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Introduction

In this introduction, we aim to give a description of the content of the thesis,
intended for the reader with little or no mathematical background. Further-
more, we present results and conjectures, which did not make their way into
any of the papers, and we provide the mathematical terminology needed for
this presentation.

The main topic of this thesis is the study of various characteristics of reflected
stochastic processes, in particular Lévy processes. Apart from its intrinsic
mathematical interest, the study of reflected stochastic processes is motivated,
by the fact that they arise naturally in mathematical models of real-life phe-
nomena, in particular in queueing theory. One of the simplest set-ups in
queueing theory concerns customers arriving at random times to a server, and
upon arrival, presents the server with jobs of random length. We assume the
server handles the requests one at a time. An obvious quantity of interest in
such a system, is the workload, which is the amount of time needed for the
server to clear the system, provided no new customers arrive. This quantity
is also denoted the wirtual waiting time as it represents the time needed to
initiate service of a hypothetical customer arriving at time t. As we shall see,
one sometimes imposes the requirement that the workload is restricted to be
less than some K > 0. In this situation, it is natural to think of a buffer of
size K, and that the work which exceeds the buffer size is in some sense lost.
Measuring the size of, and approximating, this loss is the focal point of two of
the included papers Paper B and Paper C. We refer to the case where we
have no restrictions on the workload as the case of an infinite buffer.

The first paper, Paper A, examines the mean value and variance of reflected
processes, which in the context of queueing theory tells us something about
how the workload builds up over time. It is proved that the mean value of the
workload is increasing and concave (its rate of increase is decreasing) both in
the case finite and infinite buffer. These facts are fairly obvious in the infi-
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nite buffer case, but not so obvious in the case of a finite buffer, where one
could feasibly imagine the mean workload ”overshoot” the stable mean, which
would lead to a non-increasing function. In Paper A we also prove that the
variance of the workload is increasing in the case of an infinite buffer, a fact
which is also somewhat surprising as one could imagine the variance could
peak in some finite time.

The papers Paper B and Paper C are dedicated to the study of the so-called
loss rate. The loss rate is a measure of the amount of work lost in a finite
buffer system. The background for both papers is the paper Asmussen and
Pihlsgard [7], in which the loss rate is expressed in terms, which are easily
interpretable from a modeling point of view. The expression derived in [7]
is still somewhat inaccessible from a practical point of view, and we derive
asymptotics, which are approximate expressions, for different cases, which are
not covered in the original paper. These derivations takes us through various
results, which are of independent interest.

The paper Paper D concerns an extreme value problem, which is derived
from a parallel computing set-up in which we assume that jobs can fail, and
have to be restarted. This study expands upon the work initiated in Asmussen
et al. [9], where the set-up was examined in case of single processor. Paper
D deals with the case where we imagine the job is distributed to multiple
processors working in parallel, and we examine the mathematical implications
of such a distribution. We quickly see that this leads us to a parameterized
set-up, where some values of the parameters correspond to classical extreme
value theory, while other values takes us beyond.



1. Reflected stochastic processes

1 Reflected stochastic processes

0.5

-0.5;

Figure 1: A sample path of a Brownian motion, and its reflected version.

We consider a stochastic process S = {S;},.p, and the cases of discrete time
(T = Ny) and continuous time (T = [0,7] or [0,00)). The reflected version
(at 0 and K > 0) of S is denoted V' = {V;},cp. In the discrete-time case V'
is obtained through the recursion

Var1 =0V [V, + AS, ] AN K K € (0, 00] (1.1)

with initial value V € [0, K] and AS,, = S,, — Sp,—1. We use the standard
notation a V b = max(a,b) and a A b = min(a,b). We note in passing that
"reflected” is somewhat of a misnomer, and a better term would be ”con-
strained”. However, we adhere to the standard terminology. In the case of
one-sided reflection, i.e. K = oo, the recursion (1.1) is often referred to as
the ”Lindley recursion”, and in analogy with this, we refer to the case where
K < oo as the "two-sided Lindley recursion”.

In continuous time there are different but equivalent approaches. The
reflected process may be defined as part of a Skorokhod Problem or it may
be defined as a path transformation as defined in section 6 in Paper A. We
elaborate on these approaches in section 2. The approaches are equivalent,

3



INTRODUCTION

and lead to a decomposition
Vi=y+ S+ L) — LE (1.2)

of the reflected process started at y € [0, K] where {Lg} and {L{{ } are the
local times at 0, K respectively (LS = 0 when K = o00). In the enclosed
papers, the process S will always a random walk or a Lévy process, unless
explicitly stated. In this case, because of the regenerative structure of the
reflected process, there exists a stationary distribution which satisfies

fK(y) = TrK[ya K] = ]P)(ST[y—K,y) > y)a 0<y< K (13)

where 7[u,v) =inf {t > 0] S; ¢ [u,v)}.
When K = oo we make assumptions which ensure Sy := limy_. o S; = —o0,
and (1.3) still holds in the sense

Too(Y) = P(iglg Si > y) =P(r(y) < o0) (1.4)
where 7(y) = inf{t > 0:S; > y}.
The loss rate is defined as

(K =F, L¥ (1.5)

where [E; . refers to the stationary situation.

Lévy processes

We consider a probability space (Q, F,P). A Lévy process {St} is a stochastic
process on R with stationary independent increments which is continuous in
probability with Sy = 0 a.s. Every Lévy process {St} >0 18 associated with a
unique characteristic triplet (0,0,v), where § € R, o >0 and v is a measure,
the Lévy measure, on R, which satisfies [ (1Ay?)v(dy) < oo and v({0}) = 0.

The Lévy exponent is given by

0'20é2 oo
k(a) = 0a + 5 +/ (€ —1—al(|z] <1)] v(dz)

—00

and is defined for o in © := {a € C | Ee™®% < 00}, The Lévy exponent is
the unique function x satisfying Ee®¥* = () and x(0) = 0. One is often
interested in Lévy processes which have no negative jumps, since many things
simplify in this case. In terms of the Lévy measure, this is the requirement
that v((—o00,0]) = 0, and we refer to such processes as spectrally positive.

4



1. Reflected stochastic processes

Spectral positivity implies (—o0,0] € O, and in this case we prefer to work
with the Laplace exponent, defined by ¢(a) = k(—a) for all real « such that
Ee~*51 < oo, which by the previous remark includes [0,00). The function
¢(+) is increasing on [0,00) and hence its inverse, which we denote (-) is
well-defined.

Heavy tails, subexponentiality and integrated tails

We follow the standard definitions of the classes £,S and S&* of distributions,
that is, if B is a distribution on [0,00) we have B € L iff

B
lim M =1, for all y

where B(z) = 1 — B(x). The class S is defined by the requirement

Bxn
lim _7(‘%):71 n=23---,

where B*" denotes the nth convolution power of B. A subclass of § is &%,
where we require that the mean pp of B is finite and

. ["Bl-y)&
A T (y)dy = 2up
The classes are related by:
S*CSCL.

We have the following definitions: For a random variable X with finite negative
mean EX = p < oo, we set EXT = pt, F(z) = P(X > z) and note u™ =
fo (X > t)dt. Therefore, the function

Fo(x) = o P(X >t)dt x>0
0 <0

defines a distribution function, which is absolutely continuous with density

F(ai) /ut. We frequently use the unnormed tail, and therefore define F; :=
TF. (the integrated tail). Note that

E(X — z)* = /OOO P((X —2)" > t)dt = /OO P(X >t)dt = Fy(z)  (L.6)
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and by I'Hospital: F(z) ~ F (z) = F;(z) ~ Fy(x) for distribution functions
F and F*.

The notion of heavy-tailedness carries over to Lévy processes through Theorem
1 in Embrechts et al. [16], which states states that if we assume v is tail
equivalent to a subexponential distribution, that is 7(z) := [° v(dy) ~ B(x)
for B € S, then

F(z) ~ 7(z) (1.7)

where F(x) := P(S; > ). The main virtue of random walks with heavy-
tailed increments or Lévy processes with heavy-tailed Lévy measure is that
we have an asymptotic relationship for the tail of the overall supremum of
the process, which, because of(1.4) gives us an asymptotic relation for the
stationary distribution in the case of one-sided reflection. Using (1.4),(1.7)
and applying Theorem 4.1 from Maulik and Zwart [41] we have

71 () = /K " Bly) dy ~ [ES:[Tao () (18)

for Lévy processes if the integrated tail is subexponential, and by Theorem
9.1 p. 296 in [5]

F1(K) ~ [ES:[Too(K) (1.9)
for random walks if F, € S.

The rest of the introduction gives addendum and elaboration on the papers
in the thesis.

Notes

The Lindley recursion appears in a queueing-theory setting in Lindley [39], and
a recursion similar to the two-sided Lindley recursion appears in Daley [14]
in a queueing theory setting. This recursion also appears in connection with
finite capacity dam models, see Moran [42]. The two-sided Lindley recursion
also appear in Phatarfod et al. [43].

The representation (1.3) is implicit in the discussion by Lindley [38] of a paper
by C.B.Winsten (Winsten [55]), it appears explicitly in Ghosal [25], and in
the generality needed for the thesis in Siegmund [50].

The literature on Lévy process is vast. Standard references include Sato [49],
Bertoin [11] and Kyprianou [36]. The fact that spectral positivity implies
(—00,0] € © is mentioned in Example 25.11 in Sato [49], and that ¢(-) is

6



2. Structural properties of reflected Lévy processes

increasing on [0, 00) is found in Bertoin [11] chap. VII.
The definitions of the classes of heavy-tailed random variables above are also
standard, and are found in Asmussen [5],Asmussen [6] and Kliippelberg [33].

2 Structural properties of reflected Lévy processes

In Paper A we prove various structural properties of the functions ¢ +— EV;
and t — VarVl;. Specifically, it is proved that the mean value function is in-
creasing and concave, both in the case of one- and two-sided reflection, and
that the variance function is increasing in the case of one-sided reflection. For
two-sided reflection, the proof relies on a new representation of the two-sided
reflected process, which is of independent interest. Structural properties of
this kind were studied in Kella [29] and Kella and Sverchkov [31] in the case
of one-sided reflection. In [29] the author assumes the Lévy process is spec-
trally positive and proves concavity by examining properties of the Laplace
transform, which is particularly simple in this case. In [31] the authors prove
the same result but in much greater generality, since they only assume that the
involved processes are right-continuous and have stationary increments. The
approach in [31] is based on explicit representations of the reflected process in
terms of the original process. Both approaches are used in Paper A and simi-
larly to the papers [29], [31], we see that we can obtain the most general results
by using an approach based on an explicit representation. The approach using
the Laplace transform is included, because it has a potential to be applicable
in cases where explicit representations are not useful. The Laplace transform
approach uses the concept of complete monotonicity. Complete monotonicity
is defined in Definition 3.1 in Paper A, and the main virtue of this class of
functions, is that they are the functions which can act as Laplace transforms
for positive random variables (if properly normalized). Hence, we can prove
monotonicity properties of functions by proving that the Laplace transforms
of their derivatives are completely monotone. This approach has been success-
fully applied in Es-Saghouani and Mandjes [20]. Various explicit expressions
for V; in terms of Sy have appeared in the literature, recently in Kruk et al.
[34] with a slight simplification in Kruk et al. [35]. In [34] the authors give
a detailed description of the connection between their derived expression and
other expressions in the literature.

In the paper Paper A, we prove that the variance of a one-sided reflected
process is increasing. The proof relies on the concept of concordance, which
was introduced by Lehmann [37]. We note that, for the purpose of Paper A,

7
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we could also have referred to Theorem 2.1 in Esary et al. [21], which states
that a finite set of independent random variables X1, Xo, - , X}, is associated,
that is

COV[f(Xl,XQ,"' 7Xn)7 X17X27"' 7Xn)]20

single variable is associated, that is, Cov|[f(X), g(X)] > 0 for every increasing

9(

for every increasing (in each coordinate) function f and g. We note that a
[f

function. This is proved in Hardy et al. [2

(X
6].

The paper Paper A also concerns the subject of how one should define a
two-sided reflected processes in continuous time. In much of the literature this
is done as a solution to a Skorokhod problem. Given a cadlag process {S;} we
say a triplet ({V;} {LO} {LK } of processes is the solution to the Skorokhod
problem on [0, K] if V; = S; + LY — LE € [0, K] for all ¢ and

T T
/ V,dL? =0 VT and / (K —V,)dLE =0 vT.
0 0

That is {Lg} can only increase when V; = 0 and {Lf( } can only increase
when V; = K. A proof of the uniqueness of such a solution is provided in the
appendix, and the existence was proved in Tanaka [54] for continuous {S;} and
in Anulova and Liptser [4] for cadlag {S;}. Various explicit expressions appear
in the literature and in Theorem 6.2 in Paper A we provide the following
new expression:

Vi:= sup [(S;— Ss) A inf (K+S5;—S,)] . (2.1)
s€(0,1] u€(s,t]

In the remainder of this section we give some explicit results, where one can
see the structural properties proved in Paper A. Furthermore, we know that
under suitable stability conditions EV; will converge to EV,, and we present
a result which measure the rate of this convergence. Finally, we give some
examples showing that the proved structural properties fail to hold under
more general conditions.

Explicit results

We start by giving explicit expressions for EV; in the few cases where these
are available. From Paper A we have the formula

R _ _90/(0) 1
/0 e "EVidt = 52 + —79¢(19) . (2.2)




2. Structural properties of reflected Lévy processes

Using formula (2.2), we are able to do calculations in the case where {S;} is
a Brownian motion with drift. In this case we have p(a) = —ap + 2ao?, and

V() = pfo+ /u? + 2029 /0.

According to the formula (2.2) we have:

ot H 1
e MRVt = & + . (2.3)
/0' t 192 0 <E + /“2_;’_220-2/§>

Recall the definition of the error function: Erf(t) = (2/m) fg e~*’du. Define
k = p?/(20%). The Laplace transform of the error function is given by

/ et Erf (\/@ = —Vr (2.4)
0 Yk +0)2
and by differentiating w.r.t. 9 above, we obtain

/00 eV Erf (\/E) dt = Vr T+ Vh .
0 20 (k+0)2 0?2 (k+9)

D=

Furthermore, we have:

/ e %e_t”dt = ;3 .
0 i V2 (K +9)2

Using the decomposition:

oo, L
2 19<§+\/u2:2m>
1, p K K
L R e e e
V2 (kK + )2 20 (k+19)2 92 (k+10)2

we may invert the Laplace transform in (2.3) to obtain:

2
EV, = 1 <,ut + 04/ ﬁe_m — ptErf (\/E) S O (ﬂ))
2 T "
2 o2 _u> 2 t
:ut+0—+g\/?e t202 —(m+%> <I>(\[|ﬂ|), (2.5)

2 2 o
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where ®(-) is the c.d.f. of the standard normal distribution.
Another case in which in which we can do explicit calculations is the compound
Poisson case with exponential jumps. Consider a Lévy process {S;} with

Laplace exponent
cp(a)zé( b —1>+a (2.6)
B+ a

and its reflected version {V;}. We note that {V;} is the workload process in
an M/M/1 queue with service intensity  and arrival intensity 6. We may
invert (2.6) to obtain

v@) =5 (9= B+0+ A+ (=T +B-07) . (2.7)

1
2

and if we define £(9) = % (19 +6+ 8-/ +B+0)?2— 456), we may write

1 1
VO L (9-B+o+ B+ (0 + 5 0P)

1—%(19+5+ﬁ—\/(19+ﬁ+5)2—455>

9
_1-¢0)
= (2.8)

Next, we note that by Proposition 8.10 p. 105 in Asmussen [5], or Theorem 7
in Takacs [52], £(¢#) is the Laplace transform of the busy period of an M /M /1
queue with with arrival intensity § and service intensity d, i.e. with the roles
of the parameters reversed compared to above. Furthermore, according to
Corollary 8.7 p. 103 in [5] the density of G is

—1
o) = b=+ 1y 2pt) — Iy(2pt)] = P11 2yt

where = /36 and p = 3/ and

e 33‘/2 n+2k

Z El(n + k)!

k=0

is the modified Bessel function of integer of integer order n. Using Feller [22]
p. 412 we recognize (2.8) as the Laplace Transform of G(z) := [° g(t)dt. We
also know from Abate and Whitt [1] equation (34) that 1/¢(9) is the Laplace

10



2. Structural properties of reflected Lévy processes

Transform of ¢t — P(V; = 0 | Vo = 0), which according to Paper A is equal
to the derivative of EV;. By combining these facts, we obtain:

t poo —1
EV, = / / p—e_(5+6)y11 (2uy)dydx . (2.9)
0 Jx Yy

Figure 2 displays some mean value functions. Let {th} be the reflected version
of a Lévy process with Laplace exponent

2 a?
pu— ——1 —_—
() <2+a >+a+2,

that is, a compound Poisson process with an added independent Brownian
term. Furthermore we let {Vtz} be the reflected version of the Brownian
motion with unit drift and variance, and let {Vtg} be the reflected version of
the compound Poisson process from (2.6) with parameters =2 and 6 = 1.

1.2}

Figure 2: 3 mean value functions.

We note how the addition of a Brownian term manifests itself as an infinite
derivative at 0.
Instead of using the Laplace transforms as above, one could derive the ex-
pression for the mean value function in the Brownian case, by exploiting the

11
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0. 2;

0. 15;

0.1;

0. 05;

Var [V_t ]

Figure 3: Plot of t — Var[V}]

fact the distribution of the supremum of a Brownian motion with drift is
well-known. In fact:

R ) |
P(ssel[lOl?t]Bs >y) =1 <I>(\/¥+\/5)+ Yo ( \/ZJM/E)’ (2.10)

where {B;} is a standard Brownian motion. From Proposition 3 Chap. VI in
Bertoin [11], we know that sup,cjoy Bs — s =g Vi where V; is the reflection
of {Bs — s} started at 0. We can differentiate the above expression to obtain
the density of V;:

V2 wn?

- t
v(t) = —=e 2 + e_QyCI)(yi—i_

Vit

and then use the expression above to verify (2.5) in the case of unit mean
and variance, and to obtain an expression for the variance of V;. We abstain
from writing down the somewhat complicated expression, and provide Figure
3 instead, which shows that the variance function is increasing as it is proved
in Paper A Theorem 4.6.

), (2.11)

Time-dependent results for two-sided reflection

As seen in the previous section, there are explicit results available in the case
of one-sided reflection. With one particular exception, this is not the case

12



2. Structural properties of reflected Lévy processes

for two-sided reflection. Not even Brownian motion, for which much is know
in the case of one-sided reflection seems to be tangible. However, below we
give a derivation of the £’th moment for a discrete-time two-sided reflected
process. Since the two-sided reflection has compact support, this determines
the distribution. Furthermore, we see a rate of convergence of the mean which,
although still exponential, is slower than what we see in the case of one-sided
reflection in the following section. This not surprising, since intuitively, the
upper barrier ”pushes down” the process.

Let K > 0 and let X7, Xo,... be an i.i.d. sequence of r.v.s which are
uniform on [a, b] for a < —K and K < b. For z € [0, K] we have the following
elementary calculation:

E[(OV(z4+ X)) ANK)" | =E[(z+X)", 2+ X, € [0,K]] + K"P(X > K — x)

K—=zx — —

LK™= (K —a)

(b—a)(n+1) b—a ’

and thus, if we define Gy, (z) := E[(0V (z + X;1) A K)"] and a,, := K" /(b — a)
and 3, == K"(b+bn— Kn)/((b—a)(n+ 1)), we have

Gn(x) = apx + [y . 0<z<K

Now, let Vi, V5, ... be the two-sided reflected process started from 0. We find
that

E[Vis1] = E[0V (Vi + Xg1) A K] =E[G1 (V)] = anE[Vi] + 51 .

Iterating the above equality, using Vp = 0, we find:

k-1 ' 1—Oék
BV =53 a' =it

i=1

Furthermore, using the above expression, we find:

.k
E[V1] = EIGW(Vi)] = anBIVi] + 6 = an 11— Dip 212)

Rate of convergence

In this section we examine the rate of convergence of the mean value at
time t towards the mean value in stationarity. Specifically, we consider the

13



INTRODUCTION

continuous-time case, as the discrete-time case is already covered by Theorem
2.2 p. 356 in Asmussen [5]. From Paper A we know

lim EV; T EVag

and we want to asses the rate of this convergence. In the light-tailed spectrally
positive case, we can do this by using the Heaviside Operational Principle (see
Abate and Whitt [2] and Doetsch [15] p. 254) . Using (2.2) and the formula
EVye = —¢"(0)/(2¢'(0)), we see that the Laplace transform of EV,, — EV; is

We assume ¢ («) is the Laplace exponent of a light-tailed Lévy process meaning
that the equation ¢(«) = 0 has a non-zero solution. Since ¢ is strictly convex,
this implies that the minimum of ¢(«a) is attained between this solution and
0. Define v to be solution of ¢'(79) = 0 and set 6, = —¢(y9) and § =
©"(70)/2. We may expand ¢ in its Taylor series around 7y by writing ¢(a) =
—0, + 6(a — 7)? + O((ar — Y)?), and hence we can expand () = v +
5712 /(9+6,) + O(9 + 6,). The Heaviside Operational Principle relies on
expanding the Laplace Transform around its rightmost singularity, which in
this case is —6,. Using the expansion above, we obtain:

/oo e Y(EVy — EV;)dt
0
" (

" 0 QO/(O) B 1
¢'0)0. 02 B.(y+ 02 /(9+6,)+ O +86,)
¢"(0 ©'0) —62/(W+0,)

)
0
)
0

_ 94 0,),
BT oog
and we may apply the Heaviside Theorem to obtain
—04t —04t
EVie —EV, ~ — " - . (2.13)

1200431 (=) 126.42V02r

If we compare the asymptotics above to those of Theorem 2.2 Asmussen [5] p.
356 we see very similar rates of convergence - slightly faster than exponential
- but, for obvious reasons, different constants.

14



2. Structural properties of reflected Lévy processes

Counterexamples to structural properties

Paper A deals only with reflected processes started from 0. It is relevant to
investigate if it is possible to prove structural properties when the processes
are started from x > 0. Obviously the processes cannot be increasing for large
enough x, and concavity cannot hold either. The following example shows
that for general starting points, the mean value functions can display quite
irregular behavior. First we note, that the formula (2.2) is easily extended to
a general starting point > 0 using Thm. 1X.3.10 Asmussen [5]:

00 A 0) T e—w(ﬁ)x
g,y — —2 0 | & . 2.14
/0 e Vidt = —5= + 5+ 50 (2.14)

We notice that the argument on page 43 in Paper A is equally valid for a
general starting point x > 0, and in this case implies the formula

¢
EthZ—SO/(O)t-i-JI—F/ P(Vs=0]Vp=2a)ds.
0

Hence, any irregular behavior of ¢t — P(V; = 0 | Vj = z), will be carried
over to t — E,V;. A particular example of such irregular behavior arises
when one considers the workload process of an M/D/1 queue with arrival
rate 1 and deterministic job size equal to 1/2 started at, say, 1/2. Then
P(V;=0|Vo=1/2)=0fort <1/2and P(Vi;o =0 |Vp=1/2) =1—¢c"L.
By the remarks above, this implies that ¢ — E[V;] is not differentiable at 1/2
and as can be seen in Figure 4 below, ¢ — E[V;] has several local minima.
Note that the apparent jumps are due to numerical issues.

