

+O(T log™™ ' T),
and if m or n is odd then

> (ra)" (7.8)" = O(Tlogh T) (3.58)

YEL\T
vl <T

for some k € N strictly less than (m +n)/2.
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ProoF. This follows from Theorem [34] Theorem [32] Corollary
and Theorem [23] once we notice that

(2m)!(2n)! (m + n) _ (2m)! (2n)!. (3.5)

2mtn(m+n)!\ n

U

COROLLARY 36. We have

m_ (67wl o -
2 [ D = gy I Tlog™ T+ O(T'log™ ' 7).
V€L \T

Iyl <T

(3.60)

PRrROOF. This follows from Theorem [34] Theorem 32 Corollary
and Theorem 25 O

We notice that this settles Goldfelds conjecture (1.4]) in the negative
once we choose z = 1.

COROLLARY 37. There exists 61 > 0 such that

1 z
= —2mi dr | T+O(T™). (3.61
> ) = g (-2ei [ soar) To). o
VEL\T
Ivll.<T
PRrROOF. This follows from Theorem [34] Theorem [32] Corollary
and Theorem [24] O

We note that by picking z = i this reproves ((1.3)).

COROLLARY 38. There exists 6 > 0 such that

2 1 : / : ’ 1-6
= — | -2 d T 7).
S 0 = g (2 [ sy T 0T
YET N\
. <T
(3.62)
PRrROOF. This follows from Theorem [34] Theorem [32] Corollary
and Theorem [26] O

REMARK 39. How small we can prove 1 — §; to be in the above
corollaries depends of course on how good polynomial bounds we have
and how far to the left we may move the line of integration. Assuming
no eigenvalues s(1 — s) € (0,1/4) we can move just to the right of
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s = 1/2, and using the bound of Theorem (32| we get

6
1—51:?4—8
12
1 —0y=—
2 13+6

for any ¢ > 0.

5. The distribution of modular symbols

We now show how to obtain a distribution result for the modular
symbols from the asymptotic expansions of Corollary 35, We renor-
malize the modular symbols in the following way. Let

—— vl \ H)
(v.f) = e (v, f)
— _ [wlt\B)
(7,a) FEYE (7, )
——  [ol(T\ H)
<775> - 87T2||fH2 <776>

where a = R(f(z)dz), = 3(f(z)dz). Let furthermore

(Lo \T)" = {y €T \T| [|l. <T}. (3.63)
By Lemma 33| we have
T
T\ = — T° .64
for some 9 > 0. Now let X7 be the random variable with probability
measure
# {7 € (T \ ) | 2fl- € R}
P(Xr € R) = : . (3.65)

#(Te \ )T

for R ¢ C (we set <v,a >/y/log[[y[. = 0if ||, < 1. Note that
there are only finitely many such elements.) We consider the moments
of XT

- s PR PG

# (T \ )T ’

YE(T\I)T
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and note that
R((v, f)) = i(7,8)

P S

S ) = —ily,q).
By partial summation we have

1
Y (B () Tog TGnTm/2

s (Foo \F)T

m + n /'\_/n/'\_/m 1
/ Z > t(lOg t)(m+n)/2+1 dt

WEF \I)t

M1 = N

If we now apply Corollary ﬁ 35 and ( m we find that as T" — oo

n! m!

M, m(XT) — { (n/2)12n/2 (m/2)12m/2>

if m and n are even,
(3.67)

0, otherwise.

We notice that the right-hand side is the moments of the bivariate
Gaussian distribution with correlation coefficient zero. Hence by a
result due to Fréchet and Shohat (see (Loeve 1977, 11.4.C)) we conclude
the following:

THEOREM 40. Asymptotically Ci has bivariate Gaussian dis-
y/logllvll,

tribution with correlation coeﬁcient zero. More precisely we have

#{ & T\ )T

1ogufy|| ER} 1 /ex x? 4y dnd
= _
AT\ )T e T\ 2 !

(3.68)

as T — o0.

As an easy corollary we get

COROLLARY 41. Asymptotically RO has Gaussian distribu-
V3ogllvll.

tion. More precisely we have

#lreman |3l cun)

log||~y

ET\ )T BT /abe"p (‘?) o
(3.69)

as T — 0.
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The same holds for I((v, f)). We note that by putting z = i in
Corollary 1] and Theorem [40] we obtain Theorem [A] and Theorem B}






CHAPTER 4

Functional equations of twisted Eisenstein series

In this section we shall study the transformation properties of the
twisted Eisenstein series E™"(z, s) as s maps to 1 —s. We work again
in the multiple cusp case. We shall show that E™"(z, s) satisfies a func-
tional equation similar to that of the usual nonholomorphic Eisenstein
series i.e.

— —

E(z,8) = ®(s)E(z,1 - s), (4.1)
where ®(s) = {¢aw(s)}. In fact we shall see that (4.1 together with

the limiting absorption principle gives the functional equation of the
twisted Eisenstein series via an induction argument. This chapter is
“work in progress” and therefore stops rather abruptly, and many of
the results appears somewhat unpolished.

1. An example

We shall start by considering the case of E19(z, s), since this makes

more transparent the driving mechanisms in the proof of the general
statements. From ([3.12)) we find that if

ar = R(f(z)dz)
a = I(f(2)dz)
then using Theorem [5] we see that
Dgc,(2,5,0) = —/ (2,7, 8)Le,(0)Eq(2', 8)dp(2")

I\H
= / r(z,2',1 — 8)Le, Eq(2', s)du(2")
I\H

=,

1 —125 zb: Fals 1 =) /r\H Eo(#,8) L (0) Ea(#', 5)dp(2')

DN NCICY NECERERIRCIERERIE)

1 / N / /
DI [ B OB, )in)

55
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= ¢as(5)De, (2,1 — 5,0)
b

+ 251_ 1 /F\]HI Eb(z’ S)Lei(G)Ea(Z, S)d#(z)Eb(Z, 1-— S).

We let pgp(s) = qufr\H Eo(z,8)limp_oo(Le, + iLe, (0)Eq(z, s)dp(z2).

