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B-COHOMOLOGY
HENNING HAAHR ANDERSEN AND TARIK RIAN

ABSTRACT. Let B be a Borel subgroup in a reductive algebraic group G
over a field k. We study the cohomology H®(B,\) of 1-dimensional B-
modules \. When char k = 0 there is an easy a well-known description of
this cohomology whereas the corresponding problem in characteristic p > 0
is wide open. We develop some new techniques which enable us to calculate
all such cohomology in degrees at most 3 when p is larger than the Coxeter
number for G. Our methods also apply to the corresponding question for
quantum groups at roots of unity.

1. INTRODUCTION

Let G be a reductive algebraic group over an algebraically closed field &
and denote by B a Borel subgroup in GG. In this paper we shall study the B-
cohomology H*(B,—) = Ext%(k,—), i.e. the derived functors of the B-fixed
point functor H(B, —).

We are especially interested in the B-cohomology of simple (i.e. 1-dimen-
sional) B-modules. If T is a maximal torus contained in B then B = TU
where U is the unipotent radical of B. Any character A € X(T) of T" extends
uniquely to B (by A(U) = 1). The corresponding 1-dimensional B-module is
also denoted A or sometimes k). In particular, the trivial B-module k£ may
also be written k.

We want to compute H*(B,\) for each A € X (7). When chark = 0 this
is easy because we can compare with the corresponding G-cohomology and
take advantage of the fact that H'(G,—) = 0 for all : > 0 (G is reductive).
Moreover, the Borel-Weil-Bott theorem describes completely the cohomology
H*(G/B,\), see (2.3) below. But when chark = p > 0 this approach fails
completely: There are non-vanishing higher G-cohomology and the Borel-Weil-
Bott theorem is no longer true. In fact, the problem of determining H*(B, \)
is in this case wide open. Our contribution in this paper is to give a couple
of general results on the behaviour of H*(B, \) and to calculate H?(B, \) and
H3(B, \) explicitly (for p larger than the Coxeter number for G).

Our results are based on a combination of several methods, see Section 3
below. The main ingredient is the spectral sequence relating B-cohomology to
the cohomology for the first Frobenius kernel By of B. We take advantage of
the fact that the cohomology H*®(B;, \) was completely determined in [5].

Our approach works equally well for quantum groups. Let U, denote the
quantum group corresponding to GG with parameter ¢ € k* and let B, be a Borel
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subalgebra in U,. When ¢ is not a root of unity we can determine H*(B,, \)
exactly as in the above characteristic 0 case. So we consider the case where
q is an [-th root of unity. Then the problem of describing H*(B,, \) is again
wide open in general. But our methods allow us to obtain similar results as
described above for B.

2. KNOWN RESULTS

2.1. Notation. First we fix some notation used throughout this paper. We
have already introduced G, B, T and U above. We set X = X (T'), the character
group of T (and of B). Then we denote by R C X the root system for (G, T)
and we fix a set of positive roots Rt C R by requiring that the roots of B are
in —R*. The positive roots induce an ordering on X given by A > p if and
only if A — p can be written as a sum of positive roots.

We let S denote the corresponding set of simple roots and W will be the
Weyl group. A weight A € X is called dominant if (A, o") > 0 for all o € S.
Here oV denotes the coroot of a. For each root o € R we let s, denote the
reflection associated to «. In addition to the usual action of W on X where
Sa(A) = A= (N, a")a for all @ € R, A € X we also consider the so-called ‘dot
action’ given by w - A = w(A+ p) — p,w € W, X € X. As usual p denotes half
the sum of the positive roots.

The set of dominant weights X+ parametrizes the simple modules of G via
highest weight. For A € X we let L()\) be the simple G-module of highest
weight A. All modules we consider in this paper will be finite dimensional.

Finally, let h be the Coxeter number for G and let ht : X — Z denote the
height function on X which takes value 1 on all simple roots.

2.2. Characteristic zero. If M is a B-module then we have a spectral se-
quence

H'(G, H (G/B,M)) = H™*(B,M). (2.1)

Here H*(G/B, —) denotes the derived functors of induction from B to G or al-
ternatively H*(G/B, M) is the coherent sheaf cohomology of the vector bundle
associated to M.