Finally, we note that while we prove in Paper A that the variance function
is increasing in the case of one-sided reflection, this cannot be the case in
general for two-sided reflection. As a counterexample, one can take a Poisson
process with positive drift reflected at 0 and K > 0 and started a 0. Since
this an increasing process, the lower barrier will not play a role, and since
the process will eventually get stuck at the upper barrier, its variance will
converge to 0. However since variance at time 0 is 0 and the variance is
strictly positive for some ¢t > 0, the variance function cannot be increasing.
This is of course a somewhat pathological counterexample, and it appears
reasonable to conjecture that the variance function is increasing provided the
mean of the original process is negative.

Notes

The formula (2.10) is found Chapter 12 in Mandjes [40], and (2.4) is formula
16.2.1 in Roberts and Kaufman [47]. The formula (2.1) is new, but a discrete-
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Figure 4: Plot of t — E[V;], found by numerical inversion of the Laplace
transform.

time version appears in Phatarfod et al. [43], which however, has been over-
looked in the literature. Explicit expressions for the reflected process of the
type (2.1) have appeared in the literature, see Borovkov [12], Cooper et al.
[13], Kruk et al. [34] and Kruk et al. [35].

Formulas describing transient characteristics of M/M/1 queues tend to be
complicated, involving for example infinite sums of modified Bessel functions
(see e.g. Prabhu [46]). Sometimes integral representations are available, like
the formula given for the mean queue length in Takécs [52]. In view of this, the
formula (2.9) is relatively simple. A moment based approach to the workload
process is given in Abate and Whitt [1]. See also Abate and Whitt [3] for an
overview of calculations of such characteristics.

3 Loss rate asymptotics
In the papers Paper B and Paper C we derive various asymptotics for the

loss rate for two-sided reflected Lévy processes. At the heart of both deriva-
tions lies the expression for the loss rate derived in Asmussen and Pihlsgard
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[7]:
E K 2 1 K [e%)
K = % ; T (z)dz + 2U—K + K ; 7 (dzx) /_OO oK (z,y)v(dy), (3.1)
where
— (2% + 2xy) ify < —x
e (r,y) = y? if —z<y<K-z (3.2

2y(K —z)— (K —2)? ify>K—=x.

The expression (3.1) is derived in Asmussen and Pihlsgard [7] by using The-
orem 3.1 p. 255 in Asmussen [5] to establish the local martingale property of
a certain stochastic process. The useful result in Theorem 3.1 was originally
found in Kella and Whitt [32], and is also used in Proposition 4.3 in Paper
B to establish a local martingale property. We note that [32] also plays a
fundamental role in the paper Kella [30], which in turn plays an important
role as background for Paper A and thereby establishes a connection between
this paper and Paper B and Paper C.

Asymptotics of the loss rate were derived Jelenkovi¢ [27] in the discrete-time
case, and we provide a new proof of this result, where we exploit the represen-
tation (1.3). The discrete-time result provide a clue towards what to expect
in the continuous-time case. In this section we collect the comments to the
papers Paper B and Paper C, as both papers concern asymptotics of the
same object, namely the loss rate of a Lévy process reflected in two barriers.

The Scale function

When the involved Lévy processes are spectrally positive, one may apply The-
orem 8 Chap. VII of Bertoin [11] to obtain the stationary distribution, since
the referred theorem may be restated as

Theorem 3.1. Let {St} be a Lévy process with no negative jumps and char-
acteristic exponent k(c). Then

W(y)
W(K)

Tr(y)=1-

Where W0, 00) — W0, 00) is the unique continuous increasing function sat-
isfying

/ e W (x)de =
0

r(=a)
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The function W(-) is called the scale function.
We proceed to prove an interesting consequence of Theorem 8 in [11]. We
consider a spectrally positive Lévy process {S;} with finite negative mean. Let
V have the stationary distribution of the one-sided reflected version of {S;}
and let VX have the two-sided stationary distribution. Recall that 7[u,v) =
inf {t > 0] S; ¢ [u,v)} and set 7(y — K,y] :=inf {t > 0] Sy ¢ (u,v]}. We
notice that

MVKéw:§$:PWK<y+Q

=1- IEiIIOl P(Srpy—Kteyte) Y +€) =1=P(S (y_ky > V). (3.3)
We know from Corollary 2.8 in [5] that P(V > z) = P(sup;>oS; > z). Let
Flu,v) = inf {t > 0| =S; ¢ [u,v)}, and let W(-) denote the scale function
of {—S;}. According to the proof of Theorem 8 Chap. VII in [11] we have
P(—infj~(—S;) < x) = ¢W (z) for some ¢ > 0. Using the representation (1.3)
and (3.3) we find:

P(VK < y) = P(ST(y—K,y] Sy - K) = ]P)(_Sf'[—y,K—y) > K — y)
W (y) _ P(—infio(—5¢) <)

T W(K)  P(—infro(—=S) < K)
P(V <y)
zﬁvza:MVSMVSK%

That is: In the spectrally positive case, we can obtain the stationary distribu-
tion of the two-sided reflected process, by conditioning the one-sided stationary
distribution to be below the upper barrier.

Explicit examples

In this section, we calculate the stationary distribution and loss rate for some
stochastic processes. When we are given a Lévy process {St} with charac-
teristic exponent k() and characteristic triplet (0, 0,v), the first task is to
compute the stationary distribution, which, because of (1.3) is a two-sided
exit problem. Once the stationary distribution is obtained, the loss rate can
in principle be calculated using (3.1). In practice, however, it is typically eas-
ier to use the remark in Asmussen and Pihlsgard [7], that if the continuous
part of the local time at 0 or K disappears, then ¢/ is available as the solution
to some linear equations.

For spectrally one-sided processes, we can apply Theorem 3.1. When we have
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3. Loss rate asymptotics

both negative and positive jumps we apply optional stopping of the Wald
martingale {Y;} = {easf_t“(a)}. Specifically, we find non-zero solutions to
k(a) = 0 and plug these into the equation 1 = Ee*3~7#(®) where 7 is an
optional stopping time. We note that in Example 4 and Example 5 we
need to analytically extend the derived equations, from a strip in the complex
plane, to the entire complex plane except singularities.

Example 1

Let us consider a compound Poisson process with exponential Lévy measure:
Ny
St = Z Uz - ﬁt.
i=0

Where (U;) is an i.i.d. sequence, with U; having an exponential distribution
with parameter v, and (V) is an independent Poisson process with intensity
A. The parameters satisfy 3 > \/~.

We have

k(a) = 7)\_oza — fBa.

Setting £ := v — A/, we have x(£) = 0 and using optional stopping of the
martingale {eﬁSt} with the stopping time 7[y — K,y), which is justified by
Corollary 4.1 in [5], we have for y > 0:
1 = E[e*57v-xK)]
= T ()BT =50 | Sy > y] + 7w (y)E[ST K0 | Sy < 9]

Since the process has no negative jumps, and X =4 E(y) = X —y | X >
y =g E(v), we obtain

L= T () g ()0

And since T (y) + 7k (y) = 1, we may isolate T (y) and obtain:

o e_gy — e_gK
Tr(y) = = —.ex Y>0

7—¢€
or
%é_ i e_gy
1=Tx)=T——x ¥>0.
7—¢&
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In accordance with Theorem 3.1.
Using (3.1) or (3.4) in Asmussen and Pihlsgard [7] we obtain:

If we let 3 — A/~ the expression above tends to

K 2
= _ - ~ = by 7Y q
72 }/ i K—oo 72 K 2P7/0 Yy Ave Y

in accordance with Theorem 3.1 in Paper C.
Example 2
Next, we add an independent Brownian Motion:

Ny
A
St::UBt+ZUi_/8t 0'7/87)‘7’Y>075>;7
i=0
where (B;) is a standard Brownian motion, which is independent of (U;) and
(Ny), where (U;) and (V;) are as in Example 1. Then
a?o? A

k(o) = 5 +7_a—5a

The non-zero real solutions to the equation k() = 0 are
28+ 702 + \/4B% — 4By0? + 8Ao? + 120t
N 202
~o? 702 2

ﬁ‘FT"F <ﬁ—7) +2X\o
= .
284707 — /482 — 48702 + 8Aa? + 120!
N 202

_5+§—\/(ﬁ—gi)2+2m2

&1

)

o2

and one can check that £1,& > 0. We note that we have the following curious
formula for the mean of the one-sided reflected process:
2, 2\
o \Y 0"+ 3 1 1 1
/ YToo(dy) = — ar(5) _ LR
0 2ES; 2(5_A) &G & v

~
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3. Loss rate asymptotics

The stationary distribution and the loss rate are found to be:

Yy & by & &y
1-7 _ & _v& v&¢ s -&° 1
ﬂ-K(y) - o1 o Y _ 51 —52K + §—2€_§1K ’
eI LR -
B —&K 51 _ e K _&
p ES; ( ? = 52)
= Y —£ K4 & 6K’
’Y—§1 v—&2 ’Y—§ o 3 1

Example 3
Let (By) is a standard Brownian Motion, and we set

St = O'Bt - 5t .
Then ¢ := 23/0? solves r(a) = 0 and we have:

6_y§ K /86_5[(
W= es omd =i

Example 4

We consider a compound Poisson process with both positive and negative
jumps:

Nt Ni
Si:=Y U= T, — Bt UZE®), N, Zpo(t\),T; Z E9), Ny Z po(te)

i=0
where § > \/y — &/0 . The Lévy exponent is
A a

k(o) = — Ba

y—a O+«

and the solutions of k() = 0 are

By = B0 =X =&+ (By — B — X = &) +4B(B70 — 0N +1¢€)

&1 = 23
gy P = PO A€~ VBT = BI—X— &) +4B(B10 — X +1€)
20
And we have, for y > 0
T (y) = 9%1 9+§2 et 9?& e 80 05252
me ~me T Tarnn — N e
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and
A& & XN & &
/K — v 0+&1 v—E2 v 0+ v—&1
0 _ 0 K_ v & _ 6K _ v &
e s T s s — N Tans
Example 5

The most general example we consider is the compound Poisson process from
Example 4 with an added independent Brownian motion:

Ny N

Sp:=Y Ui—> Ti+oB —ft.
i=0 i=0

In this case the Lévy exponent is

pYe! Ea o’a?

+ 5 — fa.

le) = y—a 6O+a
It is still possible to derive explicit expressions for the stationary distribution
and the loss rate, by solving x(«) = 0, which now yields 3 non-zero solutions,
and solving 4 equations in 4 unknowns. We shall refrain from stating the
expressions as they become extremely lengthy. Instead, we plot the graphs of
distribution functions for the stationary distribution in the case where A\ =
y=§¢6=0=p=1, K =2 for different values of the variance.

1+t
0. 8¢

0.6

.
; .
,
: ,
Lo ,
. ,
’
’

H ’
P
i '
2: '
0 [
. H—
H
i

0.5

Figure 5: 4 values of the variance
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3. Loss rate asymptotics

Loss rate asymptotics for random walks

In this section we prove a proposition on the loss rate for a reflected random
walk. This result was originally proved in Jelenkovié¢ [27], but we provide
a shorter proof by taking advantage of the representation of the stationary
distribution provided by (1.3). Proposition 3.1 proved below is the discrete-
time counterpart of Theorem 3.1 which is main theorem of Paper B.

Proposition 3.1. Let X1, Xo,--- be an i.i.d. sequence with mean pu and let
05 be the loss rate at K of the associated random walk, reflected in 0 and K
as defined by (1.5) above. Assume F(x) ~ B(x) for some distribution B € S*.
Then

5 N/ F(y)dy, K — oo.
K

Proof. By partial integration as in Pihlsgard [44], we have

K
K =E(X - K)* +/0 P(X > K —y)Tk(y) dy. (3.4)

Since F;(K) = E(X — K)*, we need to prove that

lim sup dy = 0. (3.5)

KP(X > K —y)7i(y)
o |

Fi(K)

For any A > 0 we have:

lim sup
K

/A POX > K —y)Tx() 4
0

Fi(K)

P(X > K — A) /A_
0

< lim sup Tr(y)dy =0

K Fi(K)

so therefore, for any A > 0:

dy .
(3.6)

K o= K =
limsup/ P(X >i{ VTK W) dy = lim sup/ P(X >£{ YK W)
Kk Jo Fi(K) K Ja Fr(K)

By Theorem 9.1 in [5], Too(y)|pt| ~ Fi(y) so that for large A we have for
y > A Too(y) < 2F1(y) /|l = 2uTFe(y)/|n|. Note that Proposition 4.1 in
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Paper B also holds for random walks. Using this, we have:

K—A —
P(X > K —
Jimn sup / (X > K —y)Tk(y) 4
K Ja Fi(K)
K—A =
< limsup/ P(X >£{ Y)Too(y) dy
K Ja Fi(K)
K=A +P(X > K —y)F
S2hmsup/ pIPX > K —y)Fe(y) dy
K Ja |l F(K)
K—A =
PX >K—y)F.
o limsup / (X > K —y)Fe(y)
K Ja || Fe(K)
—x2 K—A __
F (K P(X >K —y)F,
=2limsup =%——~= ( )/ (X > — YFe(y) dy
K F(K) Ja HF(K)
K—A =
P(X F.(K —
=4 limsup/ (X > y_)*2 ( y) d
K JaA | F (K)

If we let U and V be independent with U =9 V =4 F, and use Lemma 1.2 of
the appendix we obtain:
/K‘A P(X > y)Fe(K ~y)
—%2
A |l Fe” (K)

4lim sup
K

pt 2ut —
llmsup4m]P’(A< U SK—A ‘ U+V > K) = WFE(A)
K

By combining the result above with (3.6) we have

. KP(X > K —y)7r(y)
hm;up/0 1K) dy (3.7)

J’_

K o=
< 2LFG(A) + lim sup/ PX >£{ YT (y)
|l K Jr-a Fi(K)

We continue our calculation of the last integral above:
i / B OP(X > K —y)Tk(y)
im sup —
K Jrk-a Fi(K)

A P = -
= lim sup/ (X >E)WK(K y) dy
K Jo Fi(K)

dy

. WK(K—A) /A
<limsup —=—= P(X >y)dy.
K Fi(K) Jo ( )
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3. Loss rate asymptotics

If we define o4 = inf{y > 0| Sy, < —A}, M,, = maxy<, S; and use (1.3) we
have:
Tr(K—A)=P(M,, >K—A).

By Theorem 1 of Foss and Zachary [23] we have P(M,, > K —A) ~ EoaF(K)
and therefore:

, Ti(K — A) /A
limsup ——= P(X >y)dy =
K Fr(K) Jo ( )

, F(K) (4
limsupEoa= / P(X >y)dy =0.
K Fi(K) Jo ( )

In view of (3.8) we have for large A:

KP(X > K —y)7x(y) 2ut
A ey < ().

lim sup
K

Letting A tend to infinity completes the proof. O

The Pollaczek-Khinchine Formula

An important part of Paper B is the formula (3.2) which states that for a
Lévy process {S;} with negative mean we have:

_aEWooLi +Er. [203531(1 - e_aALs)]
k()

E[e*V] = , (3.9)
where V' is a random variable, which has the stationary distribution of the
one-sided reflected version of {S;}, and L{ is the continuous part of the local
time evaluated at 1. As it is noted in Paper B, when {S;} is spectrally
positive, the jump part in (3.9) disappear have we have the following equation

_ QEWOOLI o OéESl

E [eav] =

Kla) k()

The justification of the second equality is provided in Corollary 3.4 p. 257 in
[5]. Now we assume {S;} is a compound Poisson process with a unit drift,
where the jumps have distribution B and with intensity 5. Set p = (SEB
and let B be the moment generating function of B. Then ES; = p — 1 and
k(o) = BB[a] — B — «, and hence, the equation above takes the form

E[eV] = (1-p)———

BBla] — 8-«

and we recognize the classic version Pollaczek-Khinchine formula.

(3.10)

25



INTRODUCTION

Continuity of the loss rate

A contribution of Paper C is Theorem 3.2 which states that the loss rate
is continuous if considered a function of the Lévy process, when one makes
an assumption of uniform integrability. We notice that the stated assump-
tion cannot be relaxed in general: Let {St(")} be a sequence of Lévy pro-
cesses with characteristic triplet (0,0,2(™) where v ({—=1}) = 1 — 1/(2n)
and v ({n}) = 1/(2n). Then Sin) 2 Sio) where the Lévy measure of S%O) is
v ({=1}) = 1. If the loss rate were continuous, we should have ¢5() — 0,
However using (3.4) in Pihlsgard [44] we get

K 0
R = / i (dz) / (v +y — K (dy) >
0 K—=zx

| = oy = - )5
K

Letting n tend to infinity we see that lim inf,, /£ > 1 /2.

When proving continuity of the loss rate, we need continuity of stationary
distribution which is proved in Proposition 2.1 in Paper C. The uniform in-
tegrability is not needed for this result, a fact which is not entirely surprising
given that the stationary distributions are uniformly bounded. The corre-
sponding result for one-sided reflection in discrete time is proved in Theorem
6.1 p. 285 in [5] and this result needs an assumption of uniform integrability.
We note that the discrete-time analogue of Theorem 3.2 can be proved using
an approach similar to the one used in paper Paper C. Indeed, let {S]'} be se-

quence of random walks, such that {S]'} is uniformly integrable and ST A S9.

The reflected process is obtained through the recursion (1.1), and the loss rate
is given by

K o)
(Kn /0 /_ () Faldy) e (do). (3.11)

where F,, is the distribution function of S and ¥(z,y) = (x+y— K)* . The
continuity of the stationary distribution follows precisely as in Proposition 4.1
with the Portmanteau Lemma playing the part of Theorem 13.17 in Kallenberg
[28]. Similarly to the proof of Theorem 3.2 we can split the contribution from
the integral in (3.11) into two parts:

/[_ ]C\I/(x’y)F"(dyH/ V(z,y)Fn(dy) (3.12)

[_ava}
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4. Parallel computing, failure recovery, and extreme values

for some a > 0, and use uniform integrability to make the contribution from
the first integral arbitrarily small. Define a sequence of functions f,, by
folz) = f[_a . U(z,y)F,(dy). Equicontinuouity and uniform boundedness

of (f,) now follows, and we can conclude that (%" — (5" yusing the same
reasoning as in the proof of Theorem 3.2.

In Paper C we also provide Theorem 3.3 which gives necessary and suffi-
cient conditions for uniform integrability of a sequence of infinitely divisible
distributions in terms of the characteristic triplet. The result, which does not
seem to appear in the literature, is similar to Theorem 25.3 in Sato [49] which
states that for a Lévy process {S;} with Lévy measure v and a submultiplica-
tive function g, that is a function g satisfying 0 < g(z + y) < ag(x)g(y) for
some a > 0, we have E[g(S;)] < oo if an only if f[—l,l}c g(y)v(dy) < co. We
observe that for & > 0 we have that x — |z|* A1 is submultiplicative, and it is
tempting to conjecture that Theorem 3.3 should hold for all submultiplicative

g.

Notes

The result in Theorem 3.1 is derived in Takécs [53] using combinatorial meth-
ods and later in Emery [17]. A short proof appear in Rogers [48].

The Pollaczek-Khinchine formula presented in (3.10) in the version based on
moment generating functions. The formula typically refers to the mean steady-
state waiting time in the M/G/1 queue and goes back to Pollaczek [45].

The loss rate considered here is only one of several interesting quantities,
which occur in the context of reflected processes and loss probabilities. Other
such quantities are the steady-state probability that a customer gets partially
rejected (see Bekker and Zwart [10]) or the steady-state probability of a full
buffer, which goes back to the work of Erlang (Erlang [18] and Erlang [19]).

4 Parallel computing, failure recovery, and
extreme values

The paper Paper D concerns extreme value theory, and its content is disjoint
from the rest of the thesis. In the paper we describe a mathematical model
for a computer system, where the jobs have random length and the processor
fails at random times. The specific model in the paper deals with the case
where the processor has to restart from scratch, if the processor fails before the
jobs is completed. We are interested in determining the total time needed to
complete the job. This model was examined in Asmussen et al. [9] where tail
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asymptotics for the total job length were determined. These tail asymptotics
revealed, that under quite natural assumptions, the total job length will be
heavy tailed. This is fairly intuitive - sometimes the job lengths will be large,
and when this happens, the processor will have to restart many times, before
the job can be completed, which leads to a very long total job time. Since the
tail asymptotics were made available in [9], we can use extreme value theory to
determine the behavior of several independent copies of the total job length,
which is a natural object to consider as a model for a parallel computing
set-up, that is, a situation where the job is divided into smaller parts and
then distributed to several processors. In Paper D we assume that the job is
distributed to M processors and we allow the length of the job which is to be
distributed, to depend on M. Our aim is then, to determine the asymptotic
total execution time as M — oo. If the job length increases at exactly to
the same rate as the number of processors, then the job length faced by each
processor is independent of M, and we are in the setting of classical extreme
value theory. However, in Paper D we also examine cases where the job
length increases slower or faster than M, and this takes us to a triangular
array setting, since the job length faced by each processor will depend on M.
A general triangular array setting was studied in Freitas and Hiusler [24].

5 A conjecture on the stationary distribution of
FBM

Before proceeding to the papers, we present a conjecture on the stationary dis-
tribution of reflected fractional Brownian Motion. We may define the reflected
version of any stochastic process {S;} with paths in D0, co) by using the map-
ping (6.2) defined Paper A. Provided {S;} has stationary increments, there
will still exists a limiting distribution as ¢ tends to infinity, since by Corollary
7.6 in Paper A all moments of the reflected process will be increasing, and
since they are bounded, they will be convergent, which implies the existence
of weak limit of the reflected process.