Hence by using (3.4]) and ((1.9) we find, letting 7" — oo as in the proof
of Lemma (18]

= Z Gan($) jlgn (Dbel(z, 1—5,0)+ szQ(Z, 1—s, O)>
+ pan(8)Ep(2,1 — ) + ¢ap(s)2mi /z f(2)dzEp(z,1 — s)

Z¢ab (hm (Dye, (2,1=5, 01+i Dy, (2,1—s, 0) H2mi f( )dzEb(z,l—s)>

; (m / Fz6a(s) + puls) ) Euli 1= )
—Z%h (2, 1) + (2m’ /Q;“(z)dzqsab(s) +Pab(s)) Fo(z,1 — s).

We have proved

EY0(z,8) = ®(s)E0(z, ) + ®*(s)E(2,1 — s) (4.2)

where

&* (s) = 2mi / F(2)d2us(s) + pasls).

This agrees with the result given in (Chinta & O’Sullivan 2002, p. 25)
once we take into account the different normalization of the modular
symbol in that paper. We note that a similar but different functional

equation was given in (Chinta & Goldfeld 2001) and (Petridis 2002)
but both contained errors.
We note that

8 aEa )
puls) = oy [ Bl P )
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Using Stokes Theorem as in the proof of Lemma [18| we see that we
may move the differentiation to Fy(z,s) if we change the sign. This
proves that pap(s) = —pea(s), and hence ®% (s) = —PF,(s) (compare
(O’Sullivan 2000, Prop. 4.2)). We also note that using

0FEq(z,s) s sl 2

—— =5 > Sl (e 2)
yET\T

we can unfold the integral to get

47s
/ Y By(0az, 5) flia (2)dia(2).
Too\H

25— 1

If we now use the Fourier expansions

f|[0’u]2 (Z) = Z aze%rinz

n=1
Eb(UaZ, S) :5bqys + ¢ba(3)ylis+ Z ¢2u(5)\/§Ks—1/2(27T |TL| y)627rin:1:
we get
4rs a ba o 12 .
25— 1 mg;oan%(s)/o Y K 2 (2 [ y)e T dy.

The integral may be solved using (Erdélyi, Magnus, Oberhettinger &
Tricomi 1954, 6.8 (28)), and we find
[(2s — Dl = ¢ (s)al

n

2s—1 s+1/2
['(s)2 e petl/

Pav(s) = —
We shall see below how this generalizes to E™"(z, s).

2. The general functional equation

It is convenient to use the following notational convention. We let
A={1,...,n} and for any subset B = {ny,...,nx} C A we write

. o

Dap(2,8) = Daeyy,en, (258,0) = WDa(Z,S,a )
ni ng e=0
EQB(Z’,S) = E'aen1 ,,,,, en (Z,S,O) = WECL<2757€) .
ni s e=0
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We note that using this convention ([3.13) may be written as

Dap(2,8) = =R(s)| Y Ly Dan\iiy (2:5) +  Leyo Dan\ iy (2, 9)

{k}CB {k1}CB
(4.3)

where we have also written L, = L, (0) and L., = Le,¢,(0)

THEOREM 42. We have the functional equation

Du(z,s) = Z \IIC(S)EA\C(Z, 1—3s)
ccA

where We(s) is a matriz indexed by cusps. The ab entry is equal to

1
96 _ 1/ Eb(Z, 3) Z LekDaC\{k}<Z> S)—{_ZLG]CE[DCIC\{]C,I}(Z? S) d:u(z)
MH {kycc {klycC

if C # 0 and ®y(s) is the usual scattering matriz i.e. the one from

.

PROOF. The proof is induction in |A|, i.e. the number of elements
in the set A. We note that the case A = () is contained in since
Dy(z,s) = E(z, s).

We now assume that we have proved the result for any A" with at
most n elements. Assume that A has n+ 1 elements. By we have

Daa(z,8)=—R(s) ZLekDaA\{k}(z, s)+ Z Le, e, Daa\(riy (2, 5)
{k}CA {k1}CA

By applying the representation of the resolvent as an integral operator
in a right halfplane this is

—/r(z,z',s) ZLEkDaA\{k}(z’,s)—i- Z Lepe Daaviiy (2, 5) | du(2').
M\H k}CA (k1}CA
If we apply the limiting absorption principle, i.e. Theorem [5| we get

_/T<Z> Zla - S) ZLekDaA\{k}<Z/7 S) _'_ZLequaA\{k,l} (Zla 3) du(z’)
H k}CA (k1}CA
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1
E 1—s)-
+2S—1; b<z7 8)

/ Ey(2,8)| > Lo, Daaviiy (2 8)+ Y Loy Danviiny (2, 9)|dp(2).
T\H k}CA {ki}CA

We note that the last two lines is the term in the functional equation we
are trying to prove corresponding to C' = () with the correct coefficient.
We now consider the first line. Using the induction hypothesis this is

Z—/ T(Z, Z/, 1-— S) Z Z (I)Hab(S)LekaA\({k}UH)(Zla 1-— 8)
b T\H

{k}CA\HCA\{k}

+ Z Z (I)H’ab(S)DbA\({k}uH’)(Z/a 1-— 8) du(z’).

{kI}CA H/CA\{k 1}

In these sums we now collect the terms coming from the same C' C A
and note that every subset appears in the sum except C' = A. We get

DD dca(s) | - / r(z2,1=s) [ D Lo Deaonmy (2,1 —9)

b CCA \H {kyCA\C

+ Z Lewa Doanen ey (2,1 = s) | du(z)
{k1ycA\C

By (4.3) and the induction hypothesis this is

YD @ow(s)Denco(z, 1 — 9))

b CCA
CZA

which finishes the proof. U

We call the matrices in the above theorem scattering matrices. We
note that in the notation introduced in the chapter the correspondence
(13.17) reads

Eaa(z, 5) Z (H 2m/ ) Daa(z, ).

