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Preface

This dissertation is written as a part of the requirements in the PhD program in The
Department of Mathematical Sciences at Aarhus University. It represents the research part
of my work during my PhD studies, which has been carried out under the supervision of
Morten S. Risager (University of Copenhagen) and Alexei B. Venkov (Aarhus University).

Abstract

In this thesis three different distribution problems are studied. In the first problem
we consider the Eisenstein series E(g,s,x) on GL2(A), where A is the adele ring of a
number field. We prove (quantitatively) that the measure |E(g,1/2 + it, x)|?du becomes
equidistributed in the limit ¢ — co. Here du is the measure derived from the Haar measure
on GL2(A). This generalizes previous results due to W. Luo and P. Sarnak and S. Koyama.

The second problem concerns angles in hyperbolic lattices. We prove that in a suitable
(and natural) setting these angles are equidistributed with an effective error term for the
equidistribution rate. We use this to generalize a result due to F. Boca.

The last problem studied in the thesis is about the pair correlation for the fractional
parts of n?a. It has been proved by Z. Rudnick and P. Sarnak that the pair correlation
is Poissonian for almost all «. However, one does not know of any specific a for which it
holds. We show that the problem is closely related to a divisor problem, which gives a
better arithmetic understanding of the problem. The divisor problem considered seems to
be hard, but we can show that it is true on average in a suitable sense.

About the Dissertation

Due to various circumstances during my PhD studies (as I will describe) I have —
in agreement with my advisors — worked on three different problems. While two of the
problems concern spectral theory of automorphic forms the last one is a problem in more
classical analytic number theory. The dissertation consists of four manuscripts:

Manuscript A: Quantum Unique Ergodicity of Eisenstein Series on the Hilbert Modular
Group over a Totally Real Field. Submitted.

Manuscript B: Quantitative Mass Equidistribution of Fisenstein Series on GLs.

Manuscript C: Distribution of Angles in Hyperbolic Lattices. Joint with M. Risager.
Accepted for publication in Quarterly Journal of Mathematics.

Manuscript D: Divisor Problems and the Pair Correlation for the Fractional Parts of

TL2OJ.

In addition to the four manuscripts there are brief introductions to the problems stu-
died in the manuscripts.

In Chapter 1 we review some very basic facts about spectral theory of automorphic
forms. The purpose of the chapter is to set the stage for Chapters 2 and 3 and Manuscripts
A, B and C.

In Chapter 2 we introduce the problem studied in Manuscripts A and B. This was the
problem originally suggested to me by M. Risager for my PhD. The research carried out
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during the first two years of my studies resulted in Manuscript A. In this manuscript we
generalize the Luo-Sarnak result [29] on QUE of Eisenstein series on the modular group to
FEisenstein series on the Hilbert modular group over a real field. We also give an expository
account for the theory of Hecke operators on non-holomorphic Hilbert modular forms.

In the spring semester 2008 I had the opportunity to visit P. Sarnak and Claus M.
Sgrensen at Princeton University. During that period the bulk of the work for Manuscript
B was made, which generalizes the equidistribution result in Manuscript A to Eisenstein
series on GL9y over a number field.

Chapter 3 is an introduction to Manuscript C which is joint with M. Risager. In this
manuscript we prove an effective equidistribution result for angles in hyperbolic lattices.
We use this to generalize a result due to F. Boca [5]. I worked on this problem just after
I obtained my masters degree (as a part of the PhD program), i.e. in the beginning of my
third year.

Chapter 4 is an introduction to Manuscript D. We study the pair correlation for the
fractional parts of n2a for specific a’s. An unsolved conjecture in the area is to show
that the pair correlation for the sequence is Poissonian for a class of a’s with a certain
Diophantine approximation property. We make a conjecture for a divisor problem and
show that this conjecture implies the pair correlation conjecture. Furthermore, we show
that the conjecture for the divisor problem holds on average.

The problem was suggested to me by P. Sarnak (since I had read the paper [41] on a
different occasion). In the fall semester 2008 I was visiting D. R. Heath-Brown in Oxford
who was interested in the problem and he has had great influence on Manuscript D.

We note that it is not the purpose of the introductory chapters to be references for
researchers in the area. They should merely give a brief introduction to the problems
considered in this dissertation (and provide motivation). Therefore the statements can be
imprecise and the accounts given are by no means complete.
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CHAPTER 1

A Brief Introduction to Spectral Theory of Automorphic
Forms

In this chapter we give a (very) concise introduction to spectral theory of automorphic
forms. More details can be found in [21]. It is the most basic prerequisites — certainly not
sufficient to understand the problems in detail — needed in order to read Chapters 2 and
3 and Manuscripts A, B and C.

1. Fuchsian Groups
We let H denote the upper half-plane of C,
H={z+iyeC|y>0}
and we equip H with the Poincaré metric
2 _ dz? + dy?
Y2
The hyperbolic distance derived from the metric is usually denoted p. This metric induces
a measure dy on H which is given by

ds

dxdy

v
It is well known that SLo(R) (the invertible 2 x 2 matrices with real entries and determinant
1) acts on H as Mobius transformations

a b az +b
(C d) T axd
and these transformations are orientation preserving isometries on H. In fact SLo(R) acts
on the one-point compactification of C.

We let PSL2(R) denote the orientation preserving isometries on H and it is well known
that PSLo(R) = SLo(R)/{%1}. A Fuchsian group of the first kind (also called a cofinite
group) I' is a discrete subgroup of PSLy(R) such that I'\H has finite volume — the metric
(and measure) on H transfers to the quotient I'\H. It is well known that any compact
hyperbolic Riemann surface is of the form I'\H for suitable T".

A function f : H — C is automorphic (with respect to I') if f(yz) = f(z) for all z € H
and v € I'. Thus an automorphic function is a function on I"'\H.

A point w € R U {oo} is called a cusp of I if w is fixed by some non-identity element
in I'. Two cusps w and w’ of I are said to be equivalent if there exists v € I" such that
~yw = w’. A Fuchsian group of the first kind has a finite number of inequivalent cusps.
Our main example of a non-cocompact Fuchsian group of the first kind is the modular
group PSLy(Z), which has the classical fundamental domain

{zeH||z| > 1, |[Re(z)] < 1/2}.

dp =
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Using this fundamental domain one can check that the volume of PSLy(Z)\H is 7/3. One
easily checks that the cusps of PSLy(Z) are Q U {oo} and they are all equivalent. More
generally the principal congruence subgroups of the modular group

D(N)={£(2%) € PSLy(Z) | a=d = 1(modN),b = ¢ = 0(modN)}

are all cofinite but non-cocompact.
Let a denote a cusp of I'. It is well known that the stabilizer subgroup I'y C T is cyclic.
Let 4 denote a generator of I'y. We choose o4 € PSL2(R) such that

0q00 = a

_ 1 1
Ua17a0a: i( 1)-

We will refer to o4 as a scaling matrix.

and

2. The Automorphic Laplacian

Let us first consider the Laplace-Beltrami operator A on a Riemannian manifold M of
dimension n. The manifolds considered are always assumed to be connected and oriented.
In local coordinates this operator is given in terms of the metric g;; by

1 0 )

1.1 A=————— det(g;i)9¥ — | .

Assume that the manifold M is compact. In this case A has pure point spectrum
contained in [0, o)

0= <A< <. ..
(listed with multiplicity) and A\ — oo as k — oo. In fact we have the so-called Weyl law
Vol(M)Vol(B™)
(2m)"

#{j€No | A <A}~ A2,
where B" is the unit ball in R™.
The Laplace-Beltrami operator on H is given by

0? 0?
A=—y? = +-=—).
’ (3962 " 31/2)
It induces an essentially self-adjoint operator on smooth bounded functions f € L*(T'\H)
with the property that Af is also bounded. The closure of this operator is called the
automorphic Laplacian. By abuse of notation this operator is also denoted A. An auto-

morphic form (with respect to I') is an eigenfunction of A (it does not have to be square
integrable). A non-zero, smooth and bounded automorphic form is called a cusp form if

/1 flogz)dz =0
0

for any cusp a, i.e. if the zeroth Fourier coefficient is 0 at every cusp. An important
property of these function is that together with the so-called incomplete Eisenstein series
they span L?(I'\H) (see (1.3) below).

As mentioned before PSLy(Z) has finite volume but is not cocompact. However, it is
known that there are infinitely many eigenvalues. They all have finite multiplicity and we
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still have a Weyl law. More precisely let \; = i + tjz- denote the eigenvalues of A counted
with multiplicity. Then

. Vol(PSLy(Z)\H
(12 #5 € No| |1y < 7} ~ YHEE2EN D 7o
More generally let I' be a non-cocompact Fuchsian group of the first kind with inequiv-
alent cusps ai,...,a,, and scaling matrices o, . In this case there is both a continuous

spectrum (which covers the segment [1/4,00) with multiplicity m) and a discrete spec-
trum. The eigenvalues fall into two categories — residual eigenvalues (which all lie in the
interval [0,1/4) and are finite in number) and cuspidal eigenvalues (which are eigenfunc-
tions of so-called cusp forms — a certain type of automorphic form) — but for the moment
it is not necessary to know the precise definitions. Eigenvalues in (0,1/4) play a special
role in the theory and these are called small eigenvalues. The modular group has no small
eigenvalues. It has been conjectured by A. Selberg that there are no small eigenvalues for
the groups I'(V).
For each cusp we have an Eisenstein series

Eq (z,5) = Z Im(agklyz)s,
’YEFak\F

which is convergent for Re(s) > 1, and it has a meromorphic continuation to the entire
complex plane. Note that the Eisenstein series is simply the Poincaré series (elements are
taken modulo I, since z = = + iy +— y is invariant under translation in ) formed by the
formal eigenfunctions z — y*® of the Laplacian on H.

One easily checks that Eq, (z,s) is an automorphic form with eigenvalue s(1 — s), but
E,, (z, s) is not square integrable. Using the Eisenstein series the spectral resolution of A on
I'\H can be made explicit. Let {¢;} denote a complete set of orthonormal eigenfunctions
of A (ordered according to the eigenvalues). Let C denote the j’s for which ¢; is a cusp
form. Functions of the form (the first sum is finite)

(1.3) )= ajpi(2) + > Y h(Im(oy'v2)),
jec k=1~€Tq, \I

where hj, € C°(Ry), are dense in L?(T'\H) and they have the expansion

(1.4) f(z) = Z(f, cpﬁg@(z)—i—Zﬁ Oo<f,Eak(-,1/2—l—ir)}Eak(z,1/2—}-1'1”)d1“.
J k=1 —©
Here
(f.9) = f(2)g(2)du
H

is the inner product on L?(T'\H). The bracket in the last sum is technically not an inner
product since Ejg, (z,1/2 4 ir) is not square integrable. The corresponding integral is
convergent though, since the functions in first term of (1.3) are of rapid decay at every
cusp and the last term is compactly supported. The functions appearing in the last term
of (1.3) are called incomplete Eisenstein series.

3. The Fourier Expansion of an Automorphic Form and Hecke Operators

Let f be an automorphic form on I' = PSLy(Z) with Laplace eigenvalue s(1 — s)
satisfying the growth condition

f(z) = o(e*™)
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as y — 00. Then f has the Fourier expansion

ao(f) bo(f)

s 1—s
5 Wy ) Ao

flz) = W+ 5" %) + ) el VK1 2(2my)e(x).

n#0
Here e(x) = €™ and K, denotes the Macdonald Bessel function

1

KW= | " exp(—y(t +1/6)/2)t

As an example the Fourier expansion of the Eisenstein series on the modular group is

E(zs) =y° 4+ c(s)y'™ s+zcn SIVYK_1/22my)e(x),
n#0

where

B 71_F(s —-1/2)¢((2s—1)
O =V @

and
n(s) = Favees fa;n'( )"

Let f be an automorphic function on I'\H. We then define the Hecke operator T, (see
[21] Section 8.5) by

T fz > f<az+b>

ad=nbmod d

The Hecke operators are arithmetic objects. We can also define Hecke operators on other
Fuchsian groups such as I'(N), but the groups must be arithmetic in some sense.
The Hecke operators satisfy the multiplication identity

(1.5) ToTn = > Tpa-e-

d|(m,n)

In particular the Hecke operators commute. Moreover these operators are self-adjoint
and they commute with the Laplacian. It turns out that we can choose a basis for the
space spanned by cusp forms which are eigenfunctions of both the Laplacian and all the
Hecke operators. Such cusp forms are called primitive. A very important fact is that
with a suitable normalization the Fourier coefficients of the primitive cusp forms are the
Hecke eigenvalues. The Hecke eigenvalues (and hence the Fourier coefficients) satisfy a
multiplication identity similar to (1.5). This “extra information” is extremely useful and
it is often the reason why one can obtain stronger results for Fuchsian groups that are
arithmetic in nature.

It is important to mention that we can attach an L-function L(s, ) to a primitive
cusp form ¢ defined by

A
:Zl”

where A(n) is the eigenvalue of T},. This L-function will show up in Chapter 2, Section 3.
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4. The Hilbert Modular Group and Adele Groups

The purpose of this section is to introduce the notation for Chapter 2, Section 3. A
good amount of algebraic number theory is needed. This can be found in [35] and [39].
We want to consider a generalization of PSLa(Z)\H. Rather than considering Z we

want to consider the ring of integers O in a totally real number field F of degree n over
Q. Let

Gal(F/Q) = {¢1,..., ¢n}.

For a € F we set al) = ¢;(a). The Hilbert modular group T' = PSLy(0) embeds
discretely in PSLa(R)™ by

b (1) p(1) (n) p(n)
(1.6) i(?d)H(i(Lé(l) d<1>),---’i(‘§<n> d(n)))'
We will use the convention z = (21,...,2,) € H" and z = (z,y) where z = (21,...,2,) €
R" and y = (y1,...,yn) € R. It is immediate from the embedding (1.6) that I' acts on
H".
We can regard H™ as a Riemannian manifold with the metric

o dzi+dy} . dz? + dy?

- 2 2

yl yn

and it is known that the quotient I'\H" has finite volume. The Laplace-Beltrami operator
associated with this metric is

ds

A=A1+---+ A,

9?2 9?
FVRYY G
J J (83@? 3y]2->

We want to study functions which are eigenfunctions of all the Laplacians Aq,..., A,.
Spectral theory and Hecke theory for automorphic functions on the space I'\H" can be
developed analogous to the theory described in the first sections, but we will not go into
further details.

If we want to consider more general number fields, it is natural to change to an adelic
setting. An excellent account is given in [6].

Let A denote the adele groups of F. We define the quotient

X(F) = Z(A)GLy(F)\GL2(A) /K,
where Z is the 2 x 2 scalar matrices and K = [], K, with
0(2) if v is real
K, =4 U(2) if v is complex .
GL2(O,) if v is finite

where

Here O, is the ring of integers in F,,. The group GL2(A) is equipped with a Haar measure
which induces a measure on X (F). We note that

X(Q) = PSLy(Z)\H

and the measure on X (Q) coincides with the Poincaré measure.

While it is relatively straight forward (at least philosophically) to go from spectral
theory on PSLy(Z)\H to spectral theory on PSLa(O)\H", it is perhaps less obvious how
to go from the spectral theory described in the previous sections to the “spectral theory”
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of functions on X (F), and we will not make an attempt to explain this. We will merely
study the space X (F) as a generalization of the quotient PSLo(Z)\H.



CHAPTER 2

Mass Equidistribution of Eisenstein Series on GL(2)

In this chapter we motivate the study of quantum unique ergodicity and mention some
of the results that have been obtained. This part is inspired by the survey papers [23],
[44], [45] and [46] by P. Sarnak. Finally we explain the results obtained in Manuscripts
A and B.

1. Hamiltonian Mechanics and Quantum Chaos

We briefly review the mathematical setting of Hamiltonian mechanics (see Arnold’s
book [1] for a detailed account). Recall that the Lagrangian for a mechanical system
L(q,q,t) is a function of the generalized coordinates ¢;, the generalized velocities ¢; and
time t defined by L = T — U, where T and U are the kinetic and potential energy,
respectively. In this setting the equations of motion are

d (oL) 9oL _
dt \ 0¢; oq;

and these are referred to as Lagrange’s equations.
We define the generalized momenta by

oL
b= oq;
The Hamiltonian H(q,p,t) is defined as
H(Q7p7t) =p- q - L(Qv Qat)7

and it may be identified with the sum of the kinetic and the potential energy for the
system. With these definitions the equations of motion are

. oOH
(2.1) b= _37q
and

) OH
(2-2) q= (’JTp’

and these are referred to as Hamilton’s equations.

If one consider our configuration space to be some Riemannian manifold M — with
the metric given in local coordinates by the matrix g;; — each point (¢, p) can be regarded
as an element in the cotangent bundle T*M. Thus we will regard the Hamiltonian as a
function on T* M.

From now on we consider the time-independent Hamiltonian defined in local coordi-
nates by

1 ..
(2.3) H(q.p) = 59" (@)pip;.
This may be regarded as the Hamiltonian for a free particle moving around in M without

friction and it is well known (see [25] Section 1.6) that this Hamiltonian gives rise to the



10 CHAPTER 2. MASS EQUIDISTRIBUTION OF EISENSTEIN SERIES ON GL(2)

cogeodesic flow on T*M via the equations (2.1) and (2.2). We also know that for all A > 0
the cogeodesic flow maps the set

Eyx={(¢,p) €T"M | H(q,p) = \}

to itself. In physics terms this reflects the fact that we consider a particle with constant
kinetic energy. If (¢(t),p(t)) is a solution to Hamilton’s equations we see that ||¢|l, =
2H(q,p). Thus we are led to consider the unit tangent bundle

SM =]J{veTyM||v|, =1} C TM.
q

It is not hard to see that SM is an embedded submanifold of TM and that dim SM =
2dim M — 1. We can even put a Riemannian structure on SM where the metric is given
by

dr?((q1,v1), (g2, v2)) = dg*(q1, g2) + dv? (v}, va).

Here dg is the metric on M and dv is the distance between v} and vz (induced by the inner
product on T, M) where v} is the vector obtained from v; by parallel transport. We let v
denote the measure on SM induced by the Riemannian metric.

The geodesic flow on SM is the one-parameter semi-group {S;} of transformations
that translate a linear element (¢,v) € SM a distance of length ¢ > 0 along the geodesic
determined by (¢,v). The geodesic flow preserves the measure v on SM (see [48] for
references). This explains how ergodic theory enters the picture, since we have a family of
measure preserving maps.

2. Quantum Ergodicity

As in Chapter 1 we let A denote the Laplace-Beltrami operator on M. Note that %QA
can be regarded as a quantization of H(q,p) defined in (2.3) in the sense that H(q,p)
indeed is the leading symbol of —%A (by quantization we mean the transition from the
Hamiltonian H(q,p) to a differential operator by substituting ¢ and p with suitable differ-
ential operators). Thus the equation for the stationary eigenstates (the time-independent
Schrodinger equation with an appropriate choice of units) is

h2
(2.4) ?Awk = A\

Let M be a compact Riemannian manifold. In that case we know that A has pure
point spectrum. From the equation (2.4) above we see that the semi classical limit (i.e.
h — 0) is the same as the large eigenvalue limit (i.e. k& — o0). Now assume that our
quantum system has a classical analogue. Quantum chaos is the study of the quantized
system when the classical system is “chaotic”. Here “chaotic” means that the geodesic flow
{S:} is ergodic (i.e. S;'(B) = B implies v(B) = 0 or v(B) = 1 for all t > 0). Sometimes
one requires more in the definition of “chaotic” but we will only focus on the ergodicity
condition. Assume that the geodesic flow on M is ergodic. This holds for example if M
has constant, negative sectional curvature. Let {¢} be an orthonormal basis for L?(M) of
eigenfunctions of A with eigenvalues Ay (listed with multiplicity and in increasing order).
Y. Colin de Verdiere [8], A. Schnirelman [47] and S. Zelditch [53] have proved that there
exists a subsequence {gokj} of full density such that the probability measure

(2.5) dyk, = lpr,|*dp — dp
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in the weak-* topology, where p is the normalized Riemannian volume on M. Here full
density means that

#{ke Ny |\ <N}

1

as N — oo.

This result is known as “quantum ergodicity”. Z. Rudnick and P. Sarnak [40] con-
jectured that if M is a compact Riemannian manifold with constant, negative sectional
curvature then

(2.6) dux — dp

in the weak-* topology. In other words it is not necessary to omit a subsequence of the
eigenfunctions in (2.5). This is known as the quantum unique ergodicity conjecture and it
is an aspect of this conjecture we will be concerned with. Note that (2.6) means that the
measures dug becomes equidistributed in the limit £ — oo.

Recall from quantum mechanics that for A C M the integral [, lj|>du is interpreted
as the probability for a particle in state ¢; to be in A. If our classical system was not
chaotic, we would not expect the behavior in (2.6). Indeed we would expect that in the
semi classical limit the support of the weak-x limit of the measures |¢;|?du would be the
classical path of the particle.

Discussion of other significant conjectures concerning quantum chaos can be found in
the four papers mentioned in the beginning of the chapter.

Let us consider compact hyperbolic surfaces of the form I'\H (as in Chapter 1). To
approach the quantum unique ergodicity conjecture one must assume that I' is arithmetic.
Such arithmetic surfaces are derived from quaternion algebras over totally real number
fields. In this case E. Lindenstrauss [27] has proved the conjecture.

Now consider I' = PSLy(Z). In the light of (1.2) the problem of quantum unique
ergodicity still makes sense for the modular group. We simply consider a complete set
of orthonormal eigenfunctions {¢y} of A, i.e. an orthonormal basis for the discrete spec-
trum. This version of the quantum unique ergodicity conjecture has been proved by K.
Soundararajan [50].

We mention that a similar result for holomorphic Hecke eigenforms has been proved by
R. Holowinsky and K. Soundararajan [16] (the problem was originally studied bu W. Luo
and P. Sarnak [30]). They proved that if f is a holomorphic Hecke eigenform of (even)
weight k£ on the modular group then

_ 3 _
|f(2)|Py* 2 dady — ~y 2dady

as k — oo.

3. Mass Equidistribution of Eisenstein Series on GL(2)

W. Luo and P. Sarnak [29] have proved a continuous spectrum analogue of the quantum
unique ergodicity conjecture — recall the spectral expansion (1.4) — in the following sense:
Let A, B C PSL2(Z)\H be compact and Jordan measurable, and assume that pu(B) # 0.
Let du; = |E(2,1/2 + it)|*du. Then

pe(A) (A

N
pe(B)  p(B)

as t — oo, where E(z, s) is the Eisenstein series for PSLy(Z) (recall that there is only one
cusp for this group). Moreover the result is quantitative in the sense that they actually

(2.7)
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prove the asymptotics

1
F(z)du — 3 F(z)du

2.8 —
(28) logt Jr\u 7T Jr\H

as t — oo — (2.7) follows easily from (2.8). The main results in Manuscripts A and B are
generalizations of this result. The strategy used in these papers is the same. However,
the proofs are more complicated due to the fact that we work with more general number
fields.

Though we won’t address it further it should be mentioned that D. Jakobson [24] has
proved a result analogous to (2.7) for a microlocal lift of the distribution dy; to the unit
tangent bundle SM of I'\H which is isomorphic to PSL2(Z)\PSL2(R). A microlocal lift
is a certain family of measures on SM such that du; are the pushforward measures of the
lifted measures under the natural projection map — see [53] and [24] for correct definitions.

We briefly outline the proof of (2.8) — this should give the reader a better picture than
if chose to work with the more general settings in Manuscripts A and B.

The idea is to use the decomposition (1.3) — i.e. that L?(I'\H) is the direct sum of
the space spanned by cusp forms and the space of incomplete Eisenstein series — and then
establish the equidistribution for functions that span these spaces ((2.9) and (2.10) below).
Once we know that (2.8) follows from standard approximation arguments.

It is important that we have an arithmetic surface — certainly the arguments below
do not apply to a general non-cocompact Fuchsian group. The fact that the Fourier
coefficients of the Eisenstein series and the cusp forms are “arithmetic” is crucial.