A process with stationary increments which has drawn much interest in re-
cent years is fractional Brownian motion. We say {S;} is a standard fractional
Brownian motion iff it is a centered Gaussian processes with correlation func-
tion

p(s,t):Cov(SszH,SfH):%(2H+32H—\t—s\2H) 0<H<1

The parameter H is called the Hurst parameter. We can simulate this pro-
cess using the software provided by Ton Dieker. Plotted below are empirical
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5. A conjecture on the stationary distribution of FBM

distribution functions and qqplots for two values of H namely H = 1/3 and
H = 2/3. Recall that the beta distribution B(s,t) is the distribution on [0, 1]
with density proportional to z + 2°~'(1 — z)!~!. The plots below suggest
that the limiting distribution for H = 1/3 is a beta distribution with param-
eters s = t = 2, and the limiting distribution for H = 2/3 is B(1/2,1/2).
Furthermore, since H = 1/2 corresponds to the standard Brownian motion,
for which we know that the stationary distribution is uniform (B(1,1)) it ap-
pears reasonable to conjecture that the limiting distribution for general H is
aB(1/H —1,1/H — 1) distribution. Since by [8] the representation (1.3) still
holds for processes with stationary increments (in discrete time, for continuous
time see [51]), the truth of the conjecture should in turn imply the following
statement about the two-sided exit probability for fractional Brownian mo-
tion:

Let {S;} be a fractional Brownian motion with Hurst parameter H, and set
Tly—1y) =inf{t > 0] S ¢ [y —1,9)}. Furthermore, let B denote the
distribution function of a B(1/H — 1,1/H — 1) distribution. We conjecture
that

P(Srfy-14) > y) =1-B(y).
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Figure 6: Empirical distribution function for simulated values, H = 2/3
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Figure 7: qqplot, H = 2/3
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Figure 8: Empirical distribution function for simulated values, H = 1/3
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Figure 9: qqplot, H =1/3
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This paper considers a number of structural properties of reflected
Lévy processes, where both one-sided reflection (at 0) and two-sided
reflection (at both 0 and K > 0) are examined. With V; being the
position of the reflected process at time ¢, we focus on the analysis of
¢(t) := EV; and £(t) := VarV,. We prove that for the one- and two-
sided reflection we have ((t) is increasing and concave, whereas for the
one-sided reflection, £(t) is increasing. In most proofs we first establish
the claim for the discrete-time counterpart (that is, a reflected random
walk), and then use a limiting argument. A key step in our proofs for
the two-sided reflection is a new representation of the position of the
reflected process in terms of the driving Lévy process.
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1 Introduction

In this paper we consider structural properties of reflected Lévy processes,
where both one-sided reflection (at 0) and two-sided reflection (at both 0 and
K > 0) are examined. We assume throughout that the reflected process is
started at 0, and we have that in the case of one-sided reflection, the position
of the reflected process V; is given by S; + L, where {S;}¢>¢ is the driving
Lévy process, and {L;};>0 is the local time at 0, which can be written as
—infp<s<¢ Ss. In case of two-sided reflection, we have a similar construction in
the sense that V; can be decomposed as S; + L; — L;, with L; the local time at
K, given as part of the solution to a Skorokhod problem, but finding explicit
solutions for V4, in terms of S5 with 0 < s < ¢, is rather involved; recently,
such expressions have appeared in Kruk et al. [10] and Kruk et al. [11].
More precisely, we focus in this work on the analysis of two objects, viz.
¢(t) := EV; and &(t) := VarV;. Our goal is to prove a number of structural
properties regarding the shape of these two functions. For the one-sided re-
flection, the function ((-) was already examined in detail before. In Kella [7]
it was shown that () is concave as long as the underlying Lévy process does
not have any positive jumps, relying on martingale techniques. This result
was generalized by Kella and Sverchkov [8] to general Lévy processes (in fact,
even just stationary increments are needed), with an elementary proof that
uses stochastic monotonicity. To our best knowledge, however, there are no
results for the two-sided counterpart, nor any results for the variance function

£()-

The contributions of this paper are the following. In the first part of the
paper we consider the case of one-sided reflection.

e In Section 3 we consider the special case of a spectrally positive Lévy
process, that is, a Lévy process without negative jumps. We present an
elementary proof of the fact that the expected value of the position at
time ¢ is concave in t. Although this result was already covered by [7], we
included it because we believe the proof technique is interesting, and may
be of use in other situations as well. More particularly, the proof relies on
the concept of complete monotonicity to show that the desired property
holds in the special case of a compound Poisson Lévy process, and then
uses a limiting argument (approximating any spectrally positive Lévy
process by a suitable sequence of compound Poisson processes).

e Section 4 focuses on one-sided reflection, but now we treat the case of
general Lévy input, roughly as follows. First we prove the desired result
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for the discrete-time version of the Lévy process (which is a random
walk) by means of an extremely short and insightful argument. Then a
limiting procedure ensures that the concavity is preserved in continuous
time, thus reestablishing the result by [8]. Importantly, the same method
(that is, first proving the desired property for the random walk, and then
a limiting argument) can be followed to prove the new result that the
variance curve, i.e., (t), is increasing in t; the proof relies on the concept
of ‘concordance’.

The second part of the paper concentrates on similar issues, but now in the
setting of a two-sided reflected Lévy process.

e As mentioned above, new explicit formulae for V; (in terms of Sy for
0 < s <'t) have appeared recently. We derive in Section 5 a new explicit
representation, which is similar to the one found in [10], but somewhat
shorter. This alternative representation carries over to continuous time,
as argued in Section 6.

e Relying on the new representation for V; for the case of two-sided reflec-
tion, as presented in Section 6, in Section 7 we prove the new result that
¢(t) is an increasing concave function of ¢. We do this by first proving
the desired result for the discrete-time counterpart, that is, a random
walk reflected at 0 and K, and then we use a limiting argument. We
finish this second part with the observation that the results carry over
to the situation in which we just assume stationary increments (rather
than stationary independent increments).

The paper now continues with a section in which the model and some prelim-
inaries are given.

2 Model, notation, and preliminaries

In this paper we study reflected versions of the Lévy process {S;}i>0. We
distinguish between one-sided and two-sided reflection.

e One-sided reflection (at 0). The reflection of {S;}¢>0 at 0, which we
denote by {V; }+>0, can be formally introduced as follows (see for instance
[2, Ch. IX]). Define the increasing process { Lt }+>0 by Ly = —info<s<; S;
this process is commonly referred to as the local time at 0. Then the
reflected process (or: workload process, queueing process) {V;}i>o is
given through

Vi = Sy + max{L, Vo };
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observe that V; > 0 for all ¢ > 0. Throughout this paper the focus lies on
the special case that V) = 0, and hence V; = S;+ L. It is straightforward
that ((t) increases in ¢, using Proposition 3 p. 158 in [4].

o Two-sided reflection (at 0 and K > 0). Again starting off at 0, we now
have that the position of the reflected process at time t, i.e. V4, is given
by V; = S; + L; — Ly, with the increasing process {L;}¢>0 denoting the
local time at K, given as part of the solution to a Skorokhod problem. In
[10] an explicit expression for L; and L; (in terms of S; with 0 < s < #)
is given. In particular,

Vi =Sy — sup K(Ss — K))V inf Su> A inf Su] .
SE[O,t] uE[O,t] U,E[S,t}

We recall that we denote ((t) := EV; and {(t) := VarV;.

In Section 3 we consider the case in which the underlying Lévy process
does not have negative jumps (i.e. is spectrally positive), and in which there
is just reflection at 0. Assuming stability (i.e. ES; < 0), the Laplace expo-
nent p(a) := log Ee™*%! is given by a function ¢(-) : [0,00) — [0,00) that
is increasing and convex on [0,00), with slope ¢'(0) = —ES; in the origin.
Therefore the inverse ¥(-) of ¢(-) is well defined on [0,00). In the sequel we
rule out the trivial case that {S;};>0 is a (downward) subordinator, i.e., a
monotone (decreasing) process. Throughout, we assume that ¢”(0) is finite
(unless stated otherwise).

Important examples of spectrally positive Lévy processes are the following.
(1) Brownian motion with drift, where () = —ap+ 3a*0?. (2) Compound
Poisson with drift. Jobs arrive according to a Poisson process of rate A; the
jobs B1, Bs, ... are i.i.d. samples from a distribution with Laplace transform
B(a) := Ee~B; the storage system is continuously depleted at a rate —M < 0
(where M is often referred to as the drift). It can be verified that ¢(a) =
Mo — X+ A3(a).

Using [2, Thm. IX.3.10] or [9], it is straightforward to prove that, as long
as the Lévy process is spectrally positive, py := EVy = —¢”(0)/(2¢'(0)), and

_ [T - B _ ¥ 1
p(19) ._/0 e tEtht_/O e V¢ (t)dt = 52 +191,Z)(19)' (2.1)

3 One-sided reflection: spectrally positive input

This section focuses on establishing a number of structural properties of ((+)
for the case of spectrally positive Lévy input. As mentioned above, it is ev-
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ident that ((-) is positive and increasing; in this section we prove that it is
concave as well. We do this by extensively using the concept of completely
monotonous functions [3, 13]. The desired result is first proven for the case
of compound Poisson input; then we show how to construct a sequence of
compound Poisson processes approximating any spectrally positive Lévy pro-
cess arbitrarily closely, which allows us to prove the claim. The class € of
completely monotone functions is defined as follows.

Definition 3.1. A function f(«) on [0, 00) is completely monotone if for all n € N

"ty 20

We write f(«a) € €.

The following deep and powerful result is due to Bernstein [3]. It says
that there is equivalence between f(a) being completely monotone, and the
possibility of writing f(«) as a Laplace transform. For more background and
basic properties of completely monotone functions, see [6, pp. 439-442].

Theorem 3.2. [Bernstein] A function f(a) on [0,00) is the Laplace transform of a
non-negative random variable if and only if (i) f(«) € €, and (ii) f(0) = 1.

In the M/G/1 setting, () = A + 9 — Am(¢¥), where 7(1) is the Laplace
transform of the busy period, and the deterministic service rate has value 1;
it is assumed that —\3’(0) < 1. In our decomposition V; = S; + L;, we have
L; can increase only when V; = 0 and then with a unit drift, hence:

t
Ly :/ I(V, = 0)ds.
0

Taking means and using ‘Tonelli’ yields ((t) = —p(0)t + fg P(Vs = 0)ds, and
we obtain ('(t) = —¢(0) + P(Vy = 0). Furthermore, we observe that ¢”(¢)
exists: Using M; := supg.,<; Ss =2 V4, and letting A, denote the event that
S, makes at least on jump in (e, + €) we obtain:

€L PV, =0) = P(Viye = 0)) = € (P(M; = 0) — P(My1.c = 0))
= ¢ "P(M; = 0, Mgy > 0) = € '"P(M; = 0, Mgy > 0|Ay)(1 — ™)
~ P(Mt =0, M;1e > 0|At))\ .

Since € — P(M; = 0, Myt > 0|A;) is decreasing, we obtain that ¢”(t) exists.
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Let us consider the transforms of ¢’(¢) and ¢”(¢). Using integration by
parts, it is readily checked that

/OO E_I%C/(t)dt _ _90/(0) + L

0 v Y(0)
Applying integration by parts once again yields that
& 9 )
—9t 11 ! /
e {tdt:—<0—<700—|——:_<1__>7
|, s —co -0+ o5 o(0)
using that

¢'(0) = Jim Pe V1 (t)dt = 1 — ¢/ (0);
—0Q 0
notice that the transform of ¢”(¢) is only well defined when 9/ (1) has a finite
limit as 19 — oo, which is indeed the case for compound Poisson input. The
transform can further be simplified to
AL —7(d))

A1 —7(0) 4+ 9 (3-1)

Observe that Lemma 4.1 (item 1) of [13] entails that the negative of (3.1) is
in ¢, thus proving that indeed in the M/G/1 context (”(t) is negative, i.e.,
¢(t) is concave. We have proved the following

Lemma 3.3. ((t) is concave for compound Poisson input processes with negative
drift (with one-sided reflection).

We now consider the context of a general spectrally positive Lévy process,
and use Lemma 3.3 to prove that also in this setting ((¢) is concave. We first
recall that the Laplace exponent ¢(«a) of a spectrally positive Lévy process
can be written as [4, Section VIL1], with M € R, 6% > 0, and measure I1,(-)
such that f(opo) min{1, z?},(dz) < oo,

1
o(a) = aM + 504202 + /(0 )(e“” — 1+ axlgq),(dz).

The idea is now to approximate the spectrally positive Lévy process arbitrarily
closely by a sequence of compound Poisson processes. To this end, let (&,)nen
be a sequence of numbers in (0, 1], such that &, | 0. Then we can rewrite

o(a) = pnla) + @n(a), with

on(a) = (M + /El 2l (dz) + :—2> oz—i—Z—j (e7®m —1) +/€:O (e7®" — 1) IL,(dz);

n n n
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1 —QEn -1 En
@n(a) = o2 <§a2 _C 4;20[6" > + / (e7*" =1+ az) H,(dz).
n 0

Let v, (+) denote the inverse of ¢, (-).

Lemma 3.4. (i) Forall « > 0, p, () — p(a) asn — oo.
(ii) Forall a > 0, ¢/, (o) — ¢/ () as n — oc.
(iii) Forall n € N, ¢} (0) = ¢'(0).

Proof. Straightforward calculations. O

It is important to notice that, for any n € N, ¢, (-) can be interpreted as
the Laplace exponent of a compound Poisson process (with negative drift),
say {Spt}t>0. This is seen as follows. The drift term is

1 o2
<M—i—/ oIl (dx) + €_> ;
En n

which is positive for n sufficiently large. Then, the term (02 /c2) - (e=%¢n — 1)
can be interpreted as the contribution of a Poisson stream (arrival rate o2 /&2)
of jobs of deterministic size &,. Also,

[ o =) = o) [ ) e

which is the contribution of a Poisson stream (arrival rate II,([e,,0))) of
jobs, whose sizes are i.i.d. samples from a ‘truncated distribution’ with density
I, (dx) /I, ([en, 0)), for & > &,.

Just as we introduced the reflected version {V;}i>o of {S;}t>0, we can
construct the reflected version {V),:}+>0 of {Sp+}t>0. Analogously to ((%),
we denote (,(t) := EV, ;. Note that, due to Lemma 3.4.(iii), the queueing
processes {V,, ¢ }+>0 are stable (recall that we assumed ¢'(0) > 0). From (2.1),
we have that for any n € N,

pn(9) = /OOO eVt gn(t)dt:—(pﬁ(g) +Wi(0). (3.2)

Corollary 3.5. Forall n € N, (,(t) is positive (that is, larger than or equal to 0),
increasing (non-strictly), and concave (non-strictly).

Lemma 3.6. Forall ¥ > 0, ¢, (¥) — () as n — oo.
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Proof. First observe that ¢, (a) — ¢(a) (Lemma 3.4) entails that, as n — oo,

| Yn(p(@)) = thn(pn(a)) | < [ wla) —gn(a) [ = 0,

sup ¢, (V)
9>0

where we used that ,,(-) is concave with slope 1/¢'(0) in 0. Hence it also
holds that v, (¢(«)) converges, as n — oo, to a = (p(«)). But as ¢(a) is a
bijection of [0, c0) onto [0, 00), this proves the claim. O

Proposition 3.7. ((t) is concave for spectrally positive Lévy processes (with one-
sided reflection).

Proof. Our proof consists of the following steps.

(1) Using (3.2) and Lemma 3.6, we see that, for all ¥ > 0,

lim . (0) = p(0) = [ e ¢t

n—oo 0

(2) Realize that, as ¢,(-) is positive (that is, larger than or equal to 0), in-
creasing (non-strictly), and concave (non-strictly) due to Lemma 3.3,
lim,, .0 ¢n(+) (given it exists) inherits these properties.

(3) Because of dominated convergence (use that (,(t) increases in ¢, and
that p1y,, := (,(00) — ((00) = py as n — oo; these observations imme-
diately yield an integrable majorizing function),

lim p,(Y) = lim eV, (t)dt :/ eV lim ¢, (¢)dt.
0

n—~00 n—oo 0 n—oo

(4) The uniqueness of the Laplace transform, together with Steps (1) and
(3), now implies that we have lim,, . (,(t) = ((t). Then Step (2) yields
the stated.

This finishes the proof. O

4 One-sided reflection: general Lévy input

In this section we prove that for the one-sided reflection we have ((t) is in-
creasing and concave, and that £(¢) is increasing.
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Discrete-time case

Let X1, Xo,... be an i.i.d. sequence of random variables, and define Sy := 0,
Sn = X1+ Xo +--- + X, its associated random walk. Define the convex
function ¥(z) := max(0,2) = 2™ and let {V,,} 2, denote the reflected version
of {Sp},2, that is, V}, is given by the Lindley recursion V;, 41 1= ¥(V,+ X, 41),
initialized by Vjp := 0. By [2, Cor. 111.6.4], V;, =4 M,,, where M,, denotes the
‘running maximum’, i.e., maxo<p<n Sk-

We say a sequence (a,)5 is concave if apio + an < 2a,41 Vn, that is,
if ap11 — ay, is decreasing. We now give an extremely short proof of the fact
that {(n) := EV,, is a concave sequence.

Proposition 4.1. ((n) is concave for random walks (with one-sided reflection).
Proof. According to [2, Prop. VIIL.4.5], we have that ((n) — ((n— 1) = ES; /n.
Furthermore, using (X;, S,) =2 (X1,S,) we have

Sn =E[Sn | S =) E[X;i | Sl =) E[X1|Sa] =nE[X1|S,]  as.
=1 i=1

which implies E[X; | S,] = S,,/n a.s, which in turn implies E[S,,/n | Sp11] =
Sn+1/(n+1) a.s. and applying the conditional Jensen’s inequality to the con-
vex function ¥(-), we conclude

St +
L= g <E [& | Sn+1:|> <E |:\I’ <&> | Sn+1:| =K |:S_n | Sn+1:| a.s.,
n—+1 n n n

and taking means on both sides yields the desired result. O

Our next goal is to prove that for the random walk introduced above
&(n) = Var(S,) increases in n. We do so by using the concept of concordance,
cf. the results of [12]. Here, a pair of random variables (X, Y") or its distribution
function F is said to be positively quadrant dependent if

PX <z,Y <y) >PX <2)PY <y) Y, y.

According to Lemma 3 of [12] it holds that positively quadrant dependence
implies that the covariance between X and Y is non-negative: Cov(X,Y) > 0.
Furthermore, we define two real-valued functions r,s to be concordant for
the ith coordinate if, considered as functions of the ith coordinate (with all
other coordinates held fixed) they are either both non-decreasing or both non-
increasing. The main result in [12], which we will use below, is the following.
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Theorem 4.2. [Lehmann] Let (X1,Y1),...,(X,,Y,) be independent with distri-
bution functions Fy, ..., F,. Assume F; is positively quadrant dependent and let r
and s be concordant for the ith coordinate. Set

X =r(Xy, -, Xn), Y :=s(Y,---,Y,).
Then (X,Y) is positively quadrant dependent.
In particular, since (X, X) is positively quadrant dependent, we have
Cov(r(Xy, Xo, -+, Xpn),s(X1, X2, , X)) >0

if the X;’s are independent and r and s are concordant for all coordinates.
Using this insight, we can prove the following result.

Theorem 4.3. {(n) is increasing for random walks (with one-sided reflection).
Proof. Using the identity

Var(X +Y) = Cov(X, X) +2Cov(X,Y) + Cov(Y,Y)
= Cov(X,X) +Cov(2X +Y,Y)

with X = M, _jandY = (S,,— M,,—1)-I(M,—1 < S,) (Where I(A) is the indi-
cator function of the event A), we obtain that Var(M,,) equals Var(M,,_1)+jn,
where

Jn = (CO'U(2Mn—1+(Sn_Mn—1)'I(Mn—1 <Sn)a (Sn_Mn—l)'I(Mn—l <Sn)) )

and therefore the proof is complete if we can show that j,, > 0. For z :=
(X1, -+ ,2,) € R", we set s, = sp(z) := 21 + -+ + 2, and m,, = my,(z) =
max(0, s1,- - , $,), and we define functions

Tn(ﬂ) :2mn—1+(3n_mn—1)'l(8n >mn—1)7 tn(&) = (sn_mn—l)'l(sn >mn—1)a

so that we have that j, = Cov(r,(X),t,(X)). Hence, we wish to prove that
rn and t,, are concordant in all coordinates. We shall show that both func-
tions are increasing in all their coordinates. To this end first rewrite ¢, (z) as
max(t,(z),0), where

~

tn(&) = min(:pl + T, T2+ F T, 70) + Zn, (41)

which is evidently increasing in all its coordinates. Finally, regarding r,, we
notice that since r,(z) = 2m,_1 + t,(z) and the fact that the term 2m,,_; =
2max(zy + -+ + p—_1,-- - ,0) is increasing, we see that so is r,, and we are
done. O
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4. One-sided reflection: general Lévy input

Continuous-time case

We now consider a Lévy process {S;},~, as well as its reflection at 0, denoted
by {Vi};>o- We wish to extend Proposition 4.1 and Theorem 4.3 to Lévy
processes, that is, we wish to prove that ((-) is concave, and &(-) is increasing.
We prove the former by showing that for given 0 < z < y < z we have

()~ ) () — ()

Yy—x B Z—x

)

which is an alternative characterization of concavity. Throughout, we assume
that ES; < 0 and ES? < oo, which is a natural assumption, since it implies
that lim .~ ((t) < 0o, as proven in [1, Cor. 4.1].

Let 0 <z < y < z be given, and let T' € R be any number larger than z.
In the sequel we use bold fonts to denote the corresponding process between 0
and T'; for instance, S := {S;},<,<p. Define the one-sided reflection mapping
< : D[0,T] — D[0,T] by o

Lx](t) := x(t) — inf z(s) for € D|[0,T].

s<t

This means that the value of the reflected process at time ¢, that is, V;, is
alternatively written as .7[S](t).

We define the sequence S := {S7'},5q by Si' = S|nt|m, n € N,0 <t < T,
which, as shown below, approximates the Lévy process S sufficiently well for
our purposes. We also introduce the reflected version V;* = .#[S"|(t) of the
elements of the sequence S". Let ("(-) and £"(-) be defined in a self-evident
manner as piecewise constant functions.

We prove our claims on ((-) and £(+) by first showing that ./[S™] converges
weakly to .#[S] in the Skorokhod topology, by which we mean the J;-topology
on DI0,T7; see [15] for background on the J;-topology. This result will be used
to prove uniform convergence of the ¢"(-) and £"(-) functions, which is needed
in order to extend our discrete-time results to continuous time.

D
Lemma4.4. V/* — V,,asn — oo.

Proof. First we prove S" 2 8, n— xin D[0,T] equipped with the Sko-
rokhod topology, under the assumption that ES; = 0 (which we later gener-
alize to any value of ES; # 0). To this end, we need to prove convergence
of the corresponding finite-dimensional distributions, as well as tightness.
We notice that there is pointwise convergence, i.e. Si' = S|/, — St a.s.
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as n — oo, as a direct consequence of the fact that S is right-continuous.
Furthermore, for s < ¢,

n n D
(St - sta Ss) - (SLntJ/n - SLnsJ/ru S\_ns]/n) - (St — S, 58)7

applying (i) S;* — S; a.s., (ii) independence of the components of this random
vector, and (iii) [5, Thm. 3.2]. The case with more than two time points is
dealt with analogously, and we have thus proved convergence of the finite-
dimensional distributions. Regarding tightness, we have, for t; <t < t; and
o2 := Var(S),
n n\2/qQn mn\2 04 4 2
E(St" = S5)7(8t, = 5¢)° = —5([nt] — [nt1])([nt2] — [nt]) < o7(t2 — 11)",

where the last inequality is due to [5, Eqns. (16.4)-(16.5)]. Tightness now fol-
lows as a direct application of [5, Thm. 15.6].
The case where ES; =: pu # 0 follows by defining processes s" through
an pnt
Si' = S\nt)n — Lnt] ;

n

and using the above to conclude that §" Z §. Furthermore, wlnt]/n —
pt uniformly, and therefore also in the Skorokhod topology. Since {ut} is
continuous, the functions {S; + ut} and {ut} have no common discontinuity
points and therefore

S" = {sLntJ/n— %} + {%} DS, — pth+ {ut} = S.