When char k = 0 we have H"(G, —) = 0 for all » > 0 because G is reductive.
Hence the above spectral sequence degenerates and gives us isomorphisms of
B-modules

H"(B,M)~ H°(G,H"(G/B, M)) for all r > 0. (2.2)

Now, suppose M is the 1-dimensional B-module determined by A € X. If we
choose w € W such that w(\ + p) € X then the Borel-Weil-Bott theorem [9]
(cf. also [11]) says

HY(G/B,w-\) ifr=1I(w),

0 otherwise. (23)

H"(G/B,\) ~ {

Here [(w) denotes the length of w. Since the only dominant weight u for which
there is a non-trivial G-fixed point in H°(G/B, i) is 1 = 0 we conclude that
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(cf [3] Proposition 2.1)

k if A=w-0 for some w € W with l[(w) =,

0 otherwise. (24)

H"(B,\) ~ {

2.3. Characteristic p. For the rest of this section we assume chark = p > 0.
As mentioned in the introduction the determination of H*(B, \) is wide open
in this case. In the following subsections we summarize some known results.

2.4. The linkage principle. The strong linkage principle [2] implies that all
composition factors of H"(G /B, A) have highest weights in W - A+ pZR. More-
over, it also gives that for each simple G-module L(x) we have H*(G, L(1)) = 0
unless p € W - 0 + pZR. Hence the spectral sequence (2.1) shows that

H*(B,\) =0 unless A € W -0+ pZR. (2.5)

Remark 2.1. As observed in [3] the strong linkage principle implies also that
we have the following characteristic p-analogue of (2.4)

koif r=1(w),

0 otherwise. (2.6)

HT(B,w-O):{

2.5. Let k[U] denote the coordinate ring of U. Tensoring the ‘standard’ injec-
tive resolution

k— kU] — kU @k[U] — ---
of the trivial B-module k by a weight A € X gives
H*(B,\) =0 unless A <0. (2.7)

In fact, the weights of each term in the resulting resolution of the B-module
A has weights < A. Hence there are no T-fixed points (and so certainly no
B-fixed points either) unless A < 0.

Remark 2.2. A little more careful argument (see e.g. [10], Lemma 2.3) shows
that in fact we have

H'(B,\) =0 unless A <0 and i < —ht(}\). (2.8)

2.6. The first cohomology group. It is clear that H°(B,k) = k and that
H°(B,\) = 0 for all A\ # 0. The first cohomology group H'(B,\) is also
completely known, see [3]

k if A= —p"«a for some aw € S,r > 0,

0 otherwise. (2.9)

HY(B,\) ~ {

This may be deduced from the spectral sequence (2.1) by using that the

G-socle of HY(\) = HY(G/B,)\) is known, see [1]. In particular, H°(G,
H'(G/B,\)) =0 unless A\ = —p"a for some o € S,r > 0.
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2.7. The second cohomology group. One of the main results in [8] is
a complete description of H?(B,)\). When p > h we shall recover this result
below (see Section 5) so we do not give the statement here. One of the features
is that for any A its second B-cohomology group is at most 1-dimensional (as
was the case for H', see 2.6).

We emphasize that [8] describes H?(B, \) for all p whereas we focus in this
paper only on the case p > h.

2.8. SLy and SLj3. The only Borel subgroup B for which the full story about
H*(B, \) is known is the Borel subgroup of SLs. Since (in general) U is normal
in B and T is reductive we have H'(B,\) = H'(U,k)_,. Now, when U is 1-
dimensional the cohomology H*(U, k) is completely described in [13].

In the SLj case the cohomology H*(B,, \) was calculated in [4]. Here B,
(cf. Section 7 below) denotes the Borel subalgebra of the quantum group
corresponding to SLj3 and ¢ is assumed to be a complex root of unity of odd
order at least 3. Many of the calculations for this case can easily be carried
over to the characteristic p situation giving a start for the determination of
B-cohomology for B < SLs(k).

3. METHODS

3.1. In this section we continue to assume that char k = p > 0. Even though
the spectral sequence (2.1) is not so effective in characteristic p it has the
following very useful variant.