BCA \jeB

We also have

Dga(z,s) Z (H 27m/ )EaA\B(z,s)

BCA \jeB
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which is seen from E(z, s, €)U(—¢€, z) = D(z, s, €) by differentiation. We
can hence shift back and forth between the D(z, s) functions and the
E(z, s) functions. We find

THEOREM 43. We have the functional equation

Eulz,5) = > Oo(s)Eac(z1 - ),
cca

where O (s) is a matriz indexed by the cusps. The ab entry is equal to
b

Z \IJKQ[, H 271'2/ Wy

a

KCC JEC\K

We note that applying this theorem twice we see that these scat-
tering matrices satisfies

5 <1>c(s)<I>B(1—s)={I if D=0

BaTD 0 otherwise.
BNC=0

By using that Em’"(z, s) may be written as a complex linear com-
bination of E4(z,s) the above theorem gives a functional equation for
these. If f = g we get a functional equation of the form

Em’n(z7 S) = Z (I)m—m’,m—n’(s)E)m/’n/<Z, 1-— S)

m/+n'<m-+n

where @,/ ,(s) is a complex linear combination of ®¢(s). This proves
Theorem [Hl

When f # g we get a functional equation involving series of the
form

- n

ST " ) TR hg) otz

v€l\I'

3. Scattering matrices in terms of L-functions

We shall now investigate the components in the the scattering ma-
trices found in the previous section. Since E™"(z,s) and F4(z, s) are
independent of the cohomology class we picked when we substituted
compactly supported forms for o; we can now let T'— oo as in Lemma
18

From Theorem [42] and Theorem [43] we see that the entries of the
scattering matrices for the twisted Eisenstein series are linear combi-
nations of terms of the form limy_, ., ®c(s).
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LEMMA 44. The function
Jim Z Le, Dac\giy (2, 8) + Z Lee, Dac\ i3 (2, 5)
{k}cC {k1}ycC
has a series representation
Yz
47i Z Z H ( 27?2/ ozj) (dS(o7'y2)*, o) -
{k}eC el \I' jeC\{k} a

Proor. We notice that

TlijgoDaA(z,s) = Z (HQm/ aj> S(o;tyz)®

vel\I' \JjeA
Thm Leh = 4mi(dh,oy)
lim Loh = —87° (g, ay)

(compare (3.20)). Since d [* a; = a; we find that

lim Z LekDaC\{k}(Za 3)

T—o00
{k}cc
vz
=473 Z <d Z H —27rz'/ a %(0517Z>S,04k>
(k}CC \ el \I' \jeC\{k} e

Yz

:47riz Z—Qm’ (al,ak>z H 2m/ a; | S(o; ' yz2)*

{(CO\{ SO\ {k} vela\I \ J€C\{L,k}

+3 1 ( 2m/u zaj) (dS(o;v2)*, a)

Lo \I' jeC\{k}

* eiyce

i ] ( oni / mj) (A (07 72)" o)

{k}eC To\I' jeCO\{k}



62 4. FUNCTIONAL EQUATIONS OF TWISTED EISENSTEIN SERIES

Using the above lemma we can use the usual unfolding technique
to find

\I’abC(S)
4 z

=3 m Z Eb (z,5) (—QM'/ aj> (dS(07'2)°, o) dp(z)
s =1y ra JEC\{k} :

Since

<d%(0;1w)s’ Oék> "w:O’aZ -

2y (feliou () - ‘fknaa]z(z)) SRy

2
OaZz 1 o0 a]a o CL
. n n
27‘(‘@/ o = 5 § Ny 27r2n]z+ E Je27r1njz (45)
a n;=1 nj n;=1
when
oo
) o ja _2min;z
f]|[0'a]2<z> - Z a‘nje / )
n;=

we note that Wq(s) may be written as a linear combination of elements

of the form 5*< times
/ s+1Eb O'aZ s H Z oy e2min;z H Z _627rmjsz|[0u ( ) ( )
T \H jEB nj_l jE€EB2 nj=1
(4.6)
or
/ erlEb UaZ s H Z n] e2mingz H Z eanjsz‘[Ua ( )dﬂ(z)-
FOO\H ]EBI szl ]EBQ nj_l
(4.7)

We consider (4.6]), which is easily seen to be equal to

jCl
a
S [t T] % T e oen s ennivg,

n,
JjEB] ]3632 J

(4.8)
The sum is subject to the condition m+n,+3 5 nj—> 5 n; =0, m €
Z,n; € N. As usual ¢%(y, s) is the Fourier coefficients of Fy(042, s).
The case By = By = () is the case we dealt with in section SO we
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exclude that case below. The part of the above sum with m # 0 is

Z(bba H n] H an; ka

JEBl JEBQ

/ y5_1/2K5_1/2(27T |m| y)e—QW(nk-i-ZjeBl n;+3 B, "j)ydy.
0

The integral may be found (Erdélyi et al. 1954, 6.8 (29)) to be

s [/ I'(2s)
2254 (g + 3 sep 1y + D e, M) B T(s +1)

m|
oF | s+1/2)s,s+1,1—
(nk + ZjEBl n] + Zj€B2 n])

where o F] is Gauss’ hypergeometric series.

We want to parameterize the sum in terms of ¢ = :va where a =
ng+ ep nyand b=73". 5 n;. Clearly every such ¢ is in Q] —1,1],
and ¢ = e/ f with e < f may be represented by a = f +e¢, b= f —e.
If ¢ is represented by two pairs (a,b) and (a/,0') with a < o’ then
(ra,rb) = (a’,b") for some r € N and (ar, ar) represents the same ¢ as
(a,b) for any r € N. We let (a,,b,) be the representation of

ag — by

q:aq—l—bq

with a, + b, minimal. Notice that if ¢ =e/f with e < f and (e, f) =1
then

=f+e bq:f—e
if f+ e is odd, while
=(f+e)/2  by=(f—¢)/2

if f + e is even. We note that ¢ = 0 corresponds to m = 0 Using

4.8) that
corresponds to g # 0 equals
_sl" 28 — Zl |s 1/22F1 S—|—1/2 S, S—|—1 1—q)§:0fk,317327q7r
T 92— 1T (o) s+1/2 s+1/2
225—11(s qe@m} ™ (ag + by) ~ T
q#0

(4.9)
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where

ay, A .
_ E ba ka U] 7
ka7Bl’B27Q7T - T(bq*aq)(s)a”k H n H n '

agr=ni+3_icp, " JjEBL JEB2
bcﬂ":ZjeBQ nj

This type of L series does not seem to have been investigated.
The part of (4.8) with m = 0 is zero if By = (), and otherwise it is