This completes to proof of the weak convergence S" 2s.
Next, we use the Skorokhod Representation Theorem, i.e. Thm. 3.2.2 in
[15], to construct a sequence of processes

S" = {5’?}820 n €N,

with §" =, §” such that

lim §" =8 a.s. in the Skorokhod topology on D0, T,

n—oo

where §= S. Since . is continuous in the Skorokhod topology in [15, Thm.
13.5.1], we have

lim {,Y[S’n]} = {y[S]} a.s.

n—oo
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4. One-sided reflection: general Lévy input

Furthermore, since P(A.%[§"](t) # 0) §~P(A5‘t #0) = 0forallt > 0 we
conclude, relying on [5, p. 121], that .#[§"](t) — .7[S](t) a.s. as n — oo,
0 <t < T. Since almost sure convergence implies weak convergence, it holds

that .7[S"](t) A .7[8](t) which together with § =, S implies .7’[S"](t) A
Z[8](t), 0 <t < T, or, in other words, V,” Dy, forall0 <t<T. O

Lemma 4.5. Asn — oo,

sup [¢"(y) — ¢(y)| — 0.

0<y<oo

Asn — oo, fora,b >0,

sup [€"(y) — &)l — 0.

a<y<b
Proof. ¢"(t) — ((t) follows from Lemma 4.4 and dominated convergence,
using that V" < sup,.p S; — inf;<7 S; here realize that E[sup,«pS;| < oo
(because of the fact that E[sup, Si] < limy_.o, EV; < 00), and that we also
have E[— inf;<7 S| < oo (due to [2, Lemma IX.3.3]).

The stated uniform convergence is now a consequence of Corollary 1.7,
after extending the function ¢"(¢) and ((¢) to the negative half-line by equat-
ing them to 0 for ¢ < 0, and by noticing that EV;* < EV; < lim; .o, EV; < co.

Similarly, the result for {(t) is a consequence of Corollary 1.7, after ob-
serving that both E(sup,<; S;)? and E[(inf;<7 S;)?] are finite, as follows from
[2, Lemma IX.3.3]. - O

To prove that the function ((-) is concave, we have to circumvent the
difficulty that the functions ¢"(-), being piecewise constant, themselves are
not concave. This is done by defining a linear interpolation, which is concave,
see (4.2) below.

Note that, with a slight abuse of notation, from now on we allow the
one-sided reflection mapping to be applied to sequences, so that

Llal(n) = an — orgnz“gn a; a = (a;)j2y € R™.
Theorem 4.6. ((t) is concave, and £(t) is increasing for Lévy processes (with one-
sided reflection).

Proof. We begin by proving the claimed concavity of ((-). Fix n € N and
consider a sequence of i.i.d. random variables {Y;"},_, such that Y{" =4 5, /,,.

Then
[nt)

n 2 n
syt
=1 >0
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defining empty sums as 0. Now consider the random walk 7} := > V",
and its reflected version (./[T"](k))?2,, and set s"(k) := E[.[T"](k)]. We
know from Proposition 4.1 that the sequence (s"(m))o>_; is concave, and
hence so is the following function (which linearly interpolates):
C"(t) == n(s"(Int] +1) — s"([nt)))t + (|nt] + 1)s™(|nt]) — s"(|nt] + 1)|tn].
(4.2)
Note that ("(|nt]/n) = s"(|nt]) = E[V}*] and ("((|nt] + 1)/n) = s™(|nt] +
1) = E[V/l 1], the latter being seen by realizing that

s"([nt] +1) = EZ[T"|(|nt] + 1) = EZ[T"|(|n(t+ 1/n)])
= ES[S"](t+1/n) =E[V}1.].

By concavity of ¢"(-), we have, for z < y < z and anyn € N,

Cy) = @) () = M)

Yy—T B Z—x

Since n was arbitrary, we may let n approach infinity to obtain

() = C) <) =)

Yy—x B Z—T

using ¢"(t) = ¢"(|nt])/n) < ¢"(t) < ("([nt])/n) = ("(t + 1/n) and the
uniform convergence established in Lemma 4.5.

Next, we define £"(t) := VarV}", and v" (k) = Var(”[T"]). From Propo-
sition 4.1 we have, for t; < tq, £"(t1) = v"(|nt1]) < v"(|nt2]) = £"(t2), and
letting n tend to infinity and invoking the convergence of ", as given by
Lemma 4.5, we conclude that (t1) < £(t2). O

9

5 Two-sided reflection: solution of Lindley recursion
in discrete time

Let, as before, X = (X,)22; € R*> be an ii.d. sequence, and Sy := 0,
S, = X1+ ---X,, for n > 1. Where the previous sections studied the one-
sided Lindley recursion, we now consider a variant in which there is reflection
at K > 0 as well:

Vir1 =0V (Vp + Xp1) A K

we say that the random walk has two reflecting barriers, viz. 0 and K. We
write the V,, obtained through this procedure as 2[S](n) (analogously to
Z[S](n)).
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5. Two-sided reflection: solution of Lindley recursion in discrete time

In the discrete-time, one-sided case, as mentioned before, the Lindley re-
cursion was solved through

Z[s](n) = s, — min s,

0<i<n

for s = ()52, € R*>. Our first goal is to find the counterpart of this solution
for the case of two-sided reflection. This is done in the following result. We
denote, for a finite index set A,

I}gﬂ(aj’ bi) == S%igl aj A by.
Proposition 5.1. The solution of the two-sided reflection is given by

P1s](n) = ke?(},ia-)-(,n} (je{mk,i--l-l,n}(sn — 8, K + 55, — Sj)) (5.1)

Proof. We prove the claim by induction. For n = 1 we indeed have

— sk ANK + 51—
(g (i (51— s A K+ 51— 7))

= max(min(s;, K + 51, K),min(0,K)) =0V z; A K = Z[s](1).

Now, assume (5.1) holds for some n. We first focus on the case =, 11 < 0.
Then we have that

P[s|(n+1) = =0V (v +xns1) AK =0V (v + Tpt1)
= 0V (ke{nolax (Jeg?ln — 51, K + s, — sj)> + :L'n+1> =
= 0V (ke{nolax (Je{r]?m (Sn+1 — Sky K + Spy1 — sj)>> . (5.2)
Since z,+1 < 0, we have
je{k],a}-igzﬂ} T jeggi{lm} B

so that (5.2) equals

0V ' it — s K 4 spa1—s) ) ) =
(ke?(}?(,n} (je{kfl-l}?wl}(s Lk ot SJ)))

i n - 7K+ n — 97 ) 5.3
L (je{kf%& +1— ok K snp Sﬂ) .3)
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as desired. Similarly, when z,,+; > 0 we have:

Upnt1 =0V (Un + Tpy1) NK = (0 + 2pp1) AN K

_ i P ANK
(i (i =€ 20 5) )

= max min (s — s, K +s —sH)NK |,

which equals (5.3) as well, as desired. This finishes the proof. O

Remark 5.2. To see why the doubly-reflected process has the particular form
(5.1), we may, for n > k, define w” to be the value obtained by applying the
recursion waH = (wﬁ + xpy1) A K to the increments xgy1, Tx12,. .., with
wk = 0. Let v, be the sequence of outcomes of the two-sided reflection.
Then w} = minje(y,... n}(sn — Sk K + s — s5), and obviously wk < v,.
But v,, has to be one of the w” for some k € {0,--- ,n}, namely the largest
i such that v; = 0. Therefore v, = max;c(.... n} w?, so that we obtain (5.1).
This explains why this specific expression comes out. &

Next, we present an alternative expression for Z[s|, which we will need
when we treat the continuous-time case.

Proposition 5.3. The solution of the two-sided reflection is given by

) = i, [ (=5 KO g fon=20) ¥ s, =0
(5.4)

Proof. The proof is again by induction. The case n = 1 is a matter of straight-
forward verification. Next, assume the stated holds for some n. Then we
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6. Two-sided reflection: solution of Lindley recursion in continuous time

have

=0V (ke?glnn} [((sn — sk + K) A ie%l’z?n}(sn —5i))

\% n— Si)| T Zn NK
s )

—0V mi [ _ K) A s
petin | ((snp1 = sp+ K) A max | (snis = si)

v . } ANK
e (sn1 = i)

= iy (o = okt KO g (o =0 v O)

V n — 8 VO ANK
e ((sns1 =50 )

ke%,l.].a.,n}[((s”“ sk + K) Z.E{(fffﬁfﬂ}(snﬂ si))

V ntl — Si)| AN K. 5.5
e~ A B9

We notice that

s —s.+K)AN ma s —5;))V  ma s — 8
((sn41— sk + K) ie{O,...,iL(—',-l}( ndl — 5i)) ie{k7...7ili+1}( nt1 = 8i)

_ { maXz'e{O,...,n+1}(8n+1 — Si) if k =0;
MaXie(o,.n1}(Snt1 — ) NK ifk=n+1,

so that (5.5) equals

min S — s+ K)A max S —s;)) V  max s Y

This proves the claim. O

The expressions (5.1) and (5.4) provide two solutions to the two-sided Lind-
ley recursion. Since the latter is a discrete-time analogue of the two-sided
reflection mapping found in [10], Proposition 5.1 suggests an alternative ex-

pression for the two-sided reflection mapping. Our next goal is to formulate
and prove this. We do this in the next section.

6 Two-sided reflection: solution of Lindley recursion
in continuous time

The starting point of two-sided reflection in 0 and K > 0 in the continuous-
time case, is the Skorokhod problem. Given ¥ € DI[0,00) there exists a
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functional Z[¢] taking only values in [0, K| and non-decreasing functions n,
and n,, such that Z[¢] = ¢ +n, —n,, and

| 1@wis) > 0dants) =0, [T H@WI6) < Kdns) <o
0 0

The triple (2], ne, ) is said to solve the Skorokhod problem for 1) on [0, K],
and we think of Z[¢] as 1 reflected at 0 and K. The existence and uniqueness
of such a triple was established in [14], and explicit solutions were given in
[11] and [10], the simplest of which is

2010 =00~ sup | (00~ KDV inf v(w)) 4 inf vl 6)

s€[0,t] u€l0,t] u€[s,t]

where we assume 1(0) = 0; notice that this is the continuous-time counterpart
of (5.4). In view of Propositions 5.1 and 5.3 it seems reasonable to conjecture
that 9 = 4, where

AY)(t) == sup [(?ﬁ(ﬂ —(s)) A inf (K+1/)(t)—¢(U))} : (6.2)

s€(0,1] u€|(s,t]

We prove this by first showing that .# is Lipschitz-continuous in the .J; topol-
ogy.

Lemma 6.1. The mapping .# is Lipschitz-continuous in the uniform and J, metrics
as a mapping from D[0,T] for T' € [0, oo], with constant 2.

Proof. We follow the proof of Corollary 1.5 in [11] closely. Fix T < oco. We

begin by proving Lipschitz-continuity in the uniform metric. Define

Ri[¢p](s) := | (=v(s)) A inf (K —p(u))| 5  S[](t) := sup Ri[¢](s). (6.3)

u€ls,) s€[0,]

For 1,19 € DI[0,T] we have
S[pa](t) — Shaba](t) < sup (Ri[h1](s) — Re[tp2](s))

s€[0,t]
< sup [|=i(s) — (—ba(s))| V| inf (K =i (u)) — inf (K —a(u))]
s€[0,t] u€ls,t] u€[s,t]
<l 1 -2 r.

The same inequality applies to S[i2](t) — S[t2](t), so that taking the supre-
mum leads to

I'Slapa] = Slpa] [l<[| 1 — 2 |7,
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7. Two-sided reflection: structural properties

and this proves Lipschitz-continuity, with constant 2:

[ A [h1] — A2l 7 <|[th1 — 2| + | S[tha] = Sepe] [l < 2 [[p1 — P2 I7 -

We now turn to the J;-metric, and we let M denote the class of strictly in-
creasing continuous functions from [0, T'] onto itself with continuous inverse.
An elementary verification yields that for ¢ € D[0,7] and A € M we have
MY o A| = A [] o X. With e being the identity, this leads to

dj, (M 1], A [1p2]) = }\lélj/l{” Mpr)oX — M2 |7V | A—e |1}
}\iélfa{” Mpro N — M2 |7V | A—e |1}
;2/{4{2 [ProA—=2 |7V I[A—elr}

< 2dy, (Y1, %2),

where we used the Lipschitz-continuity in the uniform metric. This proves
Lipschitz-continuity in the J; metric, again with constant 2; it is valid for
every T' < oo and hence also for T = oo. O

IN

We are now ready to prove that ¥ = .#.
Theorem 6.2. For ¢ € D|0, c0) we have 2[¢|(t) = A [P](t).

Proof. Let ¢ € DJ0,0) be given, and define «,, and v,, by v, (t) := |nt]/n,
Yn(t) := ¥ (7n(t)). Since ,, — e in the uniform topology, we have ,, —¢, e
and hence (v,7,,) — (%, e) in the strong version of the J; topology (see p.
83 in [15]). Since e is strictly increasing we may apply Theorem 13.2.2 in
[15] to obtain ¢, —4, . Fixt < T, and consider 4 as element of D0, T.
Since the image ,,([0,77) is finite, we may apply Propositions 5.1 and 5.3, in
conjunction with (6.1), to obtain Z[¢,| = .#[1,]. Next, we let n — oo and
use the J;-continuity of the Z mapping proved in [11], and the J;-continuity
of .# proved to obtain Lemma 6.1. We thus establish the stated. O

Remark 6.3. Letting K — oo yields sup,c( 4 [(¥() — ¥(s))] , which is indeed
the standard one-sided reflection, .7 . &

7 Two-sided reflection: structural properties

In this section, we use the results proved in Sections 5—6 to prove that the
mean value of the position of a reflected Lévy process, on which a double
reflection is imposed, is an increasing and concave function. We thus establish
the ‘two-sided counterpart’ of the result presented in [8].
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Lemma 7.1. Let x € R be a sequence of real numbers, with cumulative sums
s € R*>. Define, for a given m € N, 8, = (Sp,m)n>0, WHere Sy = Spmyn — Sm.
For n € N we have

2[s|(m+n) — D[sp](n) >0, (7.1)
and for ny,ne € N with ny < ng,
D[s)(m + ) — Vlsml(ns) < Dls)(m +n1) = Vsal(nr).  (7.2)

Proof. By (5.1) we have

Ilsml(n) = max (je pin (Snm = Skomo K+ Snm = Sj,m)>

= Sp+m + max min - (—Sgim, K — Sj1m)
ke{(]”n} <]€{k77n} ' /

Sp+m + max min (—Sktm, K — s5)

= s 4+ max min —Sk, K — s
n+m m<k<ntm <je{k,m,n+m}( ’ j)) ’

so that Z[s|(m +n) — Z[sp](n) equals

max min -5, K—5:))— max min —8p, K —5;
kE{O,...,n—l—m}(je{k,...,n—l—m}( h ])) ke{m,...,n—l—m}(je{k,...,n—l—m}( ks ]))

>0,

which proves (7.1). Turning to (7.2), we first notice that it is enough to prove
the statement for ny = n; + 1, and using the notation v,, := Z][s](n), v)}' :=

P[sm|(n) we find

m m
Um4ni4+1 = Unj41 — (Vny4+m — Unl)
m m
= 0V Um+nq + Tm+ni+1 ANK -0V Unl + Tm+n+1 NK — (Unl-i-m — ’Unl),
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which equals
—(Vny+m — V) if Vinng +Tmang+1 <0

Umin, + Tman+1 — (0V 1)77?1 + Tmgni+1)
— (Vny+m — U:?l) = (U;Z + Tmtny+1) A O
K — ((U:ﬁ + Trmgng 1) A K) = (Ungm — Uz;)
=K + (=(v, = Tman,41) V (=K))
— (Uny4m — Uny)
=K+ (—ZTmim+1 V =K +0]) — Uny4m
= (K — Tminy+1 V U;Z) — Unj4+m

= (K — Tminy+1 — Vng+m) V (U;Z — Uny+m)

} if Visny +Tmgny+1 € [0, K]

if Umany T Tmang+1 > K.

Now (7.2) follows, since —(vy, 4m — v ) < 0. O

The results of Lemma 7.1 are easily extended to a class of piecewise con-
stant functions.

Lemma 7.2. Let ¢ € D[0, c0) be of the form
Y(t) =Y sil([ai,ali +1)))(t)
i=0
for s == (54)2, € R*, with sy = 0, a > 0. Define ¢, € D[0,00) by 9,.(t) :=
Y(r+t) —(r). Then
IW)(r +1) = Z,](t) =0, (7.3)
and,for t < to,

D[P](r + t2) — D[, ](t2) < D)(r + 1) = D[, (1) (7.4)

Proof. Assume a = 1, and write r = m + ¢ for ¢ € [0,1) and m = [r]. Recall
from Lemma 7.1 the definition of s, Viz. 8y, m = Smin —Sm- Then () = s
and

br) =9 (lr +t]) = ([r])) =9 (lg+t]+m) = (m) = Smi g41] = Sm=5t49)m -

so that 2[¢](t) = 2[s](|t]) and 2[v,|(t) = P[sm]([t + q]) where m = |r]
(which can be verified by making an elementary picture). Using that [r+t| =
|7] + [t + ¢q], we find that

IWI(r +1t) = D1, (1) = DIsl([r] + [t + ¢)) = ZIsml([t +4q]) = 0
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and

D[P)(r +t2) = D[, ](t2) = ZIs|(|r] + [t2 + q]) — Dlsm]([t2 + q))
< DIsl(lr] + [tr +q)) = Zlsul([tr +q]) = 21](r + 1) — 2[, (1)

Now choose an a # 1 arbitrarily. Define t(t) := t)(at). Then ,.(t) = 4, (at),

and 2[¢|(t) = Z[vY](at), and 2[¢,|(t) = P[,,|(at). Since (7.3) and (7.4)

hold for v for any r,t > 0 we find for the given r > 0, that

DW)(r+1) = D[, )(t) = [P (r/a+ t/a) — D[sh, ) (t/a) > 0
and similarly
D) (r + t2) = D[, )(t2) = D[P)(r/a + ta/a) = DIap, o) (t2/a)
< IW(r/a+ti/a) = Dl al(t1/a) = D) + t1) — D[, ] (1)
This proves the claim. O

We can now prove the continuous-time version of Lemma, 7.1.

Lemma 7.3. Let ¢ € D|0, 00) and define 1, € D[0,00) by 1, (t) := (r +t) —
(r). Then

P)(r +t) — D[, ](t) > 0, (7.5)
and, for t; < t,

DWI(r + t2) — Z[,|(t2) < D[P](r +11) = DI, (1) (7.6)

Proof. Define~"(t) := |nt]/n,and ¢"(t) = ¥ (7" (t)). Then Lemma 7.2 applies
to vp", and hence

D[P"](r +1) = Z[$7(t) = 0, (7.7)

D[P ](r +t2) = 2, ](t2) < Z[P")(r + 11) = Z[Pr](1)- (7.8)

Using the same argument as in the proof of Theorem 6.2, we have " —4, .
We also have ;' —q, 1, since ¢ () = ¢¥"(t + r) — ¢"(r) and we regard
—"(r) as a constant function, which converges uniformly, and hence in the
Ji-topology as well, to —(r). In general, addition is not continuous in the .J;
topology, but since —(r) is a constant function, t — ¢ (r +t) and —(r) have
no common discontinuity points (wWhere both are considered as function of
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t), and we have 9] —4 s o We wish to let n tend to infinity in (7.7) and
(7.8), and we therefore assume that +-¢; and r +t; are both continuity points
for 1, which implies that they are continuity points for Z[v], and also that ¢,
and t; are continuity points for Z[+,]. Under this assumption, we let n — oo,
and thus obtain (7.5) and (7.6) when r, ¢1, t; are continuity points. However,
since Z maps cadlag functions to cadlag functions, we have that (7.5) and
(7.6) hold for all 7, t1, t, whenever ¢ € D[0, c0), as claimed. O

We can now prove the main results.

Theorem 7.4. ((n) is increasing and concave for random walks (with two-sided
reflection).

Proof. Set Sli=8,.1—51, 8= {S,%}ZO:O, and V! = 2[S1](n). By stationar-
ity of the increments we have {S,} =5 {S}} and {V,,} = {V,] }. Using (7.1)
with m = 1 we have V,,11 — V.l > 0, and we see that ((n) is increasing by
taking means. Furthermore, by (7.2) we have n +— V,,.1 — V;! is decreasing,
and taking means implies that ((n) is concave. O

Theorem 7.5. ((t) is increasing and concave for Lévy processes (with two-sided
reflection).

Proof. Define 8" by S; = Sy, — S,. By the stationary increments we have
S" =g Sand Z[S"| =4 2[S]. Set V] = 2[S"|(t) and V; = 2[S](t). According
to (7.5) and (7.6) we have that V,; — V;” > 0 and also that t — V,;, — V" is
decreasing. Taking means yields the desired result. O

The following statement follows immediately from the facts that V41 —
VI>0and Vi — Vi > 0.

Corollary 7.6. For any q > 0, we have n — EV,] and t — V! are increasing, both
for random walks and Lévy processes (with two-sided reflection).

Remark 7.7. The reader can verify that in the argumentation of this section,
we did not use that increments are independent — in fact all results, in particular
Thms. 7.4 and 7.5, hold under the assumption of just stationary increments.
We conclude that we have, in passing, extended the result by Kella and Sver-
chkov [8], who considered processes with stationary increments reflected at
0, to the case of two-sided reflection. O
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PAPER

Subexponential Loss Rate Asymptotics
for Lévy Processes

Lars Ngrvang Andersen
Abstract

We consider a Lévy process reflected in barriers at 0 and K > 0. The
loss rate is the mean time spent at the upper barrier K at time 1 when
the process is started in stationarity, and is a natural continuous-time
analogue of the stationary expected loss rate for a reflected random
walk. We derive asymptotics for the loss rate when K tends to infinity,
when the mean of the Lévy process is negative and the positive jumps
are subexponential. In the course of this derivation, we achieve a for-
mula, which is a generalization of the celebrated Pollaczeck-Khinchine
formula.

Keywords finite buffer, heavy tails, Lévy process, local times, loss
rate, Pollaczeck-Khinchine formula, reflection, subexponential distri-
butions.
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1 Introduction

In the papers Jelenkovi¢ [12] and Pihlsgard [17], the authors examine the
loss rate associated with a stochastic process obtained by reflecting a random
walk in two barriers at 0 and K > 0, and derive asymptotic expressions for
the loss rate as K tends to infinity. In particular, Jelenkovié¢ [12] derives the
asymptotics of the loss rate in the case of heavy tails. The continuous-time
analogue of the loss rate associated with a reflected random walk, is the loss
rate associated with a reflected Lévy process which is examined in Asmussen
and Pihlsgard [3], where an explicit expression for the loss rate in terms of
the characteristic triplet of the Lévy process is provided. Furthermore, [3]
gives the asymptotic behavior of the loss rate as K tends to infinity in the
case where the mean of the Lévy process is positive as well the case where
the mean is negative and the jumps of the process are light-tailed, and in
the Andersen and Asmussen [1] the authors examine loss rate asymptotics for
centered Lévy processes. In this paper we derive asymptotics where the mean
is negative and the process is heavy-tailed.

Reflected processes may be used to model waiting time processes in queues
with finite capacity (Cohen [7], Cooper et al. [8], Bekker and Zwart [4], Daley
[9))-

It may be used to model a finite dam or fluid model (Asmussen [2],Moran [16],
Stadje [20]). Furthermore, it is used in models of network traffic or telecom-
munications systems involving a finite buffer (Jelenkovi¢ [12], Zwart [21], Kim
and Shroff [13]) and in this context the loss rate can be interpreted as the bit
loss rate in a finite data buffer.