For an incomplete Eisenstein series F'(z, h) we have

1
Flehydp — > [ P(e,h)du

2.9 —
(29) logt Jr\u T Jr\H

as t — oo. For a primitive cusp forms ¢ we get
(2.10) / w(z)dpr — 0
I\H

as t — oo. This indeed corresponds to the desired equidistribution as

/ w(z)dp = 0.
H

The idea in the proof of (2.9) is to unfold the incomplete Eisenstein series and then use
the Fourier expansion of the Eisenstein series F(z, s). The main terms of the integral can
then be expressed in terms of I'-factors (which are controlled by Stirling’s formula) and the
Riemann zeta-function ((s). The result (2.9) then follows from known estimates for ((s).
The two non-trivial estimates needed are a subconvexity estimate for ((s) in t-aspect (due
to Weyl) as well as a sufficiently good estimate for ¢'(1 + it)/{(1 + it) (this follows from
the classical Vinogradov zero-free region for (). Here “subconvexity estimate in ¢t-aspect”
means an estimate of the form

[C(1/2+at)] < [¢%,

where the exponent « is smaller than the exponent obtained from the Phragmén-Lindelof
principle and the functional equation (see e.g. [22]).

The proof of (2.10) is based in the Rankin-Selberg method. It is well known that the
integral considered can be expressed as a product of I'-factors, the Riemann zeta-function
and the standard L-function L(s, ). The result then follows from a subconvexity estimate
for L(s,¢) in t-aspect due to [32].
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We mention that S. Koyama [26] has proved an analogue of (2.8) for Eisenstein series
on SLo(O)\Hs, where O is the ring of integers in a quadratic imaginary field with class
number one and Hj is the 3-dimensional upper half-space. Manuscript B generalizes this
result.

In Manuscript A we generalize 2.8 to Eisenstein series on the Hilbert modular group
over a totally real field F of degree n with narrow class number one. In order to give a self-
contained account we also give an expository treatment of the theory of Hecke operators
on non-holomorphic Hilbert modular forms. The setting in this manuscript is entirely
classical (as in [11]), i.e. “non-adelic”. On the Hilbert modular group we consider the
(family of) Eisenstein series considered by I. Efrat [11]

E(z,s,m)= Y ﬁlm(v(j)zg')s’&

el \I'J=1

where s; = s + ipj(m), m € Z"'. Here p;(m) is a real number such that 3
[T | BU[wi(m) is a Hecke character on F. The spectral theory described in Chapter
1 generalizes to this setting. We extend (2.8) and prove that for F' € C.(I'\H")

1 mnR
2.11 / F(2)|E(z,s,m)|*d —>/ F(z)d
(2.11) g7 Joge (2)| E( ) Fdp D () Jrae (2)dp

as t — oco. Here (g is the Dedekind zeta-function, D is the discriminant and R is the
regulator of F.

In Manuscript B we generalize (2.11) to Eisenstein series on GLg over a general number
field F with r; real places and ro complex places and class number h. We let W denote
the number of roots of unity in F*. In this case it is more convenient to work with an
adelic setting.

We consider the Eisenstein series E(g, s, x) on X (F) (defined in Chapter 1, Section 4)
defined by (B is the upper triangular matrices)

E(g,s,x) = > f(),

v€B(F)\GL2(F)

where  is an everywhere unramified character on A* /F*. The function f : GLo(A)/K —
C is identical 1 on K and satisfies the condition that (| - |a denotes the idele norm)

Y1 T _ X(yl)’yﬂsA
9= lly

for g € GLa(A), y1,y2 € A* and = € A. By the Iwasawa decomposition this determines
f completely.
For F € C.(X(F)) we prove that

22" inhR

(212) F(2)WD Jxw)

F(9)|E(g,1/2 + it, x)[*dp — F(g)dp

logt Jx )
as t — o0.

We mention that the subconvexity estimate in t-aspect for the standard L-function,
which is necessary to prove (2.11) and (2.12), has just recently been established by A.
Diaconu and P. Garrett [10] and P. Michel and A. Venkatesh [33]. A subconvexity estimate
for the Hecke L-function is also needed [49]. Finally an estimate for the logarithmic
derivative of the Hecke L-function on the line Re(s) = 1 is required. This follows from the
zero-free region derived in [7].






CHAPTER 3

Distribution of Angles in Hyperbolic Lattices

In this chapter we review the classical Gauss circle problem and its hyperbolic ana-
logues. We also explain the results obtained in Manuscript C.
1. The Gauss Circle Problem

A classical problem in analytic number theory is to count the number of Gaussian
integers lying inside a disc of radius R with center 0 in the complex plane. This is known
as the Gauss circle problem. We let

&(R) = |[7R* — #{(m,n) € Z* | m* + n* < R*}|.
Since the circumference of the disc of radius R is 27 R it is elementary to show that
¢(R) < R.

This is illustrated in Figure 1. We see that &(6) can be estimated by the number of
hatched squares.

A more refined estimate can be obtained by studying

(m,n)€Z?

FIGURE 1. Area approach to the Gauss circle problem.

15
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7

F1GURE 2. Counting Gaussian integers in angular sectors.

where F' is a suitable smooth approximation to the characteristic function on the interval
[0, R]. Using the Poisson summation formula we can obtain an estimate for € by estimating
the Fourier coefficients of (z,y) — F(1/x? + y?) (which naturally should be studied in
polar coordinates). Using standard estimates for the J-Bessel functions one can prove
that

¢(R) < R¥/*.
The current record for (R) is due to M. N. Huxley [20] who proved
€(R) < RI31/208+
for any € > 0, and it is believed that
¢(R) < RY**=.
It has been proved by Hardy [14] that
¢(R) = Q(R"?(log R)"/*loglog R).

The result has been improved by Hafner [13].

We can also refine the Gauss circle problem by counting Gaussian integers in angular
sectors. Let I C [0,27] be an interval and let (x,y) denote the angle (in [0, 27]) be-
tween the z-axis and the line through (z,y) € R? (we may set 0(0,0) = 0). Since the
circumference of the angular sector

{(z,y) eR? | 2® +4* <R? O(z,y) € I}
is O(R) it is elementary to show that
1|72
2m

{(m,n) € Z* | m* +n*> <R? O(m,n) € I} = +O(R)

where |I| is the length of the interval I (see Figure 2).
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2. The Hyperbolic Lattice Point Problem

In the Gauss circle problem we may view R? as a Riemannian manifold with the Eu-
clidean metric and Z? as a discrete subgroup of the isometry group (acting by translation).
We see that

#{(m,n) € Z° | m* + n* < R’} = #{g € Z* | 9(0,0)| < R}.

Rather than considering R? we consider the upper half plane H with the Poincaré metric
and a Fuchsian group I' C PSLg(R) of finite covolume. The hyperbolic lattice point
problem is the problem of estimating

Nr(R, 20, 21) = #{v €T | p(y21,20) < R}.

The only “satisfactory” answer would be

7T€R

Vol(I'\H)
since the hyperbolic area of a disc of radius R is
4msinh?(R/2) ~ el

However, the hyperbolic lattice point problem is fundamentally more difficult than the
Gauss circle problem since the circumference of the hyperbolic circle is

27 sinh R ~ welt.

(3.1) Nr(R, 20, 21) ~

Thus the boundary is of the same size as the area of the entire disc. Therefore a simple
area approach to (3.1) will not work. It turns out that (3.1) is the correct asymptotics.
This has been proved by (among others) J. Delsarte [9], A. Good [12], H. Huber [17], [18]
and [19] and S. J. Patterson [37].

One approach to the hyperbolic lattice-point problem is to use spectral theory of the
automorphic Laplacian. We briefly describe an idea due to A. Selberg (see Theorem 12.1
in [21]), which (at least to some extend) resembles the method outlined in Section 1 which
gave the R3/* estimate in the Gauss circle problem. Consider the automorphic kernel
K :H x H — C defined by

Zk u(z, yw))

yel’
where k € C2°([0,00)) and u is the point pair invariant
cosh p(z,w) — 1
5 .
We want to consider a suitable approximation to the characteristic function on [0, (X —

2)/4] and then use the fact that K has a spectral expansion of the form (see Theorem 7.4
in [21] — also compare with (1.4))

(3-2)
K(z,w) Zh Jei(2)e;(w +Z / Eq(z,1/2 4+ ir)Eq(w, 1/2 + ir)dr,

u(z,w) =

where the first sum is over the eigenvalues and the last sum is over the cusps of I', and h is
the Harish-Chandra-Selberg transform of k. Note that (3.2) plays (roughly) the same role
as the Poisson summation formula in Section 1. With a suitable choice of k& one obtains

(33) ]\fr‘(}z7 20, Zl \F Z 1/2) —~__Z, ,(20>meth + O(€2R/3).

t +1)
1/2<t,;<1
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27T<IOZ0 121 (’Y)

20

Ficure 3. Hyperbolic lattice-points in angular sectors.

This proves (3.1). Note that the asymptotics of Np(R, 29, 21) depends on the small eigen-
values of I'. The estimate in (3.3) is the best known. It has been proved by R. Phillips
and Z. Rudnick [38] that the error term must be at least O(e'/?). It is believed that the
optimal error term (in many cases) is O(e!/2+¢).

3. Distribution of Angles in Hyperbolic Lattices

A natural question to ask now is whether the angles in the hyperbolic lattices are
equidistributed. Let ¢, », (7) denote the normalized angle between the vertical geodesic
from z( to oo and the geodesic between zy and vz (see Figure 3). For an interval I C R/Z
we define

N%(Ru 207'21) = #{’7 el ‘ P(Zoa’YZl) S R7 szo,zl (’Y) € I}
It has been proved by A. Good [12] and P. Nicholls [36] that

W’I’ R

(3.4) NE(R, 29, 21) ~ We .

From Weyl’s criterion we know that (3.4) follows if

(3.5) Z e(n%o,zl (7)) = o(Nr(20, 21, R)),

vyel
p(z0,721)<R

as R — oo for all n € N.

Indeed this is the approach in [12], where the estimate in (3.5) is proved using spectral
theory.

In Manuscript C we prove (3.4) with an error term. By conjugation we may assume that
zo = 1. We let (r(z), p(2)) denote the hyperbolic polar coordinates of z, i.e. 7(z) = p(z,1)
and ¢(z) is half the angle between the vertical geodesic from i to oo and the geodesic
between 7 and z. The idea is to consider the series

_ -~ elnp(rz)/7)
(3.6) Gn(2, ) = ; (cosh(r(vz)))*’
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which is convergent for Re(s) > 1 (for any z € H). Furthermore G,(z,s) satisfies the
equation

(A = s(1 = 5))Gn(z,8) = s(s + 1)Gn(z,5 +2) + Z smh2(n(e(7)L;0(E?Z:})1/(w() 2)))*

Using the resolvent R(s) = (A(s) — s(1 — s))~! we see that

n’e( nw(vz)/ﬂ)
sinh?( ))(cosh(r(vz)))*

Gn(z,8) = R(s) | s(s+1)Gp(z,s + 2) +Z

By standard spectral theory arguments this implies that G,(z,s) has a meromorphic
continuation to Re(s) > 1/2 with potential poles at as s = t; where t;(1 — t;) is a small
eigenvalue of A. Since there is a spectral gap between the 0-eigenvalue and the first
eigenvalue of the Laplacian the pole at s = 1 is isolated. This pole has residue

20,0
Vol(T'\H)"

We now consider a suitable smooth approximation ¢ to the characteristic function on
[0,1] and let (M1))(s) denote the Mellin transform of 9, i.e.

= /OO ()t dt.
0

From the Mellin inversion formula it follows that

cosh(r(vz)) 1 <
3.7 e(np(vz)/m —_— | = — Gn(z,s) (M) (s)T?ds.
a0 Lelnetoe) () = o [ G0

We want to move the complex line integral on the right hand side of (3.7) to a line strictly
to the left of Re(s) = 1 but also strictly to the right of Re(s) = 1/2 if there are no small
eigenvalues or t; if A\ € (0,1/4). By doing so we pick up the residue from the pole at
s = 1, but no other poles contribute due to the spectral gap. Estimating G,, using standard
Sobolev estimates one obtains an effective bound (i.e. explicit in n and T') for the sum

> elnplyz)/m).
vyer
cosh(r(y2))<T
Using the Erdos-Turdn inequality, which is an effective version of Weyl’s criterion one
concludes that there exists o < 1 (which can be computed effectively in terms of the first
eigenvalue) such that

||

Vo o)

(3.8) NE(R, 20, 21) =

If there are no small eigenvalues of A we may take a = 11/12 + ¢ for any € > 0.
We may now consider a different problem. Let

NFI(Ra ZO,Zlaw) = #{7 el | p(zl,q/w) < Ra szo,w(’Y) € I}'

Again we may ask for the asymptotics of N{(R, 20, 21,w) as R — oo. Clearly p(z1,yw) =
p(z0,7w) + O(1) but because the boundary of a hyperbolic circle is huge the question is
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FiGure 4. Hyperbolic circle with center z; and radius R.

non-trivial — the analogous question for lattices in Euclidean space would be trivial. For
the principal congruence subgroups I'(N) F. Boca [5] proved that for any £ > 0

#{’Y € F<N) | p(2177zl) <R, 27“/320,7;1 (7) eJu (J+ W)} -

3.9 Iy
N ST T J, o (0 + 0G4
where
N,z (W) = 20011 (V2 + y? + (zo — 1))

20,21 (ZJ(Q) + y% + (g — x1)?)2 — ((y% - y% ¥ (w0 — 21)2) cos(t) + 290 (w0 — 1) sin(0))2

for an interval J C [0,7]. Note that 27wy, ., () € J U (J + ) means that angles are
counted modulo 7 rather than 27 (i.e. opposite angles are “identified”). The proof of
(3.9) is based on the Weil estimate for Kloosterman sums.

In Manuscript C we generalize (3.9) (with an inferior error term though). The idea
is to find the hyperbolic distance (this will be denoted @, », (£, R)) from zy to the inter-
section between the hyperbolic circle with center at z; and radius R determined by the
(normalized) angle t € [0, 1] relative to the vertical geodesic through zy (see Figure 4). We
prove that

eon’Zl tR) = Pz,21 (t)eR + O(l),
where
2yoy1
Ye + 3 4 (xo — 21)?)(1 — cos(2mw)) + 2y cos(27w) + 2(x1 — x0)yo sin(2nw)’
Using (3.8) we can make a Riemann sum approximation to prove that there exists o/ < 1

(which can be computed in terms of the first eigenvalue of the Laplacian) such that

7T€R

= W /IPZO,Z1 (w)dw + O(ealR)a

for any interval I C [0,1]. We remark that o’ need not be as small as « in (3.8).

Pzo, (W) = (

NE(R, 20, 21, w)



CHAPTER 4

Pair Correlation for the Fractional Parts of n2a

In this chapter we introduce some of the recent developments in the study of the
pair correlation for the fractional parts of n?a with emphasis on the approach taken in
Manuscript D. We remark that most of the proofs in Manuscript D are elementary.

1. Poissonian Behavior

Let {a,}$° denote an equidistributed sequence in [0,1), with a; # a; for i # j. A
natural question to ask is whether {a,}{° has Poissonian behavior, i.e. if the sequence
has the same distribution as a sequence of independent random variables with uniform
distribution in [0,1). We explain this more precisely. Let Ay = {ai1,...,an} and let

ai,...,an denote the elements in Ay in increasing order (we also set a;_n = a; for
j=1,...,N). The sequence {ay}$° has Poissonian behavior if for any m > 1
1 N B B tm—l .
n=1

as N — oo (d is the Dirac function).
One way to decide if {a, }3° has Poissonian behavior is to look at the m-level correla-
tion. Let B be a box in R™~1. We define R,,(B, N, {a,}$°) to be

N7 (21, ... 2p) € AR | x; distinct, (21 — Z2,...,Tm_1 — Tm) € N 1B+ ZM71,
We say that the m-level correlation is Poissonian if for any B ¢ R™!
R (B, N,{an}7") — Vol(B)

as N — oo. The m-level correlation is Poissonian for all m > 2 if and only if {a,}7° has
Poissonian behavior.

Let a be an irrational number and g : N — N a (strictly) increasing function. It is well
known that for almost all a (with respect to the Lebesgue measure) the fractional parts
of ag(n) are equidistributed. An interesting question is whether the sequence a,, = ag(n)
has Poissonian behavior. If
(4.1) lim inf 27+ 1)

n g(n) -

Z. Rudnick and A. Zaharescu [43] has shown that {a,}{° has Poissonian behavior for
almost all a.

The rest of this chapter will be devoted to the sequence n?a. Clearly g(n) = n? does
not satisfy (4.1). However, it has been conjectured by Rudnick, Sarnak and Zaharescu
[42] that the fractional parts of n?a have Poissonian behavior for almost all a. For the
pair (or 2-level) correlation more is known. This will be the topic of the next section.

21
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2. Pair Correlation for the Fractional Parts of n2a

Approximation problems for the fractional parts of n2a have been studied by various
people. It is a classical result due to H. Weyl [51] that for all irrational « the sequence

nla is equidistributed modulo 1 for any positive integer d. For t € R we define

¢l = int |t -l
neZ

and this defines a norm on R/Z. A. Zaharescu [52] has shown that for § < 2/3 and any
aceR

|n%a| <n™®
has infinitely many solutions. The sequence is also interesting because the spacings be-
tween the elements correspond to the spacings between the energy levels of the “boxed
oscillator” in quantum mechanics [3].

We will focus on the pair correlation for the fractional parts of n2a. We define

Ro(x, N,a) = Ro([—z,z], N, {n?a})
=N"1# {(m,n) |m,n < N, n#m, |m?a—n’al < %} .
The goal is to understand for which « the pair correlation is Poissonian, i.e. for which «
Ro(xz, N,a) — 2z

as N — oo for any = > 0.

It has been proved by Z. Rudnick and P. Sarnak [41] that for d > 2 the pair correlation
for the fractional parts of na is Poissonian for almost all a. Subsequently J. Marklof and
A. Strémbergsson [31] and D. R. Heath-Brown [15] have given different proofs in the case
d = 2. However, one does not know of any specific a for which it holds. It is not true that
the pair correlation for the fractional parts of n%« is Poissonian for any irrational . A
condition on the Diophantine approximation is necessary in order for the pair correlation
to be Poissonian. We say that an irrational number « is of type « if

1
ra—mm>5;

for all p € Z and ¢ € N.

We say that « is “Diophantine” if « is of type 2 + ¢ for all € > 0. Note that all real,
irrational algebraic numbers are Diophantine (Roth’s theorem) and that almost all a are
Diophantine. We will now explain why a Diophantine condition is needed (the argument
below is taken from [41]).

Assume that there are infinitely many (p,q) € Z x N such that

— <

This implies that

+

2 2 2 2
— t —
Hm2a_n2aH — (m n )p (m n )
q 10¢®

for some ¢ with [t| < 1. For m,n < g we see that

1
2 2

— < —
|lma —nal < T0g
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if ¢ | m? —n? and
9
[m?a — n?al| > —
10q
if ¢ t m? — n?. Thus there are no normalized differences ¢||m2a — n%al| in (1/10,9/10)
along the subsequence determined by the ¢’s. From this we see that if the pair correlation
for n?« is Poissonian then o must be at least of type 3.
Rudnick and Sarnak conjectured that if o is Diophantine then the pair correlation for
the fractional parts of n?« is Poissonian. Heath-Brown was able to show (using a lattice
point strategy) that for a of type 9/4

(4.2) Ro(xz, N,a) = 2z + O(ZB%),

whenever 1 < x < log N, where the constant implied depends on «. This supports the
Rudnick-Sarnak conjecture and suggests that perhaps the condition on the Diophantine
approximation in the conjecture can be relaxed to some extend. In Manuscript D it is
suggested that it is sufficient that « is of type 3 — § for some § > 0.

We remark that for the m-level correlation (for general m) for the fractional parts of
n?a to be Poissonian it is probably not sufficient to assume that « is Diophantine. In [42]
it is suggested that one must also assume that the numerators of the convergents of « are
“almost” square free. However, this last condition does not seem to be necessary for the
pair correlation.

3. Divisor Problems Related to the Rudnick-Sarnak Conjecture

In Manuscript D we suggest an arithmetic line of attack for the Rudnick-Sarnak con-
jecture that is based on the study of the function

mun(m) = #{(a,b) e N* |a < M, b < N, ab=m},

where m € N and M, N > 1. We will always assume that M < N.
Let K, M,N > 1 with K > N" for some fixed > 0. Assume also that ¢ < N27¢ for
some 6 > 0 and (g, p) = 1. We conjecture that

(4.3) Z Z TMVN(m)N KMN

r<K m=pr(q) q

as N — oo uniformly in M, K, ¢ and p. Manuscript D is mainly devoted to finding
evidence for this conjecture.

In Manuscript D we show that this conjecture implies that the pair correlation for
the fractional parts of n?a is Poissonian for any a of type 3 — & for any 6 € (0,1). As
mentioned before the pair correlation for the fractional parts of n?« is not Poissonian if o
is not of type 3, and this appears to be the “limit”. The conjecture (4.3) seems bold but
natural. Indeed it is elementary to show that (4.3) holds if ¢ < N'=°.

Let 7 denote the usual divisor function. From the Dirichlet divisor problem we know
that

Z 7(n) =xlogx + (2y — 1)z + O(Vx).
n<zx
It is folklore that one expects that

(4.4) > r(n)~ %10%95 > D den (%)

n<e dl(@r) o2
n=r(q)
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as © — oo for ¢ < '~ for some § > 0. Average results supporting this conjecture have
been considered by Banks, Heath-Brown and Shparlinski [2] and Blomer [4]. Also it is a
classical result due to Linnik and Vinogradov [28] that

1
m<x q
m=r(g)

for ¢ < z'79 and (r,q) = 1, where the constant implied depends on § > 0 only.
Let us consider some simple heuristics to explain why we should expect (4.4). We see
that

Z T(m) = Z#{be N|b<z/a, ab=r(q)}

m<x alz

mE?(q)
=Y > #{beN|b<az/(dd), b=ar/d(g/d)}.
d(r,q) o' <z/d
(o q/d)=1

Now z/a’ can be much smaller than ¢ but we should expect “on average” (when summing
over a’) that

#{beN|b<z/(dd), b=dr/d(g/d)} ~ a%

We continue with this assumption and consider

z 1
(4.6) DD D2
Viitra) a'<afa
(a/,q/d)=1
In Manuscript D we show that

1 ()
—~ 71 .
g , ogzT

a<x q
(a,q)=1

for ¢ < 2179, Using this we see that (4.6) is roughly

e S s (3)

d|(r,q)

This “explains” (4.4).
If we adapt (4.4) to Tp7, v we should expect that

(4.7) Z TmN(n) ~ Mii\f Z chu (%) .
n=r(q) q dl(q,r) |4

In Manuscript D we show that (4.7) holds for most values of ¢ and r if (g,r) is small.
Indeed we have

2
Nmax( % +¢e,4—9)

MN
> ZTM,N(m)—qTZZdClﬁ(i) < .

(rg)=k \m=r(q) dlk g
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uniformly for ¢ < N279 for all € > 0. From this we can deduce that (4.3) holds on average
in the sense that for K > N7 and vV N < q < N279 we have
2

(1) Z Kj\(i[N Z Z mun(m) — 1| < N7min(/202n)+e
[ (p,@)=1 r<K m=pr(q)

for e > 0.
The function 7y, y is complicated. There is another function of interest

v(m)=#{de N |d <N, d|m},
which is simpler. It is elementary to show that

> mn(m) = zlog N + O(N + z).

m<x

The estimate corresponding to (4.5) holds. More precisely we have

log N
E ™w(m) < 7@(q)x20g )
— q
m=r(q)
m<x

for (r,q) = 1, N > ¢" and x > ¢'*°. This is proved using a result due to M. Nair and G.
Tenenbaum [34]. For 7j7 x one should expect that

(4.8) Z TMyN(m) < (,O((J;é\ﬂv

m=r(q)

for (r,q) = 1 and N?7% < ¢. This conjecture was also mentioned by Heath-Brown [15].
Though the function 7p7 x5 is complicated (4.8) seems (in the words of Heath-Brown) more
“pure” than the Linnik-Vinogradov estimate (4.5) since in that problem we also have to
deal with the Dirichlet divisor problem. A serious obstacle (at least when it comes to using
the ideas of Nair and Tenenbaum) seems to be that 7 (mn) < 7n5(m)7r(n), (m,n) =1 is
a “good” estimate, while mps y(mn) < Ty n(m)7(n), (Mm,n) = 11is a “bad” estimate. It
appears that the best estimate which can be derived using the Nair-Tenenbaum strategy
is

N?(log N)®

Z TM,N(m) < p

m=r(q)
for ¢ < N?79, (r,q) = 1. This is obtained by estimating Ty, N with the Hooley A-function
A(n) =max#{d e N |e* <d <" d|n}).
ucR
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QUANTUM UNIQUE ERGODICITY OF EISENSTEIN SERIES ON THE
HILBERT MODULAR GROUP OVER A TOTALLY REAL FIELD

JIMI L. TRUELSEN

ABSTRACT. W. Luo and P. Sarnak have proved the quantum unique ergodicity property
for Eisenstein series on PSL(2,Z)\H. Their result is quantitative in the sense that
they find the precise asymptotics of the measure considered. We extend their result to
Eisenstein series on PSL(2, O)\H", where O is the ring of integers in a totally real field
of degree n over Q with narrow class number one, using the Eisenstein series considered
by I. Efrat. We also give an expository treatment of the theory of Hecke operators on
non-holomorphic Hilbert modular forms.