Z/ 5buy +¢bu( )y = 8)6_2W(nk+zj€31 "J""ZjeBQ”j)ydy_
ja ja
Cln] (nj ka
n.: M. ank'
Jj€B1 J JEB2 J

The integral is easily seen to be

6[1(1 ba s ;
Gl 29 0 g

where 7 = (ny, + > icp nj + D icp, 7). S0 we get

S = ~f B1,Ba,r ba - éfkyBlaB%T
- 6 k,D1 2,7 —Jk,D1,02,7
25 — 1 ( bal’ Z (47r)?s +67(s) Z Ay >

r=1 r=1

where

~ a
_ E : ”J ”J
ka7817327T - H ’

r:nkJijeBl n; JjEBy JEB2
T:ZjeBQ nj

Clearly (4.7) may be dealt with in the same fashion.



CHAPTER 5

Asymptotic densities of the number of newforms

Let I' be a cocompact discrete subgroup of PSLy(R). It is well
known that in this case the weight 0 selfadjoint automorphic Laplacian,
Ar, acting on ['-automorphic functions has infinitely many eigenvalues,

D=X<A <. <A <.,

listed with their multiplicities which are finite. Selberg has proved that
the counting function

Nr(A) = #{i]\i <A}
has an asymptotic expansion on the form
| Fr|
4

where |FT| is the area of a fundamental domain of T.

If T is non-cocompact but of finite area then the situation is some-
what more complicated. The Roelcke-Selberg conjecture, which claims
that also in this case there are infinitely many eigenvalues, seems to
have lost credit rather than gained it over the years. But we do still
have the following expansion (See (Venkov 1982, Theorem 5.2.1))

Ne(Y) — / Tﬁi( —Hr)dr -

Z%A IR B R o v

where ¢r is the determinant of the scattering matrix, A = 1/4 + T
and kr is the number of cusps of I'. From this it is clear that in order
to estimate the number of eigenvalues it is essential to estimate the
logarithmic derivative of the scattering determinant. For congruence
subgroups Selberg showed that

|FF|

Np(A) = Z= X+ O(VA/log \), (5.1)

Nr(A\) = =20+ O(VAlog \). (5.3)

In this chapter we investigate What happens if we only count the eigen-
values corresponding to newforms. In particular we are interested in

65
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knowing when various counting functions have the same asymptotic ex-
pansion as if they where counting eigenvalues related to a cocompact
group. We say that a function N : R — R is of cocompact type if

N(A) = ch+O(WA/log\), (5.4)

for some constant ¢, and we want to find out for which Hecke congru-
ence groups the counting function for newforms is of cocompact type.

1. Newforms and oldforms

The theory of newforms was originally developed by Atkin & Lehner
(Atkin & Lehner 1970) for holomorphic forms. Their theory can be
translated into a similar theory of Maass forms which are the ones we
are studying. This has been done independently by various people and
details may be found in e.g. (Strémbergsson 2001a). We shall only
need one result (Lemma [51 below) and shall hence only sketch enough
of the theory for this result to make sense.

For any A > 0, M € N we denote by A(\, M) the A\-eigenspace for
Ary(ary, where Ih(M) is the Hecke congruence group of level M i.e.

(M) = {”yESLQ(Z) ‘fy: (CCZ Z) c=0 mod M}
Then it is obvious that
Nepon) =1+ 3 dim A(, M), (5.5)
0<A<A

where the sum is certainly finite.

We define the A-oldspace to be
Aqa(A, M) := span{f(dz)|f € A\, K) KdM K # M}.

This is contained in A(X, M) by the SLy(R)-invariance of Ar, and the
fact that f(dz) is I'y(M)-invariant when f(z) is [H(K)-invariant and
Kd|M. We then define the A\-newspace to be the orthogonal comple-
ment in A(X, M) with respect to the inner product

(f.9) = / F(2)g@du(z),
Fry ()

1.e.

Anew(/\, M) = A()\, M) © Aold()\y M)
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We then define new spectral counting functions

Nabp() = 14 ) dimAg(\ M)  M>0
0<A<A
pn(N) =) dim A, (A, M) M > 0.
0<A<A

For M =1 we of course define Nﬁ}f(ll)()\) = 0 and NEY,(A) = Nryy(A).

To(1)

2. Evaluating the scattering matrix for Hecke congruence
groups

As suggested by it is essential to evaluate the logarithmic
derivative of the scattering matrix in order to find the asymptotic ex-
pansion for the counting function. In this section we estimate the
scattering matrix for the congruence groups I1(M) by using an explicit
expression due to M. Huxley .

THEOREM 45. (Huxley 1984) Let ¢pr(s) be the determinant of the
scattering matriz for the Hecke congruence group of level M, To(M),
and let A, be the completed L-function of an Dirichlet character mod
K x, ie.

A(s)=T (g) i Xé?) when R(s) > 1.

Then

A(M) ) 1728 A (2 — 25)

kM
=1

where | € N, the x;’s are some Dirichlet characters mod K where K|M,
and

qM
AM) = —_—.
X primitive mod ¢
qlm, mq| M
The set {x;|i =1,...,ky} is closed under complex conjugation.

We now use this to evaluate the integral in ([5.2) and get
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THEOREM 46. The counting function Ny, () satisfies the follow-
ing asymptotic formula

F 2k
NMMM)|;MA— M/ Xlog VA

+ % [(2 —log 2+ log m)knr — log(A(M)] VA
+O(V\/log VN).

In particular we get the following

COROLLARY 47. The counting function for Ty(M) is never of co-
compact type.

PROOF OF THEOREM M5 We let B(M) = %. From the above
we conclude that

¢/ kM A/
+ ir)| =-2(InB(M + Xl — 2it) + X4 (1 + 2it) | .