The main contribution of this paper is Theorem 3.1 which provides an asymp-
totic expression for the loss rate in the heavy-tailed case. In the course of
the derivation of this expression, we also obtain a formula, (3.2), which is a
generalization of the celebrated Pollaczeck-Khinchine formula.

The outline of the paper is as follows: In Section 2 we provide the essential
background on Lévy processes, and give the formal definition of the loss rate.
With the definitions and previous results settled we can state the main results
in Section 3. The proofs are given in Section 4.

2 Preliminaries

Lévy Processes and the Loss rate

We consider a probability space (2, F,P). A Lévy process S := {S;} is a real-
valued stochastic process on R with stationary independent increments which
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2. Preliminaries

is continuous in probability and with Sy = 0 P — a.s. Every Lévy process
S is associated with a unique characteristic triplet (0,0,v), where 6 € R,
o > 0 and v is a measure (the Lévy measure) with [~ (1 Ay?)v(dy) < oo and
v({0}) = 0. The Lévy exponent is given by

0'2012 00
k(o) = 0o+ 5 +/ [ — 1 —al(|z] <1)] v(dz)

— 00

and is defined for o in © := {a € C | Ee®®% < o0}, The Lévy exponent
is the unique function satisfying Ee®Xt = et#(®) and k(0) = 0. We assume
throughout this paper that E|S;| < oco. We use the cadlag version of S,
which exists because of stochastic continuity. We note that this implies that
AS; := S — S;_ is well-defined. Standard references for Lévy processes are
Bertoin [5], Kyprianou [14] and Sato [19].

We are given a Lévy process through its characteristic triplet, and reflect it in
barriers at 0 and K > 0. The reflected process is given as part of the solution
to a Skorokhod problem and is denoted VE. We have a decomposition

VE =y+ 8+ L) - LK (2.1)

of the reflected process started at y € [0, K] where L® := {LY} and L¥ :=
{LE} are the local times at 0, K respectively. Note that the reflected process
and the local times are cadlag, so that objects such as ALY := LY — LY are
well-defined and by way of being increasing, the local times are of bounded
variation which allow is to decompose them into a continuous part and a
jump part. For more information on Skorokhod problems, see Asmussen [2],
Asmussen and Pihlsgard [3] and Andersen and Asmussen [1].

Because of the independent, identically distributed increments of S, VK
has a regenerative structure which yields a stationary distribution denoted
7w . The stationary distribution satisfies:

where 7[u,v) = inf {t > 0]S; ¢ [u,v)}. See Asmussen [2] pp. 393-394 for a
derivation of this representation. When K = oo, we have one-sided reflection
(see Asmussen [2], IX 2a). In this case LK = 0, and LY := (- info<y<t Su—9y) T,
and we have a result similar to (2.2) of the one-sided stationary distribution
which follows from Cor. 2. IX p. 253 in Asmussen [2]:

Too(y) = P(igg Si > y) =P(r(y) < o) (2.3)
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where 7(y) = inf{t > 0: S; > y}. Furthermore, for notational convenience we
set LY := L; when K = co.

We follow the standard definitions of the classes & and S&* of distribution
functions. The class S is defined by the requirement that F*"(z) ~ nF(z)
(F*™ = nth convolution power), and S* by

where p is the first moment of F. It is well-known that S* C § and using
(2.3) we may apply Theorem 4.1 from Maulik and Zwart [15] to get

Pi(K)i= [ 7w dy ~ [ESiiTe(E) 24
K
when ES; < 0 and 7;(z) ~ F(x) for some F € S. The latter condition is
ensured by requiring that 7(z) ~ F(z) for some F(z) € S*. .
o o o
The loss rate is defined as
(% =B Lf, (2.5)

that is, as the mean of L{( when the process is started in stationarity.

According to Theorem 3.6 in Asmussen and Pihlsgard [3] we have the
following expression of the loss rate, in terms of the characteristic triplet of
the Lévy processes:

o = E% C (w)dx+"—2+i : (om)/oo (z,y)v(dy), (2.6)
- K 0 TK 2K 2K 0 TK _OOQDK Y Y), .
where
—(a® 4 2zy) ify<-=
er(z,y) = { y? if —e<y<K-—=x (2.7)
2y(K —z)— (K —2)* ify>K—=z.
3 Main results

We start by stating the main results. The first result provides the asymptotics
in the case of heavy tails and negative drift.
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4. Loss rate asymptotics in the case of negative drift and heavy tails

Theorem 3.1. Let S be a Lévy process with Lévy measure v such that vy (x) ~ B(z)
for some B € S, and with finite negative mean: ES; = p < 0. Define the conditions

() ES} < ocoand [ vi(y)dy/vi(K) € O(K).

(1) 7(K) ~ L(K)K~* where L is a locally bounded slowly varying function and
I<a<

If either (1) or (II) holds, then

[y (31)

K

We remark that the requirement [, 7;(y)dy/7(K) € O(K) in Theo-
rem 3.1 is very weak. Indeed, suppose 7j(z) ~ B(z) where B is either
lognormal, Benktander or heavy-tailed Weibull. Then we recognize a(x) :=
[.X B(y) dy/B(z) as the mean-excess function and it is known (see Goldie and
Kliippelberg [11]), that a(z) € o(x). Furthermore, it is easily checked that the
condition is satisfied when B is a Pareto or Burr distribution, provided that
the second moment is finite.

o o o
We also derive the following theorem, giving an expression for the moment
generating function of the stationary distribution in the case of one-sided
reflection. Recall our decomposition of the one-sided reflected process Vi(x) =
x + St — L¢(x) and that {L{} is the continuous part of the local time.

Theorem 3.2. Suppose —oo < p =ES; < 0 then V := limy V; exists in distribu-
tion and for o € © with k(o)) < oo we have:

_OZEWOOL(,{ +Er. [203531(1 - e_aALs)]
1))

E[e?V] = (3.2)

If S has no negative jumps, the term E;_[> oo (1 — e7@ALs)] disap-
pears, and E, L = E,_L; = p, and we see that Theorem 3.2 indeed is
a generalization of Corollary 3.4 in [2] which is itself a generalization of the
Pollaczeck-Khinchine formula.

4 Loss rate asymptotics in the case of negative drift

and heavy tails

In this section we prove Theorem 3.1 and in the pursuit of this, we prove
Theorem 3.2. We first prove Proposition 4.1, which is a set of inequalities
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which allow us to compare the stationary distributions in the cases of one
and two-sided reflection. Next, we prove Proposition 4.2 showing that 1 is
a lower bound for liminf % /7 (K), which is essentially half of Theorem
3.1. Lemma 4.1 and Proposition 4.3 provide a martingale, and using optional
stopping of this martingale yields Theorem 3.2, which gives the m.g.f. E[e®V].
We differentiate this transform in Corollary 4.1 to give us the mean of V,
which is needed in the proof of Theorem 3.1.

Proposition 4.1. Let S be a Lévy process, and let T (y), Too(y) be the tails of the
reflected (one/two-sided) distributions. Then we have the following inequalities for
x>0,K >0

0 < Too(z) = Tr(2) < Too(K) - (4.1)

Proof. The inequalities are trivial for z > K. Let 0 < z < K. The inequality
T (z) < Too(x) follows from the representations (2.2) and (2.3). The inequal-
ity Too (2) =Tk () < Too(K), follows by dividing the sample paths of S which
cross above z into those which do so by first passing below K — z, and those
which stay above K — . To be precise, define 7(y) := inf{t > 0:.S; > y} and
o(y) = inf{t > 0: S; < y}. Then, since any path which passes below K — x
and then above x must pass an interval of length at least K, we have by the
strong Markov property:

P(o(z — K) < 7(z) < 00) < P(sup So(r—K)+t — So(e—K) > K)
>0

= P(r(K) < 00) = oo (K) .

And therefore:
Too(2) =P(7(2) < 00) =
Plo(z — K) < 7(x) <o0) +P(r(z) < o(x — K) < o0) <
Tk (@) + Too (K) .

O

In our effort to prove that £% ~ 7;(K) we need to prove that 1 is a lower
bound for liminf ¢X /7;(K) and an upper bound for limsupy (% /7;(K).
The former holds without any regularity conditions.

Proposition 4.2. For any Lévy process we have
K

< T
1< thmf _I/—](K)
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Proof. We have
K 0
/ Wk(d(L')/ (y — K +x)v(dy) < X
0 K

since the left hand side is the contribution to the local time by the jumps
larger than K. Since

00 K
71(K) < / (v - K)w(dy) + /0 e (da)

K

_ /0 " () / " - K +2)u(dy)

K

we are done. O

Recall our decomposition V;(z) = x +S; — Li(x) of the one-sided reflection
of the Lévy process started at = and reflected in 0 and we let L{(z) and
L{ (z) denote the continuous and jump parts of the local time respectively.
We suppress the z’s for ease of notation.

Lemma4.1. For o € © and t > 0 we have

E[ Z |1 — e AL

0<s<t

} < (4.2)

Proof. Setting AL; = ALJI(Ls < 1)and AL = AL,I(ALs > 1) we can split
the sum into the contribution from the jumps of size < 1 and those of size
> 1 by writing

E[ S |1 - el } :E[ 31— eelks ] +E[ S |1 — el
0<s<t 0<s<t 0<s<t

and we note that first sum on the r.h.s. is bounded, since there exists a con-

stant ¢ such that |1 — e**| < c|a|z for x € [0, 1] and therefore

E[ Z |1 - e AL } < c|oz|E[ Z QLS|] < cla|EL; < oo,
0<s<t 0<s<t

where the last inequality follows from Lemma 3.3 p. 256 in Asmussen [2].
Since

1 — e 8L = |I(ALy > 0) — e *ALs| < [(ALy > 0) + ¢ NMIAL (AL, > 0)

71



Paper B

we have

E|: Z ‘1 —OzALs

| <

0<s<t
E[Z I(AL, >o}+E[Ze )ALs [(AL, > 0)
0<s<t 0<s<t

A jump of size of > 1 at time s of the local time can only occur if the pro-
cess itself makes a negative jump of size > 1, and therefore I(AL; > 0) <
I(AS; < 0), where AS; := AS;I(ASs < —1), which implies

-1

] Y I1@&L>0)] <[ I(ZSS<0)]:t/ V(dy) < o0

0<s<t 0<s<t —o0

where the last number is finite because E|S;| < co. Regarding the remaining
sum, we observe that if R(«) > 0 we have

E[ Y e ROAL (AL, > 0)] < E[ S (AL > 0)]

0<s<t 0<s<t

and the sum is finite by the inequalities above. If R(«) < 0 we have

E[ 3 e ROBL (AL, > 0)]
0<s<t
- E[ T RS (RS, < 0)} —¢ / - POV (dy) < oo,

0<s<t o0

where the last inequality follows from Theorem 25.3 i Sato [19] and the fact
that a € ©. Putting everything together we have that (4.2) is finite. O

The lemma above is used in the following generalization of Cor. 3.2 p 256
in Asmussen [2].

Proposition 4.3. Consider a Lévy process S, and let 'V be the process reflected at O
and let L := {L§} and 13 := L] be the continuous and jump part of the local time
L. Then for « € © and z > 0

t
M, = /i(a)/ e?Vs(®) ds + 07 — V(@) L 0 L8 (x) 4 Z (1 — e~ @ALs(@))
0 0<s<t
(4.3)

is a martingale.
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4. Loss rate asymptotics in the case of negative drift and heavy tails

Proof. For notational convenience, we write V := Vi(z) and L = L¢(x).
Since the local time is of bounded variation, we may apply Theorem 3.1 p.
255 in Asmussen [2], to obtain that

t t
I{(Oé)/ eaVs ds + e — eth + a/ eoch dLg + Z eoch(l _ e—aALS)
0 0

0<s<t

is a local martingale. Since L{ can only increase when V; = 0 and AL; > 0 =
Vi = 0, the expression above is equal to M;, so that M; is a local martingale.
According to Lemma 3.3 p. 35 of Protter [18] it will be a martingale if we can
prove that E sup <, [ M| < oco. But this follows from

E[ sup |M|] <
0<s<t

K(a)E sup [eV*]+ [e*| + Ele™| + [a[E[L{]+E > [(1—e )]
0<s<t 0<est
which is finite according to lemma 3.3 of Asmussen [2] and Lemma 4.1 above.
]

We are now ready to prove Theorem 3.2

Proof. The existence of V' follows from Cor. 2.6 p. 253 in Asmussen [2]. Let
Vo be a r.v. independent of S and distributed as V, and set x = Vj,t = 1l in
(4.3). Then V is stationary and by taking expectation we get

1
0 = k(0)En,. | / e ds] 4+ 0B L+ B [ 30 (1 -] =
0 0<s<1

1
K(Oé)/ Er.[e*V]ds+ aEr LS + Ex [ Z (1- e—aALS)] N
0 0<s<1

_aEmo [LS] + Ex [Zogsgl(l _ e—aALS)]
k() :

E [eo‘v] =
O

Next, we use the results above to obtain an expression for the mean of the
stationary distribution in the case of one-sided reflection.

Corollary 4.1. If S is square integrable then V' is integrable and we have

Er. [Zogsg AL3] - Var(Sy)
IS,
oo vv(dy) + 0 — [5° 25 (@ +y)*v(dy)mec (d)

= TN (4.5)

E[V] =

(4.4)
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Proof. Since S; is non-degenerate, we have by Lemma 4 in Feller [10] that
there exists ¢ > 0 such that x(it) # 0 for ¢t € (—¢,¢€) \ {0}, and we may
use (3.2) to obtain the characteristic function ¢ of V and we wish to show
that ¢ is differentiable at 0. Define g(t) := Er__[Y (-1 (1 — e *AL+)] and
set {1 := E, LS. By Doob’s inequality, we have that ES? < oo implies
EL% < oo and therefore E__ L% < o0, and this implies that g is twice differ-
entiable at 0 and we see that ¢'(0) = iE_ [ Ygc,c; ALs] = iEr L7, g"(0) =
Ero[Yg<s<t AL?] and ity + ¢'(0) = iEr L1 = —iES).

Applying Proposition 4.2 and using 1'Hospital’s rule twice (see Prop. 4.1 the
in Appendix), we have:

FEeltV _ 1 il — (i
lim B¢ — lim ilq g(t) k(it)
t—0 t t—0 tr(it)

B —ily — ¢'(t) — i/ (it)
o0 k(it) + R (H)

t
o "
Ly SO
t—0 i/ (it) + ik (1) — tr" (t1)
—9"(0) + x"(0)
2ik/(0)

We see that ¢ is differentiable, and since V' is positive, we have that V' is
integrable (see Prop. 1.2 in the Appendix). The first moment is

—(0) + #(0)
2(—1)'(0)

EV =

which is (4.4). We obtain (4.5) by conditioning on the value of the process
prior to a jump. ]

We are now ready for the proof of Theorem 3.1. The proof has two distinct
cases, depending on whether or not the Lévy process is square integrable. If
this is the case we require only mild regularity conditions. However, if the
Lévy process has infinite variance, we impose stronger regularity conditions.

Proof. Because of Proposition 4.2, we only need to prove
limsup /X /7 (K) < 1.
K
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4. Loss rate asymptotics in the case of negative drift and heavy tails

Define the following:
ES, [X
1] := —
1 K J, xm g (dx)
2
Iy = 7

2K
K 00
Iy = %/0 i (dz) /_OO oK (r,y)v(dy).

Then, because of the expression for the loss rate given by (2.6) and the in-
equality from Proposition 4.1 we have the following inequality:

x _ES; [K_ _
< ’d Too(z)dr — ES1Too (K) + Zo + Z3 . (4.6)
0

First, we assume (I) holds. By (2.4) we have

. —ESﬁw(K) B
W —m b (*7)
so we will be done, if we can show
. 1 [ES /K_
limsup ——— | — Tooy)dy +Zo + 73| = 0. 4.8
Kpul(K)[K o (y)dy 2 3 (4.8)

We start by rewriting the term in the brackets above. Using Cor. 4.1 and the
assumption that ES? < oo we have that [} 7o (y)dy < oo and using (4.4)

ES; [F_

N Too(y) dy

CES; [*_ ES, [*_

=% J, Too(y) dy — —- B Too(y) dy
Ero[Yocsct AL = Var(S1)  [ES)| [ _

- - o o IO
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Furthermore,

Io+ 13
=oK% + ﬁ/o wK(dgp)(/_oo —(z° 4 2zy)v(dy) + 3K . y-v(dy)
1 o

+ oK ) 2y(K —z) — (K — 33)2]’/((1@/))

2 e [ (@) [ =@+ 2m) — vy
= o t 3% _Ooy Yy oK J, K (dx N T Ty Yy Yy

1 (K >
boue [ @) [T ) (52 )

0 K—x

_O'_2_|_i > QV(d)_i Kﬂ- (d )/—:c( +)2I/(d)
ToKk ok ) YUY T o ), TSR W YIrdy
NN (@) [~ = (0ot

QKOWKxK_my x))“v(dy

Var(sl) - Eﬂ'K [Zogsgl AL?] 1 K *° 2
- e 5 [, @) [ = (0 =)o)
We note the fact that

Erol Z ALY < B Z AL?]
0<s<1 0<s<1

which can be verified using partial integration and (4.1). Using this in the
last equation above, we may continue our calculation and obtain:

Var(S1) — Er, [Zogsgl AL?]
2K

K oo
e [ et [ e < ),

To+ 13 <

Comparing the expressions above we see that fractions cancel, and the ex-
pression in the brackets in (4.8) is less than

o0 K o0
% /K Too(y) dy — i/ (y = (K = 2)*v(dy)mic(dz).
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4. Loss rate asymptotics in the case of negative drift and heavy tails

Applying partial integration
[ES| Kl‘ / Too(y) dy — —/ (y — (K — 2))v(dy)mi (do)
K
ESy| [ L/ Lo
_ [ES] K1| / Too(y)dy — —— (y— K)zu(dy)—?/ Tr (2)71 (K — x)dz
K 0

= @ /: o) dy — o [ (g~ K)?u(dy)

2K Jk
_\ESll/oo_ 1 /OO_
=& ) TeWdv- g [ i) dy
Returning to (4.8) and applying the results above we get
, 1 [ES, /K_ }
limsup —— | — Too(y)dy + Zo + 7.
0 [, T
[ES |

< timsup vl(lK) [ " /:foo(y)dy—%/:m(y) dy}

— limsu f??[(y)dy fl?’o |E51|ﬁ00(y)dy_ .
~fmaw K7[(K) [ [x 7r(y) dy 1}_0’

where the last equality follows since the term in the brackets tends to 0, and
the fraction outside it is bounded by assumption. This proves that (3.1) holds
under condition (I).

We now assume condition (II)

We start by noticing the following consequences of the assumptions:

oo_ [e'e) L(y) K—oe-i—lL(K)
/K y(y)dyN/K y—adywﬁ K — oo (4.9)

where the last equivalence follows by Proposition 1.5.10 of Bingham et al. [6]
and the fact that a > 1. Since by Proposition 1.3.6 of Bingham et al. [6], we
have K "2 [(K) — oo, (4.9) implies K7 (K) — oo.

The inequality (4.6) still holds, as does the limit in (4.7), so we proceed to
analysis of ES [ Too (y)dy/(71(K)K)

Since K71(K) — oo K — oo we see that for any A we have

li E5y /A— (y)dy =0 (4.10)
Koo Kp(K) J, "W/ W= '

Because of the result above we have for any A

) ES) /K_ . ES; /K_
lim —2r [ # . (y)dy= lim —t [ 7 (y)d
P ATl (y)dy . (y)dy
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and using |ES; [Too(K) ~ 71 (K) ~ KT L(K)/(a — 1) we have

lim —0L /K w(y)dy = lim — ! /Kv()d
KHOOKEI(K) A y= K—o0 KI/[(K) A ny) 4y
K, —a+1
= — lim ! / Y L(y) dy
K—»ooKV](K) A (a—l)

in the sense that if either limit exits so does the other and they are equal.
Furthermore, since —a + 1 > —1 and L is locally bounded, we may apply
Proposition 1.5.8 in Bingham et al. [6] to obtain

1 —a+1L
— lim / €) dy
A

K—oo KUj(K) (a—1)
_ 1 K°"2L(K) 1
=— lim — =
K—oco KU(K) (—a+2)(a — 1) —a+2
That is, we obtain
. ES; K 1
lim —2 [ 7 — . 411
Koo Ko (K) /0 Tooly)dy = — =275 (4-11)
Returning to (4.6) we have
EK
lim su
e P T(K)
ES; /K _ ES 7o (K) Ty T
= hm su 0o(y)dy — —— + = + =
PR o YT T wm) T m) T wR)
1 . ye 13
= _ 1+1 . 4.12
To g LTmswoTe 2 (4.12)

Since K7(K) — oo we have

o2

Lo/vi(K) = SKTI(K) 0

and we may continue our calculation from (4.12)

+1+1i L, L i4n L5
11m su = — 11m su
—a+2 kD oK) wi(K) —a+2 < LK)

(4.13)
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4. Loss rate asymptotics in the case of negative drift and heavy tails

So we turn our attention to Z3. First we divide the integral into two:

OK Ty — (4.14)
K —x 0
/0 i (dx) /_OO — (22 + 2zy)v(dy) + /_x y?v(dy) (4.15)
A(K)
K K—x 00
/ WK(dl‘)/ y?v(dy) —1—/ 2AK —z)y — (K —2)’v(dy) . (4.16)
0 0 K-z
B(K)

We may assume v is bounded from below, otherwise we may truncate v at
—L for some L > 0 which is chosen large enough to ensure that the mean of
S1 remains negative. This truncation may increase the loss rate, which is not
a problem, since we are proving an upper bound. Thus, we may assume that
A(K) is bounded:

K 0 0
A < [ antan) [ pvian) < [ gviay) < oo
0 —00 —00
And therefore, since K7 (K) — oo, we have

A(K)

o () 0. (4.17)

Turning to B(K'), we first perform partial integration

K 0o
B(K) :/0 y*u(dy) +/K 2Ky — K2v(dy)

K
- /O 71K — a)ex (o) do
K oo
S/o y21/(dy)+/K 2Ky — K*v(dy)

K [oe)
= / 2yv(y) dy — K2E(K) + / 2Ky — K2y(dy)
0 K

K (e’
_ / 2y (y) dy + 2K / o(y) dy.
0 K

Since y7(y) ~ y~**1L(y) way may apply Proposition 1.5.8 from [6]:

L(K)K—a—i-Z
2 —«

K
/0 2yv(y) dy ~ 2
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and therefore:

1 K a—1
lim—— 20w (y)dy = )
K 2K7(K) /0 yly)dy = 5—,

Combining this with our inequality for B(K') above, we have:

lim su B(K) < 04—1+1_ !
R POKT(K) ~2—a ' 2-a’

Finally, by combining this with (4.12), (4.17) and (4.13) we have get

K

limsup—— <1
p va(K) S

and we are done.
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PAPER

Local Time Asymptotics for Centered
Lévy Processes with Two-Sided
Reflection

Lars Ngrvang Andersen & Sgren Asmussen
Abstract

The present paper is concerned with the local times of a Lévy process
reflected at two barriers 0 and K > 0. The reflected process is de-
composed into the original process plus local times at 0 and K and
a starting condition, and we study X, the mean rate of increase of
the local time at K when the reflected process is started in stationar-
ity. We derive asymptotics (K — o0o) for £& when the Lévy process
has mean zero. The precise form of the asymptotics depends on the
existence or non-existence of a finite second moment, paralleling the
difference between the normal and the stable central limit theorem.
To achieve the asymptotic results, we prove a uniform integrability
criterion for Lévy processes and a continuity result for £, which are
of independent interest.