1. INTRODUCTION

Let H denote the upper half-plane and I" be a Fuchsian group of the first kind. We equip

the surface I'\H with the measure induced by the Poincaré measure dy = digy on H. If

I" is hyperbolic we know that the quotient I'\H is compact and that the Laplace-Beltrami
: : : L - N L
operator A associated with this surface, given in local coordinates by —y* ( 55 + 52 )

has pure point spectrum
O=X <A <

and that A, — oco as n — oo. Inspired by quantum chaos (see [19] and [20] for excellent
surveys) Z. Rudnick and P. Sarnak [18] conjectured that

1
(L.1) LY P —)
’ n(I'\H)

where {¢;} is an orthonormal basis for L?(I'\H) of eigenfunctions of A with Ap; = \;¢;,
and the convergence is in the weak-* topology. This is known as the quantum unique
ergodicity conjecture. It has been established by Y. Colin de Verdiere [3], A. Shnirelman
[21] and S. Zelditch [28] that (1.1) holds for a subsequence of full density.

If I' = PSL(2,Z) the quotient I'\H is no longer compact, and A does not have pure
point spectrum. However, by the Weyl law it is known that

. w(T\H
#05 €No |l < 1) ~ BV 72

where \; =1/4+ t? are the eigenvalues of A. Thus the analogue of the quantum unique
ergodicity conjecture is

3
[p5l*dp — —dp

where {¢;} is a complete set of orthonormal eigenfunctions of A. It was proved in [14]
that if the ¢;’s are Hecke eigenforms then the conjecture is true for a (large) subsequence
of the full sequence and K. Soundararajan [26] has proved that the conjecture holds for
the full sequence.
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2 QUE OF EISENSTEIN SERIES ON THE HILBERT MODULAR GROUP OVER A REAL FIELD

In [14] a continuous spectrum analogue of the quantum unique ergodicity conjecture
was proved. More precisely it was proved that for A, B C I'\H compact and Jordan
measurable, such that p(B) # 0, we have the limit

JulBG1/2 4 inPdp p(4)

Jp|E(z,1/2+1it)]*dp  p(B)
as t — oo, where F(z,s) is the Eisenstein series on PSL(2,Z). The authors even found
explicit asymptotics for the measure |E(z, 1/2+it)|?du (in terms of integration of a contin-
uous function with compact support). In this paper we generalize this result to Eisenstein
series E(z, s, m) (it will be defined in Section 11) on I'\H", where I' = PSL(2, O) and O is
the ring of integers in a totally real field K of degree n over Q with narrow class number
one. Note that instead of just one Eisenstein series as in the case of PSL(2,Z) we have a
family of Eisenstein series parametriced by m € Z"1,

We investigate the asymptotic behaviour of the measure dpm,+ = |E(z,1/2 +it,m)|>dpu,
dl‘l---dfcndyl---dyn on Hn.
Yi-vn '

where p is the measure on I'\H" induced by the measure

Theorem 1.1. For F € C.(I'\H") we have that
1 m"nR
— de,u7z—>/ F(z)du(z
logt Jr\an ()dtims(2) 2Dk (2) Jran (2)dulz)
as t — oo, where (i denotes the Dedekind zeta-function and D and R denote the discri-
minant and requlator of K, respectively.
From this one easily deduces that:

Theorem 1.2. Let A,B C I'\H" be compact and Jordan measurable, and assume that
w(B) #0. Then

pmt(A) — p(A)
pmt(B)  p(B)
ast — oo.

To prove Theorem 1.1 we follow the same strategy as in [14]. The idea in the proof is
to find the asymptotics of fF\Hn fdpim,s, where f is either an incomplete Eisenstein series

or a Hecke eigenform, and then use the spectral decomposition of L?(I'\H"). Estimates
for various L-functions play a crucial role in the proof, and we will collect these results,
as we go along. It should be mentioned that a similar result was shown in the case of a
quadratic imaginary field with class number one in [13] using a subconvexity estimate (in
the t-aspect) for the standard L-function proved in [17].

I would like to thank my advisor Morten S. Risager for suggesting this problem to me
and for excellent guidance and supervision. I would also like to thank Akshay Venkatesh
as well as the anonymous referee for useful comments.

2. NOTATION AND TERMINOLOGY

Let K be a totally real field of degree n over Q and narrow class number one (these
are the standard assumptions which are usually made to work with a non-adelic setup in
textbooks such as [1] and [6]) and let O denote the ring of integers in K. Here narrow
class number one means that O is a principal ideal domain and that each non-zero ideal
in O has a generator which is totally positive (this term is explained below).

Let

(2.1) Gal(K/Q) = {¢1,...,¢¥n}

with 41 equal to the identity map on K. In this way we may regard O as a lattice in R",
by the injection O — R™ defined by a + (a(V),... a™), where al9) = ¢/;(a). Note that
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this embedding depends on the choice of ordering of the elements in Gal(K/Q) given in
(2.1).

We let O* denote the group of units in O and O* = O — {0}. The elements in O* for
which all the embeddings are positive (such elements are called totally positive) will be
denoted O4. We let OF = O4 N O* which clearly is a multiplicative group.

We let D denote the different, i.e. the inverse ideal of

D' ={ve K| Tr(vO) C Z}.

It is a well known fact that D~! O O is a fractional ideal, and since K has narrow class
number one there exists w € O such that D = (w) = wO and D~ = w™ 0.

It is well known that O is a free abelian group of rank n, and O* /{£1} is a free abelian
group of rank n — 1. In addition we know that for each u € O* we have |[u) .. u(™| = 1.

We will assume that e1,...,e,-1 € R4 together with —1 generate O*. For later use let
@Oy . (n)
O
(2.2) R 1
ent - enmo1 1/n log \ig_)l - log |i7(1"_)1‘

Note that we have the relations

n
(2.3) > ejq=0,
j=1

and

n
(2.4) Z €j.q 108 |5((1j)| = 04q
j=1
for g, =1,...,n—1.
We let H denote the upper half-plane of C, i.e.
H={z € C|Im(z) > 0}.

We will use the convention z = (z1,...,2,) € H" and z = (z,y) where z = (x1,...,2,) €
R" and y = (y1,...,Yn) € R’ . Furthermore we will use the notation dr = dx;...dx,
and dy =dyj . ..dyp.

We set I' = PSL(2,0) C PSL(2,R). This group is often referred to as the Hilbert
modular group. The group I' does not in general embed discretely in PSL(2,R), but it
does embed discretely in PSL(2, R)™ by the action on H" defined by

(1) 1) (n) (n)
i(ab)z:<a z1+0b a\‘z, +b )

Wz +dD)7 77 ez, + dn)

which clearly is an extension of the classical action of PSL(2,Z) on H by Mobius trans-
formations. For v ==+ (2%) € PSL(2, 0) we define ) =+ (ij; 2((;)) )
If we regard H” as a Riemannian manifold with the metric

daf + dyi ey dx? + dy?
- 2 2

Y1 Yn
the Laplace-Beltrami operator associated with this metric is
A=A +---+A,

ds?

where A; = _yJZ. (aajz + g;). In the natural way the metric on H" transfers to the
J J

quotient I'\H". We also see that the A;’s induce symmetric and positive differential



4 QUE OF EISENSTEIN SERIES ON THE HILBERT MODULAR GROUP OVER A REAL FIELD

operators on Cp°(I'\H") which admit self-adjoint extensions (the Friedrichs extension). It
is known that the quotient I'\H" has finite volume and as in the case n = 1 we will often
regard functions on I'\H" as functions on the space H" which are invariant under I'. The
measure on I'\H" induced by the Riemannian metric is denoted p and one can check that

dp = y‘é”*’d;g in local coordinates.

1In

3. THE HECKE L-FUNCTION

In the following it will be convenient to set p;(m) == 22;11 mgejq for m € Z"1. Let
xm denote the following function on C*™:

n—1 n n
(3.1) Xm(w) =exp | im Z my Z ejqlog|w;| | = H \wj]lpj(m).

=1 j=1 i=1
Clearly we can regard x,, as a multiplicative function on O* by the usual embedding. For
B € O we note that x,,(3) only depends on the ideal (), so in this way we can regard
Xm as a multiplicative function on the non-zero ideals in O (a so-called Grossencharacter).
Note also that for m even, x,, is trivial on O*. We can now define the Hecke L-function.
It is defined by the series

a#0
which converges absolutely for Re(s) > 1, and it can also be written as an Euler product
over the prime ideals p, i.e.

Xm(p)\
leom =11 (1- %)

The Hecke L-function has a meromorphic continuation to the entire complex plane.
Furthermore ((s,m) is entire if m # 0. The Dedekind zeta function ((s,0) (sometimes
also denoted (x) has a simple pole at s = 1 with residue 2-=2 (cf. [1] Section 1.7), and is
holomorphic elsewhere. Here D = N(D) = |N(w)| is the discriminant of K and R is the
regulator of K, i.e. the absolute value of the determinant

1 —1
log|e| - logre§" )

1 1
logle | - logle™ 1

First we will make a convexity bound for the Hecke L-function on the line Re(s) = o,
where % < o < 1. It is well known (see [1] Theorem 1.7.2) that the Hecke L-function
((s,m) satisfies the functional equation

(32) §s,m) = xm ()i DE(L = 5,—m)
where £(s,m) denotes the completed L-function defined by

§(s,m) Ds/2 —ns/2 ﬁ <S+TJ _ij( ))7

and 7 = (71,...,7,) is a binary vector dependmg on m with the property that
(3.3) Xm((8)) = xm (8) [ [ sen(89)™
j=1

for g € O*.
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Stirling’s formula, i.e. the asymptotics of the I'-function on vertical lines, plays a crucial
role in the proof of Theorem 1.1. For any o € R we have

(3.4) ID(o + it)| ~ v/2me ™H/2|¢|7—1/2
and
(0 +it)
. —  ~1]
(3 5) F(O’—‘,—Zt) og|t|

as |t| — oo. Using the Phragmén-Lindeldf principle (see [12] Section 5.A), the functional
equation (3.2) and Stirling’s formula we easily derive the convexity bound

(3.6) (o 4 it,m) < |t|2(1-0)+e
as |t| — oo, for any £ > 0 and 3 < o < 1. Note that (3.6) gives the estimate
C(1/2+it,m) < |t]ite
n

for any € > 0. For later use it turns out that we need something slightly better (4 — ¢ in
the exponent will do), i.e. we need a subconvexity estimate for ((s,m) on the critical line.
Such an estimate was proved by P. S6hne [24] (generalizing ideas due to D. R. Heath-Brown
[8] and [9]):

Theorem 3.1. Let € > 0. Then
C(1/2 4 it,m) < |t]57°
as [t| — oc.

It is conjectured (and implied by the generalized Riemann hypothesis) that one in fact
has

C(1/2 4 it,m) < |t|°

for any € > 0 as [t| — oo.

It will also be necessary to estimate the logarithmic derivative of ((s,m) on the line
Re(s) = 1. We introduce a von Mangoldt type function on the non-zero ideals in O defined
by

0 otherwise ’

m(a)1 if a = p*
A(@) = {x (a)log N'(p) ifa=p
where p denotes a prime ideal. For Re(s) > 1 we see using the Euler product that

(sm) CxmP)yd [ 1
C(s,m) ;(1 N(p)8>ds 1 - Xl

Thus as in the case of the Riemann zeta-function the logarithmic derivative of {(s,m) can
be written as a Dirichlet series.

To estimate the logarithmic derivative of the Hecke L-function we need a zero-free
region. By considering exponential sums one can obtain a zero-free region for the Hecke
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L-function similar to Vinogradov’s bound for the Riemann zeta-function (see [27] Chapter
6). This was done by M. Coleman [2]:

Theorem 3.2. There exist positive constants C' and L such that (o + it,m) # 0 for

C
|t > L and 0 > 1 = Gorissm s iog 73

At present this is the best zero-free region we know, but the generalized Riemann
hypothesis asserts that all zeros of ((s,m) in the critical strip 0 < Re(s) < 1 are on the
line Re(s) = 3.

To obtain a sufficiently good estimate for the logarithmic derivative we follow Landau’s
strategy (cf. [27] Sections 3.9-3.11), which is based on the Borel-Carathéodory theorem.
We remark that in order to use this approach it is necessary to estimate the Hecke L-
function from below. To this end we consider the following generalization of the Mobius

function to non-zero ideals in O defined by

N N —DF ifoq,...,ap <1
Iu(pll.”pkk): {( ) 1 k ‘

0 otherwise

The function p has the following property (“Md&bius inversion”):

57 Zu(a)—{l ifb=0

0 otherwise’
bCa

and the proof is the same as in the classical case (see [12] Section 1.3). From this it is
clear that

L e (@)
(38) o)~ 2 Nay

for Re(s) > 1. Thus

1
o+t = 0

for o > 1.
We have the following result due to Landau:

Proposition 3.3. Let s = o + it and assume that ((s,m) = O(e?D) for |t| > L and
1 —-0(t]) < o < 2 for some positive L, where ¢(t) and 1/0(t) are positive increasing
functions defined for t > L such that 0(t) < 1, p(t) — o0 ast — oo and p(t)/0(t) =
o(e?®)).  Assume also that there exists a positive constant C such that ((s,m) # 0 for
|t| > L andaZl—C’M Then

w([t])
Clsm) (ol
(o) ~ 9 ( )

o(]¢])

1 e(lt)
tom <e<|t|>>
co)

for|t| > L+1 and o > 1 — 3205

and

Using Theorem 3.2 we can apply Proposition 3.3 with ¢(t) = (logt)% and 0(t) =
(log log t)fé to obtain the following:

Corollary 3.4. There exists a positive number L such that for |t| > L we have the estimate
¢'(14it,m)

i ritm) ~ Olllogt)?(loglogt)s).
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In the same way we obtain an explicit lower bound for the Hecke L-function:

Corollary 3.5. There exists a positive number L such that for |t| > L we have the estimate

M = O((logt)3 (loglog t)3).

4. HECKE OPERATORS

In this section we give an expository treatment of the theory of Hecke operators on
non-holomorphic Hilbert modular forms analogous to the treatment of Hecke operators on
holomorphic Hilbert modular forms in [1] Section 1.7 and [6] Section 1.15.

We recall the abstract definition of the Hecke ring (see [22]). We set G = GL(2, K),
I' = SL(2,0) and let ® C GL(2, K) denote the 2 x 2 matrices with entries in O and totally
positive determinant. The Hecke algebra R(I',®) is the C-vector space of finite formal
sums y_, cl'a;I', where o, € © and ¢ € C. The addition in R(I',®) is the obvious
one, while the multiplication is defined as follows. Let «,3 € ®. It is well known that
there exist distinct cosets I'aq,...,I'ag and I'G1,...,I'Gy, where «;, By € ®, such that
Tal' = U‘iizlfai and ['Gl" = U;.i,lzlfﬁi We define FaF rgr=>5,, o1, Wthh clearly
is independent of the choice of the a;’s and F;’s. We extend thls multiplication in the
obvious way, making R(I',®) an algebra.

We can define a homomorphism from GL(2,R), to PSL(2, R) by mapping 7 = (‘CL 2) €
GL(2,R), to w Zgis in PSL(2,R). Thus for w € H we simply define

aw +b
cw+d
Therefore we get a map from ® to PSL(2, R)" and we see that R(I", ©) can be regarded as
an algebra of operators on L?(I'\H") (or even the vector space of automorphic functions)
if we define (Tal'f)(z2) = Z?:l flayz).

Two double cosets T'al’ and I'ST are said to be equivalent if o = 8 where n = (4 9) for
some u € O*. Note that if « = n3 then a(j)zj = ﬂ(j)zj forall j =1,...,n. Let v € Oy.

Inspired by Hecke operators in the case of holomorphic Hilbert modular forms (see [6]) we
define

(4.1) f=

TW =

Tal'f.
\% det%:uu

uEO

Here the sum should be taken over inequivalent double cosets.

We can use the class number one assumption to make this more explicit. Consider
(2b) € ©. Write a = ra’ and ¢ = r¢’ where @’ and ¢ are relative prime (i.e. (¢) + (¢) =
O). There exist b',d’" € O such that a’'d’ — b'¢ =1 and we see that

d =V a b
- d c d

is upper triangular. Thus for any o € ®© we can find 8 € ©, which is upper triangular and
satisfies that 'aw = I'3. Using this we can write the Hecke operator as follows

(4.2) T,f(2) = \/7 dZ: b; F((
uEO

The outer sum is finite by unique factorization and the inner sum is finite since O/(d) is
a finite group. Thus 7T, f is well defined.

If v, € O4 and v = w/' for some u € O then by definition T, = T,,. Thus we can
define T{,y = T,,. Since we assumed that all ideals have a generator in O there is a Hecke
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operator associated with each non-zero ideal. Modifying Theorem 3.12.4 in [7] we obtain
that the Hecke operators are self-adjoint.

Now we will investigate the properties of the Hecke operators. We have the following
proposition:

Proposition 4.1. Let v1,vy € O be relative prime. Then
T, T, =T)u,-
Proof. Let f € L>(I'\H"). We have that

N Tuh= = > S 2 r((e2)(3h)e)

ardi=u1v1 azde=u2v2 b1€0/(d1)
uleOX ’LLQEOX ba€0/(d2)

- XYy ()

ardi=uiv1 agde=uzv2 by €0/(dy)
u1€(’)i uzGOi bQGO/(dg)

= > > f((§h=

ad=uvivs beO/(d)
uEOi

= VIN12) (T, f)(2)

where we have used the Chinese remainder theorem, i.e. that

O/((dr) N (d2)) = O/ (dr) ® O/ (dy)
which holds since (v1) + (v2) = O. O

We need the following important lemma:

Lemma 4.2. Let p € O be a prime element. Then for any positive integers k, k' we have
min{k,k'}
Tp T = Z Tk ~2a-
d=0

Proof. Let f € L*(T\H"). We see that

1 1 /
|N( k+k)|(Tka/f Z Z f((pol pll)2) <p01 l;é)z)
Litla=k beO/(p") P
1+ kb'EO/(pQ)

l —+1 / l
-y ()

l/1+l/2 =k beO/( 12)

BHE= o)
Removing common factors we get

min{k,k’'} .,
Y ox 2w ()
— ) 0 pl2+l’2 .
=0 Rk be0/6) yeo /st
mln{l2,l1} 0

We note that as (b, b’) runs over all pairs in O/(p'?) x O/(p2?) the expression bp'2 + b'ph
will assume each value in O/ (p'2t%2) exactly |N(p)|¢ times. Thus

min{k,k'}

|N(pk+k/)|TPkTpkl - Z |N(pd)| |N(pk+k/72d)|Tpk+k’—2da

d=0
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and this proves the theorem. O

Combining Proposition 4.1 and Lemma 4.2 we get:

Theorem 4.3. Let (v1), (v2) be non-zero ideals in O. Then

TonTwy = Y, Tonw)/@?
(d)2(v1)+(v2)

In particular the Hecke operators commute.
From Lemma 4.2 we obtain the following proposition:

Proposition 4.4. Let p € O be a prime element. Then for k € Ng we have that

k
(4.3) Toor = Y _(—1)F (k;z_ l) 7,2

=0
and
k+1
k+1
_ k+1+1 21—1
(4.4) Torsr = » (—1) (21 i 1> T2

=1

Proof. We first consider (4.3). The claim certainly holds for £ = 0 and k£ = 1. Now let
k' > 2 be an integer and assume that the formula holds for k¥ < k’. Using Lemma 4.2 we
get

szk’+2 - szk’TPZ - szk/ - szk’—z
- (Tg - Q)szk/ - szk/—z
_ 2k +2 / 2K’ k'+1
=T+ — 2K + 1)TF + (-1)F 1+

k' —1
/ K +1 E+1-1 K+l-1
VK o 21
Seven () () - () s
k'+1

= Y (—)k L (’f/ +2ll + 1>Tp2l.
=0

By induction this proves (4.3), and (4.4) is proved by similar arguments. O

5. THE FOURIER EXPANSION OF AN AUTOMORPHIC FORM

An automorphic form f is a formal eigenfunction of the Laplacians A; (i.e. f need not
be square integrable and we allow f to be identically zero also) which satisfies the growth
condition

f(z) = o(exp(2my;))

as y; — oo for all j = 1,...,n. This holds in particular if f is square integrable. By
construction we have f(z +1) = f(z) for all [ € O. Thus f has a Fourier expansion (see
[10]):

Theorem 5.1. Let f be an automorphic form with Laplace eigenvalues s;(1 — s;). Then
f admits a Fourier expansion of the form

F(2) = ay)e(Tr(w '),

leO



10 QUE OF EISENSTEIN SERIES ON THE HILBERT MODULAR GROUP OVER A REAL FIELD

where e(x) = exp(2mix). Since f(z) is an eigenfunction for the Laplacians A1, ..., A, the
[-th Fourier coefficient a;(y) must satisfy the differential equations

2 (1 s, :
(1) Tal) (525 g0 ) am) = o

Oy; j

for 3 =1,...,n and hence be of the form

n

a(y) = /g n | [ K, 1 @l D)W y;)

7j=1
forl #£ 0. The zeroth Fourier coefficient can be written as a linear combination of H;LZI yjj

and H?:1 ylv_sj. Furthermore the coefficients ¢; satisfy the bound
o < exp(e|N(1)])

for any € > 0.
Here K, denotes the usual Macdonald Bessel function
1 [ee)
Kol = [ expl-y(t+1/0/2e
0

which is defined for y > 0 and v € C. It is well known that these functions decay
exponentially as y — oo.
Note that if f is automorphic with respect to I" then f(z) = f(uz) for u € O, where

1)

uz = (u( 21y, u(")zn),

since all such u’s are squares of units (by the assumption that K has narrow class number
one). This implies that ¢; = ¢, for I € O and u € OF.
A non-zero square integrable automorphic form f is called a cusp form if

(5.2) /Ff(z)d:v =0.

Here

F={tiai+---+tpa, |0<t; <1}
where ai,...,a, is a Z-basis for O and each a; is regarded as a vector in R" by the
embedding a; — (ag.l), . ,aﬁn)). We will refer to F' as the fundamental mesh for O and

one can check that the definition of cuspidal is independent of the choice of Z-basis. By
the exponential decay of the Macdonald Bessel function one can deduce that f must be of
exponential decay as y; — oo.

Using the Hilbert-Schmidt kernel from [5] Section I1.9 one can prove using Lemma 1.2.1
in [5] that the vector space of square integrable automorphic forms with given Laplace
eigenvalues Ap,..., A\, is finite dimensional (see [10] for bounds on the dimensions of the
eigenspaces). Now define

Li(2) = (21, Zj—1, =%, Zj+1s - - - Zn)

for j = 1,...,n. One easily checks that if f is an automorphic form then so is f o¢; with
the same Laplace eigenvalues. Since the eigenspaces are finite dimensional this means that
the eigenvalues of ¢; must be +1. We also see that the Hecke operators, the A;’s and the
tj’s commute. Furthermore all these operators are self-adjoint. Hence we can choose a
basis for the vector space spanned by cusp forms which consists of cusp forms that are
also eigenfunctions for all the Hecke operators and all the ¢;’s. These are called primitive
cusp forms. Note that being an eigenfunction of the ¢;’s is simply the same as saying that
the function is either even or odd in each z;.
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6. HECKE EIGENVALUES AND AUTOMORPHIC FORMS

In this section we will study automorphic forms which are common eigenfunctions for
all the Hecke operators. We first note that the identities derived in Theorem 4.3 and
Proposition 4.4 give similar identities for the Hecke eigenvalues:

Theorem 6.1. Assume that f is a common eigenfunction for all the Hecke operators, i.e.
that

Ty f=Mw)f
for allv € O*. Then for vy,vy € OF we have
(6.1) ME)AM2) = > AMare/d).
(d)D(v1)+(v2)

For a prime element p € O and k € Ny we have that

k
(6.2 A = Y0 (1 e

=0
and

k+1
(63) AGH) = 31 (5 - )

Using the identities above, we can derive a connection between the Fourier coefficients
of T(,)f and f, where f is a primitive cusp form:

Theorem 6.2. Let f be a primitive cusp form with Laplace eigenvalues s;(1 — s;), and
assume that f has the Fourier expansion

f2)=) av-- HK L2l ) Py;) | e(Tr(w™ i)

leO*
Then the l-th Fourier coefficient of T(,,)f 18

Z Ccy

dlged (!’ v)
l'v=d?]

forv e O4. In particular c,, = N(v))ey for u € OF.