Note that we may replace GG by any parabolic subgroup P containing B. In
particular, we shall explore the case where P = P, is the minimal parabolic
subgroup corresponding to o € S. Writing H'(—) short for H:(F,/B,—) we
get in this way for all ¢ > 0

HY(B,)\) ~ H'(P,, H(\)) if (\,a") >0, (3.1)
H"Y(B,)\) ~ H'(P,, HL(\)) if (\,a") < =2, (3.2)
H'(B,\) =0if (\,a") = —1. (3.3)

Note also that H(P,, M) ~ H'(B, M) for all i when M is a P,-module (this
follows from the same spectral sequence argument by observing that for such
M we have HY(M) ~ M and HL(M) = 0).

Recall that when 0 < (A, ") < p then H2(\) ~ Hl(so - A). Using this
together with (3.1) and (3.2) we get that for all i > 0

HY(B,\) ~ H™(B,s,-)) whenever 0 < (), o) < p. (3.4)

3.2. Let By denote the first Frobenius kernel in B. This means that B is the
subgroup scheme obtained as the kernel of the Frobenius homomorphism F' on
B. When M is a B-module we denote by M) the Frobenius twist of M, i.e.
the same vector space M but with action composed with F'. Similarly, if N is

a B-module whose restriction to Bj is trivial then NV is the B-module such
that (NCY)1) = N,



We have then for each B-module M the Lyndon-Hochschild-Serre spectral
sequence

H"(B,H*(By, M)\™Y) — H""(B, M). (3.5)

3.3. Consider now the case where M = X for some A € X. If p is larger than
h then the cohomology H*(Bj, ) is completely known for all A € X. By (2.5),
we need only consider A’s of the form A = w - 0 + pp for some w € W and
p € X. Then we have (see [5])

H"(By,w -0+ pp) =Y ~ §U=UI2(%) & . (3.6)

Here u* denotes the dual of the Lie algebra u = Lie(U) with the adjoint
B-action, S” denotes the r-symmetric power, and we interpret S” to be 0
whenever r ¢ N.

3.4. When we combine (3.6) and the spectral sequence (3.5) we obtain (cf. [4]
Theorem 4.3.ii)

Proposition 3.1. Suppose p > h. Let w € W, p € X. Then we have for all i
H'(B,w -0+ pu) =~ H™'")(B, pp).

This result reduces the problem of computing H*(B,\) to the case where
A€ pX.
Note also that this proposition reproves Remark 2.1 when p > h.

3.5. In order to effectively take advantage of the spectral sequence (3.5) we
need by (3.6) to determine the B-cohomology of S"u* ® A for A € X. This we
don’t know how to do in general but the following short exact sequence will
allow us to settle some cases.

Let a € S. Note that the line of weight a in u* is a B-submodule and that
the quotient V,, = u*/a is a P,-module. This leads to an exact sequence of
B-modules for each n > 0

0— S" ' ®a— S"u* — S"V, — 0. (3.7)
Tensoring by a weight A € X we get
0—S" @@+ ) =S U@\ — SV, @\ — 0. (3.8)

This gives HY(B,S"u* @ \) = 0 unless H'(B,S" 'u* @ (A + a)) # 0 or
Hi(B,S"V, ® \) # 0.

As an easy consequence of (3.4) we get that if A satisfies 0 < (A, ") < p
then we have for all i,n

HY(B,S"V,®@\) ~ H*YB,S"V, ® 84 - \). (3.9)
Lemma 3.2. Suppose p > h and let A € X. Then we have
H°(B,V,®—)\) =0 unless \ € {R*\ {a} |\ —a ¢ RT}.



Proof: Let L, denote the Levi subgroup of P,. Since V, is a L,-module and
p > h we get from the linkage principle that V, ~ ®L,(y) as L,-modules.
Here 7 runs through those roots in R\ {a} for which v+ a ¢ RT and L,(7)
denotes the simple L,-module of highest weight +v. Note that if B, = BN L,
then H(B,, Lo(7) ® =) = 0 unless A = s,(7). Then the lemma follows.

4. B-COHOMOLOGY OF S™u* ® A\

In this and the following two sections we assume that chark = p > 0.