Keywords continuity of the local time, finite buffer, Lévy process,
reflection, loss rate, Skorokhod problem, stable central limit theorem,
stable distribution, uniform integrability.
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1 Introduction

A Lévy process S = {St} >0 18 a real-valued stochastic process on R with
stationary independent increments which is continuous in probability and has
So = 0 a.s. We reflect the Lévy process at barriers 0 and K > 0. The
reflected process VE = {V}K } >0 can be constructed as part of the solution
to a two-sided Skorokhod problem, which yields a representation:

VE =y+8,+L) - LK (1.1)

of the reflected process started at y € [0, K], where LY = {L?} and LK =
{L;K } are the local times at 0, K respectively. More precisely, (VK L0 LK )
is a triplet of processes such that VX € [0, K] and

T T
/ VEALY =0 VT and /(K—VtK)stK:o VI,  (12)
0 0

The process VX is regenerative (as a cycle, take e.g. an excursion from
0 to K followed by an excursion from K to 0). Such a cycle clearly has an
absolutely continuous distribution, and it follows by general theory (Asmussen
[3] VI.1) that there exists a unique stationary distribution 7 such that the
distribution of V;¥ converges to 7/ weakly and in total variation. The object
of the present paper is to study asymptotic properties as K — oo of the
stationary rate of growth (X := E_x LI of the local time

Besides its intrinsic probabilistic interest, this problem has a long applied
motivation. Two-sided reflected processes may be used to model waiting time
processes in queues with finite capacity (Bekker and Zwart [5], Cohen [9],
Cooper et al. [10], Daley [11]), or a finite dam or fluid model (Asmussen [3]
, Moran [23], Stadje [28]). Furthermore, they are used in models of network
traffic or telecommunications systems involving a finite buffer (Jelenkovié¢ [15],
Kim and Shroff [17] , Zwart [31]), and in this context the loss rate can be
interpreted as the bit loss rate in a finite data buffer.

In view of this applied literature, we shall henceforth refer to £X as the loss
rate (at the upper barrier K). In the Lévy process context, it is the object of
study of the recent papers Asmussen and Pihlsgard [4] and Andersen [1]. In
[4], an explicit expression for X in terms of the characteristic triplet of the
Lévy process is provided and used to derive the asymptotic behavior of £X as
K tends to infinity in the case where the Lévy process is light-tailed and the
mean is either strictly positive or strictly negative. Furthermore, in [4] the
loss rate of a strictly stable Lévy process is explicitly calculated. The case of
negative mean and heavy tails case is treated in Andersen [1]. In this paper
we derive loss rate asymptotics when the mean is zero, i.e. ES7 = 0.
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2. Preliminaries

The main contribution of this paper is Theorem 3.1 which provides an
asymptotic expression as K — oo for the loss rate in the zero-mean case. The
basic intuition behind this is simple: ES; = 0 implies that the Lévy process
after appropriate scaling and time change has a limit which is Brownian motion
in the case of finite variance and (subject to a condition on regular variation)
is stable in the case of infinite variance. For these limits, explicit expressions
for the asymptotic loss rate have been derived in Asmussen and Pihlsgard [4],
so the main technical problems becomes to establish continuity of £ = ¢5(9)
as function of S. This is of some of independent interest and is formulated in
Theorem 3.2. A uniform integrability property is required, and conditions for
this are given as Theorem 3.3.

The paper is organized as follows: In Section 2, we give some background
on Lévy processes, the Skorokhod problem, and the stationary distribution.
In Section 3 we state the main results of the paper, and the proofs are given
in Sections 4, 5 and 6 .

2 Preliminaries

To every Lévy process S = {St is associated a unique characteristic triplet

}tzo
(0,0,v), where § € R, 0 > 0 and v is a measure (the Lévy measure) with

2 (LA y*)r(dy) < oo and v({0}) = 0. The Lévy exponent is defined by

2.2

k(s) :==0s+ 028 + /_Z [ —1—sI(|z| <1)] v(dz)

and is defined for s in © := {s € C | Ee®™®)% < co}. The Lévy exponent is
the unique function satisfying Ee®St = ¢t%(s) and k(0) = 0, and we have

ES; = #(0) = 9+/| 1yu(dy) (2.1)
yl>

(the mean is assumed to be well-defined and finite for all Lévy processes
encountered in the paper). We use the cadlag version of {S;}, which exists
because of stochastic continuity. Standard references for Lévy processes are
Bertoin [6], Kyprianou [21] and Sato [26].

We will also need weak convergence properties:

Proposition 2.1. Let S, S, 52, ... be Lévy processes with characteristic triplet
(Or,, 0, V) for S™. Then the following properties are equivalent:

(i) 57 2 S for some t > 0;
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(ii) ST 2 SO for all t;
(iii) {5} 2 {59} in D[0, 00);
(iv) U, — Dy weakly, where v, is the bounded measure

2

Y
1+ y?

Un(dy) = ondo(dy) + vn(dy) (2.2)

and ¢,, — co where

im0+ [ (12—l <))ty

See e.g. Kallenberg [16] pp. 244-248, in particular Lemma 13.15 and 13.17. If
one of (i)—(iv) hold, we write simply S" 2 0.

The existence and uniqueness of a solution to the Skorokhod problem is
proved in Tanaka [29] and in a more pragmatic manner in Asmussen [3] XIV.3.
Verbally, the condition (1.2) states that {Lg } can only increase when V; = 0
and {Lf( } can only increase when V; = K, which supports our interpretation
of /X =E_« L as a loss rate in a system where the “free traffic” is modeled

by {St}'

The stationary distribution has the representation
Tr(y) ="y, K] = P(Sry-ry) 2 y), 0Sy<K (2.3)

where 7[u,v) = inf {t > 0| S; ¢ [u,v)}, see Asmussen [3] pp. 393-394 as well
as Lindley [22] and Siegmund [27]. This implies that the Laplace transform of
7% can be found in closed form whenever the scale function of S is explicitly
available. For examples of this, see Hubalek and Kyprianou [14].

From Theorem 3.6 in Asmussen and Pihlsgard [4], we have the following
expression for the loss rate, in terms of the characteristic triplet of the Lévy
process and the stationary distribution:

fK—E—Sl/Kﬁ et Tov L[ )/OO (@, y)v(dy), 24)
- K 0 K\x)dx 2K 2K 0 € _oo(pK Zz,Yy Y), .
where
—(a® + 2zy) ify< -z
oK (z,y) =S y? if —z<y<K-—uz (2.5)

2y(K —z)— (K —2)* ify>K—z.
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3. Main Results

Figure 1: The function ¢(z, y)

—z% -2y y? 2y(K —x) — (K —x)?

y
= |
2 =0 T =0

For a graphical illustration, see Fig. 1 that depicts ¢(x,y) in the region (z,y) €
[0, K] x R relevant for (2.4) (note that y is on the horizontal axis and x on the
vertical).

One should note that various explicit expression for LY and L have been
derived (in part independently) by a number of authors, see Andersen and
Mandjes [2], Borovkov [8], Cooper et al. [10], Kruk et al. [18] and Kruk et al.
[19]. However, they all have a form that is so complicated that they do not
appear to be of use neither for deriving (2.4), (2.5) nor for the present purposes.

3 Main Results

Our main result provides the asymptotics in the case [ES7 = 0 of zero drift.

Theorem 3.1.
a) Let {S;} be a Lévy process with ES| = 0 and characteristic triplet (6, o, v) which

satisfies [*°_ x*v(dz) < oo, Then
vy 2y(d)+”—2 K — (3.1)
oKk ) YV T oK ' '

b) Let {S;} be an Lévy process with characteristic triplet (0, 0,v). Assume ES; = 0
and that for some 1 < o < 2, there exists slowly varying functions Lo(x), Ly (x)
and Lo(x) such that for L(x) := Ly (x) + Lo (z) we have

v(z) = 2" “Li(z) v(—z) = |x|"*La(x) (3.2)
Ly(z) _B+1 : o
oo L) | 2 lim Lo(z)*L(z) =1 (3.3)

Then, setting p = 1/2 + (7o)~ ! arctan(Btan(ra/2)), d = (8 + 1)/2 and ¢ =
(1 — B3)/2 we have (X ~ ~/(K* ' L§(K)) where

c¢B(2 —ap,ap) +dB(2 —a(l —p),a(l —p))
B(ap,a(l —p))(a—1)(2 - a)

’Y:
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The parameter p defined in Theorem 3.1 is known as the positivity param-
eter as it satisfies p = P(S; > 0) when S is a strictly a-stable Lévy process,
see Zolotarev [30].

We note incidentally that Theorem 3.1 also gives the asymptotics of /0 =
E,«x LY because a balance argument together with (1.1) gives 0 = ES; +¢0 — ¢
so that /9 = ¢K in the mean zero case ES; = 0.

To prove Theorem 3.1, we will use the fact that by properly scaling our
Lévy process we may construct a sequence of Lévy processes which converges
weakly to either a Brownian Motion or a stable process. Since £X has been
calculated for both Brownian Motion and stable processes in Asmussen and
Pihlsgard [4], we may use this convergence to obtain loss rate asymptotics in
the case of zero drift, provided that the loss rate is continuous in the sense that
weak convergence (in the sense of Proposition 2.1) of the involved processes
implies convergence of the associated loss rates. To state our result:

Theorem 3.2. Let {5} be a sequence of Lévy processes with associated loss

n=0,1,...
rates (5. Suppose S™ P, 5% and that the family (ST)>2, is uniformly integrable.
Then ¢5" — 50 s n — oo,

We shall also need:

Theorem 3.3. Let {X,,},_; 5 bea sequence of weakly convergent infinitely divis-
ible random variables, with characteristic triplets (6,,, oy, vy). Then for ac > 0:

lim sup/ ly|“vn(dy) =0 < {|X,|* | n > 1} is uniformly integrable
[—a,al®

a—00 g

The result is certainly not unexpected, but does not appear to be in the
literature; the closest we could find is Theorem 25.3 in Sato [26].

4 Proof of Theorem 3.2

We consider a sequence of Lévy process {S“} such that S 2 S0 and use
obvious notation like £%7 75" etc. Furthermore, we let 7(A) denote the
first exit time of S™ from A. Here A will always be an interval.

We first show that weak convergence of ST implies weak convergence of
the stationary distributions.

. D D
Proposition 4.1. 5" = S0 = 7 5 7 K0,
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4. Proof of Theorem 3.2

Proof. According to Theorem 13.17 in Kallenberg [16] we may assume A,, ; :=
sup,<; [S™(v) — S%(v)| %, 0. Then
P(SEO[ere—K,ere) >y+e my+e—K,y+e) < t)
S ]P)(S:—Ln[y_](’y) Z y7 Tn[y - K7 y) S t) + ]P)(Anﬂf > 6)
S ]P)(S:_Ln[y_K’y) Z y) + P(An,t > 6) .

Letting first n — oo gives

s oK, 0 0
llnnl)gfﬂ' "(y) > ]P)(STO[y-i-E—K,y-i-e) > y+erT [y +e— K7y + 6) < t) !

and letting next ¢ — oo, we obtain

hnnliogfffﬂ" > 750y +¢). (4.1)
Similarly,
P(Stupy ey 20 Ty — Kyy) <t) < ]P)(S'(r)o[y—e—K,y—g) >y) + P(Any > ),
liglsogpIP’(S?n kg U T = Ky) <t) < 70y —e). (4.2)
However,

P(r"ly— K,y) >t) < P(rly—e—K,y+e)>t) + P(An; >e),
so that

limsupP(m"[y — K,y) >t) < P(r'ly—e—K,y+e¢)>1).

n—~00

Since the r.h.s. can be chosen arbitrarily small, it follows by combining with
(4.2) that

limsup 75" (y) = limsup]P’(an[y_K,y) >y) < 0y —e).

n—oo n—oo

Combining with (4.1) shows that 75" (y) — 7%0(y) at each continuity point
y of 750, which implies convergence in distribution. O

We will need the following lemma.
Lemma 4.1. The function p(z,y) is continuous in the region (z,y) € [0, K] x R
and satisfies 0 < ¢(x,y) < 2y A 2K|y|.
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Proof. By elementary calculus. For continuity, check that the expressions for
¢(x,y) on theregions  +y < 0 and = +y > K equal y? on the linesz +y = 0
and = 4+ y = K. The claimed inequality is clear for 0 < x + y < K. Consider
z+y < 0. Then p(z,y) < —2zy < 2y% and p(z,y) < —2zy < 2K |y|. Similarly
for r +y > K, we have ¢(r,y) < 2y(K — x) which yields o(z,y) < 2y? and
o(r,y) < —2zy < 2Ky. O

We are now ready to prove Theorem 3.2.

Proof. Recall the definition (2.2) of the bounded measure 7 and let o (z,y) :=
o (z,y)(1 + y?)/y? for y # 0, ¢k (x,0) = 1. The continuity of ¢ implies
o(r,y) ~ y* asy — 0 and it easily follows that $(z,y) is continuous jointly
in z,y. We also get

| twian = o2+ [~ sty

so that
K 00
=2 5 (de T,Y)Vn
p = n+/0 (d )/ o(z, y)vn(dy)
= KWK’" dac)/oo 2(x,y)op(dy)

Let 77}, 72 denote the restrictions of 7, to the sets |y| < a, resp. |y| > a. Then

n»n

0 < p(z,y) < 2K|y|, and uniform integrability (Theorem 3.3) imply that we
can choose a such that

0< / P, y)P2(dy) <
[_ava}c

for all z and n (note that 7, < 1, on R\ {0}). We may also further assume
that @ and —a are continuity points of vy which implies 7} — 7} weakly. In
particular,

sup 7, ([—a,a]) < oc. (4.3)

Define

fue) = [ etwlan +o2 = [ paitay

—a —a

so that f,(z) — fo(z). Being continuous on the compact set [0, K] x [—a, al,
¢k (x,y) is uniformly continuous. Together with (4.3) this implies that given
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5. Proof of Theorem 3.3

€1, there exists ez such that |f,(2') — fn(2”)| < € for all n whenever |2’ —
z"| < 2. Le., the family (f,,)3° is equicontinuous and uniformly bounded. In
particular, the convergencef,(x) — fo(z) is uniform in 2 € [0, K|. Together
with [ fodr®m — [ fodnf0 this implies [ f, dr®" — [ fodn®0 (see also
Pollard [24] Example 19 p. 73 for related arguments). Putting this together
with the uniform integrability estimate above and letting ¢ — 0 gives a,, —
ag.

By uniform integrability ES? — ESY, and further 7/ D pko implies

OK Ton fOK 7.0, Remembering a, — ag and inspecting the expression
(2.4) for the loss rate shows that indeed (%" — ¢%.0, O

5 Proof of Theorem 3.3

The following proposition is standard:

Proposition 5.1. Let p > O and let X,, € LP, n = 0,1,..., such that X, A Xo.
Then E| X, |P — E|Xo|P ifand only if the family {| X,,|P},,>1 is uniformly integrable.

Theorem 3.3 is proved through several preliminary results. First, we prove
Lemma 5.1 which essentially states we may disregard the behavior of the Lévy
measures on the interval [—1,1] in questions regarding uniform integrability.
It is therefore sufficient to prove Theorem 3.3 for compound Poisson distribu-
tions, which is done in Proposition 5.2 and Proposition 5.3.

We start by examining the case where the Lévy measures have uniformly
bounded support, i.e., there exists A > 0 such that v, ([—A4, A4]¢) = 0 for all
n. We know from Lemma 25.6 and Lemma 25.7 in Sato [26] that this implies
the existence of finite exponential moments for X,, and therefore EX)" exists
and is finite as well for all n,m € N.

Lemma 5.1. Suppose X, 2 Xy and the Lévy measures have uniformly bounded
support. Then EX]" — EX{" for m = 1,2, ---. In particular (cf. Proposition 5.1)
the family {|X,|*},,>, is uniformly integrable for all o > 0.

Proof. By Lemma 25.6 of [26], the characteristic exponent x,(s) of X, is de-
fined for all s € C, and we can work with the moment generating function
R >t — Ee'* € R, which the by the Levy-Khinchine representation can be
written as Ee!X» = ¢#2() where

fin(t) = Ont + ont? /2 + /_i(ety —1—tyl(ly] <1))wn(dy) (5.1
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With the aim of applying Lemma 13.15 in Kallenberg [16], we rewrite (5.1) as

A
Fin(t) = cnt + / <ety—1 ty ) 1+2y2ﬁn(dy) (5.2)

—A 1+y2) y

where 7, is as above and

comtnt [ (12 - vrbl < 1)) mula.

—A

According to Lemma 13.15 in [16], the weak convergence of { X}, -, implies

¢, — cp and 7y, L 7. Since the integrand in (5.2) is bounded and continuous,
this implies that x,(t) — ko(t), which in turn implies that all exponential
moments converge. In particular, the family {e*X» +e~*»} _ is uniformly
integrable, which implies that {|X,,|*}, - is so. - O

Next, we express the condition of uniform integrability using the tail of the
involved distributions. We will need the following lemma on weakly convergent
compound Poisson distributions.

Lemma 5.2. Let Uy, Uy, ... be a sequence of positive random variables such that
U, > 1, and let Ny, N1,... be Poisson random variables with rates Ao, A1 ...
Set X, = > 1" Ui, (empty sum = 0) with the U, ,, being i.i.d for fixed n with

Uin =2 Uy. Then X,, A Xy if and only if U, A Ug and N\, — .

Proof. We use the continuity theorem for characteristic functions. The char-
acteristic function of X,, is E**n = exp{\,(E*U» —1}. From this the ‘if’
part is immediately clear. For the converse, we observe that exp(—\,) —
exp(—Xg) = P(Xo < 1/2) since 1/2 is a continuity point of X (note that
P(Xy < z) = P(Xo = 0) for all z < 1). Taking logs yields A, — X¢ and

the necessity of U, LA Up then is obvious from the continuity theorem for
characteristic functions. O

Using the previous result, we are ready to prove part of our main result
for a class of compound Poisson distributions:

Proposition 5.2. Let Uy, Uy, ..., No, N1,...,and Xy, X1, ... beas in Lemma 5.2.
Assume X, 2 Xo. Then for o > 0.

lim supE[X (X, >a)] =0= lim supE[UsI(U, > a)] =0.

a—00 p a—00 p
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5. Proof of Theorem 3.3

Proof. Let G, (z) = P(X,, <z),F,(x) =P, < x),F,(z) =1-F,(z),Gp(x) =
1 — Gp(z), and let F;™(x), G (x) denote the m/th fold convolutions. Then

which implies G, () > \,e " F,(x). Letting 8 = sup, e /\,, which is
finite by Lemma 5.2, we get: F,(x) < 3G,,(z). Therefore:

E[USI(U, > a)] = / at®'P(U, > a Vv t)dt
0

= a“F,(a) + / t E, ()dt

a

< Ba®Gp(a) + o / b t* G, (t)dt

a

= BE[X°I(X, > a)].

Taking supremum and limits completes the proof. O

Next, we prove the converse of Proposition 5.2.

Proposition 5.3. Under the assumptions of Proposition 5.2 we have, for o > 0:

lim supE[USI(Uy, > a)] =0= lim supE[X]I(X, >a)] =0.

a—00 a—00

Proof. We use the notation of Proposition 5.2. By Lemma 5.2 we have F! A
F;! and by the Portmanteau lemma F;™ 2 F3™. We note that the as-
sumption of uniform integrability of the U implies that E(>-7", U; )" —
E(Z:’il Ui,o)a, since the U; ,, are i.i.d in ¢ and U; , =9 U,. Fix m € N. Since
(> Uin)™ <m® Y7, U, and the family (m® Y%, U2)) _, is uniformly
integrable, we have that also the family (31" U; )

n>1
Z>1 is uniformly inte-
grable. As noted above we have )" U; 5 >, Ui, so Proposition 5.1
implies E(Y1", Ui n)® — E(X 1 Uio) ™.
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We next show EX¥ — EX§ and thereby the assertion of the proposition.
We have:

Ms

lign EX; = 117an io: E( Uz,n>aﬁe_>‘"

|
m=0 =1 m:
o0 m
=3 imE(Y Vi) e
= —e
m)!

@
Il
A

S
= 2 B(X U] e = BN,
m!
m=0 i=1

where we used dominated convergence with the bound

S AR —a 1

E(Y Uin) e < qmotlgm /ml
i=1

with v = sup,, EU} and 3 = sup,, \p. O

Proof of Theorem 3.3. Using the Lévy -Khinchine representation, we may
write

X, =XV + X% 4+ x3 (5.3)

where the (X,(f))n>1
characteristic triplets (0, 0, Wliy<=1}) » (Ons 0ns [Vnl{y<1y) and (0,0, [vn]y=1}),
respectively. Assume the family (]Xn\a)n>l is uniformly integrable. We wish

are sequences of infinitely divisible distributions having

to apply Proposition 5.2 to the family ((Xy({?’))o‘), and therefore we need to
show that this family is uniformly integrable. First, we we rewrite (5.3) as
X, — Xr(?) = Xy(Ll) + Xr(;’) and use Lemma 5.1 together with the inequality
|z — y|* < 2%(|z]* + |y|*) to conclude that the family (]X, — X,(12)|0‘)n>1 is
uniformly integrable, which in turn implies that the family (|X7(11) —I—XS’) |O‘)

n>1
is uniformly integrable.

Assuming w.l.o.g. that 1 is a continuity point of vy, we have that XT(LD is
weakly convergent and therefore tight. This implies that there exists r > 0
such that ]P’(\X ] <r) > 1/2 for all n, which implies that for all n and for
all t so large that (t'/* — 7)* > t/2, we have:

1/2)P((X)* > t) <P(|IXY] < r)P(XP > t1/9)
=P(IXV] <, XP > t7/%) <P(X + X > Vo —7)
=P(IXY + X > (# — ) <P(XY + XD > 1/2).
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This implies that ((X,(L?’))a) is uniformly integrable, since (\Xr(Ll) + Xy(f’)]a) is
so. Applying Proposition 5.2 yields

lim sup/ yvp(dy) =0 (5.4)

Together with a similar relation for f__; this gives

lim sup/ ly|“vn(dy) = 0.
=00 n [—a,a}c

For the converse, we assume lim, sup,, f[_a BE ly|“vp(dy) = 0, and return

to our decomposition (5.3). As before, we apply Lemma 5.1 to obtain that the

family (X,(?)) is uniformly integrable. Furthermore, applying Proposition 5.3,

we obtain that the families (|XT(L1) ) and (|X,(L3) |*) are uniformly integrable,

and since |X,|* < 3%(|X5|* + | X2|* + |X|@), the proof is complete. O

6 Proof of Theorem 3.1

First we note the effect that scaling and time-changing a Lévy process has on
the loss rate:

Proposition 6.1. Let 3,6 > 0 and define Sf 0 = Ss¢/B. Then the loss rate
¢K78(85:9) for S%9 equals &/ times the loss rate % (S) = (X for S.