Proof. We apply T, on the Fourier expansion

(n)
VINOTA = S a3 ],

1)
l'eO* ad=uv |d( |d(”)|
uGOX

HK (27 (w Wa/d)Dy;) | Y e (Tr (w ' (az +b)/d))

beO/(d)

where by abuse of notation

(az +b)/d = ((aWPzq + M) /dD, ... (@™, + ™) /d™).

Now if d | I’ then
b
d e <Tr (wlz'd)) = [N(d)|.

beO/(d)
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If d 4 I there exist b € O/(d) such that Tr (w%/%) ¢ Z. Thus

5 ) - T )
(o) 5 ()

beO/(d)

= (o) =

beO/(d)

But this implies that

Thus

ath) jal™)|

’N( Z v Z 1 ’d(” ‘y X

'eO* ad=uv
ue(’)><

HK @l /) Oly) | x

Z e (Tr (w ' (ax +b)/d))

beO/(d)
y( )‘ y(n)|
Z Cl/ Z ‘\/ 2 1 Qyn
'eO* dlged(l' v ‘d ’ ‘d( ‘
H 1 (2w U d®) Dy | x

)

From this it is clear that the [-th Fourier coefficient is

Z .

dlged(l' )
U'v=d?l

7. THE FUNDAMENTAL DOMAIN FOR I'

Before we can prove the functional equation for the standard L-function we need a
fundamental domain for O \R’} and this immediately gives us a fundamental domain for

I's as well.

Let F denote the interior of the fundamental mesh of the lattice O in R™ given by the

embedding defined earlier. Let I', denote the stabilizer subgroup at oo, i.e.
oo ={£(§, ) luec0*lec0}.

From [23] we know the fundamental domain for I's,

Proposition 7.1. The set
Fx={zeH" |z e FyecUx},
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is a fundamental domain for T's,. Here Ux, C R is a fundamental domain for OF\R'}.
Explicitly we can choose Uy, to be the preimage of

R, x[-1,1]" ' c Ry x R"!
under the map (defined on R})

n n

n
Yj Yj
y= H Y Z(ej,l —er1)log ———, ..., Z(ej,n—l —e1p-1)log ——— 1,
j=1  j=2 VT v j=2 VI v

which is injective.

Let ¥ denote the image of y under the map above. Note that we have the relations

n
~ Kk Yk
(7.1) S gloglel) | = log &
=2 Y1
for K = 2,...,n which follows since
€21 ' €2p—1 - log \552)‘ log |5§n)|
. .. — ([n_1+En_1)_
€n,l "' Enp-1 log |57(1221| -+ log \egi)ﬂ

Here I,,—1 denotes the (n — 1) x (n — 1) identity matrix and E,_; is the (n — 1) x (n — 1)
matrix with all entries equal to 1. Inserting (7.1) in (3.1) we get the relation

n—1

(7'2) Xm(y) =exp | im Z mng—l—l
q=1

Note also that by (7.1) the ratios y;/y; are bounded.

Later we want to integrate so-called incomplete Eisenstein series. To do so it will be
convenient to use the transformation from Proposition 7.1 and for that purpose we need
to know the Jacobian determinant:

Lemma 7.2. The numerical value of the Jacobian determinant of the map in Proposition
7.1 is R~ where R is the regulator of K.

Proof. Let Q) denote the Jacobian matrix. Note that

o _ i
dyj  Yj
and
O 1 z": I
= — (5"/(e-lk—elk)—72(6‘/]9—61[4;)
. . 757 7 ) . 7 )
ay] Yj §'=2 ny; §'=2
for kK =1,...,n — 1. Thus the y;’s cancel in the Jacobian determinant and we get
1 1 e 1
det(Q2) = Ay e21 —e11 + Ap en1 —e1,1 + Ar
Ap—1 €2,n—1 —€lp-1+t Ap - €nn—1 —€lp-1+ Ap_1
where A = —% Z?:z(ej,k —eyy) for 1 <k <n—1. By recursively subtracting column

j — 1 from column j we do not change the determinant. Expanding by minors in the first
row (which has 1 in the first entry and 0 in the other entries) we see that

det(Q) = det([ej11.6 — €jk]1<jh<n—1)-
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Now using a similar trick on the matrix

L, .. (n)
e11 -+ ein.1 1/n log' ‘51 | o log.|f€'1 |
. .. - - 1) (n)
€nl " Epn—1 1/71 log ’in—l T 10g |inn—1‘

recursively subtracting row k£ — 1 from row k£ we see that

loglef”| - loglef”||
idet(Q)_
no (1) | (n)
oglen | og len |
1 . 1
But the determinant on the right-hand side is £nR (see e.g. [25]). O

8. THE STANDARD L-FUNCTION

In this section we will consider the L-function associated with a primitive cusp form —
the so-called standard L-function — and show that it has a functional equation.
For a primitive cusp form ¢ with Hecke eigenvalues A(a) we consider the L-function
(defined for Re(s) > 3)
Xm(a)A(a)
L(s,p.m) = Y~ s
= N

It should be mentioned that one often uses the notation L(s, ¢ ® xm,) instead of L(s, ¢, m).
If we use the relations from Theorem 6.1 we can write L(s, ¢, m) as the Euler product

1

L(S7 2 m) = H 1— Xm(p)A(p) + X’m(p)2
p N(p)® N(p)2

where the product is taken over all prime ideals.
Before we go on we need the following result:

Lemma 8.1. Let f be a formal eigenfunction of the Laplacians Aq, ..., A, with eigenval-
ues A, ..., A\p. Assume that f(iy) = 0 for all y € R where iy = (iy1,...,iyn). Assume
also that

of

(8.1) %(zl,...,zj_l,iyj,zj,...,zn):0
J

for all zyy € H with j' # j, y; € Ry and j=1,...,n. Then f(z) =0 for all z € H".

Proof. Since f is an eigenfunction of the A;’s which are elliptic differential operators we
conclude that f must be real analytic. Hence it suffices to prove that

a|a+b|f ‘
ot oxtroyt oy =0
('L 0z Oyt L Oy
for all a = (a1,...,an),b = (b1,...,b,) € Nj and y € R’} — note that we use the notation

la| =377 a;. But clearly this would follow if we could prove that

olal f
oz{* ... 0xy"

for all (a1,...,a,) € Nj and y € R}

(iy) =0
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If a; € {0,1} for some j, the result follows immediately from (8.1). Now assume that
the result holds if for some j we have a; < ¢, ¢ > 2. Consider (ay,...,a,) € N such that
min{ay,...,a,} = q+ 1; say a; = ¢+ 1. Then we see that

al f(; al—2 2 ¢
g (St - TI)
Tyt ... Oxy Oz{* =0x5? ... Oxy { oyy
_M 9le1=2 f (iy) A )
Y3 0zt 20x ... Oz - 87y%8x‘1“_28x‘2’2 ... 0z
=0
by induction. This proves the lemma. O

Now we can extend the holomorphic function L(s,p, m) to an entire function with a
functional equation of the usual form:

Theorem 8.2. Let ¢ be a primitive cusp form with Laplace eigenvalues %—1—7“]2- and Hecke

eigenvalues N\(a). Then L(s,p, m) has an analytic continuation to the entire complex plane
and it satisfies the functional equation

(8.2) A(s, p,m) = (1) o, (D)A(L — 5,0, —m)
where

A(s,o,m) = D°m " L(s, p, m) X

ﬁr <8+K§j +ir; —ipj(m)> r <s+/<aj —ir; —ipj(m)>
2 2

j=1

and kj = 0 if ¢ is even in x; and K; = 1 if ¢ is odd in x;.

Proof. Consider the function

1 aTr(H)SO
1@ = Gy oot o
n 12 (4) )
= Z ce(Tr(lx/w)) H e Vi Kir; 2| (1/w) Y ]y;),

leO* j=1

which is even in all the z;-variables. For Re(s) large (this ensures that we can use the
Fourier expansion) consider the integral

Xm(D)/ f(zy) - ys Wj(m)""’fj_g/Q y
D i\Rn j=1

n

Xm a)A(a o s—ipi(m)+r;—1
) 5 ) H Kirj (27ryj)yj pj(m)+r; dij
O N(a) —1Jo

T ﬁsgn

peo\ox  J=1
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n T (5+NJ +“g ipj(m) ) T <5+Hj*i7ﬂ§*iﬂj (m) )

Agrstri—ip;(m)

X

r:,;
§
3 H::j

BEO+\OX j=

where 7 is the binary vector satisfying (3.3). Note that we have used the formula (see [1]
Lemma 1.9.1)

47s

[e%) s+v S—V
/ KV(Q,R_y)yS—ldy: F( 2 )F( 2 )
0

which is valid for Re(s) > |Re(v)|. That the integral above is convergent follows from the
fact that f(iy) = & f(i/y) (we use the notation 1/y = (1/y1,...,1/yn)).

J 1 yJ
If we can prove that

(8.3) Z ﬁ (sgn(pB #0
peo\ox =l

we have the analytic continuation since

/O . f(iy)

is an entire function in s (due to exponential decay of f in the y;-variables). So let us
assume that

(84) > s [JGsen(8)7 =0,

peo\ox =1

y;fipj (m)+'€r3/2dy

.
'E3
_

This implies that the integral considered above vanishes for all s and m € Z"~!. But using
the structure of Uy we see that (f is y — f(iy) composed with the inverse of the map in
Proposition 7.1)

n

/ f(iy) Hys a3 gy =
OF\RTY

1 1 oo _ v(r)
wf [ [ e
-1 -1J0

n—1 n n—1

exp Z Z Kg+1 — K1)Yj log |5j 1 )’ exp _iﬂ'zmng—i-l dy,
qg=1 j=2 q=1

where we have used (7.2). Since this holds for all m we must have f(iy) = 0 for all y € R}
We also have that f is a formal eigenfunction of the A;’s and since f is even in all the
xj-variables condition (8.1) in Lemma 8.1 is also satisfied. Thus we conclude that f is
identically 0. But by the Fourier expansion of f this implies that ¢; = 0 for all [ € O*
which contradicts that ¢ is a primitive cusp form and hence non-zero.
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—1)Tr(x) .
%f(l/y)

Now we prove the functional equation. As remarked earlier f(iy) = T
i=1Yj

From this one easily deduces that

/ ) f(ly) H y;*ipj(m)JF“j*?’/Qdy _ (_1)Tr(fi) / . f(z/y) H yj*ipj(ﬂl)*ﬁj*?)/?dy
OL\R% j=1 OL\RL j=1

_ (_1)Tr(n)/ F(iv) Hy;pj(m)—s+nj_1/zdy
OF\RY j=1

where we have used that the map y — 1/y maps a fundamental domain of OF\R. to
another fundamental domain. Now (8.2) follows immediately from the calculation above

since Y7 pj(m) = 0. O

Using the Phragmén-Lindel6f principle and the functional equation (8.2) one obtains
that

L(1/2 + it, o, m) < [t|2+¢

for any € > 0 as [t| — oo. This is not enough for our purpose, but any improvement in
the exponent will do. In the case K = Q T. Meurman [15] proved that

L(1/2 + it, ) < /re™/2[t]572,

where i—l—rQ is the Laplace eigenvalue and the constant implied only depends on €. Recently
P. Michel and A. Venkatesh [16] and A. Diaconu and P. Garrett [4] proved the estimate
that we need in general:

Theorem 8.3. There exists some § > 0 such that
L(1/2 +it,p,m) < [t|27°
as [t| — oo.
The generalized Riemann hypothesis implies much more, namely that you can take any
e > 0 in the exponent (the Lindel6f hypothesis for the standard L-function). It should be

mentioned that the techniques in [17] probably are adequate to provide the subconvexity
estimate in Theorem 8.3.

9. THE EISENSTEIN SERIES

In the case where K = Q we have the Eisenstein series
E(z,s) = Z Im(vz)°.
Y€l \I!

In our case of the Hilbert modular group over general K our candidate for the Eisenstein
series would be

(9.1) > ] m(y9)z)%.
€T\ j=1

Now for this to be well defined we need every term to be independent of the choice of v in
the coset I'so\I'. This puts some constraints on the choices of the s;’s. In fact, for (9.1)
to be well defined it is necessary and sufficient that

(9.2) A N I L |
for all u € O*. The condition (9.2) is certainly equivalent to

(9.3) silog || 4+ snloglelV| = imm;



18 QUE OF EISENSTEIN SERIES ON THE HILBERT MODULAR GROUP OVER A REAL FIELD

for j=1,...,n—1 where m; € Z. Let m = (my,...,myu_1) € Z" ! be a fixed vector. If
we fix the parameter s € C and solve the system of equations
log legl)\ -+« log |€§")| s imTmy
1
logley)y| -+ loglel” ] \ 5, ) | e
1 1 ns

we get the solution (cf. (2.2))

n—1

sj=s+im g mgejq = s +ip;j(m)
q=1
for j = 1,...,n. From now on we will view s; as a function of m and s. Thus in conclusion

we define the Eisenstein series for I' as

(9.4) E(z,s,m) Z HIm

el \I'J=1

which is absolutely convergent for Re(s) > 1 (cf. [5] p. 42). It was proved in [5] that
E(z,s,m) has a meromorphic continuation to the entire s-plane, and that F(z,s,m) is
holomorphic on the line Re(s) = 1/2.

One can verify that the Eisenstein series is an automorphic form with Laplace eigen-
values s;(1 — s;) and thus it admits a Fourier expansion. When we calculate the Fourier
coefficients it will be convenient to consider the following generalization of the divisor
function

Us,m Z X?m ‘N ‘

(e)cO
|l

Note that o, only depends on the ideal (I). The Fourier coefficients are known from [5]
Section II.2:

Theorem 9.1. Forl € O let a;(y,s,m) denote the l-th Fourier coefficient of E(z,s,m).
For 1 # 0 we have that

-1
2" 0y _gs, —m H\/EK (27T|(l/w) ]y])]l ‘sj

al(y) Sam) (D)DS S _2m j:1 F(S])
The zeroth Fourier coefficient is given by
1-s
n
o(y,s,m) H v xm(y) +olsm) [ []w]  x-m®

where

Note that (s, m) is unitary for Re(s) = 1.

As in the classical case we also need to consider incomplete Eisenstein series, i.e. au-
tomorphic functions on I'\H" formed as Poincaré series which fail to be eigenfunctions of
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the automorphic Laplacian. Let h € C;°(R4) and assume that h(y)y? — 0 as y — oo and
h(y)y™ — 0 as y — 0 for all p € N. For m € Z"~! we define

(9.5) F(z,hym)= Y h Hlm A2 HIm )z )iea(m),

~yeD\I j=1

We will refer to F(z,h,m) as the incomplete Eisenstein series induced by h with para-
meter m. One easily checks that the incomplete Eisenstein series decay faster than any
polynomial in the cusp. In particular they are square integrable since they are bounded.
Choosing explicit representatives we see that

1 Y

= > h : 2 :

2 a5t \joi (D + dD)2 4 (cD)y;)2
ged(e,d)=1

The following proposition reflects the fact that the Hecke L-function ((s,m) has a pole at
s =1if m = 0 but is regular at s =1 if m # 0:

Proposition 9.2. For m # 0 we have
/ F(z,h,m)du(z) = 0.
I\Hn

We also have

/ F(z,h,0)du(z) = 2”1R\/5/OO h(lg) dw.
I\H" 0w

Proof. The last statement follows immediately from change of variables using the injective
map from Proposition 7.1 and Lemma 7.2.

The first statement follows from a similar argument. Using again the map from Propo-
sition 7.1 and the relation (7.1) we are lead to consider the integral (which only differs
from the integral we wish to compute by scaling with a factor of R)

h
/ exp z7rZ:mqZ:yZZzequogkZ | dy
R+X[7171}n_1 =2 7=1

h(jh)

1 ) ~ -
= exp | im MgYg+1 | dy.
/]R+><[1 1}"71 g% q:z; 74

From this the statement is obvious. Il
The space spanned by incomplete Eisenstein series will be denoted £(I'\H"). Using

the transformation from Proposition 9.2 it is clear that the orthogonal complement to
E(T'\H") is the set of functions f € L?(I'\H") for which

(9.7) /F F(2)dz =

i.e. the zeroth Fourier coefficient vanishes. As in the classical case K = Q the space
E(T\H")* is the closure of the space spanned by cusp forms C(I'\H") (see [5] Theorem
11.9.8). Thus we have the decomposition:

(9.8) L*(I'\H") = C(T'\H") ® £(T\H").
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Note that the functions in C(I'\H") are orthogonal to the constant functions.

10. QUANTUM UNIQUE ERGODICITY

We wish to investigate the behaviour of the measure
ditm,s = |E(2,1/2 + it,m)*du
ast — oo. This is the large eigenvalue limit, since the Laplace eigenvalue of E(z, 1/2+it, m)
is nt® +n/4+ 37, pi(m)*.
In the subsequent sections we will prove the following two results:

Theorem 10.1. Consider an incomplete Eisenstein series F(z, h,k). Then we have that

1 m™nR

(10.1) Feuho R)djins(2) = i s /F o TG R

logt Jr\p»
as t — oco. Note in particular that for k # 0
1
10.2 — F(z, h, k)dpm
(102) g7 g T ot e(2) =0

as t — oo, cf. Proposition 9.2.

It is interesting that the asymptotics in (10.1) do not depend on m. The constant

252?2%) can also be given in terms of the volume, since (see [6])
3
o 20(2,0)Dz2
(10.3) p(T\H") = (Wn)

Note that since ((2) = %2 the result above reduces to the result found by W. Luo and P.
Sarnak in [14] for K = Q. The results differ by a factor of 16 — they obtain the asymptotics

48
(10.4) /F\H” F(z,h)du(z) ~ — logt/r\Hn F(z,h)du(z)

™

as t — oo. This difference is due to a disagreement regarding the value of the integral
(12.3) below, which exactly accounts for the factor of 16. In this connection two other
errors in [14] should be mentioned. A factor of 2 is missing in the Fourier expansion of the
Eisenstein series on page 211. This error is cancelled though since a factor of % is missing
in front of the logarithmic derivatives of I'(s/2 + it) on page 216.

We also obtain the asymptotics for primitive cusp forms:

Theorem 10.2. Let ¢ be a primitive cusp form. Then

(10.5) [ e@dmalz) =0
\H"

ast — oo.

Combining Theorem 10.1 and Theorem 10.2 we can now prove Theorem 1.1:

Proof of Theorem 1.1. Let ¢ > 0 be given and set © = %. One can prove that
the functions which are a sum of a finite number of primitive cusp forms and incomplete
Eisenstein series are dense in the space of continuous functions which vanish in the cusp
Co(T'\H") equipped with the sup norm. Hence let F' € C.(I'\H") and choose primitive
cusp forms ¢i,..., gk, functions hy,...,h € CX(R;) and parameters my,...,m; such

that

9
F - <

where G(z) = Z§:1 gj(z) + Zi:l F(z,h;,m;) and M is a constant depending on the field
K —in the case K = Q one can choose M = 4. Now since cusp forms decay exponentially
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in the cusp it follows from (9.6) that we can choose a non-negative h € C*°(Ry) of
sufficiently rapid decay such that

3

[F(2) = Ga)| < Fl2:1,0) < o gy

for all z € I'\H". Thus by Theorem 10.1

<

| ™

1
lims
lﬂoljp Ologt

[ (FG) = G)dima()
\H"»
Theorem 10.1 and Theorem 10.2 give us that

i ! = z z
5 Giogt o, O = [ Gt

Ologt I\H"
Hence
(10.6) lim sup ! / F(2)dpm ¢ (2) —/ F(z)du(z)| <e
t—oo | Ologt Jr\gr I\H"
This proves the theorem, since (10.6) holds for any € > 0. O

Finally, this enables us to prove the main theorem:

Proof of Theorem 1.2. Let F,G, f,g € C.(I'\H") be chosen such that
F>1a>f>0

and
G>1p>g2>0,

where 14 denotes the indicator function. Then

fF\Hn f(2)dpm,i(2)
fF\Hn G(z)dpim ()

By Theorem 1.1 we see that

gt F)d(2)
fF\Hn G(z)du(z)

Since this holds for all F, GG, f and g the result follows. O

Pt (A) < fF\Hn F(2)dpm(2)
pmt(B) fr\Hn 9(2)dpim 1 (2) '

<

o F(2)du(z
< Jim inf Fmet(A) < limsup pmt(A) Jovae F(2)dp(z)

t—00 :um,t(B) t—o0 Mm,t(B) N fF\Hn g(Z)d/L(Z) '

11. PrROOF OF THEOREM 10.1
Consider F'(z,h,k) € E(I'\H"). By standard unfolding arguments we see that

/ F(z, hy k) dptn ¢ =/ F(z,h,k)|E(2,1/2 + it,m)|? jxdyz
F\H" F\Hn yl . yn

- . dxdy
_ , 2
— /UOO h j|:|1 Yj /F [E(z,1/2 +it,m)|” ———=

Jj=17j
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Using the Fourier expansion of the Fisenstein series we get

\F/]Ezl/2+ztm|dx—2Hy]+2Re H 2y o () (1/2 + it,m) | +

j 197
X
Dlc(1 +2n, m)|2 D lo—itm(

leO*

H‘ it+ip;j(m) 27T|( )(])‘yj)‘
IT(1/2+ it +ipj(m))|>

Now write
/ F(z, b, K)djims = Fu(t) + Fa(t)
I‘\Hn

where

Fi(t)=2VD g AR
oo j:1

- dy
1422t
Hyg+Re Hy Xom ()¢ (1/2 + it, m) T ®
J=17)

and

Fy(t) = 5 / L | lo-sitmDI
j=1

leO*

\/E|<( + 2it, —2m)|2

H ‘ it+ipj(m 27T|( )])‘yﬂ dy

IT( 1/2+zt+zp3( m))|? T, y;—iﬂj(k)

Angm / n )
= : > h{ T v | lo—ait—m()*x
VD|¢(1 + 2it, —2m)|? T

R
leo\o* "

H‘ it+ipj(m) (27T|( 71[)(j)|y')|2 dy

IPA/2+ it +ipim))P o im0

It is clear that Fi(t) is a bounded function of t.
Before we go on we need to consider a new L-function. For a purely imaginary we
associate to o4, an L-function which can be computed in terms of (s, m):

Uam m/ Uam 0—a,—m K
ZXm )’ Hzx @)is (p™)

az£0 p k=0

= Hi X ()% 1= X2 ()N (9) D 1 — o (p)F TN (p) (A D)
S N)E 1= xam ()N (p)® 1= X—2m(p)N(p)~®
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1
B 1;[ (1= x—2m(P)IN(P)~*) (1 — x2m (PN (p)*)

X

e}

D 2Xm ()N (9) ™ = X (p)Fxam () F TN (p) (79—
k=0
X (P)F X —2m (p) F TN (p) ~ (@t )k
1
~ LG eV ) 0 eV ))
< 2 B Xam (P)N (p)*  xX—2m(@N(p)° >
1- Xm’(p)-/\/’(p)is 1= xm +2m( ) (p)a s 11— Xm’me(p)N(p)iais
_ L+ X (PN (p)~°
L= 0 (PN (R) =) (L = w2 (BN (R)*=*) (L = X =2 (P)N () ~2~)

_ C(s,m))* (s — a,m’ + 2m)((s + a,m’ — 2m)
N ¢(2s,2m’) '

To deal with F»(t) we consider the Mellin transform Mh of h, i.e.

(Mh)(r) = /000 h(w)w ™" dw.