As mentioned before, in order to calculate H?(B, \) and H?3(B, \) explicitly,
we need to compute some low degree cohomology of S"u* ® A. This is what
we do in this section.

4.1. Degree zero.

Proposition 4.1. Fixn € N and A € X. Then

k if n = —ht(\),

0 mn, * ~
HY(B,S"u" ® \) —{ 0 otherwise.

Proof: Since the weights of S"u* are all > 0 we can apply (2.7) to conclude
that H°(B, S™u* ® \) = 0 unless A < 0. So we may assume \ is not dominant.
Choose then « € S such that (A, @) < 0. The exact sequence (3.8) gives

H(B,S"u* @ \) ~ H'(S" 'u* @ (a+ \)).
Now an easy induction on n proves the proposition.
Remark 4.2. Proposition 4.1 remains true when char & = 0.

4.2. Degree 1. First note that for each o, 3 € S we have
a+ B € RT if and only if (3,a") < 0.
Proposition 4.3. Assume p > h and let A € X. Then
(k ifA=—0—p'a fora,f €S andn >0,
kif \=—=0—a fora, €S with (5,a") <0,
kif \==2a fora €S,
kK if A= —03—a fora,8 €S with (3,a") =0,
ko if A= 8450 for a,f € S with (3,a") <0,

L 0 otherwise.

HY(B,u* ® \) ~

Proof: We begin by checking each of the first five cases where the proposition
claims that the cohomology is non-zero.

So consider first the case where A = —(3 — p"a for some o, 3 € S, n > 0.
We have the following exact sequence
0= B+ —-u"@X—=VgaA—0. (4.1)

We note that —A is not a weight of V3 and that no weights of V3 ® A have the
form —p™y with v € S, m > 0. Hence (using (2.9)) we have

H°(B,V;®\) = H'(B,V3®\) =0.
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This together with the long exact sequence arising from (4.1) give
HY(B,u*®\) ~ HY(B, —p"a) ~ k.

Consider now A = —3 — « for some o, € S with o + 3 € R". In this
case we still have that H°(B,Vz ® A\) = 0, see Lemma 3.2. We claim that
H'(B,V3; ® —a — 3) = 0. To see this we consider the sequence

0—a—=Vzg—Q—0. (4.2)

Noting that a + ( is a minimal weight of @ (with multiplicity 1) it follows
immediately that H°(B, Q®(—8—a)) ~ k. No weights of Q®(—3—a) have the
form —p™p with g € S, m > 0. Therefore we get H'(B,Q®(—3—a)) = 0 and
then the long exact sequence coming from (4.2) gives H'(B, V3 ® —3—a) = 0.
Combining this claim with the exact sequence (3.8) we get

HY(B,u*® (-8 —a)) ~ H(B,—a) ~ k.

Next consider A = —3 — « for some «, 3 € S with a + 3 ¢ R". Arguing as
before we have H(B, V3 ® —a— ) = 0, but this time we have also H°(B,Q ®
(—B—a)) = 0. Note that if 5 = « then 2« is not a weight of V. In this case we
get H'(B,V,®—2a) = 0. Weight considerations as before imply that if a # (3
then H'(B,V3 ® —a — 3) ~ k. Inserting in the long exact sequence arising
from (3.8) we get the desired conclusions because H?(B, —«a) ~ H'(B, kq) = 0.

Finally, consider A = s,55 - 0 for some «, € S with (4,a"Y) < 0. Then
(A, oY) = (B,a") —2 < 0. By (3.9), the sequence (3.8) then gives

H'(B,u*®\) ~ H (B, Vo ®A\) =~ H*(B,Vy ® 54 - \)

because H'(B,\A + a) = H*(B,X + a) = 0. Since s, - A = —f3 we have
H°(B,V,® 84+ )\) ~ k and we have thus checked the last of the non-vanishing
cases.

Assume therefore now that H'(B,u* ® \) # 0 for some A\ € X. To finish
the proof we need to show that we are then in one of the above five cases.

Weight considerations show via (2.9) that A = —f — p"«a for some § €
R*, a €S, n>0. We claim that if n > 0 then § € S (i.e. we are in the first
case listed in the proposition). If 8 ¢ S then (2.9) gives H*(B, A+ «) = 0 and
hence the sequence (3.7) implies

H'(B,uw*®\) C HY(B,V, ® \) ~ H(B,V, ® HL()\)).