Xi

An easy consideration then shows that

¢/ kv
. / ( —i—m’)dr——lnB +Z / X’ (1 + 2ir)dr.
T

T OM

We must therefore evaluate

T A
/T A—Xl(l + 2ir)dr,

Xi
and we observe that

TA/' 1 TI‘V 1 TL/
il—i—?z’rd:—/ —(—+ir)d7“+/ —= (14 42r)dr.
/—T AXZ( ) 2 -T r 2 =T LX( )

We shall address each term separately. To evaluate the first term we

use Stirling’s approximation formula i.e.
/

() =log(s) — o+ O(1s| )

valid for |arg(s)—m| > € (See (Ivi¢ 1985, A.35)). We see that for |r| > €
we have

Ly 1+' log |r| + i 1+' (1+i2r)"
T (3 i og|r| + 1arg 5 ir 12r

<F’ 1+, | 1_{_. i 1+. (1+.2)—1
o —HT — O — r 7 ar — r — 14T
r\2 815 &\ 3

1+,
— +ar
2

+ |log — log|r]|.
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It is easy to see check that the last summand is O((|r|log|r|)~!) while
the first is O(|r|~2) by Stirling’s approximation formula. Hence

1 /T AN A TR
= —(=+dr)dr
2. T \2
I 1 Td
=5 /_Tlog Ir| +iarg <§+z’r) —(14i2r) " dr+0 (/67’10;;7’) :

|r|>e

The integral over (1+42r) ! is bounded and the integral over i arg(1/2+
ir) vanishes. We conclude that

1
= — | z+ir|dr=TlogT —T+ O(log(logT)).
2).,T \2

To evaluate the integral over the logarithmic derivative of L, (1 +
2ir) we note that

T

/ L—X(l + 2ir)dr = —2i(log L, (1 + 2iT)) + C
€ X

where C'is a constant and that the first term is O(logT") by (Apostol

1976, Theorem 12.24). We conclude that

T
¢M +zr dr:—logB(M)+k—M(TlogT—T)JrOM(log(T))
Cd4r _rOM s T
which finishes the proof. O

3. Dirichlet convolution

In order to calculate the main terms of NFOG(VJVV[) we remind about
some well known structure theory of arithmetical functions. When f, g
N — C are arithmetical functions we define the Dirichlet convolution,
f*g:N — C to be the arithmetical function

(frg)m) =D f(d)g (%)

dn
We say that f is multiplicative if f(mn) = f(m)f(n) whenever (m,n) =
1. The structure theory we shall use is the following:

THEOREM 48. The set of arithmetical functions form a commu-
tative group under Dirichlet convolution. The identity element is the

function
I: N — C
1 ifn=1
17—
e ["] { 0 otherwise.
The multiplicative arithmetical functions form a subgroup.
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PRrROOF. This follows from (Apostol 1976, Theorems 2.6,2.8,2.14,
2.16) O

EXAMPLE 49. (See (Apostol 1976, §2.13) for details.) Consider the
arithmetical function
oa(n) = Z d”.

d|n

Then this in a multiplicative arithmetical function whose inverse may
be calculated to be

o7t n) = > duldn (%) (5.6)

dln

where p is the Mobius function, i.e.

1 fn=1
p(n) = (_1)k ifn=mp - px
0 otherwise.

The Mangoldt A-function

A(n) = logp if n = p™where p is a prime and m > 1
10 otherwise,

is an example of a non-multiplicative function. Another multiplicative
arithmetical function we will use is Eulers totient function

O(n)=#{deN|1<d<nA(dn)=1}.

We can now begin to calculate asymptotic densities of newforms.
We cite a result from (Strémbergsson 2001a).

LEMMA 50.
dim A(A,-) = gg * dim Ay (A, -).

PRrOOF. This is Theorem 4.6.c) in Chapter III of (Strémbergsson
2001a). 0

Let now f;, 2 = 1...n be real positive functions of decreasing order
i.e
fi+1 :O(fz) fori=1...n—1.
PROPOSITION 51. Assume that for any M € N

n—1

Ny (M) = Zci<M)fi(/\) + O(fa(N)).

=1
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Then

n—1

NEGn(A) =D e (M) f(N)

i=1

where iV = ¢; x 0y "

71

+O0(fn(N)).

PROOF. The M =1 case is clear by the definitions of Np7)(\) and
c*V(1). We observe that by lemma [50| we have

Npon(A) = 1+ Zao( ) > dim Apen (A, K)
K|M 0<A<A
M new
KM

By the definition of ¢V we have

a(M) =" o (%) ™ (K)

KM

and therefore

n—1 n—1
NEGHA) =D do (M) (V)] < |Nryan(Y) =D a(M
i=1 i=1
M n—1
= 3 o () [Vt - S
K|M i=1
K#M

Induction in M now gives that this is < C'f,,(\) which is the desired
result. O

The above Proposition together with Theorem [48]enables us to con-
clude that ¢}V () is multiplicative if and only if ¢; (V) is multiplicative.
It also shows that since we know the expansion of the counting func-
tion for eigenvalues of Ap () for any M € N by Theorem @ it is easy
to compute the corresponding counting function for newforms. In the
next section we shall do that.

4. The asymptotic expansion of the newform counting
function

Theorem (6] now puts us in a situation where proposition [51] can be
applied with
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(A) = A
(A) = VAlogVA
(A = VA
(A) = VA/log VA

From (Shimura 1971, Theorem 1.43) we conclude that

ke =Y ®((d, M/d)) (5.7)

d|M
_r -1
Ful =200 T (1497, (5.8)
pIM
p prime

This means that we have explicit expressions for all the terms in the-
orem {6| except A(M). We need to know the number of primitive
Dirichlet characters mod K. We hence define

D(K) = #{x primitive Dirichlet character mod K}.

Then we have

LEMMA 52. The arithmetical function D(K) is multiplicative and
satisfies
D(K) = (@ 5 1) (K).

PRrROOF. From (Apostol 1976) theorem 6.15 and theorem 8.18 we
conclude that ®(K) = >_,, D(d) = (u* D)(K) where u(n) = 1 for
n € N. Since ® and v are multiplicative we use theorem 48| to conclude
that D is multiplicative. Theorem 2.1 in (Apostol 1976) proves that
u™t =y s0

Pxp=uxDxp=uxu'+xD=D
which concludes the proof. O

new new

We now calculate ¢V, ¢V and c5°%.