Note that we have the opposite sign convention in the definition of the Mellin transform
than the usual one. However, this is also the convention used in [14], and it is the practical
one since we then avoid considering {(—s, m) on the left half-plane. By the Mellin inversion
formula we have

h(w) = 2% amear

for all ¢ € R. Thus using the L-function we considered earlier we can rewrite the integral
Fy(t) as

B (4m)™
() = 2miv/D|C(1 4 2it, —2m)| Z /n (2) (MR)(r)|o—2it-m (D

10\0*

H ‘ it+ip;(m 2”‘ 1l J)‘yj” yiﬁj(k)+7“fldrdy
IT°( 1/2+zt+zp3( NI? J

_ (4m)™ )
 2miVDIC(1L+ 2t —2m)P Ty IF/2 4 it ips(m) P Jy i
Z 025t —m (1) / H\ ithing (m (%](l/w YDy, >‘2 i (971 g g

leO\o* RYj=1
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- (4 r
= BB a0

S Jomse @[] L i (8) +1)/2)°
T oy me W@ e BT (i (k) + )

leO\O*
U((ipj(k) +7)/2 + it +ipj(m))U((ip;(k) + 1) /2 — it —ip;(m))dr

- ' (4”)n — / By(r,t, h)dr
2mi2%/DIC(1 + 2it, —=2m) 2T}, [T(1/2 + it + ipj(m))[? Ji2)

where

C(r,—k)2¢(r + 2it, —k — 2m)((r — 2it, —k + 2m) y
¢(2r, —2k)mmr

|lwO PRI (i, (k) + 1) /2)?

- L(ipj(k) +7)

(ipj (k) +71)/2 + it +ip;(m))T((r +ip;(k))/2 — it —ipj(m)).

By (r,t,h) = (Mh)(r)

—.

J
r

—~

Note that we have used the fact that for any b € R we have the formula (see [11] Section
B.4)

(11.1) /00 ’Kib(277t)|2t571dt _ F(S/Q + Zb);;gjs/r?(s_) ib)r(s/Q)Q.
1

Clearly (Mh)(r) is bounded for 5 < Re(r) < 2 and I' decays exponentially in vertical

strips by Stirling’s formula. Furthermore ((o + it, k) is polynomially bounded in ¢ for
+ < 0 < 2. Hence we can move the integration from the vertical line Re(r) = 2 to the
vertical line Re(r) = % perhaps picking up residues from poles at »r = 1 and r = 1 + 2it:

B (m/2)" f(1/2) By (r,t, h)dr

~ 2miV/DIC(1 + 2it, —2m)|? [T, T(1/2 + it +ipi(m))[? *
(m/2)"res,—1 Bg(r,t, h)

VDIC(1 + 2it, =2m) 2T}, [T(1/2 + it + ipj(m))|?

Fy(t)

+o(t™1)

where the O(t71°) term comes from the possible residues from poles at r = 1 £ 2it, since
(Mh)(o +it) is of rapid decay as t — oo. Let us evaluate the first term. Since Stirling’s
formula is no good near the real axis in our case, we have to work around that. Note that
for a,b € R we have

e—|a+b|€—|a—b| < 6_2‘(1'.

If |a + b > 1 and a # 0 we also have that

L _ 14
la + bl |a

We can now evaluate the first term. Since we are only interested in the asymptotics as
t — oo we can assume that ¢ > 1. Using the subconvexity estimate from Theorem 3.1 and



JIMI L. TRUELSEN 25

Stirling’s formula we see that (C1,Cs, C3 > 0 are suitable constants)

o0

. Bt < Ty [ /2 4 ) 0 5
1/2

— 00

., (t+p; (m)+1)—p; (k)
e ™Aty / |(Mh)(1/2 + iw)|dw+
2(t+pj(m)—1)—p;(k)

N 2(t+p;(m)—=1)—p; (k)

e_“t”t_4+503/ |(Mh)(1/2 + iw)|dw.
—2(t+p;(m)+1)—p; (k)

Since Mh is of rapid decay the first term dominates, and we obtain the estimate

/ By (r,t, h)dr < e ™|t 75 e
(1/2)

By Corollary 3.5 and Stirling’s formula we see that
f(1/2) By (r,t, h)dr
[+ 2it, —2m) P T, [D(1/2 + it + ipy (m)]

< W—%-&-a

for any € > 0.

Now we turn to the residue term. Since ((s, k) is regular at s = 1 for k # 0 the residue
term will vanish in this case and we are done. Assume therefore that £ = 0. We know
that

(5,0) = ==

(s—1)
and hence

2, + 2C—1C0

0 =m0

o(1)

as s — 1 where (_1 = Q%R and (o is some constant. Now introduce G(r,t, h) defined by

Bo(r,t,h) = ((r,0)2G(r,t, h).

We see that
ves,_1 Bo(r,t, h) = G(1, £, h)¢_y <2<o n c_ICM) .
Note that
(MR)(1)|¢(1 — 2it,2m))? a L
G(1,t,h) = 2@, 0 DI'(1/2)? 1;[ (1/2 + it +ip;(m))|?
and

G'(1,t,h) (1 +2it,—2m) = ¢'(1 — 2it,2m)
G(1,t,h)  C(1+2it,—2m)  ((1 — 2it,2m)

1 I'(1/2 + it +ipj(m)) T'(1/2 —it —ipj(m))
Z( D(1/2+ it + ip;(m)) +r<1/2—it—z'pj<m>>>+c

where C' is a constant that does not depend on ¢. Since

217n

(M) = / o T 1002

by Proposition 9.2 we see using Corollary 3.4 and Stirling’s formula that
1 m™nR
—F5(t — F(z,h,0)d
g7 P20 = 5D o o 0HC)
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as t — oo.

12. PROOF OF THEOREM 10.2

Let ¢ be a primitive cusp form with eigenvalues % =+ T? of the Laplacians A; and Hecke
eigenvalues A(a).
We wish to investigate the asymptotic behaviour of the integral

(12.1) / o(2)dpim ¢ = / w(z)E(z,1/2 4+ it,m)E(z,1/2 —it,—m)dpu
I\H" I\H"

where we have used the fact that E(z,s,m) = FE(z,5,—m). To this end we consider the
integral

(12.2) I(s) = /F\Hn 0(2)E(z,1/2 4 it,m)E(z, s, —m)dpu

for Re(s) > 1. We unfold the integral and get using the Fourier expansions of cusp forms
and Eisenstein series that

I(s) = / 0(2)E(2,1/2 +it,m) H yjs-j(fm)ﬁdxdy
F ,
) ]_1
on n(1/2+1it)

C(l + 2it, —2m)x th/ Z o_2it,—m(l)cy Hy ])‘Zt-l-zp]( ) ¢
m

Ueo leO*

Kt rip, (m) (27| (1)) D |y;) Kir, (27| (1)) D |y5)
T(1/2+ it +ip;(m)
Qnﬂn(1/2+it)(H" |w(j)|s—z‘pj(m))

(1 2it, —2m)xon (D) D TL_y T(1/2 + it + ip;(m) ,eog\o* w0

N0 2it-m(De / HKztﬂpg(m)(?ﬂyg)f(zr](27%) sy,
+] 1

For a,b € R consider the meromorphic function on C:

I'((s +ia 4 ib)/2)['((s 4+ ia — ib) /2)['((s — ia — ib) /2)T'((s — ia + ib)/2)'

I'(s,a,b) = 57T (s)

It is well known (see [11] Section B.4) that
[e.e]
(12.3) / Kio(2t) Kip(27)¢°1dt = T(s, a, b).
0

So we get

on n(1/2+zt)R S w]) 5— ij(m)r s m r-,t—l—p' m
I(s) = thH| | L . Z

C(1+ 2it,—2m)x I'(1/2+ it +ipj(m)) s

BeOX\OX
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where

R(s)= ) xzm(@)N (@) 0_sit,—m(a)A(a)

acO
= 11D  xem ) N () o sit —m(p")A (")

p k=0
_ HZX%n(p)kN k(zt s) ZX 2m ]N ) 245t

p k=0

ad o — v k“/\/( )~ 2(k+1)it

_ ()N k(zts))\kl X—2m(p)

];[kZ_OXZ (p) (p) (p ) 1— X72m(]3)/\/‘(]3) 2t

_ 1 = k h(it—s) y (1oky
].;[ 1 — X—om ()N (p) 2 <k2:0 Xm (P)"N (p) A(p")

X—2m(P)N (p) " Z /\(pk)N(p)k(its)>
k=0

- e e
1
PP o e

X—2m(P)N (p) " )
L= X(p)N (p) == + N (p)2=it=9)

1 — Xom(p)N (p)~%
a H (1 = x2m(PAPIN ()= + Xom (p)2N (p)20t=9) )X
1

(1= APV (p) 7 + N (p)*—it=2)
_ L(s —it,,2m)L(s + it, ,0)
B ¢(2s,2m) ‘
From this we see that I(s) has an analytic continuation to the entire s-plane, and we wish

to investigate the asymptotic behaviour of I(1/2 — it) as t — oo. From Stirling’s formula
we deduce that

< [t|7?

f[ D(1/2 —it - ipj(m)’rj7t + pj(m))

i T(1/2 + it + ip;(m))

as t — oo. Using Corollary 3.5 the proof of Theorem 10.2 boils down to proving a

subconvexity estimate for L(s, ,2m) on the line Re(s) = 2. More precisely we need the
estimate

L(1/2 + it, p,2m) < [t|27°
as |t| — oo for some § > 0, and this follows from Theorem 8.3. Note that if ¢ is odd then
I(1/2 —it) = 0, since L(1/2,¢,0) = 0 by the functional equation.
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MANUSCRIPT B

Quantitative Mass Equidistribution of Eisenstein Series on
GLo






QUANTITATIVE MASS EQUIDISTRIBUTION OF EISENSTEIN
SERIES ON GLy

JIMI L. TRUELSEN

ABSTRACT. We consider the Eisenstein series E(g, s, x) on GLg over a number field and
prove quantitatively that the measure |E(g,1/2 4+ it, x)|*du becomes equidistributed in
the limit ¢ — oo. This generalizes previous results due to W. Luo and P. Sarnak, S.
Koyama and the author.

1. INTRODUCTION

Let F be a number field of degree d over Q. We let A denote the adele ring of F
and O the ring of integers of F. Let r; denote the number of real embeddings and 72
denote the number of complex embeddings. Hence d = r1 + 2ry and n = r{ + ry is the
number of places at infinity. We let G(A) = GL2(A) and G(F) = GL2(F) which embeds
discretely in G(A). We set K =[], K, (the product is taken over all places v of F) where
K, = GLy(0,) if v is finite, K, = O(2) if v is real and K, = U(2) if v is complex. We
let B C G denote the subgroup of upper triangular matrices and Z C G the subgroup of
scalar matrices.

We consider the Eisenstein series E(g, s, x) on G(A) defined by

E(g,s,x)= Y, f(9)

YEB(F)\G(F)

where x =[], xv is an everywhere unramified character on A*/F* and f: G(A) — C is
a product of local functions f =[], fu. The functions f, satisfy the condition that (] - |,
denotes the norm on F,)

\ Xo(Y1,0) Y105
Fo ("2l ) ) = S 2 fulg
0099 = 3 eyl ()
for g, € G(Fy), y1,0,Y20 € F and z, € F,. Furthermore f, is identical 1 on K,. By the
Iwasawa decomposition this determines f completely.
Let

X(F) = Z(A)G(F)\G(A)/K = Clp x SLy(0)\(Hj' x HE?),

where Hj is the upper half-plane of C, H3 is C x R inside the quaternions and Clyg is
the ideal class group (h = |Clg| is the class number). The action of SLy(O) on H5' x H?
is the one considered in [16]. The space X (F) is equipped with a measure du induced by
the Haar measure on G(A) which will be described in Section 4.

Clearly E(g,s,x) may be regarded as a function on the quotient space X (F). We set

dpys = |E(g,1/2 +it, x)|*dp.

The main result in this paper is the following quantitative mass equidistribution result:
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Theorem 1.1. Let F € C.(X(F)). We have

1 227" nh R

—_— F(qg)d —_ F(g)d
logt Jx(F) (9 FRWD Jxmw) (g)du

ast — oo.

Here D and R is the discriminant and regulator of F, W is the number of roots of unity
in F* and (g is the Dedekind zeta-function associated with F.

From Theorem 1.1 we easily obtain the following equidistribution result (see [17] for
more details):

Theorem 1.2. Let A,B C X(F) be compact and Jordan measurable, and assume that
w(B) #0. Then

pa(A)  p(A)
pa(B)  ulB)

ast — oo.

The question was first investigated by Luo and Sarnak [9] in the case F = Q and may
be viewed as a continuous spectrum analogue of the quantum unique ergodicity conjecture
by Rudnick and Sarnak [12] (see [13] and [14] for connections to quantum chaos). Later
Koyama [8] considered the case where F is a quadratic imaginary field with class number
1, and the author [17] considered the case where F is a totally real field with narrow class
number 1. The strategy in this paper is the same as in the precursors and is due to Luo
and Sarnak [9]. However, we work with an adelic setting which is more convenient since
we want to deal with general number fields.

The idea in the proof of Theorem 1.1 is to use the fact that L?(X(F)) is the direct sum
of the space spanned by cusp forms and the space of P-series (to be defined in Section 4),
and then establish the equidistribution for functions that span these spaces (Theorems 1.3
and 1.4 below). Theorem 1.1 then follows from standard approximation arguments.

Theorem 1.3. For a P-series P(g, H,X') we have

1 22" inhR
- P(g, H,x')d H/ P(g, H,x')d

ast — oo.

Note that
1

11 PgaH7X/ d:u, —0
IOgt X(F) ( ) Xt

as t — oo if X’ # xo (here xo denotes the identity character), since
/ P(g, H,X')dp = 0.
X(F)

This will be shown in Section 4.
For cusp forms we get:

Theorem 1.4. Let ¢ be a cusp form. Then

/ ©(9)dpiy,s — 0
X(F)

ast — oo.
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This indeed corresponds to the desired equidistribution as

/ @(g)dp = 0.
X(F)

The idea in the proofs of Theorems 1.3 and 1.4 is to use the fact that the Eisenstein
series E(g, s, x) admit a Fourier expansion (see [1] Section 3.7) of the form

E(g’87X) = Z CCY(Q?‘S)’

acF
where

(11) cales) = 5 A/FE<(1 ﬁ”) g,s,x) P(—ow)dw.

The character ¥ will be defined in Section 2. One must know the Fourier coefficients of the
Fisenstein series rather explicitly. In Section 2 we write down the coefficients in explicit
form for elements g of the form (¥ 7). Using standard unfolding techniques one can express
the relevant integrals in terms of the Hecke L-function and the standard L-function. The
results then follow from subconvexity estimates in t-aspect.

I would like to thank Claus Sorensen for the many discussions in his office on how to
“adelize” [17]. His help is much appreciated.

2. THE FOURIER EXPANSION OF THE EISENSTEIN SERIES

First we describe the Haar measure on F,,. If v is a finite place we normalize the Haar
measure such that the volume of O, is 1. If F,, = R the Haar measure is just the Lebesgue
measure. Finally for F, = C the Haar measure is 2 times the Lebesgue measure (on R?).

Let x be an everywhere unramified character on A*/F*. We can write x = XX
where Yo is a character on R*"' x C*". Fix an ordering of the infinite places such that
the rq first places are real and the last ro places are complex. These correspond to the
different embeddings of F in R and C. For o € F let o) denote the embedding of o
corresponding to the j-th place. We let | - |c denote the usual norm on C squared. We
also set |- |[; = | - | if the j-th place is real and | - |; = | - |¢ if the j-th place is complex.
Finally we let | - |a denote the idele norm.

We know that xoo = [[j—; X;- Since x; is unramified x; must be of the form |- ]}pj )
for some p;(x) € R. For a finite place v we let | - |, denote the norm on the completion
F,. It is well known that the ring of integers O, (in F,) is a local ring with maximal ideal
py and we let w, denote a generator of p,. We also set g, = |O,/py|- Note that y,(w,) is
independent of the choice of generator for an unramified character y, on F,.

The rest of this section will be devoted to calculating the Fourier coefficients (1.1). First
we look at the constant term c,(g, s). Unfolding the integral (1.1) we obtain

00(978)_f(9)+\/15/Af<w0 (1 1{)) g) dw

with wg = (1 _1). The integral factorizes into a product of local integrals

IRIC (1 ﬁ") g) dw = TT (M () ) (00)

v

o) = [ (o (M) 0 ) do

where
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A straight forward calculation shows that

[ RO G|

We will use this identity several times.
First we calculate the integral for a real place (corresponding to the j-th embedding).

We see that
(My(s)fo)(g0) = /R 1, (wo (1 uiv> <y :c1>> o,
= |yv|1_sj(X) /Rfv (wo (1 Uifu)) dw,.
Here s;(x) = s +1ip;(X)-
One can write

1ot (A7 =AY (A7 —A
(2.2) wo < 1) - ( A, A7 AT
where A; = /1 + t2. Note that the last matrix is in O(2). Thus we see that

e [ (")) an= [ et =

The evaluation of the last integral can be found in [7].
Now we look at a complex place (corresponding to the j-th embedding). As before we

see that
(Mo £:)(0) = bl [ 7, <w° (1 u1>> .

and

1 2 ATl AN [(zATE AL
— [~ 2| 2| |2
(24) w0< 1) < Al ><A_1 ZAJ

|| ||

where the last matrix is in U(2). Changing to polar coordinates one easily obtains

for (o ()= S

We now turn to the finite places. Essentially the same reduction applies and we obtain

(1)) = el xelo) ™ [ g (a (1) )

ol e
From the matrix identity

w0076

and the fact that p;™ — p; ™+ m > 0 has volume ¢(1 — ¢; ) we conclude that

1 Wy — —2m —2s8)m
/—m —m-+1 f’U <w0 ( 1 )) dwv = (1 - Q’U I)Oé’u2 (:Z’l()l 2 )
Py —Po

We note that
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if m > 1. Here i, = xy(wy). Summing these terms we see that

1 v So 5. —
/F fo <w0< ui)>dwv21+(l )qi 2 2(1_q1 2av2) !

1— gy %o
Tl T

The calculations above show that

TT () f(g) = 2 L) 5 B ) GO

v finite 28 X V<00
Thus we have calculated the constant term:
Proposition 2.1. Let g € GLa(A) be of the form g = (Y7). Then the constant term
colyg, s) is given by

. 2279/? L(2s —1,x72) 1oy 17 Dlsi(0) = 1/2 L
lylax(y) + VD LZsx D) wla 11 T(s;(x)) 1 si() =1

Now we turn to the other terms. We define

W ne = [ 1 <w0 (1 ﬁ’) g) b(—w)dw = [[Wols) o) (00),

vt = [ £ (wn (M) 00) vt

Note that c,(g,s) = %(W(S)f) ((*1)9)

The additive characters 1, are described in Section 7.1 in [11]. If v is a real place
we have 1,(r) = e(r) = e*™®. If v is a complex place we have 1,(2) = e(2Re(2)).
Finally we consider a finite place v (that lies over the prime p € Z). In that case we have
hy(wy) = e((Q o P)(Tr(wy))), where P : Q, — Q,/Z, is the canonical projection map,
Q:Qp/Z, — Q/Z is the map that “removes” the integer part of an element in Q,, and
Tr: F, — Q, is the trace map.

As before we assume that g is of the form (¥ 7). First we look at a finite place v. The
conductor of 9, is p;%. One easily checks that (W,(s)f,) (" %)) = 0 if y, & p,%.
Consider (W, (s)f,) (Y %)) where y, € p; 9. We see that

wozy) — elo”? wo (L — YWy )dw x
(Wau(s) fo) (( ))— o (¥0) /Fv fv( 0( 1 ))%( YoWy ) dwyy (22).

Thus it remains to evaluate the integral fFv fo (wo (1 e )) Uy (—ypwy)dw,. We see that

/ Jo (wo (1 ”Lliu )>wv(_vav)dwv

where

OrdFv (yv)“!‘dv ] (1 _ q ) qOI‘dFU (yu)—&-dv
=14+ — v
]Z; a?)] q25] a%(ordpv (yv)+dv+l)q38(0rdpv (yo)+dv+1)

OrdFu (yv)—&-dv

_ <1 B 052) Z a;2g(1=29)i
2s v

q’U j:()

Uv(yvu 1-— 25) X;2)
Ly(2s,x0 %)

)
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where o, (yy, s, Xv) denotes the local divisor function. For the sake of notation we extend
the definition of oy, (Y, s, Xv):

ordg,, (Yv)+dv _j§ sj - —dy
>0 angy if y, € p, @

787 =
oy (Yus 85 Xv) {O if gy ¢ p_d”

Note that
| olordmy () hdutD) (orde, (5o) +dt s

Uv(ymSvXU) = 1— g
vHv

for y, € p; %
Now we consider a real place v (corresponding to the j-th embedding). We see that

(Wals)F) (7 %)) = yﬁ%w/num w0 )) e(—gowy)dwye(y)

im0 [T _elEmt)
el /_oo 1+ 200 telen)

) K, 71/2(27T’y’v|)
= 275 (%) Yo ;00 e(xy).
e N e R

The integral above was evaluated in [16].
Finally we look at a complex place v (corresponding to the j-th embedding) and obtain

(Wols) ) (" 5)) = ol ™™ /fv wo (1)) e(—2Re(yuwy))dwye(2Re(y))

N (—2Re(yults + i)
= 2y|c / / mn t2 n t2)281(x) dtidtae(2Re(xy))

KQSj(X)— ( T|Yyol)
['(2s;(x))

We summarize our results in the following proposition:

=2(2m)* W]y, |

e(2Re(xy)).

Proposition 2.2. Let g = (V7). Assume y, € p,% for all finite v. Then

) Ky 0o-17227 |y ]) . 250 00) K2sn (01 (47 [y

Wi(s — orstlx 9(or

= (s1(x)) 2em) T'(2sn(x))
Vs It
L(287X_2)w( )vlﬁ_n[ite Xv(yv) v(yv,l 2 » Xv )

If yy, & py % for some finite v then (W (s)f)(g) = 0.

Thus we have calculated the Fourier coefficients.

3. THE FOURIER EXPANSION OF A CuspP FORM

We recall the Fourier expansion of a (spherical) cusp form (see [1] Section 3.5). Let ¢
be a cusp form. Then ¢ admits a Fourier expansion of the form

wlg) = Y (o),

acFX

where

&9 \ﬁH “1) 9v)
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and Wi (guky) = Wil (gy) for k, € K. For the finite places we know that

ordp, (yv)+1+dy ordp  (yv)+1+dy
—ordg,, (yv)/2 /61,1; v _62,1; Y . —d
@bv(xv)%) /61 1)_/82 v lf yU € pv : )

0 if v, ¢p;d”

where 1, and (s, are the Satake parameters. This is known as Shintani’s formula (see
[1] Theorem 4.6.5). The finite part of the standard L-function L(s,p,x) (we also set
L(s,p) = L(s, ¥, x0)) associated with ¢ (twisted with an everywhere unramified character

X) is

WE (") =

1
(1 - ﬁl,va(wv)qis)(l - ﬁ2,va(wv)qis) ‘

We will not be concerned with the exact behaviour at the infinite places. From [1]
Sections 2.8 and 3.5 we know we can assume that there exist constants C,(¢) s.t.

L(s,o,x) = []

v<oo

We (V%)) = Cu() |yv|Kirj (27lyy|)e(zy) if v is real
v ! Co(#)yo| Kair, (4|ys|)e(2Re(z,))  if v is complex

4. P-SERIES

We wish to identify the orthogonal complement to the space spanned by cusp forms.
Let H : Ry — C be smooth and compactly supported. Let fg, : G(A)/K — C be
defined by

e\ lyila\ x(y1)
Frx (" &) g) = H (MA) X o)

and fu (k) =1for k € K.
We define the P-series as

(4.1) Plg.Hx)= Y fux(19).

YEB(F)\G(F)

It is well known (see [4]) that these span a dense subspace of the orthogonal complement
(in L?(X(F))) of the subspace spanned by cusp forms. This follows from the Stone-
Weierstrass theorem since the quotient Aj/F* is compact. Here A denotes the ideles
of norm 1.

It is clear that we may view X (F) as a subset of G(A) of matrices in G(A) of the form
(Y1) where y € A* and z € A. Following Section 1.5 in [5] we see that the measure
induced on X (F) is %.

From Section 3.8 in [1] we know that integration over

Z(A)B(F)\G(A)
can be replaced by integration over
(4.2) B(A)\G(A) x T1(F)\T1(A) x N(F)\N(A),

where N C G is matrices of the form (!%) and 7T} C G is matrices of the form (¥ ).
From this we see that

o\ dydx
/ PloH A= [ [ )
Z(A)G(F)\G(A)/K A/F JAXFx lyla

(4.3) 2 ;
= \/5/0 H (1) /Alx/FX O
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It follows from (4.3) that

/ P(g, H, x)dp =0
Z(A)G(F)\G(A)/K
if x # xo and
22 hR H(t
/ P(g7H7XO)dM_ /
Z(A)G(F\G(A)/K
since Vol(A{ /F*) = % (see Theorem 7.21 in [11]).