Here the claimed isomorphism comes from the fact that (A, a") = —(8, ") —
2p™ < 0. On the other hand, if we tensor the sequence (3.7) by H!()\) we get
the sequence

— H°(B,u* @ H,(\)) — H°(B,V, ® HL(\)) — H'(B,a® H)()\)).

Recall that the weights of HL(\) are A + «, ..., s, - A\. Therefore, if u is a
weight of HL(\) then HY(B,u* ® u) = 0 unless € S, see Proposition 4.1.
Also H'(B,a + ) = 0 unless 3 € S. This proves the claim.

On the other hand, if n = 0 then we claim that we are in one of the remaining
four cases. Since —§ — a ¢ X* we may choose v € S such that (A, v¥) < 0.
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As (\,7Y) > —p we get from (3.9)

H'(B,V,®\) ~ H(B,V, ® s, - \). (4.3)
Using our assumption that H'(B,u* ® \) # 0, the sequence (4.1) relative to v
gives that either H'(B,\+~) # 0 or H'(B,V, ® \) # 0.

Suppose first that H'(B,\ +7) # 0. Then A = —y — p™§ for some § €
S, m > 0. Since A = =3 —a we have m = 0 and 3 € {7,0} C S. This means
that we are in one of the cases 2, 3 or 4 on the list.

Suppose H'(B,V, ® \) # 0. By (4.3), we get H*(B,V, ® s, - A) # 0. Then
the sequence

H(B,u* ®s,-\) — H'(B,V,®s,-\) — H' (B,y+ s, )
gives either H*(B,u* ® s, - \) # 0 or H'(B,y + s, - A) # 0. This means that
either s, - A = =0 or v+ s, - A = —p™d for some § € S, m > 0. The first
possibility means that A = s, - (—J) = s,55-0 , i.e. we are in case 4 or 5 on our

list. The second possibility can only occur with m = 0 and then s.,-\ = —y—¢.
But in that case

H°(B,V,®s,-\) = H(B,V,® —§ — )
and this is 0 according to Lemma 3.2. This completes the proof.

The same arguments as in Proposition 4.3 give

Proposition 4.4. Let A € X. If chark =0 then
ko if A= —2a fora e S,
kif \=—=0—a« fora, €S with (5,a") <0,
H'B,uw* @) ~{ k¥ if \=—F—a fora,3 €S with (3,a") =0,
ko if A =5455-0 for o, 3 € S with (5,a") <0,
0 otherwise.

5. H*(B,\) IN DEGREES 2 AND 3

In this section we assume p > h and then compute H?(B,\) and H3(B, \)
for all A € X.

5.1. Degree 2.

Theorem 5.1. Let A € X. Then

k if \=p"(—a) forae S andn >0,

k if \=p"(w-0) forwe W with l(w) =2,n >0,
k if \=p"(—a—p"p) fora,f €S,n>0m >0,
0 otherwise.

H?*(B, \) =~

Proof: If A ¢ pX then we use Proposition 3.1 to reduce to a lower degree
cohomology group. These are described in Section 2. So suppose A = pu for
some p € X. We then use the spectral sequence (3.5) to compute H?(B, \).
By (3.6), there are only two Fs-terms that may contribute, namely H?(B, p)
and H°(B,u* @ u). If u € —S then the first of these terms vanishes (by
Proposition 3.1) whereas the second equals k. Hence H?(B,—pa) = k for all
aeS.



On the other hand, if 4 ¢ —S then we have that that the second term
vanishes (according to Proposition 4.1) and H?(B,\) ~ H*(B, 1). We repeat
this argument if u € pX (note that this gives H*(B, pu) ~ H*(B,p*p) ~ -+ - ~
H?*(B,p"u) for all g € X and all n > 0). Otherwise, H*(B, i) identifies with
a lower degree cohomology group as before. It is now a matter of bookkeeping
to see that this leads to the statement in the theorem.