Proof. 1t is clear that scaling by 3 results in the same scaling of the loss rate.
For the effect of §, note that the loss rate is the expected local time in station-
arity per unit time and that one unit of time for S*9 corresponds to § units of
time for S. O

Proof of Theorem 3.1 a). Define S/ := S,;2/K. Then by Proposition 6.1
we have

KK(S) = 11(sK)

By the central limit theorem we have Sf 2N (0,9?%) as K — oo, where

P? = Var(S%) =02+ /OO y21/(dy).

—0o0

By Proposition 2.1, this is equivalent to S¥ A B where B is standard
Brownian motion. We may apply Theorem 3.2, since

E[(S{)?] = Var(s1]),
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that is, {SiK }20:1 is bounded in L? and therefore uniformly integrable, and
we obtain limg K¢5(S) = limg ¢1(S5) = ¢}(¢B) = ?/2, where the last
equality follows directly from the expression for the loss rate given by (2.4).

O

Proof of Theorem 3.1 b). First we note that the stated conditions implies
that the tails of v are regularly varying, and therefore they are subexponen-
tial. Then by Embrechts et al. [12] we have that the tails of P(S; < x) are
equivalent to those of v and hence we may write P(S; > x) = 2~ “L1(x)g1(x),
and P(S1 < —z) = 7 *La(z)g2(z) where lim, . ¢gi(xr) = 1. i = 1,2. The
next step is to show that the fact that the tails of the distribution function is
regularly varying allows us to apply the stable central limit theorem. Specifi-
cally, we show that the assumptions of Theorem 1.8.1 in Samorodnitsky and
Taqqu [25] are fulfilled.

We notice that if we define M (x) := Ly (x)g1(z) + Lo(z)g2(x) then M (x)
is slowly varying and

2 (P(S) < —x) + P(S1 > z)) = M(x). 6.1)

Furthermore:

P(Sl >(£)
P(Sl < —:E)+P(51 >l’)

— La(@)gale) /M () ~ Lalw)/ L) — 2L,

2
(6.2)

as x — oo since L(x) ~ M(x). Let L#(aj) denote the de Bruin conjugate of
Ly (cf. Bingham et al. [7] p. 29) and set f(n) := n(l/a)L#(n(l/a)). Let f—
be the generalized inverse of f. By asymptotic inversion of regularly varying
functions (p. 28-29 [7]) we have f(n) ~ (nLo(n))* and using (3.3) we have

f=(m)L(n)  (nLo(n))*L(n)

ne ne

= Lo(n)*L(n) — 1
and since f(f(n)) ~ n we have

and therefore, if we define o = (—I'(1 — a) cos(am/2))1/«.

nM(e= f(n)) _ nM(f(n)
Ca i) Ca i)

L — ¢ (6.4)
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6. Proof of Theorem 3.1

using slow variation of M. By combining (6.1), (6.2) and (6.4) we may apply

the stable CLT Theorem 1.8.1 [25]! to obtain Sy /f(K) 2 X where X is a
r.v. with c.h.f. ¢, where

p(t) = exp(—|ot|*(1 — iBsgn(t) tan(am/2))
Recalling that x is the characteristic exponent of S, this is equivalent to
e UFEN K ()
and therefore

e UIUTED (K Lo (K))™ ~ e IETED) p=(K) — o(t)

that is, for Sf = = Sykro(k))e/f(fT(K)) we have Sk P x. Setting d =
(B+1)/2 and ¢ = (f — 1)/2 we may use formula (3.37.13) in Hoffmann-
Jorgensen [13] to obtain

— |ot|*(1 — i sgn(t) tan(am/2) = (6.5)

— |ot|*(1 +i(d — ¢) sgn(t) tan(an/2) = (6.6)

do /0 (et — 1 —qvt)(—t)"> L dt+ (6.7)
> vt 4 i —a—1

coz/o (e 1 —iwt)t dt. (6.8)

That is, the characteristic triplet of X is (7,0,v), where

vdt) =4 T 3”‘“ e i< 6.9)
mrrdt >0

and 7 is a centering constant. We wish to use Theorem 3.2 and have to prove
uniform integrability Since f(f(K)) ~ K it is enough to prove uniform inte-
grability of SK := = S(KLo(K)) o /K for large enough K. Note that by combining
Proposition 11. 10 and Corollary 8.3 in [26], we have that the Lévy measure of
SK is vy, where vg (B) = (K Lo(K))*v({z : K~'z € B}). Using the assump-
tions in (3.2) this implies g (a) = (KLo(K))*T(aK) = Lo(K)%a *L1(aK)
and vi(—a) = Lo(K)%a *La(aK). Using Theorem 3.3, we see that it is
enough to show that

lim sup / v (dy) = 0
[—a,a)e

a—0o0 K>’\{

Note that the constants there should be replaced by their inverses.
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for some v > 0, which we specify later.
Using partial integration and the remark above, we find:

/[ () =

avi (a) + /OO Uk (t)dt + avg(—a) +/ vi(t)dt =

—00

a T Lo(K)*L(aK) + / h t~*Lo(K)*L(tK)dt

Because of assumptions (3.3) we have Lo(K)“L(K) is convergent, and in par-
ticular, we have 8 := sup ., Lo(K)*L(K) < oo. Furthermore, using Potter’s
Theorem (Theorem 1.5.6 in [7]) we have that for 6 > 0 such that 1 +6 < «
there exists v > 0 such that

L(aK)
L(K)

< 2max(a5,a_5) aK >~v, K >~

Using these remarks, we see that

lim sup a= "' Lo(K)*L(aK) <

@ K>~
. —awq L(aK)
S lim sup a~ ! <
@ K>y L(K)

23 lima—t! max(a5, a_‘;) =0
a
and similarly for the integral:

lim sup/ t™Lo(K)“L(tK)dt <
@ K>vy.Ja

) * L(tK)
hm/ t% su dt
Pl | 078 Ty A s

26 lim/ t~max(t’,t70)dt = 0.

A

We may therefore apply Theorem 3.2 and Proposition 6.1 to obtain
KO Lo(K)* 05 (S) ~ KO Lo(K) /U™ ) () = ¢1(SK).

Letting K — oo and using the expression for the loss rate of a stable distri-
bution which is calculated in Example 3.2 in Asmussen and Pihlsgard [4] (see
also Kyprianou [20]), yields the desired result. O
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PAPER

Parallel Computing, Failure Recovery,

and Extreme Values

Lars Ngrvang Andersen & Sgren Asmussen
Abstract

A task of random size T is split into M subtasks of lengths 17, ..., Ty,
each of which is sent to one out of M parallel processors. Each pro-
cessor may fail at a random time before completing its allocated task,
and then has to restart it from the beginning. If Xy,..., X/ are the
total task times at the M processors, the overall total task time is
then Zj; = max;__p X;. Limit theorems as M — oo are given for
Zyr, allowing the distribution of 7" to depend on M. In some cases
the limits are classical extreme value distributions, in others they are
of a different type.

Keywords failure recovery, Fréchet distribution, geometric sums,
Gumbel distribution, heavy tails, logarithmic asymptotics, mixture
distribution, power tail, RESTART, triangular array.
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1 Introduction

Consider a job that ordinarily would take a time T" to be executed on some
system (e.g., CPU). If at some time U < T the processor fails, the job may
take a total time X > T to complete. We let F, G be the distributions of T', U
with H = Hp g the distribution of X, which in addition to F, G will depend
on the failure recovery scheme.

Many papers discuss methods of failure recovery and analyze their com-
plexity, like restartable processors in Chlebus et al. [6], or stage checkpointing
in De Prisco et al. [14], etc. There are many specific and distinct failure
recovery schemes, but they can be grouped into three broad classes:

RESUME, also referred to as preemptive resume;
REPLACE, also referred to as preemptive repeat different;
RESTART, also referred to as preemptive repeat identical.

In the RESUME scenario, if there is a processor failure while a job is being
executed, after repair is implemented the job can continue where it left off.
All that is required mathematically is to remember the state of the system
when failure occurred. In the REPLACE situation, if a job fails, it is replaced
by a different job having the same distribution. Here, no details concerning
the previous job are necessary in order to continue.

The analysis of the distribution function H(z) = P(X < z) when the
policy is RESUME or REPLACE was carried out by Kulkarni et al. [10], [11]
(see also Bobbio & Trivedi [4], Castillo & Siewiorek [16] and Chimento &
Trivedi [5]). The RESTART policy had resisted detailed analysis until the
recent papers by Sheahan et al. [15], Asmussen et al. [2], Jelenkovic & Tan [9],
where the tail asymptotics of H was found under a variety of assumptions on
F and G. The setting of [9] is file transfer problems and involves an on-off
model that incorporates what in the present setting corresponds to repairs. In
contrast, [2] has its background in the computer science literature on failure
recovery in the execution of a program on a computer.

For many systems failure is sufficiently rare to be ignored, or dealt with as
an afterthought. For other systems, failure is common enough that the design
choice of how to deal with it may have a significant impact on the performance
of the system. Omne such example arises in parallel computing, where the
probability of failure of a single processor in isolation may be small, but the
number of processors is so large (in practice, often hundreds or thousands)
that the probability that one or more processors fail cannot be neglected. The
present paper studies the implications of the analysis of [2] for this situation.
To formalize the set-up, assume that the job is split into M parts of lengths
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S1,...,Sn, which are executed on M parallel processors. The total times on
the processors, including restarts, are denoted Xi,...,Xp;. Thus the total
time for the whole job is Z = max;—1,_a X;. What can then be said about
the distribution of Z7 For example, assume there is given a cost function of
the type a + bM + cZj); where a is a set-up cost, b a cost per processor and
¢ the cost per unit time. One would then want to choose M to minimize the
expected cost a+bM + cEZj; (note that one expects EZy; to be a decreasing
function of M).

The reason for using parallel processors will often be that the job is large.
For example, the job could consist in generating R replicates of a Monte Carlo
estimator for some large R. On the other hand, there may be situations where
speed is an essential factor when executing a job of small or moderate size,
i.e. the cost function has a large c¢. For example this could occur in filtering a
noisy signal or in option price calculations based upon high-frequency input.
This suggests considering a general triangular array situation where the total
job size T' = Tjy and hence F' = F);, the distribution of the job time faced
by a single processor, varies with the number M of processors. We then write

SN gn i an
_ (M)
I = i:ql,.z.i.},(MX" ’

and Hys(x) = P(Zy; < x). We will consider two scenarios:

(D) T = Ty = tpr for some deterministic ¢ty and Sy = sy = tar/M; then
F)s is the one-point distribution at s,;;

(') Far is Gamma(aps, A) with density
Aa]\/f

['(an)

ap—1_—At

fu(t) =

Further, S&M), ceey Sj(éy) are independent. Thus the distribution of the total
job size is a Gamma(Mays, \) distribution.

A random total job size arises in situations where the run length of the
job sent to parallel processing will not be known in advance but is random.
An example is Monte Carlo simulations involving random number generation
by acceptance-rejection or more complicated stopping times such as cycles in
regenerative simulation (see [1]). Note that since for fixed A, the Gamma(a, \)
distributions form a convolution semigroup in «, assumption (I') is a natu-
ral stochastic extension of the deterministic set-up (D) (aps corresponds to
syr). For example, in the Monte Carlo setting each replication could take a
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Gamma(a, 3) time, and each processor would be asked to perform Ry, repli-
cations. Then ajpr = BRys. Of course, the Gamma case is only one among
many where the total job size is infinitely divisible, and independence among
subjobs is a reasonable assumption (such independence may certainly fail in
some situations, but we do not consider this possibility here).

In scenario (D), we sometimes assume that ¢y, = t; MP, i.e. sy = sy MP—1
for some p > 0. Here p = 1 could be relevant for the Monte Carlo example and
p = 0 for the filtering example, though clearly in both situations intermediate
values could also arise. The cases p < 1, p =1 and p > 1 are qualitatively
different since in the first sy — 0 and in the third sy — oo subject to (D),
whereas sy is constant when p = 1; analogous remarks apply to the Gamma
case with the a;j; taking the roles of the sj;.

We will assume throughout the paper that the failure time distribution G
is independent of M and, except for Section 4, that G is exponential, with
rate parameter .

The paper starts in Section 3 by an analysis of the case p = 1. This is
fairly easy, because then S does not depend on M and the X; s are i.i.d.
random variables with a distribution not depending on M. Given the results
from [2] on the tail of H, classical extreme value theory ([12]) can therefore
be easily translated into a limit theorem for Z;.

If p # 1, the X; »s have a distribution depending on M, so that we are
beyond classical extreme value theory and have to consider a triangular array
setting. This is carried out in Section 4 for p < 1 and Section 5 for p > 1.
Finally, the Gamma case with aj; — oo is treated is Section 6 (the case
apr — 0 is non-trivial and is not included here).

2 Preliminaries

We first recall some background material from Asmussen et al. [2] for the
RESTART setting with F' independent of M. The key to the analysis in this
work is the fact that given T' = t, X is distributed as

N(t)

t+ S(t) where S(t) = Y Ui(t), (2.1)
i=1

where the U;(t) are i.i.d. distributed as U conditioned on U < ¢, i.e.

P(Ui(t) <y) = {G(y)/G(t) y<t

1 y>t’
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and N(t) is an independent geometric r.v. with success parameter G(t) =
1 —G(t), that is, P(N(t) = n) = G(t)G(t)". The following result plays a key
role in [2] as well as the present paper:

Lemma 2.1. Assume T =ty and G(t1) > 0. Then
H(z) ~ C(ty)eV etz (2.2)

where »(t) > 0 is the solution of [j WYG(dy) = 1and C(t) = G(t)/7(t)B(t)
where B(t) = [ y&'MYg(y) dy. Further,

o) < H(z) < &Y (t)t o= (t)z (2.3)

A common terminology refers to (2.2) as the Cramér-Lundberg approxima-
tion and to (2.3) as Lundberg’s inequality.

We shall also use the following obvious consequence of the representation
(2.1) of the conditional distribution of X given T' = t¢:

H(z) = /OOO]P(t +S(t) > z) F(dt). (2.4)

For Scenario (I'), the relevant result from [2] is the following (with some
typos in [2] corrected here):

Lemma 2.2. Consider Scenario (I') with apy = « independent of M. Then

A
e 1 a—1 iz P |
H(z) ~ ce 7 x — 00, where C' = (u) —.
M pr Dle)pe

‘We shall also need:

Lemma 2.3. Let K be a distribution function such that MH (aMy + bM) —
log — K (y) for all y. Then the distribution of (Zpr — bar)/anr converges to K.

The lemma is standard in extreme value theory when Hj; is independent
of M and follows from the fact that
) M

P(Zy—bm)/am <y) = Hul(amy+by) = (1—MFM(aMy+bM)/M)M7

by taking logs and expanding in a Taylor series. The classical limits relevant
for this paper are the Gumbel distribution with K (y) = e~ ” and the Fréchet
distribution with parameter 3 > 0 where K(y) =¢¥ " (a Weibull limit may
also occur in the classical setting, but is not relevant for RESTART because it
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requires bounded support). However, in a triangular setting other types of K’s
may occur, of which we will later see examples. A general reference on extreme
value theory for triangular arrays is Valente Freitas & Hiisler [7]. However,
this reference basically covers only a neighborhood of classical extreme value
theory (i.e., Sy not too varying with M so that non-classical limits are not
covered), and further, it requires a differentiability condition on Hj; which
fails at sas, 2sp7, .- -

An important feature worth stressing is that extreme value statements
deal with typical values of Zy; (of the form by + apsy in the setting of Lemma
2.3), not with tail behavior.

3 The case p = 1: classical extreme values

Assume that F); does not depend on M.

Proposition 3.1. Consider the case sy; = sy in Scenario (D). Let -y denote the solu-
tionof 1 = [ €Y pe "dyandset C = e #*1 /yB, where B = [J' ye ue™*¥dy.
Then ~(Zyr — s1) — log(MC') has a limiting Gumbel distribution as M — co.

Proof. Note that Z); — s; is distributed as the maximum of M independent
copies of S(s1) and that

P(S(s1) > z) ~ Ce™ ™, x — oo,

by Lemma 2.1. An asymptotic exponential tail is a standard sufficient condi-
tion in extreme value theory for the random variable to be in the maximum
domain of attraction of the Gumbel distribution, and the form of the normal-
izing constants also follows from this theory. A direct proof from Lemmas 2.1
and 2.3 is straightforward: with ay; = 1/, byr = s1 + log(MC)/~, one gets

MH(aMy—I—bM) ~ MCe“/Sle—“f(aMy—i-bM) — e Y.
O

The implication is that Zp; is of order log M/v. For example, since
—loglog 2 is the median in the Gumbel distribution, we obtain the approx-
imation s; — loglog 2/~ + log(MC')/~ for the median of Zjs; note that, as
remarked at the end of Section 2, this is not a tail approximation but telling
information about the typical values of Z;. Similarly, since the Euler constant
w ~ 0.577 is the mean of the Gumbel distribution, one obtains the approxima-
tion ¢/y + s1 + log(MC) /v for EZys (for verification of the required uniform
integrability, see Pickands [13]).
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Proposition 3.2. Consider Scenario (I') with apyy = « independent of M, and
define
CH/A
T e
where C'is defined in Lemma 2.2. Then Zr/ap has an approximate Fréchet distri-
bution with parameter 3 = X/ p.

MH/A 1Og((a—1)u/>\ M,

Proof. The result again follows from the standard extreme value characteri-
zation of the maximum domain of attraction of the Fréchet distribution and
Lemma 2.2. Again, a direct proof from Lemma 2.3 is easy: with by; = 0, one
gets

L (log(any)\*™" 1
MH(any) ~ — <7 —
yi \log(M)k y

2
"

O

Again using the median as an example, the approximation for the median
of Zyr becomes ayy/ logl/ #9. The mean of the Fréchet distribution is finite if
and only if 5 > 1 and then equals I'(1—1/43). This suggests the approximation
ayT(1—1/p) for EZy; when X > p. Since ayy is roughly of order M#/* which
increases much faster than the log M occurring in Scenario (D), this shows
the dramatic effect of randomness on the total job size.

4 Scenario (D) withp < 1

We now assume in Scenario (D) that ¢y = t;MP for some 0 < p < 1 and
t1 > 0 so that sy = t1MP~!. We will work with the following condition on G:

G(z) = 2“L(z) 4.1)

with o > 0 and L slowly varying at 0, so that lim, . L((tz)™1)/L(z™!) =1
t > 0. In particular, this covers a Gamma G where L(z) has a limit as 2 | 0
(in the exponential set-up, & = 1 and L(z) — pu).
We note the following consequence of (4.1):
aL(SMﬂL’) ey

G(smzx) . B
m—l}\l}lx m—m , (42

where 0 < z < 1. We define U@ to be a random variable with distribution
function

. —1r7 < < 1
I%P(SMU_:E | U < sn) 1}‘1}1

0 <0
IP’(U(‘”gx): ¢ 0<z<1,
1 z>1

109



Paper D

and because of (4.2) we have
-7 < U )
Sur x| U< sy —UW.

Theorem 4.1.
I) Assume p # (ko — 1) /ka for any k € N. Set p* = |1/(a(1 — p))]. Then

oM Pz — 15 (4.3)

1I) Assume p = (ko — 1)/ko for some k € N, and also that lim, g L(x) = v €
(0, 00 exists. Then

Mz -1 2 (4.4)

where V is distributed as
k .
_ E J
12)eN <k L — ui )

with the Uij being i.id. U™ r.v.’s, N is an independent Poisson r.v. with mean v*t$*
when v < oo, and N = oo a.s. when ~y = oo.

(M)

For the proof, we denote by R, ’ the number of restarts of the ith pro-

cessor, and let Vk(M) be the number of processors, with k restarts, so that
M al M
v =STI(RM = k).
i=1

Let pyr = G(syr) and define

Ork = pir(1 = pmr)-
We have T(R™M) = k) =4 Bin(1,0,,) and V™) =, Bin(M, O 1)
As a first step in the proof of Theorem 4.1, we examine the limit possibil-
ities for Vk(M):
Proposition 4.1.
DIfk <1/(a(l —p)), then, setting ops = /MO (1 — Oy k), we have

1
— (v™ _pmey) B N@O,1), M — . (4.5)
k b
oM
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I Ifk=1/(a(l —p)), and limg o L(x) = v € (0, 00] exists, then

Vk(M) = Po(tak k) M — oo, (4.6)

where v = oo corresponds to the degenerate case at oo.
D If k > 1/(a(1 — p)), then

v B0, M- 4.7)
Proof. First we notice that since sy, = t; MP~1, then for all k € N

MOy, = M TRee=Dpr=ke@=Dc (5, )F (1 — G(sur)) (4.8)
-~ Ml—i—ka(p—l)L(thp—l)kt?k (4.9)

Now, for the proof of I) assume k < 1/(a(1 — p)). We need to prove that
M@ — oo. This is seen by defining H(y) = L(t1/y)*. Then H is slowly
varying at infinity, and we have:

M®Mk} = Ml—l—ka(p—l)L(th;D—l)k — Ml"rkOé(p—l)H(Ml—p) )
Substituting x); = M!~? in this expression yields

—+ —ak
acjl\/[p - H(zy),

which tends to infinity by Proposition 1.3.6(v) in [3]. This implies that oy; —
0o, and therefore the normal approximation of the binomial distribution (e.g.
(5.33.1) in [8]) implies

— Z (1R = k) = ©rk) 2 N (0, 1),

oM %

thus proving I).

The proof of IIT) uses the same calculation as above, where the assump-
tion & > 1/(a(l — p)) implies MOy, — 0 (again, using Proposition 1.3.6
n [3]), that is IEVk(M) — 0, and since V,C(M) > 0 we have Vk(M) — 0in L',
which proves III). Regarding II), we see that (4.6) follows from (4.9) and the
Law of Small Numbers if v € (0,00). If v = oo then we may use (4.9) to
conclude that MO, — oo. Using Chebycheft’s inequality we have that
]P’(VkM < %) — 0, and therefore lim, ]P’(VkM < z) = 0 for all z, which
proves II). O
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Corollary 4.1. Ifk < 1/(a(p — 1)), then limy, ]P’(Vk(M) > x) — 1 forall z.

Proof. Since MOy i /on — 00

viM _ me - M
lim P(VM) > 2) = lim P < ko @ = MO )
M oM oM

We are now ready to prove Theorem 4.1:

Proof. In order for tl_le”_lZM —1= s;j(ZM — s) to be greater than p*, we
must have at least one processor with p* + 1 restarts. Using Proposition 4.1
III), we obtain

limsup P(t; ' M"™PZy — 1 > p*) < limsupP(Vyeyq > 0) = 0.
M M

Let €, €1 > 0 be given. We wish to show that
limMian(tl‘lMl—pZM —1>p —e)>1—¢.

Let Z3, denote the random variable similar to Z;;, but where we only take
the maximum over the processors with exactly p* restarts, that is:

* (M) 7 pM) _
ZM_@%%XZ' I(R- —p).