5. PROOF OoF THEOREM 1.3

Using (4.2) we deduce that

z dy
[ Pt = [ e () [ BT 0 e
X(F) AX JFX A/F A
From the Fourier expansion we get
447y | a
E((Y%),1/2+it,y)}dz = vey 1/24+it)2 + ,
[ B D2 0P b = e () 12407+ iAo

Kittip, (QW‘C(j)y‘D K40 (47T|C |)
« 30 T o200 T 500y T -

(o v fnite I(1/2+ it +ip;j(x)) i (1 4+ 2it + 2ip;(x))

Let M H denote the Mellin transform of H defined by

= / H(t)t " tdt.
0

Since |co ((Y7),1/2 + it)| is bounded it is enough to consider

x dy
ro=f fH,Xf«yl))/A/FrE« Dos) — e ((V3),1/2 4+ i) drr

/A

4dgd
D’L(1+2Zt,x |2/ ’y|A )‘y|A || |UU(yv7 1y Xy )|

v finite

2
H zt+zp] 27T|y] H K21t+2zpj (x) 47T‘y] ’) dy
1/2+zt—|—zp] (14 2it + 2ip;(x))| |yla

dﬂ.d
N 27rz'DL(14+ 2it,x—2)|2/ (MH)(T)/ wix X @) T1 lou(ye, =2it007)

<1 |z

J<ri

v finite

zt—Hp] 27T|yj
/2 + ’Lt +ipj(x

2
H ' K21t+27,pJ(x 471—@]’) dydr

14 2it + 2ip;(x))

where we have used the Mellin inversion formula. We now consider the innermost integral
as a product of local integrals. First we look at a finite place v. Let a € R and x,, X/, be
unramified characters on F\. We set a,, = xo(wy) and o, = x,(wyp). Then

. dy , dy
|l lontesaioa P2 = [ i)l aion) P O
Fy Yo ps % —{0} Yl

sd ok
_ Qy * &y k:—i—l ia(k+1) 2
- /d 2 qks Qv
vl — %3; k=0 7Y
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This is evaluated in the same way as in [17] and we get

dyy
H ’yv‘va Yo |0—U(yvaaz XU)’ -

Yol

v finite
N(D)*L(s,x')*L(s — ia, xx')L(s + ia,x *x')
X (D)L(2s, x'?) '

Now we look at the infinite places. From Section B.4 in [6] we recall the formula

253 stputv
s—1
/K s~ Ldt = F(S)HF< 5 )

for Re(s) > |Re(u)| + |Re(v)|. From this we see that

0

L((r+ip;(X'x*)/2 + )T ((r +ip;(X'x ™) /2 — i) D ((r + ip; (X)) /2)?
2377 +ips OO (r +ip; (x'))

and
/ | K 2it-42ip, (x) (47) |2¢2r+2ip ()1 gt =
0
T(r +ipj(xX) + it)T(r +ip;(x/x1) — it)T(r +ipj(xX') + DI (r +ip; (X))
23(27-‘-)27"+2ipj(xl)r(2r + 2%( ") .
We set

L(r,X)2L(r + 2it, x2xX")L(r — 2it, x*x')D"
47‘27‘7-(-dTL(2T’ XIQ)
« 1 L((r +ip;(X'x*)/2 + i)D((r +ip;(X'x7*))/2 = i)D((r +ip;i(X)/2)°

B(r,t) = (MH)(r)

i< L(r +ip;(X')

y H T(r+1/24ipj(xX') +it)T(r +1/2 +ipj(x'x ) — it)
j>r1 P(QT' + Qipj(xl) + 1)

x D(r +ipj(x) + DD (r +ip;(x"))-

Thus
22r2—r1,n.d
 2miDX,(D)|L(L + 2it, x2) P[], 4750
i J
X — . . B(r, t)dr.
[[Tj<r, T@/24 it +ip; (X)) T, D(L+2it + 2ip; (X)) |* J2)

As in [17] we estimate the complex integral by moving the integration from the line Re(r) =

2 to the curve Re(r) = 1/2 and get

B(r,t)dr = B(r, t)dr 4 2mires,—1 B(r, t) + O(|t|71?),
©)] (1/2)

From [15] it is well known that
L(1/2 +it,y) < |t|§ <.
We also recall Stirling’s formula

(5.1) IT(o + it)| ~ V2me ™IH/2)¢|7=1/2,
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Proceeding as in [17] we obtain the estimate
! X
|L(1 +2it, x72) [1;<,, T(1/2 + it +ipj(x)) [ 15, D(1 + 2it + 2ip;(x))|?

/ B(r,t)dr < |t|76%=.
(2)

for any € > 0.

Now we look at the residue term. It is well known that L(s, x) is entire if y # xo so in
that case the residue term vanishes and we are done. Assume therefore that y = xg. In
this case L(s, xo) = (r(s) has a pole of order 1 at s = 1, i.e. there exist constants C; and
(5 such that

C
L(s,x0) = i +Cy+0(s —1).
In fact we know that
o = 2" (2m)"2hR
T owvd
We define G(r,t) by

B(Ta t) = L(S, XO)QG(Ta t)
We see that

"(1,¢
res,—1 B(r,t) = G(1,t)Cy <202 + C1 g((l 7t))> .

As in [17] we obtain the estimate
L'(1+it, x)
L(1+it, x)
using the zero free region derived in [2]. Further more we know that
I'(o +1it)
(o +it)

2
3

< (logt)

~ logt.

Since
w

MH)(1) = ————
( )( ) 2n7TT2hR X(F)

P(gv Hv XO)d/-L

this implies that
F(t) 221" nh R
—

as t — oo and we are done.

P(ga H7 XO)d,u

6. PROOF OF THEOREM 1.4

Let ¢ denote a cusp form with a Fourier expansion as in Section 3. We want to use the
Rankin-Selberg method to evaluate the integral

/ () dpins = / o(9)E(g,1/2 + it ) E(g,1/2 — it,x)dp,
X(F) X(F)

where we have used the identity F(g,s,x) = E(g,3,x~'). Therefore we consider the
integral

1(5):/ ©(9)E(g,1/2 +it, X)E(g, s, x " )dp
X(F)
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for Re(s) > 1 and then later use the fact that the integral has an analytic continuation.
We unfold the integral using the series defining the Eisenstein series (C collects constants
from the Fourier coefficients of ¢ and E(g, s, x))

e dy
=[S [ @B 12 it e

lylA
:Cﬁdit4r2itL(1—I-Qit,X_Q)_l/ ( )’y|s+1
AX/FX

S [ Jatesco Kies +zt(2ﬂaJ)yg!){firj(2ﬂ!a(j)yj!>
I(1/2 4t +ip;(x))

acF* j<ri

[T 1000 Kt K, (irla D
C

- I'(2 + 2it + 2ip;(x))
ord U(avyv)+1+dv ordg,, (0wyv)+1+dy
H Uv(avyva —2it » Xo ) ’ - Q,UF dy
S el () Brv — Bow lyla

:Cﬂ_dit4r2itL(1+2Z~t’x—2)—1/ ( )|y|s 1— zt
AX

H 49500 Kip, (o) +it 2 |y;]) Kir; (27 |y;])

D(1/2+ it + ip; ()

H | zt—i—sz szj (x)+2it (47T‘yj ’)K%Tj (47T|yj D %
Yilc

i I'(2 + 2it + 2ip;j (X))
OrdF»U (yv)+1+dv o OTdFv (yv)+1+dv
H Uv(yvv _2#7 X172) L 20 dy
v finite ﬂl,v o ﬂZ,v
Define
I['(s,a,b) =
I((s+ia+ib)/2)T'((s 4+ ia —ib)/2)T'((s — ta — ib) /2)[((s — ia + 1b) /2)
2375 (s) ’

It is well known (see [6] Section B.4) that
oo
(6.1) / Kio(2mt) Ky (2nt)t*1dt = T'(s, a,b).
0
Thus the contribution from the local integrals at the real places is (the constant I'-factor
is ignored)
I(s —ipi(x), pj(x) +,75).
Similarly the contribution from the local integrals at the complex places is
2142 00=25D(25 — 1 — ip;(x), 205 (X) + 2t, 2r5).
Finally we must evaluate the integrals over the finite places, and we obtain
o ﬁk-f-l k:+1 1— (Wv)_g(k+1)q;2it(k+l)

B 10 52,11 1-— Xv(wv)_zquit
which can be written in terms of local L-factors (see [17]) as

)2dv L’U(s —it, p, Xv)L (S + it, QD)
Ly(2s,x2)

oo
qf]lv (s— 'Lt)XU (wv)Zdu Z qql)c(ztfs)xv (wv)
k=0

qf,l“ (s—it)

Xv (Wv
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From this we conclude that I(s) has a meromorphic continuation to the entire s-plane,
which is holomorphic on the line Re(s) = 1 and

|L(1/2 — 2it, 0, X)| 11 PA/2—it —ip;(x), pi(0) +t.15)

102 =it) < P o) T(1/2+ it +1ip;(x))

J<r
(2 4 2it + 2ip;(x)) '

Jj>ri

From Stirling’s formula (5.1) we obtain

and

Fl?—’it—ij y Pj +t,7“j
11 (1/ i (x), pj(x) )

1
- - < [t 2
D(1/2+ it + ipo(X)) i

J<m

T'(1 — 2t —ip; 20, 2t, 27,
H ( G Zp](X)a pJ(X)+ ) TJ) <<‘t‘—r2.

T(1 + 2it + 2ipy(x))

Jj>r1

From [3] and [10] we know that there exists some ¢ > 0 such that

and

[
2]
3]

(9]
[10]
(1]
(12]
(13]
[14]
[15]
[16]

[17]

L(1/2 +it,0,x) < (1 + [t))27

this proves the theorem.

REFERENCES

D. Bump. Automorphic forms and representations. Cambridge University Press (1997).

M. D. Coleman. A zero-free region for the Hecke L-functions. Mathematika 37 (1990), 287-304.

A. Diaconu and P. Garrett. Subconvexity bounds for automorphic L-functions. To appear in J. Math.
Inst. Jussieu.

S. Gelbart and H. Jacquet. Forms of GL(2) from the analytic point of view. Proc. Symp. Pure Math.
Vol. 33, part 1 (1979), 213-251.

D. Goldfeld. Automorphic forms and L-functions for the group GL(n,R). Cambridge University Press
(2006).

H. Iwaniec. Spectral methods of automorphic forms. AMS, 2nd edition (2002).

T. Kubota. Elementary theory of Eisenstein series. Kodansha Ltd. (1973)

S. Koyama. Quantum ergodicity of Eisenstein series for arithmetic 3-manifolds. Comm. Math. Phys.
215 (2000), 477-486.

W. Luo and P. Sarnak. Quantum ergodicity of eigenfunctions on PSLy(Z)\H?. Pub. Math. 'L.H.E.S.
81 (1995), 207-237.

P. Michel and A. Venkatesh. The subconvezity problem for GL2. arXiv e-Print: math.NT/0903.3591v1.
D. Ramakrishnan and R. J. Valenza. Fourier analysis on number fields. Springer-Verlag (1999).

Z. Rudnick and P. Sarnak. The behaviour of eigenstates of arithmetic hyperbolic manifolds. Comm.
Math. Phys. 161 (1994), 195-213.

P. Sarnak. Arithmetic quantum chaos. Israel Math. Conf. Proc. 8, (1995) 183-236.

P. Sarnak. Spectra of hyperbolic surfaces. Bull. Amer. Math. Soc. 40 (2003), no. 4, 441-478.

P. Séhne. An upper bound for the Hecke zeta-functions with Groessencharacters. J. Number Theory
66 (1997), 225-250.

C. M. Sorensen. Fourier expansions of the Eisenstein series on the Hilbert modular group and Hilbert
class fields. Trans. Amer. Math. Soc. 354 (2002), no. 12, 4847-4869.

J. L. Truelsen. Quantum unique ergodicity of Fisenstein series on the Hilbert modular group over a
totally real field.. arXiv e-Print: math.NT/0706.4239v3.

DEPARTMENT OF MATHEMATICAL SCIENCES, AARHUS UNIVERSITY, NY MUNKEGADE 118, DK-8000
AARrRHUS C, DENMARK
E-mail address: 1lee@imf.au.dk



MANUSCRIPT C

Distribution of Angles in Hyperbolic Lattices






The Quarterly Journal of Mathematics Advance Access published December 16, 2008

The Quarterly Journal of Mathematics
Quart. J. Math. 00 (2008), 1-17; doi:10.1093/qmath/han033

DISTRIBUTION OF ANGLES IN HYPERBOLIC LATTICES
by MORTEN S. RISAGER!

(Department of Mathematical Sciences, University of Copenhagen, Universitetsparken 5,
2100 Copenhagen @, Denmark)

and JIMI L. TRUELSEN?

(Department of Mathematical Sciences, University of Aarhus, Ny Munkegade Building 1530,
8000 Aarhus C, Denmark)

[Received 25 July 2008. Revised 8 October 2008]

Abstract

We prove an effective equidistribution result about angles in a hyperbolic lattice. We use this to
generalize a result from the study by Boca.

1. Introduction

Consider the group G = SL,(R) that acts on the upper halfplane H by linear fractional transfor-
mations. Let I' C G be a cofinite discrete group, and let d : H x H — R, denote the hyperbolic
distance. Consider the counting function

Nr(R, zo, z1) = #{y € I'|d(z0, yz1) < R}.

The hyperbolic lattice point problem is the problem of estimating this function as R — oo. A typical
result would be an asymptotic expansion of the form

_ Kri R R(a+e)
Nr(R,z0,72]) = ——— 0] 1
r(R, 2o, 21) VOKF\H)e + Of(e ) (D

for some o < 1, where kx = 2 if —1 € I" and xr = 1 otherwise. The problem has been considered
by numerous people including Delsarte [3], Huber [8-10] (I cocompact), Patterson [20] (¢ = 3/4 if
there are no small eigenvalues), Selberg (unpublished) and Good [6] (@« = 2/3 if there are no small
eigenvalues). Higher dimensional analogues have also been considered (see e.g [4, 14, 15]), as well
as the analogous problem for manifolds with non-constant curvature [7, 16]. For a discussion of the
optimal choice of «, we refer to [21], where the authors prove that o« must be at least 1/2 and they
indicate that in many cases we should maybe expect (1) to hold with o = 1/2.

Let ¢, ., (y) be (2m)~! times the angle between the vertical geodesic from zo to oo and the
geodesic between zp and yz; (Fig. 1).
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27.“020721 (’Y)

YZ1

Figure 1. Angle between geodesic rays.

These normalized angles are equidistributed modulo one, i.e. for every interval I C R/Z we have

NL(R, 29, 21)

T2 i) as R — oo, 2)
Nr(R, 20, 21)

where
NE(R, 20, 71) = #{y € Td(z0, y71) < R, ¢4, (y) € I}, 3)

and |/| is the length of the interval. This has been proved by Selberg (unpublished, see comment in
[6, p. 120]), Nicholls [19] and Good [6].
In this paper we start by proving (2) with an error term:

THEOREM 1.1 Let K C H be a compact set. There exists a constant a < 1 possibly depending on I’
and K such that for all 7o, z; € K and all intervals I in R/7Z

NL(R, z0, 21)

RS = 1]+ O(eReT),
Nr(R, zo, z1) ! ( )

If we assume that the automorphic Laplacian on I'\H has no exceptional eigenvalues, i.e.
eigenvalues in ]0, 1/4[, we prove that we can take

a=11/12.

If there are exceptional eigenvalues, the exponent could become larger, depending on how close to
zero they are. We prove Theorem 1.1 by proving asymptotic expansions for the exponential sums

Y gL, (), )

yel
d(zo,yz1)<R

wheren € Z and e(x) = exp(2wix). The exponent 11/12 can certainly be improved. In fact our proof
uses a variant of Huber’s method [8] that does not give the optimal bound even for the expansion
(1). In principle, Theorem 1.1 could be proved using the method of Good from [6], which gives the
best known error term in the hyperbolic lattice point problem (1). The one missing point in [6] to
prove Theorem 1.1 is the dependence of n in the expansion of the exponential sum (4). Rather than
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wZO7Zl (7) 20

YZ1

Figure 2. Definition of w7, (¥).

patiently tracking down the n-dependence, we found it more to the point — albeit at the expense of
poor error terms — to provide an alternative and more direct proof inspired by [8].

Recently, Boca [2] considered a related problem: What happens if we order the elements accord-
ing to d(z1, yz1) instead of d(zp, yz1)? Let I'(N) be the principal congruence group of level N,
i.e. the set of 2 x 2 matrices y satisfying y = I mod N. Boca identified for these groups the lim-
iting distribution using non-trivial bounds for Kloosterman sums. He proved the following': Let
20, 21 € H and let w,, ;, () denote the angle in [— /2, 7t /2] between the vertical geodesic through
Zo and the geodesic containing zo and y z; (Fig. 2). If zyp = yz; you can assign w,, ., (y) the value 0
— it does not matter what you choose, since there are only a finite number of such y’s.

For any interval I C [—m/2, /2], we consider the counting function

NL(R,20,21) =#{y € T | d(z1,y21) < R, 0., (y) € I}.

We emphasize that the elements are ordered according to d(z;, yz1) instead of d(zg, ¥ z1). We shall
write M (R, 2o, z1) instead of ‘ﬂ[r_n/z’”/z](R, 20, 21). Following Boca we define

2yo01(¥g + yi + (x0 — x1)%)
(Vg + 7 + (xo — x1)2)2 — (v} — ¥3 + (x0 — x1)?) cos(?) + 2yp(xo — x1) sin(?))2

nzo,zl(t) =

Then Boca proves the following result:

THEOREM 1.2 Let I' = I'(N). For any interval I C [—n /2, /2]

N-(R. 20.21) 7 1y dt + O(e7/8-1+0R
Nr(R,z0,21) 7 17710311() ( )

forany & > 0.

IReaders consulting [2] should be warned that our notation differs slightly from Boca’s.
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In the view of (1) Theorem 1.2 is equivalent to an expansion of ‘ﬁf ( N)(R, 20, 21). We generalize
and refine Boca’s result: with data as above, I C R/Z and w € H we consider the counting function

MR, 20, 21, w) = #{y € Td(z1, yw) < R, @ w(y) € I}.

We emphasize that we order according to d(z;, yw). As before we shall write A1 (R, 2o, 21, W)
instead of </Vr[_l/ 21/ (R, 20, 21, w). Besides the more general ordering, our result is more refined in
the sense that we can distinguish between angles that differ by . Consider

2yoy1
((x0 — x1)2 + y5 + yH) (1 — cosRrw)) + 2y3 cos2mw) + 2(x1 — x0)yo sin(Rrw)

Pz0,21 (w) =

Then we prove the following result:

THEOREM 1.3 Let I' be any cofinite Fuchsian group. There exists o« < 1 such that for any I C R/Z

we have
‘/’/FI(Rv 20, 215 w) .

M (R, 20, 21, W)

fp10721 (w)ydw + O(e(“*IJre)R)
I
for any & > 0.

Note that in the special case of I' = I'(V) and w = z;, this implies Theorem 1.2 (with a poorer
error term though), since

Nzo,oy CE) = Pz 7 (t) + Pz, (& +1/2).

We will prove that Theorem 1.3 follows from Theorem 1.1.

Whereas Boca is using a non-trivial bound for Kloosterman sums, we are utilizing the fact that for
any group there is a spectral gap between the zero eigenvalue of the Laplacian and the first non-zero
eigenvalue. As in Theorem 1.1, « in Theorem 1.3 generally depends on the size of the first non-zero
eigenvalue.

We remark that all the results presented here can easily be phrased in terms of points in the orbit
I'zy, rather than elements in I", since

Nr(R, 20, 2
#Hzelz11d(zo,2) <R} = $,
21

where I';, denotes the stabilizer of z;.

2. Effective equidistribution of angles

Let G = SL,(R). The group G acts on the upper halfplane H by linear fractional transformations

az+b a b
= s = e G, e H.
T a8 <C d) ¢

LetI" C SL,(R) be discrete and cofinite. For simplicity we assume that —/ ¢ I". If —/ € I" we need
to multiply all main terms by 2.
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For z € H, we letr = r(z) and ¢ = ¢(z) be the geodesic polar coordinates of z. These are related
to the rectangular coordinates by

_ cosp(z) sine(z) .
L= ( —sing(z) cose(z) )exp (=r@)i. )

We note that if zo = xo + iyy and we let

then it is straightforward to check that yyz9 = i. We see that

~o(oyyy  (ozn)
T

¢Zo,Z1 (V) = (pi,]/oz1 (VOVVo_l)

and
d(z0, yz1) = d(i, vor vy ' (vz1) = r(voy vy  (Hz1))-

Therefore, after conjugation of the group I' the counting problems in the introduction may be
formulated in terms of r(yz) and ¢(yz) with z = ypz;.
The Laplacian for the G-invariant measure du(z) = dxdy/y? on H is given in Cartesian

coordinates by
A = 2 8_2 + 8_2
= \ax2 ay2 )’

In geodesic polar coordinates, the Laplace operator is given by

92 1 9 1 02

A= —_t
o2 *anhror 4sinh?(r) 0¢?

(6)

Consider L>(I'\H, dx(z)) withinner product ( f, g) = fr\H fg du(z)andnorm || f |, = /(f, f).

The Laplacian induces an operator on L?(I"'\H, d/1(z)) called the automorphic Laplacian defined as
follows: consider the operator defined by —A f on smooth, bounded, I'-invariant functions satisfying
that —Af is also bounded. This operator is densely defined in L>(I"'\IH) and is in fact essentially
self-adjoint. The closure of this operator is called the automorphic Laplacian. By standard abuse of
notation, we also denote this operator by —A.

The automorphic Laplacian is self-adjoint and non-negative and has eigenvalues

0=l <A <A < A <---

with the number of eigenvalues being finite or A; — oo. It has a continuous spectrum [1/4, co[ with
multiplicity equal to the number of inequivalent cusps.

By standard operator theory for self-adjoint operators (see e.g. [13]) the resolvent
R(s) = (—A — s(1 — 5))~" is a bounded operator that is meromorphic in s for s(1 — s) off the
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spectrum of —A. For an eigenvalue ), outside the continuous spectrum, the operator R(s) — P;/(A; —
s(1 — s)) is analytic at s satisfying s(1 — s) = A; where P; is the projection to the A; eigenspace. In
particular, for A = 0, we note that
R(s) & @)
S _——_———
—(s(1 —9))
is analytic for 9i(s) > 1 — § for some § where Py f = [ f(z) du(z)/vol(I'\H) is the projection to the
0 eigenspace. (Alternatively one may quote [11, Theorem 7.5] to obtain the same result.)
We define for 9i(s) > 1

e(np(yz)/m)
Gu(z,8) =y ———2 7 8
@) ygmosh(r(yz)))s ®
We recall that
cosh(r(yz)) =1+ 2u(yz, i), )

where u(z, w) is the point pair invariant defined by

_ 2
) = 10
Hence
e(np@)/m) | _ 1
(cosh(r(2)))*| = (1 4+ 2u(z, i)’

It therefore follows from [22, Theorem 6.1] and the discussion leading up to it that the sum (10)
converges absolutely and uniformly on compact sets and the limit is ['-automorphic, and bounded in
Z —in particular square integrable on I'" \ H.