5.2. Degree 3.

Theorem 5.2. Let A € X. Then
(k if \=p"(—2a) fora e S andn > 0,
kE* if A =p* (=B —pma) for a,3 €S and n,m > 0,
kEif \=p" (=0 — «) for o, € S with
(B,a¥) <0 and n >0,
kE* if A =p" (=B —a) for a, 8 € S with
(B,a¥) =0 and n > 0,
k- if A =p"(sasg-0) for a, € S with
(B,a¥) <0 and n > 0,
ko if A=p"(w-0) forwe W with
l(w) =3 andn >0,
E o if A\=p"(w-0—pTa) fora €S, we W with
l(w)=2andn >0,m > 0,

E o if A=p"(p"w-0—qa) fora €S, we W with
l(w)=2andn>0,m >0,
ifA=—0—p"a fora, € S,n >0,
if X =p"(—a—p"B—py) fora,3,y €S and
n>0m>1[0>0,

0 otherwise.

H?*(B, \) ~

k
k

Proof: Suppose that A\ = pu for some p € X. Consider the spectral se-
quence (3.5). The only Ey-terms that contribute to H3(B,\) are H3(B, )
and H'(B,u* ® u). The latter vanishes if u € pX. Hence we get H3(B, pu) ~
H3(B,p*n) ~ -~ H3(B,p"u) for all 4 € X and all n > 0.

For those p listed in Proposition 4.3, we have that unless y = —f3 — p"« for
some a, 3 € S,n > 0 then H*(B,u) = 0 and hence H*(B,pp) ~ H(B,u*®pu).

Suppose now that p = —f3 — p"a with a,3 € S and n > 0. Proposition
4.3 and Theorem 5.1 (combined with Proposition 3.1) yield that both of the
above terms equal k. In this situation we have an exact sequence

0 — H*(B,p) — H*(B,pp) — H'(B,u* ®@ p) — 0

i.e. we have H3(B,pu) ~ k.

On the other hand, if i is not one of those weights listed in Proposition 4.3
then the second term vanishes. In this case we have H*(B,pu) ~ H*(B, ).
Arguing as in Theorem 5.1 the stated results follow.

6. UPPER BOUND

In this section we determine for each A € X an upper bound 7 for the degree
in which the cohomology H*(B, A) can be non-zero.
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We consider first the case where A € pX.

Proposition 6.1. Let A € X. Then
H'(B,p\) =0 for i > —2ht(\).

Proof: We have H*(B,p\) = 0 unless A < 0. In particular, we may assume
that ht(A) < 0. We then proceed by induction on n = —2ht(X). If n = 0 we
have A = 0. In this case the claim is clearly true, see 2.5-6.
Suppose now that i« > n > 0. Since A ¢ X we can choose o € S with
(A\,a") < 0. Then we have for each i > 1
H'(B,p\) ~ H (B, H.(p))).

Set = pX and a = —(\, ") — 1. Then the weights of H} (1) are p+ v, 1+
2a, ..., 84 - . Note that the weights v of H!(u) which belong to W -0+ pZR
have the form v = p + jpa with 7 € {1,...,a}, or v = s, - p — jpa with
j€{0,...,a}.

Consider first v = p + jpa for some j € {1,...,a}. Sincei—1>n—12>
—2ht(\ + ja) = n — 2j we get by induction that H~'(B,v) = 0.

Consider now v = s, - 1 — jpa for some j € {0,...,a}. Then

V=50-0+p(sa(A) = ja) = 540+ p(A = ((N,a”) + j)a).
Note
—2ht(A — ((\, @) + j)a) = —2ht(N\) + 2({\, ")

<
+ +
.

Then by induction we get from Proposition 3.1 that
H™Y(B,v) ~ H7*(B,p(A — ((\, ") + j)a)) = 0.

We conclude that H~!(B, H! (1)) = 0. This completes the proof.
Combining Proposition 6.1 with Proposition 3.1 we find

Corollary 6.2. Let A€ X and w € W. Then
H'(B,w-0+p\) =0 for i>Il(w)—2ht(\).