We see that

tIMYPZE —1 =5 max Zt_lMp IU(M)
1<i<v M

where the U; (MD:1 are independent and distributed as s, M 'U | U < sy Since

p* < 1/(a(1 — p)), we have by Corollary 4.1 that V( ) L o, and therefore,
forany K € N

*

N —1a1—pr7(M)yi *

hlian(KZHiz‘L/XM Zt MU, >p e) > (4.10)
p* Iy

hmmf]P’( mzz?%{Ztl_lMl_pU} V> p*— 6> . (4.11)
j=1
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Furthermore, since

* *

P P
max tl_lMl_pU(M)’Z 2 max U
1<i<K 4 J
7j=1
where the U} are i.i.d. and are distributed as U®, we may complete the proof

of I) by choosing K so large that

*

P
P(lggg{- U;zp*—e) >1—¢€.
j=1
Regarding II), we see that if k = 1/(a(1—p)) then by (4.6) we have asymp-
totically V processors which have k restarts, where N =g Po(t$*~1%); by (4.5)
we have infinitely many processors with k — 1 restarts, and by (4.7) we have
0 processors with k + 1 restarts. Define the following r.v.’s:

_ (M) 7/ p(M)
Zna = ax X VI(R < k)

_ (M) 7o p(M) _
Iy = 12’2)( X VIR =k)

_ (M) 70 p(M)
Iy = 122}( X, VIR > k)

Then clearly Zy; = max(Zn1, Zm 2, Zu,3) and since tl_lMl_pZMJ -1 5

k1,67 M P Zy 5 — 15 0and 67 M P2y — 1 2 S8 U7, where (U7)
is an i.i.d. sequence of r.v.’s distributed as U(®), the proof is complete. O

5 Scenario (D) with s); — oo

We now consider Scenario (D) with sy — oo (for example, ¢ =ty = t; MP
with p > 1; equivalently, M grows with ¢ like t1/7 i.e. at a rate somewhat
slower than t). That is, there is significant but not massive parallelization.
Let vasr = v(sa) in the notation of Lemma 2.1. We shall prove:

Theorem 5.1. Consider Scenario (D) with sy — oo. Then pe MM Zyr — log M
has a limiting Gumbel distribution as M — oo.

This means that Zy; is of order e#M log M/ = etm/M og M /.

Lemma 5.1. Let vy = y(snr) in the notation of Lemma 2.1. Then vypr — pe™H5M =
O (sMe_Z’“M ) .
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Proof. Evaluating the integral in the defining equation

SM
1 = / MY e~V dy
0
explicitly, one gets

1 = K (1 _ e—(u—’YM)SM) ,
H—YM

which can be rewritten as
v = 'ue_(ﬂ—“/M)sM ] (5.1)

This shows that ~,s is of first order pe M (as is shown already in [2]). In
particular, vassyr — 0 so that by Taylor expansion of (5.1),

Y R e M (1 + yarsar) -

This proves the assertion. O
Proof of Theorem 5.1. Let F; denote the distribution of X i(M). Then by Lund-
berg’s inequality,

e~ TMT L HM(QE) < @IMSM=TMT

Let byy = log M /yar, anr = 1/vas. Then

MH y(apry + bay) > Me™vlanytba) — pre=ytlogM _ o=y

Similarly,

MFM((IMZ/—F bM) < Me'Y]\/ISAIe_'YAI(aAIy+bIVI) —~ 1-e7Y,
Thus M H p(apy + byr) — e~ Y for all y, which implies that

Zy — by
ap

YLy —log M =

has a Gumbel limit. It then follows that Z); is roughly of order 1/, or
equivalently e#*¥. To replace vyjs by pe™*M in the limit statement for Zy,,
one therefore needs

(fyM _ Me_HSM)eHSM — 0,

which follows by Lemma 5.1. O
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6 The Gamma case

We now consider Scenario (I') with ayr — oo.

Theorem 6.1. Consider the Gamma case with cpy — oo and let r = p/\. Assume
in addition that apr/log M — oo. Then Zyy is of logarithmic order "M in the

sense that log Zny /oy Eoras M — .

For the proof, define x5y = €™ M. We shall show that

oo ifrp<r

6.1
0 ifry>nr 6.1)

MH p(zp) — {

Indeed, if 71 < r then (6.1) shows that the expected number of processors i
with X; a7 > xps tends to oo and hence the probability that one X; py > xy
tends to 1. Similarly, if 7y > 7 then (6.1) shows that the expected number of
processors ¢ with X py > xp tends to 0, and hence so does the probability
that one X; py > .

Lemma 6.1. Define

LM

cT g c
Iy = / M e (a) da = / a'/" e (a) da
0 0
where 0 < ¢ < ' is a constant and

log it/ — log a\ om—1
om(a) = <1+M) .

log xps
Then Iy — ,u’l/”l“(l/r —1/r1) as M — oo when ry > r, whereas

lim inf —; all >0
M=oo o 1" exp{ (6 —logd — 1)an }

when ry < r, where 6 = ry/r.

Note that the convexity of the log implies that § — logd — 1 > 0 when
0 # 1.

Proof. We split Ip; up into the contributions I}, and I}, from a < x' and
' < a < cxy, respectively. For a < 1/, par(a) 1 1Y q=1/  and hence by
monotone convergence,

'
[jw T / al/?‘—l/rl—le—ada.
0
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When r; > r, we thus need in addition to show that

IKJ N M/l/m /ooal/r—l/m—le—ada.
1

/

This follows by dominated convergence since ¢/ (a) is dominated by 1 on

(1, 00) and has the limit p/*/" q=1/1,

Consider now the case r; < 7. Substituting
y =1+ (logy' —loga)/logxy = 1+ (logy’ —loga)/rian,
we have

1
loga =logu' + (1 —y)riay, —da= —riaydy, a=pe*Me MY,
a

Thus, bounding e~ below by ¢; = e ', we get

o
Iy > If\/[ > CQOéMe(SaM/ yO‘M_le_y‘SO‘Mdy
1

o
_ 1— 1
N ) O‘MonaM/ ZoM~Le=2
dapg

The last integral divided by I'(ays) is the probability that a Gamma(ajy, 1)
r.v. exceeds days. Since this probability goes to 1 when § < 1, we get
Iy > 03650‘”15_0‘”104}\2“”’F(a]\4).
Using Stirling’s approximation
T(aar) ~ e *Ma5M 1/ 2rany

completes the proof. O

Proof of (6.1). Let first 1y < r. By the Lundberg lower bound, we have for any
w' > pand some tg that

_ o0 , P
H(xy) > / emHe e 2 _qonr—lo A gy (6.2)
B to P(aM)
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Substituting a = p/e "'z, we have
1
t = —(logu+logzy —loga), dt = ——da,
m

and thus (6.2) becomes

AOM we Htox o1
5 / aA/“_le_“(logu/—l—log:EM — log a) M da
F(on),uO‘M:EA/f“ 0
_ ! a— it
_ 1 log®™ L 2y /”e o AMr1e=00, (a) da.
D(anryrom ™ g7 0

By Lemma 6.1, this implies that M H y;(z /) is of larger order than

1 log®™ Y apr 19
Tlan)ron :E}V/[T ayy exp{((5 —logd — 1)aM} .

M

By Stirling’s approximation, this is in turn of order

MeaM/ loga]u—l T
}\//[20[%1—17,041% :L'}V/[r
MeoM aﬁf_lr?M_la?\‘}f_l »
- Ay € 0 —logd —1)a
a}\é2a?\}/1_17’ah{ elri/ran M Xp{( g ) M}
= M exp{(1 -8 +logd)an} /ey’ - ayy’ exp{ (6 —logd — L)an}

=M — oo.

Now let 71 > r. Choose p/ such that p'e ™ < ~(t) for t > 1 and let

¢4 = i/ supy>y te”#. Then by the upper Lundberg bound,
)\C“IVI

D(anr)

Here P(T)s < 1) goes to 0 at least exponentially fast in a;. Using the same
substitution as when r; < r, the integral becomes

o0
HM(xM) < P(Ty<1) + 64/ e He ey Y N\
1

Ao weHa Mi-1.—a / -
M a e *(log y +logzys — loga) da
L(anr)pervzyy™ Jo
1 logtM—L gy, [He  em L
- T ang 1A 2 1/r / aMrle Yop(a)da.  (6.3)
(cnr)ron p x 0
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Here the last integral is O(1) by Lemma 6.1, and using Stirling’s approxima-
tion as above shows that (6.3) is of order

M exp{(1 -6 +log 5)04M}/0z}v/12 .

Putting these estimates together, recalling that oy /log M — oo and that 1 —
§+1logd < 0 forall § # 1 we see that M H y;(xp7) — 0. O

118



Bibliography

Soren Asmussen and Peter W. Glynn. Stochastic simulation: algorithms
and analysis, volume 57 of Stochastic Modelling and Applied Probability.
Springer, New York, 2007. ISBN 978-0-387-30679-7.

Seren Asmussen, Pierre Fiorini, Lester Lipsky, Tomasz Rolski, and
Robert Sheahan. Asymptotic behavior of total times for jobs that must
start over if a failure occurs. Math. Oper. Res., 33(4):932-944, 2008. ISSN
0364-765X.

N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular variation, vol-
ume 27 of Encyclopedia of Mathematics and its Applications. Cambridge
University Press, Cambridge, 1987. ISBN 0-521-30787-2.

Andrea Bobbio and Kishor S. Trivedi. Computation of the distribution of
the completion time when the work requirement is a PH random variable.
Comm. Statist. Stochastic Models, 6(1):133-150, 1990. ISSN 0882-0287.

P. F. Chimento and K. S. Trivedi. The completion time of programs on
processors subject to failure and repair. IEEE Trans. Comput., 42(10):
1184-1194, 1993. ISSN 0018-9340. doi: http://dx.doi.org/10.1109/12.
257705.

Bogdan S. Chlebus, Roberto De Prisco, and Alex A. Shvartsman. Per-
forming tasks on synchronous restartable message-passing processors.
Distributed Computing, 14:49-64, 2001.

Adelaide Valente Freitas and Jiirg Hiisler. Condition for the convergence
of maxima of random triangular arrays. Extremes, 6(4):381-394 (2005),
2003. ISSN 1386-1999.

J. Hoffmann-Jgrgensen. Probability With a View Toward Statistics. Vol.
II. Chapman & Hall Probability Series. Chapman & Hall, New York,
1994. ISBN 0-412-05231-8.

119



Paper D

[9]

[10]

[11]

[12]

120

P. R. Jelenkovi¢ and Tan V. Can retransmission of superexponential
documents cause subexponential delays? In Proc. IEEE Infocom2007,
pages 892-900, Anchorage, 6-12 May 2007.

V. G. Kulkarni, V. F. Nicola, and K. S. Trivedi. On modeling the per-
formance and reliability of multimode systems. The Journal of Systems
and Software, 6:175-183, 1986.

V. G. Kulkarni, V. F. Nicola, and K. S. Trivedi. The completion time of
a job on multimode systems. Adv. in Appl. Probab., 19(4):932-954, 1987.
ISSN 0001-8678.

M. R. Leadbetter, Georg Lindgren, and Holger Rootzén. Eztremes and
related properties of random sequences and processes. Springer Series in
Statistics. Springer-Verlag, New York, 1983. ISBN 0-387-90731-9.

James Pickands, III. Moment convergence of sample extremes. Ann.
Math. Statist., 39:881-889, 1968. ISSN 0003-4851.

DePrisco R., Mayer A., and Yung M. Time-optimal message-efficient
work performance in the presence of faults. In Proc. 13th ACM PODC,
pages 161-172, 1994.

Sheahan R., Lipsky L., Fiorini P., and Asmussen S. On the distribution
of task completion times for tasks that must restart from the beginning
if failure occurs. ACM SIGMETRICS Performance Evaluation Review,
34:24-26, 2006.

Castillo X. and Siewiorek D.P. A performance-reliability model for com-
puting systems. In Proc FTCS-10, Silver Spring, MD, IEEE, pages 187—
192, 1980.



Appendix

The two-sided Skorokhod problem

In Proposition [1] p.251 we have the one-sided reflected process and local time
characterized as a solution to a Skorokhod problem. The following proposition
implies a similar characterization in the case of two-sided reflection.

Proposition 1.1.

Let { L™} and {L;*} be any non-decreasing right-continuous processes such that
the process {V;*} given by { Vi } = =, Vi* = S, + LY™ — L" satisfies 0 < Vi < K
forall t, [ VALY = 0vT and [} (K — Vi) dL{™ = 0 VT then LY*(z) =
L)), LR (2) = LE () and V;* = Vi)

Proof. Mimicking the calculation in Proposition 2.2 p. 251 in [1] we set D; =
L9~ LF—(L}*~L;**) and using integration-by-parts of this right-continuous
process of bounded variation yields

s<t

t

D} = 2/ DydD, — ) (AD,)?
0
t

= 2/ (Ve = V7)dDs = ) (AD,)?

0 s<t
t t
—2 [ -Vt -z [ (v aL
0 0

t t
9 / (Vy = V) dLO* + 2 / (V, — V) dLE" = 37(AD,)?
0 0

s<t

t t
:—2/ VS*dL§—2/ (K —V7)dLf
0 0
t t
—2/ V;dLS’*—Q/ (K = Vy)dLE" =Y (AD,)?.
0 0 s<t

Since the right hand side is non-positive we have D; = 0 and by subtraction,
this implies that V; = V;*. Furthermore

LY —Ly=LK - L vt

Since the left hand side can only change when V; = V;* = 0 and the right
hand side can only change when V; = V;* = K, both sides must be constant,
and therefore equal to 0 which proves the statement. O
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Miscellaneous results

The following result is used in the proof of Proposition 3.1. A similar result
is found in Proposition 1.2 of [2]

Lemma 1.2. For i.i.d. random variables X,Y , with X € S we have for any A
IP(A<X§K—A|X+Y>K)—>%F(A), K — oo, (1.4)
where F is the c.d.f. of X

Proof. We start by observing that for KX > 24 we have:

PA<X<K-AX+4+Y>A)=PX+Y>KA<X,X<K-A)=
PX+Y>K)-P(X+Y>K,A>X)-P(X+Y>K X >K—-A)
A(K) B(A,K) C(AK)

and we have

A(K)
( >)_L (1.5)
Using Proposition 1.2 in [2]:

B(A, K)

1
_ = < — . .
By o g PASAIXHY S K) = SF(A). Koo (1)

For C(A, K) we have:

C(A,K)=P(X > K —min(4,Y))
“P(X>K-AY >A)+PX >K-Y,Y < A)
—P(X > K- AP(Y >A)+P(X > K ~Y,Y < A).

Using that S is closed under convolution, we have:

C(A,K)
P(X+Y > K)

P(X >K—A)—
- @ < —
Py S A AP SA[X+Y > K)

1— 1 1
The proof is finished by combining the result above with (1.5) and (1.6). O
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It is well-known that if the characteristic function of a random variable X
is twice differentiable then EX? < oo but that there exists random variables
with differentiable characteristic function but without finite first moment. The
following result shows that differentiability and EX ™~ < co ensures finite first
moment.

Proposition 1.2. Let X be a r.v. with EX~ < oo and characteristic function ¢
which is differentiable at 0. Then E|X| < oo

Proof. AssumeE|X| = ocoandletC > a := lim,_o(¢x (x) — 1)/ which exists,
since ¢ is differentiable at 0. Let {X,}, -, be a sequence of ii.d. random
variables with the same distribution as X. Let S,, := > I ; X; be the partial
sums, and let v denote the characteristic function of S,,/n. Then we have

n(e(y) - 1)>

n

A1) = (p(t/m)" = (1 n

and since n(px (t/n)—1) = t(¢(t/n)—1)/(t/n) —n—o at we have, according
to (5.16.5) of [4] that ~(t) — e and since |y(t)| = ™! we must have R(a) =
0 and can therefore write a = ib for b € R. By the continuity theorem this
implies S, /n 2 b, but according to the law of large numbers (eg. (4.12.1) in
[4]) we have S,,/n — oo almost surely. O

Lemma 1.3. Assume that s., 8. and x. are functions in DI]0, c0) such that t — x;
is increasing, x. > 0, and s; = &; — x; for t > 0. Let I} and I denote the local
times at K. Let v& and % be the two-sided reflected functions. Then for t > 0 we
have v < oF and IX < IF.

Proof. First, we note that if v; and 7, are the one-sided reflected functions and
l; and [, is the local time at 0 for the one-sided reflection of s., §; respectively
then v; < @ and I, > [;. This is immediate, since for v > 0 we have —s, =
—8y + Ty = SUP,<y —Sy < SUPy<y —Sy + T = I < l; + z;. Therefore we have

Ut:St"i_lt:gt_wt"’_lt§§t+it:1~)t-

So, assume that for some tg > 0 we have vfg > ,thg . Consider u := inf{t >
0 | vX > 5/}, which is finite by assumption, and due to right-continuity, we
have vX > 5K, But v > ¢ is impossible since for ¢ < u we have v < 7
so v > #K would imply a positive jump of s. which does not correspond
to a jump of 5.. This contradicts s, = 3, — x;. This implies that v = 3%,

and v/¢ > ¥ for u < t < u + e. But this contradicts s; = 3; — ;. By

Furthermore, the fact that [; > I; is immediate from SUP,<¢ —Sy > SUPy<; Su.
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defining v := inf{t > 0 | I/ > [}, we can reach a contradiction by the same
arguments. O

Proposition 1.3. Let {S;} be a Lévy process with associated characteristic triplet
(0,0,v), and let { S} } be the Lévy process with characteristic triplet (0,0, v_p ),
L > 0 that is, the Lévy process obtained by restricting the Lévy measure to [—L, c0)
for some L > 0. Then, if (X is the loss rate if { Sy} and ¢* the loss rate of {S}},
we have

eK < eK,*.

Furthermore, if ES1 < 0, then L can be chosen large enough to ensure that EST < 0

Proof. Let L > 0 be fixed. We may assume {S;} and {S;} are defined on
the same probability space, and so, by the Lévy -Ité6 decomposition of [5] we
have

Si(w) = S (w) + Xi(w) (1.7)

where { X, } is a compound Poisson consisting of the jumps < — L. By apply-
ing Lemma 1.3 we obtain

Li(w) < Lj (w) (1.8)

for t > 0. The Lévy-Ito decomposition also implies a stochastic ordering be-
tween the stationary distributions, which is seen by using the representation
of the stationary distribution from (1.3) because (1.7) implies

P(Srty-rcp) 2 ¥) < B(S7y-rcg) 2 V)
so that if Vjy and V)" denote the random variables with the stationary distri-
butions of {S;} and {.S;} respectively, Vi < Vj;. By combining this with (1.8)

we have
0% =By, Ly < By Ly < Eyr L = 057,

The last part of the statement is a simple consequence of the fact that
ES) = / yv(dy)  ESy = / yv(dy),
{lyl>1} {ly[>1,-L>y}
and that
/ yr(dy) — yr(dy) <0 L —oo
tlyI>1,-L>y} {ly[>1}
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so that for L large enough we have

/ yr(dy) <0
{ly[>1,—L>y}

O

Remark 1.4. Because of Proposition 1.3 we have that for any Lévy process with
negative mean and loss rate (X we have (X < (5% where ¢¥* is the loss rate of of a
Lévy process with negative mean and such that the right tail of the Lévy measure is
identical to the right tail of the original Lévy measure, and bounded from below.

Remark 1.5. As it is noted in [3] I'Hospital’s rule does not in general apply to
complex-valued functions, and some care must be taken. The following proposition
covers the case needed in Corollary 4.1.

Proposition 1.4. Assume n(t) = ui(t) + ivi(t) and d(t) = wua(t) + ive(t) are
complex-valued functions with lim;_on(t) = 0 and lim;_o d(t) = 0, and assume
u;(t) and vi(t) i = 1,2 are differentiable for t € (—e, €) and the derivatives are
continuous. Then we have

Lnl) i (0) + v (0)
b d(6)  wh(0) + i05(0)

Proof. We may apply I'Hospital’s rule for real functions to the obtain:
up(t) +iva(t) _ ua(t) va(t) | up(0) . vs(0)

ui®)  w() w7 w0) T w(0)
us(t) +iva(t) _ ua(t) | wa(t) ub(0) L 05(0)
O OO A O A 0)
and therefore
o) w® ow@® w0 w(0)
d(t) — ua(t) +iva(t) | wa(t) +ive(t) T uh(0) +ivh(0) | uh(0) + ivh(0)

The following Lemma is used in Paper A.

Lemma 1.6. Let F,,(-), n = 1,2, ..., be a sequence of uniformly bounded increas-
ing functions, such that F,(z) — Fy(z) Yo € R, where Fy is continuous, and
limy__ oo Fo(z) =: Fy(—o00) < F(z) and F,(z) < F(00) := lim,_o Fo(z) for
all nand x. Then

sup  |Fu(y) — Fo(y)| — 0.
—oo<Yy<oo
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Proof. Without loss of generality, we may assume that 0 < F,,(z) < 1 for all
x and n. Fy is increasing, so the limits a := F(—o0) and b := F'(c0) exist, and
are finite, and we may assume a = 0 and b = 1. Set F, (y) := inf{zx € R |
F(z) =y} for0 <y <land F, '(0) = —coand F; '(1) = cc. Let k E N, and
setx;? = Fo_l(j/k:) j=0,1,...k. Thenfor 0 < j < kand:n <x< 33]4—1

Falah) = Fofah) — 7 = Fulah) — Fo(ehy) < Fule) — Fof)

1
< Fn($§+1)—F0(33?):F( ]+1) Fo(x ]+1)+ 7

since F}, and F' are increasing, and F' is continuous. Continuing our calcula-
tion, we obtain

|Fn(w) = F(2)| = max(Fy (z) — Fo(x )Fo( ) = Fa(z))

1
< je{(?}afg_l}( w25 41) — Folz j+1)+k o(ak) — (@) +7)

= E‘Fje{(f}?’?;_l}(F( g+1) Fy(z g+1) Fo(ﬂfé?)—Fn(ﬂfj))

1
T4 max [Fy(af) — Fo(ab)]

and therefore

1
su F,(x)— F(z) < -4+ ma F, (%) — Fy(2®)|.
s |Fu(e) - F@)| < o+ max |Fu(af) - Ro(e})

Using that 0 < lim,, F},(—o0) < F'(y) for all y € R we see that lim,, F},(—o00) =

0, and similarly, that lim,, F},(c0) = 1, we obtain

lim sup |F,(z)— F(z) <

n—=00 _oo<j<o0

el e

Since k was arbitrary, the proof is complete. O
Corollary 1.7. Let F,,(-), n = 1,2,. .., be a sequence of increasing functions, such

that for some K > 0,a,b € R : sup,cpq ) [Fn(®)| < K for all n, and F,(z) —
Fy(z) Y € [a,b], where Fy is continuous. Then

sup |F(y) — Fo(y)| — 0
a<y<b
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Proof. Define I:jn forn =0,1,... by E,(t) := F,(t) for t € [a,b], F,(t) = Fy(a)
fort < a, and F),(t) = F,(b) for t > b. By applying Lemma 1.6, we obtain

sup |Fn(y) — Fo(y)| = sup |Fu(y) — Fo(y)| < sup  |Fn(y) — Fo(y)| — 0
a<y<b a<y<b —oo<y<oo

O
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