By applying the Laplace operator to G, (z, s) a straightforward calculation shows that

n*e(ng(yz)/m)
sinh?(r (yz)) (cosh(r(y2)))*

(—A =51 = $))Gu(z,5) = (s + DGz s +2)+ ) (11)

yel

The sum on the right converges absolutely and uniformly on compacta for %i(s) > —1. Since G,(z, s)
is square integrable, we may invert (11) using the resolvent

R(s) = (=A —s(1 —s)71, (12)

so we have

(13)

ne(ng(yz)/m)
G,(z.s) =R + 1DG,(z,s +2) + .
(z,5) () [5G+ DGrlz, s +2) ; sinh?(r(yz))(cosh(r(yz)))*

The right-hand side is meromorphic in s for N(s) > 1/2 since the resolvent is holomorphic for
s(1 — s) not in the spectrum of the automorphic Laplacian. This gives the meromorphic continuation
of G,(z,s) to R(s) > 1/2. The only potential poles are at s =1 and s = s; where s;(1 —s;) is
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a small eigenvalue for the automorphic Laplacian. Using the analyticity of (7), we see that the pole
at s = 1 has residue

! ne(ng(yz)/m)
— 2Gu(z,3) + dp(z). 14
VoIV Jre | 27757 yzr Sinh(r(y2)) cosh(r (72)) ) o
By unfolding the integral we find that this equals
1 e(ny(z)/m) ne(ne(z)/m) )
2 _ 1
VOKF\H)/H( cost*(r(2))  sinh(r(2)) cosh(rz) ) 1 (1
Changing to polar coordinates, we find
1 (", elng/m) n2e(ng/m) ) ‘
vol(I"\H) /0 /0 <2 cosh’ (r) " sinh®(r) cosh(r) 2sinh(r) dg dr (16)
which equals
27'[ 5,1:0
vol(I'\H) (7)

This follows since
* 2 sinh(r)
———dr=1
o cosh(r)3

From a Wiener-lkehara Tauberian theorem (see e.g. [18, Theorem 3.3.1 and Exercises
3.3.3 4+ 3.3.4]) we may conclude that

5n:O
> enplya)/n) = 2nm1e + o(R). (18)

yell
cosh(r(yz))<R

This implies immediately — via Weyl’s criterion — that the angles ¢(yz)/m are equidistributed
modulo 1.

Since we intend to obtain a power saving in the remainder term we investigate G,(z, s) a bit
more carefully:

LEMMA 2.1 Write s = o + it. For 7 in a fixed compact set K C H, |t| >1 and 0 >0¢ > 1/2 we have
Gu(z,5) = O(t] (It +n%)),

where the implied constant may depend on I', K and oy.
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Proof. We recall that [13,V (3.16)]

1 1
IR0 = G =9), spec(=a) = 11 @o =1)° (1%
where || - || denotes the operator norm. For o > 3/2 we have
1Gn(z, $)ll, < 1Go(z, 3/2)1l, = O(1). (20)
For o > 0(p we may use (20) and (13) to conclude that
1G22 9)ll> < IRl | IsCs + DGazes + D)l + ; — (’:ii(z';;”((;z;/(’:()ﬂ)))s
2
<L P16 3+ Y —5 i 1)
1] 2o — 1) 457 sinh”(r (y2)) (cosh(r (y2)))'/? )
= 01" (It* 4+ n?).
Using (21) and (11) we find
IAG,(z, )]l = O(lt] (11> + 1)), (22)

We can now use the Sobolev embedding theorem and elliptic regularity theory to get a pointwise
bound.

For any non-empty open set  in R? we consider the classical Sobolev space W*7?(R2) with
corresponding norm |-||y.» g (see [1, p. 59]). Whenever €2 satisfies the cone condition (see [1, p.
82]) the Sobolev embedding theorem [1, Theorem 4.12]) gives an embedding

W>3(Q) - Cp(RQ) (23)

where Cp(€2) is the set of bounded continuous functions on 2 equipped with the sup norm. In
particular, for f € W?2(), we have

Sug | f @] = Cllfllwag (24)

where C is a constant which depends only on €.
By elliptic regularity theory, if Az = 32/9x? + 3°/dy? is the Euclidean Laplace operator we have
also that if u € WH2(Q) satisfies Agu € L*(Q) (weak derivative) then

lullwez @y < C'(lull 2 + 1 Apull2q) (25)

for all Q" C 2, which satisfies that the closure of Q' is compact and contained in 2. Here C’ is a
constant, which depends only on 2 and 2’ (see [12, Theorem 8.2.1]).
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We can use this general theory to bound |G, (z, s)| in the following way: for every z in the compact
set K we fix a small open (Euclidean) disc 2. centered at z with some radius such that its closure .
is contained in HL. Let 2/ be the open disc with half the radius. By compactness of K, the cover {2’}
admits a finite subcover, i.e. K C U!_, Q2 for z; € K. Choose as a fundamental domain for I'\IH a
normal polygon F. Since I' is a discrete subgroup of SL,(R), €2, intersects non-trivially with y F
for only finitely many (say n;) y € I' (see [17, 1.6.2 (3)]).

Therefore, for any automorphic function f,

11, = /Q QP dxdy
<ny; fF |f@Pdu) =ny; 1 £13 (26)
and
188 f g, = [ 18Ef@F drdy

<my’ /F IAf@F du(z) = miy 2 IAfI3 (27)

where y; < oo and Y. > 0 are heights over and under €2;. It is straightforward to verify that G, (z, s)

is in W'2(Q;) (since it is continuously differentiable) and that ; has the cone property, so we may
use the above inequalities to conclude

n
sup |G, (z, )| < max sup |G,(z,s)|
zekK i=1 €9,

= miax CillGu(z, S)”WM(Q’Z!_) by (24)

< max Ci GG/ (1Gu(z, 92, + 18£Ga (2, 9)lli2,) by (25)
=< max B; B/B/(1G,(z, ), + IAG,(z, $)ll,) by (26) and (27)

< Cx (1] (0> + 1) by (21) and (22)

which concludes the proof.

We note that Lemma 2.1 implies that
Gu(z,5) = O(It]) (28)

when |n| < |¢|, and by applying the Phragmén-Lindel6f theorem we may reduce the exponent to
max(6(1 — o) + ¢, 0) for any ¢ > 0.

We may now use the meromorphic continuation of G,(z, s) and Lemma 2.1 to get an asymptotic
expansion with error term for the sumin (18). We will assume that there are no exceptional eigenvalues,
which implies that G, (z, s) isregularin i(s) > 1/2. If this is not the case, G,,(z, s) will still be regular
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in(s) > hforsomeh < 1.In(33) we then move the line of integration to N(s) > h + &. Proceeding
with the obvious changes still gives a non-trivial error term in the end. We shall not dwell on the details.
Let Yy : Ry — R, U > Uy, be a family of smooth non-increasing functions with

1 ift<1-1/U
1) = N 29
Yo @) :0 ifr>14+1/U, 29
and v\ (1) = O(U7) as U — oo. For %i(s) > 0 we let
My (s) = / o O dr
0
be the Mellin transform of vry;. Then we have
1 1
My(s)=-+0 (—) as U — 00 (30)
) U
and for any ¢ > 0
My (s) 0(1( U)) 5| - 31)
§) = — | — as |s 0.
v Is| \ T+ |s]

Both estimates are uniform for Ji(s) bounded. The firstis a mean value estimate whereas the second is
successive partial integration and a mean value estimate. We use here the estimate 1,0((]/ ) ) =0U).
The Mellin inversion formula now gives

cosh(r(yz))

Y eto(ya)/m)vy ( A

) = L/ Gn(z,s)My(s)R’ ds. (32)
yer 270 Js)=2

We note that by Lemma 2.1 the integral is convergent as long as G, (z, s) has polynomial growth
on vertical lines. We now move the line of integration to the line M (s) = # with 7 < 1 by integrating
along a box of some height and then letting this height go to infinity. Using Lemma 2.1 we find that
the contribution from the horizontal sides goes to zero. Assume that s = 1 is the only pole of the

integrand with 9%(s) > 1/2 4 ¢. Then using Cauchy’s residue theorem we obtain

1
P Gn(Z, S)MU(S)RS ds
270 Jois)=2
1
= Res,—i (Gu(z, )My (s)R*) + —/ Gu(z,s)My(s)R* ds (33)
27 Jyio)=1/24¢

1 )
+ O(R/U)> +— G, (z,5)My(s)R* ds.
2mi NR(s)=1/2+¢

— 6 T
= =0\ Vol(M\H)
If there are other small eigenvalues, there are additional main terms. In bypassing we note that
their coefficients will depend on the n-th hyperbolic Fourier coefficients of the eigenfunctions corre-
sponding to small eigenvalues. (See [6, Theorem 4 p. 116].) If we choose ¢ = 3 + ¢ and use Lemma
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2.1, the last integral is O (R'/?>T2U3*+¢(n? + 1)). The interval with |3(s)| < 1 can easily be dealt with
using the bound

1

o(l—0) oj(1—0))

’

IR(s) oo < mjax

which in turn gives us an estimate for G, (z, ). 3
If n = 0 we see that by further requiring ¥y () = 0ift > 1 and Yy (¢) = 1 if r < 1, we have

h y h
ZWU (cos (;(V@)) < Z | < ZW (cos (;(VZ)))_

yel yel yel
cosh(r(yz))<R

Choosing U = R!/® we therefore obtain:

LEMMA 2.2 With assumptions as above we have

_ _ 2R 7/8+e
#ly € Tleosh(r(y2) = R} = o + O(RVE), (34)

We note that this implies (1) with @ = 7/8. Using this we can now deal with the general case. To
get from a smooth cut-off to a sharp one we notice that if ¥ (f) = 1 for ¢ < 1 then we may bound
the difference

h
Sewpramvs (SHR) ¥ cwpom=o( X 1)

yell yell yell
cosh(r(yz))<R R<cosh(r(yz))<R(14+1/U)

which by Lemma 2.2 is O(R/U + R7/8+¢). Combining the above we find that for n # 0
Y elnp(ya)/m) = ORVPFUN (* + 1)+ R/U + R75).
yell

cosh(r(yz))<R
Using the Erdos—Turan inequality [S, Theorem 3] we find that

#{y € I'|cosh(r(yz)) < R, ¢(yz)/m € I}
#{y € I'lcosh(r(yz)) < R}

— |I| + 0(1/M+ R—1/2+€U3+€M2
+log M(1/U + R™1/3+¢))

for any M. Letting M = U = R'/1? we arrive at the following (still assuming that there are no small
eigenvalues):

THEOREM 2.3 Foralle > 0 and I C R/Z we have

#{y € I'|cosh(r(yz)) < R, ¢(yz)/m € I}

— —1/12+¢
#y € T|cosh(r(y2)) < R} =/l + O(R ).

Theorem 1.1 follows easily.
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3. Proof of Theorem 3

We wish to find the limiting distribution of the number of lattice points in angular sectors defined
from z¢ when ordering the lattice points y w according to the distance to z;. More precisely, we want
to find the asymptotics of

AR, 20, 21, w) = #{y € T1d(z1, yw) < R, ¢.0(y) € I}. (35)

Our strategy for finding the asymptotics is the following: we find the hyperbolic distance from zg
to the intersection(s) between the hyperbolic circle with center at z; and radius R and the geodesic
through z( determined by an angle ¢ € [—m, 7] relative to the vertical geodesic through zo. Once we
have an asymptotic expression for this distance we can make a Riemann sum approximation of the
counting function (35). The summands can be estimated through Theorem 1.1 leading to a proof of
Theorem 1.3.

‘We may safely assume that 7o = i —itis easy to extend our results to the general case. We would like
to find the distance from i to the relevant intersection point which will be denoted by w’ = x’" 4+ iy’.
There are two intersection points, but we choose the one that has negative real part for # > 0. This
distance will be denoted Q(z1, t, R).

Now fix z;, ¢t and R. Let « € R and 6 € R denote the center and the radius, respectively, of the
Euclidean half-circle, which is the geodesic through i and w’. From Fig. 3 it is clear that

6 =1/|sin(?)|], o = —cot(r) (36)

if t # 0, . Thus we see that

Y =82 — (x' —a)? =1 —x2 + 2ax. (37)

Figure 3. Hyperbolic circle with center z; and radius R.
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On the other hand, it is well-known that the locus of points on the hyperbolic circle with center at
x1 + iy, and radius R is determined by the equation

|x1 + iy; cosh(R) — z| = y; sinh(R),

which is equivalent to
Xy x12 —2xx1 + ylz = 2y;y cosh(R).

Using the expression for y’ given in (37) we obtain the equation

g + (¢ — x1)x" = y; cosh(R)+/82 — (x' — a)? (38)

for x’, where B = |z;|> + 1. By squaring (38) we get the quadratic equation

o —x1)? o —X 2
( g hzl) +l>x/2+( g( - 1) —2(1>X/+ . :8 : _1:0,
yj cosh”(R) yj cosh”(R) 4y7 cosh”(R)

with the solution

_ _Bla—x) 2 (@a—x)? B2 _ aBla—x1)
,_a 2y?# cosh?(R) 51gn(t)\/8 +y12cosh2(R) 4y?cosh’(R)  y?cosh?(R)

2
a—x
1 + (yl coshéR))

Naturally, the quadratic equation has two solutions, but the solution above is the intersection point
we are interested in. The distance Q(zy, t, R) is

(39)

lw' +i| + |w' — i
,t,R) =1 . 40
Q(z1 ) Og<|w/+i|—|w/—i| (40)
We note that
W il +w —i]  x?4y?+ 14 /(% +y2 4+ 12— 4y?
lw' +i| — |lw —i| 2y
1+ ax’ + 8|x|
- (41)
14+ ax’ —8x
A

where 8" = 1/sin(z). Using Taylor’s formula with remainder we see that

— x)2 2 _
sign(r), /82 + ga le) T 442 ’ 2 - 023(01 2XI)
yicosh“(R)  4yjcosh“(R)  yicosh“(R)
(@—x))? B af(a—x1)

—5 4 y? cosh?(R) - 4y? cosh?(R) - ¥? cosh?(R) < ) )

28 cosh*(R)
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as R — oo, where the constant implied depends on z;. From the above equation and (41) we
deduce that

_ s/ —R
o a—3 n O((1+08)e™™) @2)

2 2
a—x a—x
1+ <y1 cosh](R)> 1+ <y1 cosh}R))

and hence

l+ax —8x =1+ (@ -8y n 06 +8e™ (43)
—d0x = .
1+ ((@ — x1)/y1cosh(R))> 14 (( — x1)/y1 cosh(R))?

This implies that

a—x 2
sin® () (1 + (—1) ) (1+ax' —8x")=2+2cos(t) + O(e™%). (44)
y1 cosh(R)

Now we look at
o — Xq 2
2
1 _— .
’ ( " <y1 cosh(R)) )
Using Taylor’s formula as before we get
2\ 2 2\ 2

V2 1+(& _ 1+<&) (o L)

y1 cosh(R) y1 cosh(R) 2y cosh™(R)

_ sign(t)\/(SZ + (o = x1)? p? af (o —x1) )2

y>cosh2(R)  4y?cosh®(R)  y2cosh’(R)
2
e 1+( o — X ) o ﬁz(a ;CI)
y1 cosh(R) 2y; cosh“(R)

. (o —x1)? B* apf(e — x1)
— 2 - -
Slgn(f)\/ 8% + yZcosh?(R)  4yZcosh®(R)  y? coshz(R)>

1 2 5
= ——F—|—+(x—x +afp(a —x +2a2a—x 2
ylzcoshz(R)( 1 ( 1) B( 1) ( 1)

/ 84
— (o —x1)(B + 2a(x —x1)) ) +0 (m)

(B — (B —2)cos(t) + 2x; sin(t))*(1 + cos(1))? ( 5 )
= . +0(—F—
4y? cosh?(R) sin*(z) cosh*(R)
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as R — oo. From this we conclude that

o COS(t)z L, B—(B- ;)1 5252()? 20 sin() | 0™
2y’ (1 + <y] ‘é‘;sﬁl(k)) ) sin“(¢)
yleR

= —R
"~ 2(B — (B —2)cos(t) + 2x; sin(t)) T0E™). 4

We are interested in e2G1>®) Combining (41), (40), (45) and (44) we conclude that

Q@R Lo +8x 2y;e®

y B — (B —2)cos(t) + 2x; sin(z) +

o). (46)

To finish the proof we use the following elementary lemma which ‘integrates’ Theorem 1.1 over
more general regions:

LEMMA 3.1 Let D(R,0) : Ry x R/Z — R, be a function which satisfies e®?®9 = k(8)eR +
O (ePR) for some B < 1 uniformly in 6. Assume that k(0) € C'(R/Z). Then as R — o0

N{ p(R, z0,21) : =#{y € T | d(z0, ¥21) < D(R, @22, (¥)), ¥z0.2,(¥) € I}
kr7w R SR
=—————|[ k(B)déo o
vol("\H) /, ©)dge” + O(e™)
for some 6 < 1.

Proof. Let B = B(R) be an integer-valued function of R to be determined later. For each integer
J < B, we choose w;,

j G- —-a) i(b—a)
wje[H] 5 et Tg ]
such that | |
k(wi)=inf{k(w)‘we [HW,H@”
and

k(w’) = sup {k(w) ‘ w € [a—i——(j_ I)B(b_a),a+—j(bB_a)“.

We split the interval in B equal intervals (and compensate for counting the endpoints twice) to get

G="0

B .
I [a+ (b—a),a+ % (b—a)]
Nr p(R, 20, 21) = ZNF,D ’ ! (R, 20, 21)

-
(=]

o

—1 ) .
[a+ L (b—a),a+4 (b—a)]
-2 Nep’ ’ (R, zo, 21)-

1

~.
Il
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The last sum is O(Be*®) by Theorem 1.1 and the assumption on D(R, 6). The first sum can be
evaluated as follows. By using Theorem 1.1 again we have

krm(b — a) R @R la+ Y52 (b—a),a+ 4 (b—a)]
— —w;e" —Ce* <N B 5 R, 20,2
Bvol (T\H) "’ - b (R, 20,21

kr(b — a)ek

o' + Ce*k,
B vol (T'\H)

Summing this inequality we find the Riemann sums

B bh— B (b —
Za)j( Ba)’ Za)]( Ba)‘

j=1 j=1

Since k is C! these converge to f ; k(0) do withrate O (1/B) as is seen using the mean value theorem.
We therefore find that

N (R, 20, 21) = ﬁ’iﬂ) /Ikw) do e® + 0(e"/B) + 0(Be*®).

Balancing the error terms we get the result.

We can now finish the proof of Theorem 1.3. Let p,, ., (w) denote the fraction

2yoy1
((xo — x1)% + yg + ylz)(l —cosrw)) + 2y§ cos(2mw) 4+ 2(x; — x9)yo sinRrw)

We start with the case zo = i. Equation (46) allows us to use Lemma 3.1, which gives Theorem 1.3
immediately. The general case can easily be reduced to the case where zo = i by conjugation of I

with the element <‘/070 X]o // ://y»? ) This finishes the proof of Theorem 1.3.
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DIVISOR PROBLEMS AND THE PAIR CORRELATION FOR THE
FRACTIONAL PARTS OF n?a

JIMI L. TRUELSEN

ABSTRACT. Z. Rudnick and P. Sarnak have proved that the pair correlation for the fractional
parts of n?a is Poissonian for almost all a. However, they were not able to find a specific a
for which it holds. We show that the problem is related to the problem of determining the
number of (a,b,7) € N® such that a < M, b < N, r < K and pab = r(q) for p and ¢ coprime.
With suitable assumptions on the relative size of K, M, N and g one should expect there to
be KM N/q such triples asymptotically and we will show that this holds on average.

1. INTRODUCTION
Fort € R and ¢ € N let

t||g = inf [t —
Iltllg = inf [t = gnl,

and set || - || = || - ||1. Clearly || - ||, defines a norm on R/gZ. For a sequence {a,}?° C R/Z,
x> 0and N € N we define

Ry(z, N, {an}{°) = N_l#{(m,n) € Ng‘m,n <N, n#£m, ||am —an| < %}

We say that the pair correlation for {a,}{° is Poissonian if for every x > 0 we have that

]\}im Ry(z, N, {an}7°) = 2z.

Note that the limit is not uniform in x. We will be particularly interested in the case where
a, equals the fractional parts of n?a for o irrational. The spacings between the elements of
this sequence correspond to the spacings between the energy levels of the boxed oscillator in
quantum mechanics [2]. We define (by an obvious abuse of notation)

Ra(w, N, a) = Ra(w, N, {n*a}§) = N~'# { (m.n) | m,n < N, n £ m, [Im?a—na < <}

Clearly we may as well assume that 0 < a < 1. We will be interested in a with certain
Diophantine properties. We say that an irrational number « is of type « if

1
loo —p/q| > prs

for all p € Z and ¢ € N. We say that a is “Diophantine” if « is of type 2 4+ ¢ for any
e > 0. In particular all real, irrational algebraic numbers are Diophantine (Roth’s theorem —
see Theorem 5.7.1 in [10]). Note also that almost all o (with respect to the Lebesgue measure)
are Diophantine. To see this we use the identity of sets

o0 oo oo g
. . . P 1 P 1
{ﬁER|ﬁlsn0tD10phant1ne}:Ul lﬂl | | l[l+q_q2+1/"’l+q+q2+1/” .
n=11€Z k=1 q=k p=1
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2 DIVISOR PROBLEMS AND THE PAIR CORRELATION FOR THE FRACTIONAL PARTS OF n?«

Let £ denote the Lebesgue measure on the real line. We see that

q
P 1 P 1 —(1+1/n)
c I+=— d+=+——|] =2 :
U2 - et + 2+ o

Since

Zq—(l—i-l/n) < 00
q=1

it follows from the Borel-Cantelli lemma that

<20 P 1 P 1
k=1 q=kp=1

Thus the set of non-Diophantine real numbers is a null set.

It is a classical result due to H. Weyl [16] that the sequence n®« is equidistributed modulo 1
for any integer d > 1. However, it is not true that the pair correlation for the fractional parts
of na, d > 2 is Poissonian for all irrational o (for d = 1 it is never the case — see Exercise
12.6.3 in [10]). A simple construction shows (see [12] p. 62) that o must be at least of type
d+1.

Z. Rudnick and P. Sarnak have proved [12, Theorem 1] that the pair correlation for the frac-
tional parts of n% is Poissonian for almost all . Subsequently J. Marklof and A. Strombergsson
[9], and D. R. Heath-Brown [5] have given different proofs in the case d = 2. However, one
does not know of any specific a for which it holds, but Rudnick and Sarnak made the following
conjecture:

d

Conjecture 1.1. Assume « is Diophantine. Then the pair correlation for the fractional parts
of n?av is Poissonian.

Furthermore, in [5] Heath-Brown was able to show (using a lattice point strategy) that for
a of type 9/4

(1.1) Ry(z, N, ) = 2z + O(z"/®),

whenever 1 < z < log NV, where the constant implied depends on «. This supports Conjecture
1.1 and suggests that perhaps the condition on the Diophantine approximation in the conjecture
can be relaxed to some extend.

We remark that the m-level correlation for the fractional parts of n?a has been studied
by Rudnick, Sarnak and Zaharescu in [13] and by Zaharescu in [17]. It is not known if the
fractional parts of n?a for almost all a have Poissonian behavior, i.e. have the same distribution
as a sequence of independent and uniformly distributed random variables, but it is expected
(cf. the conjecture on page 38 in [13]).

In this paper we will only be concerned with Conjecture 1.1 (not higher level correlations).
We suggest a line of attack that is based on the study of the function

un(m) = #{(a,b) e N?* | a < M, b< N, ab=m},
where m € N and M, N > 1. We also define 7y, = 7a7,57. We make the following conjecture:

Conjecture 1.2. Let K, M,N > 1 with M < N (i.e. C1N < M < CyN) and K > N" for
some 1 > 0. Assume also that ¢ < N*7° for some § > 0 and (q,p) = 1. Then

Ty rap ()~ KM

r<K m=pr(q) 1

as N — oo uniformly in M, K, q and p. The rate of convergence may depend on n, §, C1 and
Cs.
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Conjecture 1.2 has applications to the pair correlation problem at hand. We will show that:

Proposition 1.3. Conjecture 1.2 implies that the pair correlation for the fractional parts of
na is Poissonian for any o of type 3 — & for any § € (0,1).

This is an immediate consequence of Proposition 2.3. As mentioned previously the pair
correlation for the fractional parts of n?«a is not Poissonian if « is not of type 3. Conjecture
1.2 claims that 3 — § is sufficient.

Conjecture 1.2 seems bold but natural. Indeed the conjecture provably holds if ¢ is smaller
than N~ (see Proposition 3.2 below). However, it turns out that we need ¢ > N 319 for our
purpose. We can actually obtain partial results for larger g as well based on a lattice point
approach using the ideas of Heath-Brown [5]. Before we can state the result we introduce some
terminology. We say that a rational number p/q is of type (e, K) if

‘p u>1

q v T Kve

for any rational number u/v with w/v # p/q. One easily checks that if « is an irrational number
of type e then there exists I > 0 such that the convergents will be of type (e, ) from some
step.