4.1. The first coefficient. We start by calculating ¢}V (M). This
is the simplest of the three coefficients.

PROPOSITION 53. The arithmetical function v(M) = 12¢7*V (M) is
multiplicative and satisfies

1 ifn=0
w ) p—1 ifn=1
v =0 oo ifn—2 (5.9)

(PP —p? —p+1p"2 ifn>3
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when p is a prime. We furthermore have

n=1

where ((s) is Riemann’s zeta function.

PROOF. By using proposition , theorem [46{and (5.8]) we conclude
that
M ] +p") = (00 % v)(M).

p|M
p prime

Since the left hand side and oy are multiplicative theorem {48 says that
v is multiplicative. By considering the case where M = p™ we see that

gt = e () = 3+ Do),

dp™ i=0

By applying the theory of generating functions to this relation we find
that if

(-1 2)
1 —px '

folc) = Zv(p”):r:” then f,(z) =

n=0

By making formal expansion we get (5.9)). Since v is multiplicative the
claim about L, follows. O

We now make a small deroute to investigate the size of the asymp-
totical fraction of newforms using the results obtained in the last sec-
tion. More precisely we investigate the size of the asymptotical fraction
It is clear from the results we have about the counting functions, Nf?oe("]vv)
and NF@(N); that
_ v(N)

N Hp\N(l +p1)
We note that both nominator and denominator are multiplicative.
Hence the asymptotic fraction of newforms is multiplicative.

f(N)

FOV) = lim ) _ V)
A—00 NI‘Q(N)()‘) C1 (N)

PROPOSITION 54. There is no lower nor upper bound for the size
of the asymptotic fraction, i.e. Ve >0 Ny, My € N such that

0< f(My)<e and 1> f(Ng)>1—e.
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PROOF. From (j5.9)) follows easily that

-2

l—p'—p
>t 1
f") > = (5.10)

where we have equality if and only if n = 2. We hence have
-2

1—pt—p
f(N) > _
(N) H 1+pt

with equality if and only if IV is the square of a square free. Hence the
nonexistence of a lower bound is equivalent to

1 — -1 _ -2
I =
1+p!

p prime

which is equivalent to the divergence of

l—pt—p?
> ()
p prime
But this follows from the fact that —log (%) > p~! for p suf-
ficiently large. This proves the nonexistence of a lower bound.
The nonexistence of an upper bound follows from by choosing
Ny = p? with p a sufficiently large prime. U

4.2. The second coefficient. We now calculate c5*V(M). We
remind that by proposition [51] and theorem [46]| we have

AV (M) = — 2 (kpy * 03 ) (M)

T
We hence need to have more information about the number of cusps of
Lo(M)

LEMMA 55. The number of cusps, kyr, of To(M) is a multiplicative
arithmetical function and satisfies

1 ifm=20
) 2 ifm=0
Fopm = 2p" if m=2n+1 wheren > 1 (5.11)

(p+Dp™ '  if m=2n wheren > 1
PROOF. We noted earlier in (5.7 that

ka =Y ®((d, M/d)).

dM
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Let My, Ms € N and assume (M;, M) = 1. Then

Fanan =, ®((d, (MyMy)/d))

d| M1 M,

- Z Z ((dydy, (M1 M5)/(d1d2)))
d1| My d2| M2

=Y ) O((dy, My/dy)(dy, M/ d>))
d1| My d2| M2

= > (di, My/dr)) Y @((de, Mo/ d))
d1| My da| M

=k, k-

Hence kj; is multiplicative. The claim about kym is clear for m = 0
and m = 1. Assume m > 2. We then have

m

=22

m

E : mm i,m—i)
=0
m—1
§ m1n iym—i)—1

We now assume m = 2n + 1.

=1 i=n+1
n—1
=2+2p-1)) p'
i=0
1 _ n
—249(p—1)—L =opr
— D
The even case is similar. O

From the above we can now prove the following
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PROPOSITION 56. The arithmetical function ,—5cy™ (M), is a mul-
tiplicative arithmetical function and satisfies

1 ifm=20
T news my ) 0O ifm=2n+1
_562 (p ) - p—2 if m =2 (5'12)

(p+1)?p" 1 if m =2n wheren > 1.

PROOF. From lemma |55 and theorem {48 follows that ¢3*V(M) is
multiplicative. From ([5.6) it is easy to see that

1 ifm=0
. 92 ifm=1
o (") = 1 ifm=2

0 otherwise.

Hence

2
™ (™) = _;(kpm — 2kpm-1 + kym), when m > 2.

Using lemma [55| it is now easy to check the claim. We omit the details.
O

As an easy corollary we get the following

COROLLARY 57. The second coefficient, c5* (M), is non-zero if and
only if M = t* where t € N is not of the form t = 2t with (2,t') = 1.

4.3. The third coefficient. We finally calculate ¢}*¥(M). This
is the most difficult of the three coefficients.
We start by observing that by proposition 51| and theorem

new _ 1 o _7T new o
4™ (M) = — ((2 log 2 + log ) ( 50 (M)) L(M))
where
L(M) = (log A() x o5 ") (M).
We hence direct our attention to L(M).
LEMMA 58. Assume (My, My) = 1. Then
L(My M) = U(My)L(My) + U (M) L(M,)

where

von=3% 3 e (),

dIM mld g|(m,;L)
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PrROOF. We have

M, M.
M1M2 Z IOgA ( ld 2)
d| My M,
- 3 S oo (2 ) et (M)
d
d|Mi M g|m (m, ) d
mgqld

- 52,5 o (i) (45°)

d|M1 M2 ml|d gq|(m,d/m)

e IDIDIDIND SEEDY

dr My da|[ Mo ma | maldz gy |(my, 7) ga|(ma, 2)

q1q2d1ds 1 (M1M2>
D log| ———— | o .
The summand is clearly

mmD@wa%)H(%>@%&i%5>H%Q£%§»'

We have

2.2 2> 2 X

VT M s a1 g 1) g 22
o My i My q1dy
D(q1)D = ' —=—=)|log| ————
e () ()25
= U(M)L(My),
from which the identity easily follows. O

It turns out that U is a very nice arithmetical function. In fact we
have the following.