Remark 6.3. We believe that the bound in Corollary 6.2 is in fact the best
possible. As evidence we point to the rank 1 computations in [13], and to the
quantum case, see Remark 7.1 below.
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7. THE QUANTUM CASE

In this section the field k will be arbitrary and we consider an element ¢ € k*.
We denote by U, the quantum group with parameter q associated with our root
system R. By this we mean more precisely the specialization at ¢ € k of the
Lusztig integral form of the quantized enveloping algebra attached to R. We
denote by B, the Borel subalgebra in U, corresponding to the negative roots.

Here we shall demonstrate that the results in the previous sections have
direct analogues for B,. The proofs are almost identical and we therefore omit
the details.

7.1. Just as for B above each A € X (now identified with the set of integral
weights in spang R) defines a character of By, see e.g. [6]. Our aim is to study
the cohomology H*(B,, \), where A denotes the 1-dimensional B,-module ob-
tained in this way. Note that H°(B,, —) is now the fixed point functor for B,
in the Hopf algebra sense.

When ¢ is not a root of unity then we can argue as in Section 2.2 using this
time the quantized Borel-Weil-Bott theorem [6] and the complete reducibility
of U, valid in this case by [6] Corollary 7.7. In this way we obtain then the
following complete description of H*(B,, A) (in analogy with (2.4)):

k if A =w-0 for some w € W with [(w) =,
0 otherwise.

H"(By, \) ~ { (7.1)

7.2. We let from now on ¢ € k* denote a primitive [-th root of unity. We shall
assume that [ is odd, larger than the Coxeter number h, and prime to 3 if the
root system R contains a component of type Gj.

For each a € S we let E,, F,,, K fl denote the standard generators. Then
U, is generated by K*! together with the divided powers of all the E,, and F,.
The small quantum wu, is the subalgebra of U, generated by all E,, F,, Kt
modulo the ideal generated by K! — 1. Moreover, b, will denote the small
quantum Borel subalgebra of u, corresponding to B,.

We have a quantum Frobenius homomorphism, see [7], Section 1, F'r, :
U, — U. Here U denotes the specialisation at k of the Kostant Z-form of the
enveloping algebra of the Lie algebra for the semisimple group G corresponding
to R. We identify the category of finite dimensional U-modules with the
category of finite dimensional rational G-modules. We shall also need the
restriction of Fj, to B, mapping into the enveloping algebra associated with

the Borel subgroup B in G.

7.3. We limit ourselves to finite dimensional modules for U, and B, of type 1.
So if M is a U, (resp. B,)-module whose restriction to u, (resp. b,) is trivial
then we use the quantum Frobenius homomorphism Fj to make M into a G
(resp. B)-module that we denote by M) in analogy with the notation in
Section 3.2. Similarly, if N is a G (resp. B)-module then NV denotes the U,
(resp. B,)-module obtained via F'r,.

11



As in Section 3.2 we have for each B;-module the Lyndon-Hochschild-Serre
spectral sequence

H"(B, H*(b,, M)"™Y) = H""*(B,, M). (7.2)

The cohomology H"(b,, A) is completely known, see [12]
H"(by,\) =0 for all t > 0 unless A € W -0+ IZR. (7.3)
H (bg,w - 0+ 1))~ SO ) (7.4)

where @ is the Lie algebra of the unipotent radical of B. The same arguments
as before (see Sections 2.4 and 3.4, respectively Corollary 6.2) give then

H"(By,,A\) =0forallr>0unless \ € W-0+IZR, (7.5)
H'(Byyw-0+1\) =~ B (B, I\ forallwe W,r €N, (7.6)
H"(By,w-041X\) =0 for all r > [(w) — 2ht(\). (7.7)

Remark 7.1. Suppose that a € S and let w € W. In characteristic zero
weight considerations (for details we refer to [4] Corollary 4.6) give for each
m > 0

ko if r=1l(w) 4+ 2m,l(w) +2m — 1,

HT(B‘]’ w0 —mia) = { 0 otherwise.

(7.8)

This shows that there are cases where H/®)=20MN (B - 0 + [\) is non-zero.

7.4. Degrees 0 and 1. Using the Lyndon-Hochschild-Serre spectral sequence
(7.2), the cohomology for B, can be related to that for B. Combining this with
the results in the previous sections, we are now able to completely determine
some of the Hochschild cohomology of 1-dimensional B,-modules.