LEMMA 59. The function U(M), is a multiplicative arithmetical
function and satisfies

1 ifm=0
I ifm=2n+1
™) =9 p-2 if m =2
(P =2p+1)p™ 2 if m=2n where n > 1.

(5.13)
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ProoOF. Let M, My € N be coprime. Then

vona = 32 5 v (M)

d‘MlMQ ’m‘d q|(m )

apIDIDIDIEDIEEDD

di| My da| M ma|dy malds g, |(m,, mll ) a2|(ma2, m%)

D(q1)D(g2)07 " (fj_) - (f—)
= U(M,)U(My).

Hence U is multiplicative.
Let p be a prime and m € N. We assume m > 2 Then

i=0 j=0  1=0

m—2 min(j,m—2—j3) m—1 min(j,m—1—j3) m min(j,m—j)
= D=2 3 D@+

=0 1=0 =0 1=0 =0 1=0

Assume j <n—2—7j. Then j <n—1—7 < n—j and we have that all
minimum values are j. Hence these terms cancels out. We now assume
m = 2n + 1. Hence we may sum from j > (2n+1)/2—1=n—1/2.

m—2 min(j,m—2—7) m—1 min(j,m—1— ]) m  min(j,m—j)
= 2. D=2, > D +Z ZD
j=n =0 j=n =0 =n
m—2m—2—j m—1m—1—j m m—j m
=Y ) D) -2 DY+ > > D) +> Dw)
j=n 1=0 j=n 1=0 j=n+1 =0 =0
m—2—n m—1—-n n
= () =2 > D)+ YD)
=0 =0 =0
m—2 m—2—j m—1—j m—j
¢ 5 (5 o -2 o0 00)
j=n+1 =0 =0 =0
m—1—(m—1) m—(m—1) m—m
—2 D) + D)+ ), D)
=0 =0 =0
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n—1 n
=—D(p") =Y _ DW)+)_ D)+ D(p)
3=1 J=2
=0.
The even case is similar but slightly easier. The m = 1 case is also
similar. U

REMARK 60. By successive use of the two lemmas above we find

that
k

Lpi .. pp) =) I ve)|Lem.
i=1 \jell, kN {i}
when py, ..., pg are different primes. Notice that L(p]") is of the form

m; log p; where m; € Z. We also note that U(M) € Z. Hence L is on
the form

my logpy + ..., my log pr where m; € Z.

By unique factorization in N this is zero if and only if m; = 0 for all
i’s. We would therefore like to know when L(p™) is zero.

LEMMA 61. The function L(p™) satisfies

2 (Z?ZOD(pj)> logp ifm=2n+1
L(p™) = (Z?;& D(p’) + mD(p”)) logp if m=2n (5.14)
0 ifm=0.

In particular L(p™) is never zero, when m > 1.

Proor. This follows by a lengthy but elementary calculation sim-
ilar to that in the proof of lemma [59, 0

From the above lemma and the preceding remark we conclude that
L{pi*...pp*) =0

if and only if U(p;") = 0 for at least two different primes. Since

AV(M) = AV(M) = 0 if and only if ¢3*V(M) = L(M) = 0 we have

proved the following which settles the question of when Np (A) is of

cocompact type.

THEOREM 62. Let M € N and let n,t € N be the integers defined
uniquely by the requirements that n should be square free and M = t*n.
Then NIE:)"(‘%)()\) 1s of cocompact type if and only if n,t satisfies one of
the following:

(1) n contains more than one prime.
(2) n is a prime and 4 || M.
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REMARK 63. From proposition [53| we conclude that
new 1
Bt (V) = 54 + O(VAlog VA)

if and only if M € {1,2,4}. This shows that theorem 2 of (Balslev &
Venkov 1998) cannot be generalized to more general Hecke congruence
groups by simply choosing another character.

REMARK 64. We wish to draw attention to a particular case of
theorem |62/ namely the case when M > 1 is square free with an even
number of primes. Hence, by Theorem (62| (1) Np %, (A) has the same
form as if it were the counting function for the eigenvalues related to
a co-compact group with invariant area 4mwci*V(M). We can give an
alternative and much more sophisticated proof of this by referring to
the Jacquet-Langlands correspondence. A part of this correspondence
is described classically in (Strombergsson 2001b) where the following
is proven:

Let O be a maximal order in an indefinite rational
quaternion division algebra over Q, and let d = d(O)
be its (reduced) discriminant. This is always a square
free integer with an even number of prime factors.
The norm one unit group O can be viewed as a Fuch-
sian group which is cocompact. Then:

The eigenvalues of the Laplacian on O'\ H are ex-
actly the same (with multiplicities) as the eigenvalues
corresponding to the newspace on Iy(d) \ H.

Hence Nt (A) és the counting function for the eigenvalues related
to a cocompact group, and hence obviously has the corresponding type
as predicted by . This has our theorem |62 as an easy corollary.
We note that any square free d with an even number of primes may be
constructed in this way.

Our calculation indicates that there might be a similar correspon-
dence in a lot of other cases. This is the subject of the next sections.

5. D-newforms

We wish to describe correspondences similar to the one described
in Remark . One way is to proceed as in (Strombergsson n.d.), but
we choose a slightly different road. Instead of reducing the domain of
definition of the operator in play we enlarge the allowed image. To
this end we introduce the concept of D-newforms. Assume D|M. We
define the (A, D)-oldspace Ap_qa(A, M) to be

span{ f(dz)|f € AN\, K) KdM K#M M|KD}.



5. D-NEWFORMS 81

This is contained in A(X, M) by the SLy(R)-invariance of Ar, and the
fact that f(dz) is I'y(M)-invariant when f(z) is [(K)-invariant and
Kd|M. As for the usual newform oldform dichotomy we define the
(A, D)-newspace as the orthogonal complement to the (A, D)-oldspace,
ie.

AD—new()\a M) = A<)\7 M) o AD—old<)\7 M)

REMARK 65. We note that the space of (A, M )-oldforms is the usual
space of oldforms while the space of (A, 1)-oldforms is the empty set.
Hence we have

AM—new()\7M) = Anew(A7M>
Arvew (0L M) = A(\, M)

We also note that Apew (A, M) is a subspace of Ap pew (A, M)

We let fl(M) M) be the newforms basis of Apew (M, N).
PROPOSITION 66. Let A > 0. If (D, M/D) =1 then Ap pnew(M,\)

has
B={f"dz)| dK|M i=1...mx D|K}

as a basis.

PROOF. By (Strombergsson 2001a, Theorem 4.6 ¢) A(M, \) has as
a basis

fNdz) dK | M i=1,... mg, (5.15)

so the elements of B are linearly independent. Assume D t K. Then
since dK | M we may make the following factorization K = K;Kj,
K1 ’ D, K2 ’ M/D, d = dldg, d1 | D dQ | M/D, where Kldl ‘
D and Kydy | M/D. We notice that K; # D by assumption. By
(Strombergsson 2001a, Lemma 4.4 e) we have f(dyz) € AN, doK) =
A()\,KldgKg) C A()\,KlM/D> If we let K/ = KlM/D and d =
dy, then K'd | M, M # M and M | K'D. Hence by definition
f(di(daz)) € Ap_qa(M,N). To see that the elements of B is in the
orthogonal complement of Ap_o1q(M, A), we notice that if f € A(\, K),
Kd|M, K # M and M | KD then it may be written in the basis (5.15))
where all the elements have M/D|K. But by (Strémbergsson 2001a,
p.96 1. 9= — 57) these are all orthogonal to the elements of B. U

REMARK 67. We notice that in the above proposition (2) is not
true if (D, M/D) > 1. Consider M = p? and D = p. In this case
newforms in A(\, p) are D-oldforms.
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REMARK 68. It follows that when (D, M/D)=1 and M = M'D
then

M/
dim Ap e (M'D,X) = > o9 (F) dim Apew(N, DK"),  (5.16)
K'|M’

which is a Dirichlet convolution
dim Ap pew(M'D, \) = (0¢ * dim Ao (N, D - —)) (M)
Now by we can invert and get
dim Ayew (A, DM')) = 05 % dim Ap_ew (A, — - D)
Now this gives immediately

Niy(bary(A) = oy * Nl%(_E?D)()\%

0
where

NEG () = D7 dim Ap ey (A, M)
0<A<A

is the counting function of D-newforms. We will show in the following
section that when (D, M /D) = 1 and D is a product of an even number
of primes then leo) (}\lj)w is not only asymptotically equal to, but in fact
identical to a counting function related to a cocompact Fuchsian group
of the first kind. This will give an alternative proof of Theorem
when M = DM’ where D is the product of an even number of primes
and (D, M) = 1.

6. A spectral correspondence for Maass waveforms

Let A be an indefinite rational quaternion division algebra and let
D be the discriminant of A. Then D is an even number of different
primes (Vignéras 1980, Theoreme 3.1). We fix a maximal order O in
A and fix isomorphism

Ay = My(Qy)  for v € {oo} U {p|p prime, p{ D}, (5.17)

such that we get isomorphims O, ~ My(Z,) for all prime p { D. Now for
each M € N with (D, M) = 1 we have Eichler orders O(M) uniquely
defined by the following conditions:

(i) O(M), is equivalent to the unique maximal order in A, for
pld.

7 7
ii) O(M), is equivalent to P P for ptd.
(i) O(M), s eq (13, ) oot

P
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The norm 1 unit group I'p(ar) can be identified with a cocompact Fuch-
sian group though for v = co. We consider the \-eigenspaces
Arpon (A) of Ary, - Let for (n, MD) = 1,7T,, : Ap,,,, (A) = Arg,,y (M)
be the Hecke operators. These operators form a commuting family of
selfadjoint operator and we may choose a basis f;... fr of common
eigenfuntions. The thetamap © : Ar,,,,, (A) — Ar,sp)(}), is defined
as in (Bolte & Johansson 1999b, (5.1) and (4.8)). This is a linear inte-
gral transformation which, under some assumption about a reference
point zp has trivial kernel. (See (Strombergsson 2001a, Theorem 1.3
and (6.2)) ). This map commutes with the Heckeoperators i.e.

OT,f =T,0f.
We have the following fundamental equality

THEOREM 69. Let A > 0 and assume (M, D) = 1. Then

Tr (Tulay o ioriy) = T (Tn AFOW)(») . (5.18)

PROOF. From Proposition [66| and (Strombergsson 2001a, p.49 1.1-
4) we find

T (T |ap m(031)) = (00 % T8 (T [ en—0.0)) ) (M)
From (Strombergsson n.d.) we get that

Tr | 70, =ooxTr | T, (M)
Argan ) Az )

Tr (Tn‘Anew()\,MD)> =Tr (Tn ARsw ()\))
O(M)

The result follows immediately. 0

and

Now we are ready to state the main theorem of this section. We
still assume that the reference point zg which is used in the definition
of © is chosen such that © has trivial kernel.

THEOREM T70. Assume X > 0. Then © gives a bijection between
AFO(M)()\) and .AD_HQW()\,MD).

ProoF. . We start by noticing that Theorem [69| with n = 1 gives
us that the two spaces have the same dimension. The proof goes as
in (Strombergsson 2001a, IIT 6.), and we shall not repeat the argu-
ment in detail. We only need to replace dp in (Strombergsson 2001a)
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with DM. Note also that the argument on p. 61 1. 14-20 general-
izes simply by noticing that if f(°X)(2) is a newform in Apey (DK, )
with Hecke eigenvalues 7(p) for p any prime, then in the basis given
in (Strombergsson 2001a, Theorem 4.6) only fi(DK,)(dz), dK'|M have
the right eigenvalues for p { DM by (Strémbergsson 2001a, Theo-
rem 4.6.d) and Lemma 4.4 g)). Therefore - using the notation from
(Strombergsson 2001a) - ©(f;) is in the span of the elements fi(DKl) (dz).
Hence © maps Ar,,,,, (A) into Ap new(A, M D) by Proposition , and
the result follows since © has trivial kernel. U

REMARK 71. Notice that if M = 1 this is the result cited in Remark
04,
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