It is clear that

H°(B,, k) ~ k and H°(B,, \) # 0 if and only if A = 0.

Noting that the only Ey-term in (7.2) that contributes to H'(Bg,I)) is
H'(B,\), we have

HY(B,,I\) ~ H (B, \).

Therefore the description of the first cohomology H'(B,, A) depends on whether
k is a field of characteristic 0 or of characteristic p > 0. If char k = 0 then we
obtain from (2.4)

k if \=—aor —laforaels,

0 otherwise. (7.9)

H'(B,,\) ~ {

On the other hand, if char k = p > 0 then we have (using this time (2.9))

k if \=—p"aor —Ip"afora e S;n>0,

0 otherwise. (7.10)

H'(B,,\) ~ {
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7.5. Degree 2. The only terms in (7.2) that contribute to H?(B,,I\) are
H?(B,)\) and H°(B,u* ® \). Hence by (2.4) and Proposition 4.1 we get

Theorem 7.2. Let A € X. If chark = 0 then

if A= —la for a € S,

if A=1w -0 forwe W with [(w) = 2,
if \=—0—la fora, €S,
ifA=w-0 forweW with l(w) = 2,

otherwise.

H?*(By,\) ~

S ;T

When p > 0 we replace (2.4) in the above argument by Theorem 5.1. Then
we find

Theorem 7.3. Let A € X. If chark =p > 0 then

(k if A\=1p"(—«a) fora € S;n >0,
k if X=1p™(w-0) for we W with l[(w) =2,n >0,
H2(B,,\) ~ k z:f)\:lp”(—oz—pmﬁ) for.oz,ﬁES,nZO,m>0
’ kE if A=w-0 forwe W with l(w) =2,
k if \=—0—1p"« fora, € Sn >0,
L 0 otherwise.

7.6. Degree 3. We now turn to H*(By, ). The only Ej-terms in (7.2) that
contribute to H?(By,I\) are H*(B,\) and H'(B,u* ® A). As in the modular
case we get

Theorem 7.4. Let A € X. If chark = 0 then

if A =1(—2a) for a € S,
ifAN=1(—p—a) fora,B €S with (3,a") <0,
2 f x=1(-B—a) fora,B € S with {3,a") =0,

k
k
k
ko if A\=1(sasp-0) for o, € S with (B,a") # 0,
k
k
k

N N N N

if A= 1(w-0) forweW with l(w) = 3,
if A=w-0 forwe W with [(w) = 3,
ifA=w-0—la foraeS and w e W with
l(w) =2,
Eifd=lw-0—a foraeS andw e W with
l(w) =2,
kEif \=—-0—la fora,f €S,

L 0 otherwise.

H3(B,\) ~
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Theorem 7.5. Suppose that chark =p > 0. If A € X then

(k  if A=1p"(—2a) fora € S andn >0,
k2 if A= 1p" (=B —p™a) for a,3 €S and
n,m > 0,
ko if \=I1p"(—0 —«a) for o, B € S with
(B,a¥) <0 and n >0,
k2 if A=1Ip"(—B — a) for a,5 € S with
(B,a¥) =0 and n > 0,
ko if A=1p"(sasp-0) for a,f € S with
(B,a¥) #0 and n > 0,
ko if A=1p™(w-0) forw e W with
l(w) =3 and n > 0,
ko if x=Ip"(w-0—-p"a) forae S, weW
with l(w) =2 andn > 0,m >0
H}B,\)~< k ifx=p"(p"™w-0—a) forae S, weW
with l(w) =2 and n > 0,m > 0
ko if \=Ip"(—a—p"B—py) fora,B,y €S
andn > 0,m >v >0,

kif \=1(-0—p"a) fora,f €S andn >0,

ko if A=w-0 forwe W with l(w) =3,

EifA=w-0—=1Ip*a fora e S, we W with
l(w) =2 and n >0,

k- if A=—-0—1Ip"a fora, €5 andn > 0,

k- ifA\=—-0—1Ip"w-0 foraeS, weW

with l(w) =2 and n > 0,
EoifA=—a+ (=3 —p™) for a, 3,7 € S
andn > 0,m > 0,
L 0 otherwise.
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