Modifying the proof of (1.1) we prove the following (7 denotes the ordinary divisor function):

Theorem 1.4. Let K, M,N > 3 with M =< N and let v € (0,1). Assume that
N2\ YA+
1.2 4+6 (21
(1.2 < (%)
for some 6 >0 and KN/q > 1. Then

K (loglog N)2)>

2KMN N?
S % mtm) = 22 (NN 4 2 (o v+ KL

Ir|<K pm=r(q)
uniformly in M, K, p and q for p/q of type (2 + v, K).
It is well known (see e.g. [6]) that one expects that

s S st~ See X Yan ()

n<z di(@r) %
n=r(q)

as © — oo for ¢ < 2!~ for some § > 0. Average results supporting this conjecture have been
considered by Banks, Heath-Brown and Shparlinski [1], and Blomer [3]. If we adapt (1.3) to
Tm,n we should expect that

(1.4) Z TN (1) ~ Mii\f Z chg <%) )

n=r(q) dl(g;r) |4

Note that
ay _ a
1 5 S ()= X e[,
dl(q,7) c|§ dl(g;r)
It has been proved by Linnik and Vinogradov [8] that
1
(1.6) Y rm) < @(Q); o8t
m<zx
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for ¢ < 279 and (r,q) = 1, where the constant implied depends on 6 > 0 only. In view of
Conjecture 1.2 and (1.6) it would be interesting to find upper bounds for

> mi(m).
m=r(q)
Heath-Brown [5] suggested the following conjecture which is the analogue of (1.6) for 73
Conjecture 1.5. Let 6 € (0,1). Then

> mvim) <

m=r(q)

©(q)N?
q2

uniformly for (r,q) =1 and ¢ < N2-9 where the constant implied depends only on §.

Using the work of M. Nair and G. Tenenbaum [11] we prove an upper bound for the sum in
Conjecture 1.5.

Proposition 1.6. Let ¢ < N27°. Then

2
Z T]t[(m)<< N e\/(2+5)(10glogN)(logloglogN)

©(q)

m=r(q)
uniformly for (r,q) =1 for any € > 0.

Note that the estimate in the proposition above is off by less than a factor of (log N)®
compared to Conjecture 1.5 since ¢/¢(q) < loglogq.
The function 77 n is complicated. There is another similar function of interest

Tvm(m) =#{d e N |d < M, d|m}.

The function 7j7 is in many ways simpler than 737 ;. The estimate corresponding to Conjecture
1.5 holds. More precisely we prove:

Theorem 1.7. Let0< <1, 0<e< %, 0< Kk and 2 < N. Assume also that N > ¢. Then

log N
S ) < yw(q)Qog
z<n<lzr+y q
n=r(q)

1+4eé . .
uniformly for N, (r,q) = 1, 2175 <y < x, x > coq' 0, where ¢y and the constant implied

depends at most on § and €. In particular

S () < EQIEN

m=r(q)
m<x

Note that with N = z 4+ y we obtain

m=r(q)
r<m<z+y

This extension of (1.6) was also obtained by P. Shiu [14].
Finally we show that Conjecture 1.2 and Conjecture 1.5 holds on average. Indeed we start
by proving that (1.4) holds for most values of ¢ and r if (g, r) is small:

Theorem 1.8. Let 6 > 0 and assume M < N. Then
2

Z Z v, N (m) — ]\giv chu (%) <

(ra)=k \m=r(q) dk <

Nmax(%+€,476)

q

uniformly for ¢ < N279.
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From Theorem 1.8 we can deduce the following:

Theorem 1.9. Let M, N > 1 with M < N, g € N and K > N" for some n > 0. Assume also
that ¢ < N279 for some § > 0. Then

2
KMN K2N4 1 1\?
2 |2 2 maw(m)- < ¢ <+> VLR
q q qg K

(p,9)=1 \r<K m=pr(q)

for any e > 0.

In Proposition 3.2 we show that Conjecture 1.2 holds for ¢ < N'=9. Thus we can safely
restrict our attention to the case where ¢ > +/IN. We have the following corollary, which states
that Conjecture 1.2 is true on average:

Corollary 1.10. Let M, N > 1 with M < N, g € N and K > N" for some n > 0. Assume
also that VN < q < N279 for some § > 0. Then
2

L Z KMN Z Z TMN 1 < N—min(l/Z,(S,Qn)-‘ra

(pa)=1 r<K m=pr(q)

for any e > 0.

The author would like to thank P. Sarnak for suggesting the problem of relating Conjecture
1.1 to a divisor problem and D. R. Heath-Brown for generously sharing his ideas on the problem
and providing crucial assistance at various stages. The author would also like to thank M.
Risager for comments on an earlier version of the manuscript.

2. REDUCING THE QUESTION TO AN ARITHMETIC PROBLEM

Set
#{(a,b)) eENXZ[1<a<2N, 1<|b|<N—|N—a|, 2|a+b, |abal <&}
N

By factoring m? — n? into a = m +n and b = m — n we see that
0<S(xz,N,a) — Ra(x,N, )
2

x
= N |n <N, |n? <7}
< st a#{neN|n <N, ] < 5

— 0

S(z,N,«a) =

as N — oo (the difference between S and Rz is that in S we do not exclude all the cases
corresponding to m or n equal to 0). This follows since the fractional parts of n?a becomes
equidistributed in the unit interval. Thus if we want to study Poissonian behavior we may as
well study S(x, N, ) rather than Ra(x, N, a).

From the elementary theory of continued fractions (see [10] Chapter 7) we know that the
convergents py, /g, of « satisfy

1
(2.1) ‘a _Pn) o
qn dngn+1
and
(2'2) Gn+1Pn — Pn+1qn = £1.

Define R(y, N,p, q) by
#{(a,b) e NXZ|1<a<2N,1<[b|]<N—|N—a|, 2|a+b, |abp|ls <y}.
We have the following:
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Proposition 2.1. Let « be irrational with convergents p,/qn. The pair correlation for the
fractional parts of nac is Poissonian if and only if there for all fived x > 0 exists k > 0 and a
sequence {ng}5° such that N3¢ < gnqny+1 and

R (xq%a Napnjw(]nN) ~ 2z N

as N — oo.

Proof. Note that

if and only if

abp,, + abqy, (a — pn> < %.
n) g, — N
Now
N2
aan <O[ - pn> ‘ S )
an dn+1
and this implies that
x N? T N?
R <Qn - 7N7pn7Qn> < NS(OZ,N,JJ) <R (qn + 7N7pn7qn>
N N
Assume qifl =0 (%) as N — oo. Since R(y, N, p, q) is an increasing function of y we conclude

that for any € > 0

5 (0 Nopnea ) < V(N <8 (50 N0,

for N sufficiently large. From this the result follows easily. O

Now we have an arithmetic version of Conjecture 1.1. However, the constraints on a and
b in the definition of MR(y, N, p,q) are a bit complicated. We can split R(y, N, p,q) into some
nicer pieces. The hope is that we can say something about these. This is where Conjecture 1.2
enters the picture as we will see below. First we make a (technical) conjecture:

Conjecture 2.2. Let K, )\, (,c > 0 be constants with A < 1. Let N > 1 and assume p/q € Q
3(1+2)

(with (p,q) = 1) is of type (2+ \,K) and Nz < q< N7 z=x. Then

Z Z TeN,N(m) ~ 2(cN

|r|<$2 pm=r(q)

as N — oo uniformly in q and p.

Clearly Conjecture 1.2 implies Conjecture 2.2. From the next proposition we may therefore
conclude that Conjecture 1.2 implies Conjecture 1.1.

Proposition 2.3. Assume Conjecture 2.2 holds with some A € (0,1) and for any K > 1. For
a of type 2 + 3 with B < X the pair correlation for the fractional parts of na is Poissonian.
In particular Conjecture 1.1 holds.

Proof. Let us first ignore the technical conditions on N, p and q. We see that
x
% (S5 Nopaa) = #{(a,b) € N? [ ab < N, 2| a+b, [labpl, < 2g/N} +

(2.3)
2#{(a,b) eN* | N <a<2N, 0<b<2N —a, 2|a+b, |labp|lq <zq/N}.
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We will see that the two terms are of the same size (if we assume Conjecture 2.2). We start by
considering the first term. We define

Tar(m) = #{(a,b) € N? | a,b < M, a = b(2), ab=m}.
Note that
Ty (m) it m=1(2)
(2.4) Ty(m) =<0 if m=2(4).
T]’(/[/Q(m/ll) if m=0(4)
Using this notation we see that
#{(a,0) eN?a,b < N, 2|a+b, |abply <azg/N}= > > In(m),
7| <5E m=rp(q)
where P is the inverse of p modulo ¢. Using (2.4) we can write this as
3 Z Tvm) = Y (> THEE+D+ Y 1)
|r|<FE m=rp(q) Ir|<TE 2k+1=rp(q) 4i=rp(q)
Furthermore we see that
Z\r|<” 2i=rTp(q ) T2 (1) if g=1(2)
(25) Z Z 7—;//2(” = Z\r|< ] Zl r2p(q/2) 7_N/2(l) if 2 H q
r| < 41=rp(q) Z\r|< Y= =r5(q/4) TN/2(Z) if4|q
By (2.5) Conjecture 2.2 implies that
1
Z Z mhya(l) ~ SaN.
|r\§l—]\? 4=rp(q)
Note also that
Yoo @k = ) TRm) = > mh(2m).
2k+1=rp(q) m=rp(q) 2m=rp(q)
If ¢ is odd then
domem)=2 Y Tnnpm) = D The(m).
2m=rp(q) m=r2p(q) m=r2p(q)
Thus Conjecture 2.2 implies
1
Z Z Tn(2k +1) ~ ia:N.
\T|§% 2k+1=rp(q)

Now assume ¢ is even. This implies that p and p are odd. Thus m is even if and only if r is
even. Hence

Z Z Z 2 Z TN,N/2(m) — Z Tr/2(m) Nga:N.

Ir|< 5t 2m=rp(q ) Irl<g% \ m=rp(q/2) m=rp(q/2)

> > Tn(m)~aN.

|| <%E m=rp(q)

Thus we conclude that

Now we consider the second term in (2.3) and we set

G:#{(a,b)€N2|N<a<2N, 0<b<2N—a, 2|a+b, |abp|s < zq/N}.
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For k,11,l5 € N such that I; + Iy < 2¥ we define
Ty, (k) = # {(a, b) e N? |a € I(k1),be J(kl), 2|a+b, labp|lq < xq/N} ,
where
I(k, ) = (N(1+ (11 — 1)/2%), N(1 + 1 /27)]
and
J(k,l2) = (N (I — 1)/2%, Niy/25).
As before we deduce (using Conjecture 2.2) that

1
—axN

(2'6> Tl1,12 (k) ~ 4k

uniformly in /; and Iy (since k is fixed). Clearly we have

Z Ty 1, (k)

l1,l2
li+lp<2k—1

<#{(a,b) e N’ | N<a<2N, 0<b<2N —a, 2|a+b, |abp|, < zq/N}
< Z Tl1,l2(k)'

l1,l2

l1+1a<2F
Recall that #{(l1,l2) € N2 | I; + 1y < m} = m(";+1). Using (2.6) we see that
1—27F S G 1427k
r <liminf — < limsup — < * z.
N N N 2

Since this holds for any k we must have & ~ 2 N/2 as desired. By Proposition 2.1 it remains

to prove that there exists x > 0 such that for each N sufficiently large we can choose ¢, and
3(14+X)
@ny1 such that N3t% < ¢,q,41. By Conjecture 2.2 we must take g, < N @V . Recall that «
is of type 2 4+ 8. Choose n such that
3(142)
qn <N G < gpy.

The condition that « is of type 2 + [ implies that

Inn+1 K qi—’—ﬁ
and hence
I+ 3(14X) 4, 1
Gnln1 > Qg '’ > N @ (+115)
Thus we can choose k = % .

It should be mentioned that there may be some loss in using the rational approximation at
an early stage in Proposition 2.1. For this approach to work we must be able to work with
q> N 343 In Theorem 1.4 we can say something about values of g that are slightly smaller. In
the proof of (1.1) Heath-Brown was able to work with « rather than its convergents and only
use the Diophantine approximation at the very end of the proof allowing the use of smaller
values of q.

By condition (2.2) we see that the inverse of p, modulo ¢, is +¢,+1. To begin with one

could study
> > thm).

r| <=8 m=rgn+1(qn)

Perhaps one can use this information to say more about the pair correlation problem for specific
a’s such as /2 or the golden ratio where the ¢,’s are known.
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3. PRELIMINARY EVIDENCE FOR CONJECTURE 1.2

We will now explain why we should expect the asymptotics in Conjecture 1.2. We try the
“naive” approach. Define
1 ifd|n
da(n) = { . |

0 ifdtn
Assume M, N > 2. Clearly 7ar,n(m) = Zfi\i(m/m dq4(m). Thus

M
d. 2 mawlm=3 ) D, alal+[rlo)

r<K m=pr(q) r<Kl<Md [(ql+[rplq)/N1
(r, l)#(0 0)
-y ¥ Sa(ql + [rplg) + O(MNg='+¢)
T;IO(K MNq'rp a (ql+[rplq)/N<d<M
— Z Z Z Sa(ql + [rplg) + O(MNg~ )

7"3510( [rplq/N<d<M 0<I<(Nd—[rplq)/q

where [-], denotes the remainder when dividing by g. Now the length of the I-interval can be
much smaller than d and this is where the approach fails. We should expect that

> > Saql + [rply)
[rpla/ N<d<M 0<I<(Nd—[rpl,)/q

is roughly

> W(d,q)ZZZ(d,QHO Z%lq) o2 > (da) |,

[rplg/N<d<M q d<M d<M d<q/N
(dvq)‘r (dv‘Z)Ir (d7q)‘7‘ (d,q)|r

and it is the case if ¢ < N'79. Using Lemma 3.1 below we see that the “expected” value of
ZT§K Zmzpr(q) TMJV(m) is
KMN

+ O((K + M)Ng~'*).
On numerous occasions we will use the fact that

(1)  eleq)=#neN[n<e (ng)=1) =3 u@) [*] = D74 0(r(g))

d
dlq 7
This implies that
K k
(3.2) #{reN|r <K, (r,q):k}:w(qq/)—l—O(qe).
Lemma 3.1. Let N K > 1 and ¢ € N. Then
(3.3) > > () =KN+O((K + N)g),
r<K d<N
(d,q)lr
(3.4) = Klog N + O(Kq®) + O(¢° log N)
r<K d<N

(d,q)|r
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and
_ 1 2 €
(3.5) dor > (dr) = SNE? + O(K(K + N)q°)
r<K d<N
(d,q)lr
for any € > 0.

Proof. We see that
> @)= k#{(rd)eN*|r <K, d<N, (d,q) =k, k|r}

r<K d<N klq
(d,q)lr k<K

:Zk

> 4|
|

ks

k<K

:Zk

#{deN|d <N, (d,q) =k}
klq

T gl

=Sk (Ik{ + O(l)> > ula) <i\,i + 0(1)>

=| =

alq/k

klq alq/k
k<K
— KN M) | o(Ke) + O(NG
=KN ) > ~.=+O0(Kq)+ONg)
klq alg/k
k<K

for any € > 0. Now

S M S gk =10 Y /)

klg alg/k klq klq
k<K k<K k>K
and
1+5
> la/k) <qu<721_ < )
klq klg klq
k>K k>K k>K
Thus
151
(d,r) = KN ( +0 (é)) +O(K¢) + O(Ng) = KN + O((K + N)¢o).
r<K d<N
(d,q)|r

Using partial summation we see that

DD DELEEIED S SITERE BED S SRCRT

r<K d<N r<K d<N r<K d<t
(d,q)Ir (d.q)|r (d.q)|r

=K+ O(K/N+1)¢°)+ Klog N + O(Kq¢°) + O(¢° log N)
= Klog N + O((K 4+ 1)¢°) + O(¢° log N).
The last part of the proposition is also proved using partial summation. We omit the details. [
The difficulty in proving Conjecture 1.2 obviously lies in dealing with the fact that we only
consider a very small number of all the residue classes (K can be much smaller than ¢) and

at the same time M and N can be much smaller than ¢ (as pointed out earlier). Indeed the
above shows:
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Proposition 3.2. Let K, M, N > 1 with M < N and K > N" for some fized n > 0. Assume
also that ¢ < N'=° for some § > 0 and (q,p) = 1. Then

I

r<K m=pr(q)

as N — oo uniformly in M, K, q and p.

Conjecture 1.2 says that the asymptotic formula above still holds if we extend the range of
g to ¢ < N?79. In the same way we see that Conjecture 1.5 holds for small values of ¢. More
precisely we have

for ¢ < N1-9,
The following lemma will be useful in the next section. It shows that (1.4) would imply the
asymptotics in Conjecture 2.2.

Lemma 3.3. Let g € N. Then
q
>0 Y den () =
r=1d|(q,r) c|

If K > 0 then for any € >0

> 30 Y den (o) = Kq+ O(K + ).

r<Kd(qr) c|§
Proof. We see that
: q
D030 Doden () = ela/t) 3D den (3.
r=1d|(q,r) c|d klq dlk cld

Since the left hand side is a multiplicative function of ¢ it suffices to prove that

l n l-m
(3.6) Do) DY ) = p,
n=0 m=0 j=0
for a prime p. One easily checks that
l n l-m l
Z S0(pl—n) Z pm+] l m— ]) —1 +pl(1 _p—l) Z (p(pl_n>(n + 1)
n=0 m=0 j=0 n=0
-1 n+1
=p 4P a-p) (l +1+p(1-p ") o ) :
n=0

The identity (3.6) now follows since

§n+1_1—p—l—1 [+1
pr (L-p )2 p(l-pt)




12 DIVISOR PROBLEMS AND THE PAIR CORRELATION FOR THE FRACTIONAL PARTS OF n?«

From the first part we deduce using (3.2) that

> S S () =4 e ({) S dan () + ot

r<K di(qr) c|§ Klg dk o4

—Kq—l—fz ( )chp( )—I—OKq)

klq
k>K

= Kq+O((¢ + K)¢°).

4. AVERAGE RESULTS
From [4] we know how to count elements of an arithmetic progression in a given interval:
Lemma 4.1. Leta<b reZ and H € N with H < q. Then
—a
S =200 Y Couh)e(—hr/a) + O (Ou((a—1)/a) + 0 (b —1)/0))

a<m<b 1<|h|<H
m=r(q)

where

O (s) = {rlnin(l, 1/(H]s[1)) :,;z i ;

and
e(bn/q) — e(an
Cop(n) = ( /q)2 e(an/q)
Tin
Note that H; < Hs implies that 6, (s) > 0, (s). It will be convenient to set
En(a,b,r,q) = 0u((a—7)/q) + 0u((b—1)/q).

In [1] the following lemma was proved:

Lemma 4.2. Let (r,q) =1, H as in Lemma 4.1 and t € R. Then

S (e~ re)/a) < L

cEZq

for any € > 0, where the constant implied depends at most on €.
We will use these results to prove a technical lemma. Define
I(m,M, o, B3,b,t) ={x € N | max(m, (o +1)/b) <z <min(M,(B+1t)/b)}
and
J(m, M, a,3,b,t) = {x € N | max(m, (o +1)/b) <z < min(M,(B+1t)/b)}.
Lemma 4.3. Let N > 1. Then

Z Z#{x € I(1, N3, a, Nya,b,r +cq) | xb =1 + cq(a)}
a<Nj c€Z

b<No
N3te
= > / L{teR|(r-+og)/b<t<(Niat+r+cq)/b} (1)dE + O .

a<Ny ceZ
b< N2 (a,b)|cg+r

for Ny < N, ¢ < N?>7% and |r| < N2. In the first sum a,b € N.
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Proof. We see that
Z Z#{JJ € I(1,N3,a, Nga,b,r +cq) | zb =1+ cq(a)}

a<Nj ceZ
b< N3

N3+e
= ZZ#{JJEJ(O,Ng,O,N4a,b,r+cq)‘xbzr+cq(a)}+0< p >

a<Nj ceZ
b< N3

We apply Lemma 4.1 and get
Z Z#{ZL‘ € J(0,N3,0, Nya,b,7 +cq) | vb =1+ cq(a)}

a<Nj ceEZ
b< N

=> > / L{teR| (rteq) /p<t<(Nsatrteq) b} ()t + F + &1 + &

a<Ni cEZ
b<Ns (a,b)|cqg+r

where the error term & accounts for the contribution from Epy (we choose H = [N?]) for a
and b such that

a b
4.1 i N
1) mm((aﬂ‘-FCQ),(bﬂ‘-FCQ)) -

F is the exponential sum (we set M = max N;)

VY] ID VD DD L A e DR €

|C|<1\42 kleg+r N)‘<a<N1 N>‘</8<N2 1<|h|<H
(a.B)=

and & accounts for the the entire error coming from a and b not satisfying (4.1). We estimate
&, trivially by

)

N3+>\+a

< Y Y (Ni+N)N <

\c\<M—2 k|eg+r
- q
We see that the error term &7 is at most of order

+ , Nok +1+ B(r +
Z Z Z Z EH<maX(O,rﬂkcq>,m1n<N, @ ﬂkr cq>’ (chq),CE),

le ‘<M? klcg+r 5,65 ‘T+Cq (a,8)€A

where

A= {(a,ﬂ) € N?

OZEIl, 66-[27 (avﬂ):17 (a7r+cq> :517 </87T20q> :52}7

= [61N*, Ny /k] and I = [62N*, No/k]. First we consider

B(r + cq)
g Og | ———= ).
ak
(a,8)€A
From Lemma 4.2 it follows that

r+cq 1+4¢
S o < ”Cg)) < N7 <N2 (O;’ki) +1) <(a’ ?Jrcq)) :

Bela k
(a,B3)€A
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and

N. r4cq 1+e
Z ( 2 (O;k k ) + 1) ((a ?ﬂq)) < N2+,
a<M Tk

DS 9H< r+cq)><<N4_q)‘+35'

Ic] <J\12 kleg+r (o,B)EA

Thus it follows that

We now consider

(T 3 ()

(a,8)€A (a,8)€A
where @ is the inverse of @ modulo 3. Again we apply Lemma 4.2 and obtain

7—15 r+c NA-Ate
ZZZG< /QL(JFQ))« —

le|< M2 M2 klcg+r (o,8)€A

The remaining terms of similar type are estimated in the same way.
We now consider the exponential sum

—h(r +cq)B
Z Z Z max 0 ngq),min(N,W) (h)e (Oék) ’

Ni<a<t 1 N)‘<ﬁ<N2 1<|h|<H
(,B)=

First we look at

1 —h(r +cq)B

S oo XX ().
1<|h|I<H N <a<D Nr<cp<2
(a,8)=1

Using standard exponential sum techniques we rewrite the inner sum (see e.g. [1])

3 €<—h(ra4l;cq)ﬂ>: Z e(—h(rojl;cq)ﬂ> %: Z < )

A No £B=0
Y opet (e, 5)=1
72 Z <§5 hi( T+CQ)/k> Z e(_fC>'
=0 p= 0 o A <& o
(@8)= e

The last sum is just a Weyl sum and is easily estimated (see e.g. [7] Section 8.2) by

LE )=,

A 2
NALC<=2
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Thus using the Weil bound for Kloosterman sums we obtain

‘ > e(—h(Ta—il;cq)ﬁ)‘Siaz:l az:l e(fﬁ_hﬁ(r—f—CQ)/k)‘

(0%

N <p< 2 £=0" p=0 Nice< N2
st (@5)=1 ST
1 a—1
B nr +cq\? N Qo
2 —
<L« (a, 2 + E ¢
£=1
1
< Nzt% <a,hr J;Cq> i

and hence

) (a,hr—;cq>§: > Vig{aen

asN d|h e
VAN,
<
> g
e
d<Ni
< Nite,

The contribution to F is

Z Z Z NthrSE < N;q+55.

‘C‘SMTQ klcg+r 1<h<NA

a <N, <a,hr—i]_€cq> _ d}

15

> (%)

The remaining terms are handled in a similar way. Choosing A = 1/2 yields the desired

result.

We need a slightly different version of the previous lemma as well

Lemma 4.4. Let N > 1, k| q and dy,ds | k. Then

Z Z#{x € I(1, Ndy /k, az, Naada, kay, cq) | xzar = cq/k(az), (z,q/k) =1}

a;<M/d; c€Z
(@i q/di)=1

g

ko(q/k ai,a Ndi/k
SRl sy (1@2) /0 LteRjeq/ (kan)<t<(Nazdy+eq) / (ka)} () dE+

q CLZSM/d,L ceZ

(ai,q/d;)=1 (a1,a2)|c
o <N§+e>
q

for M < N and ¢ < N?79.
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Proof. As in the proof of Lemma 4.3 we see that

> > #{x€I(1,Ndi/k,ay, Nagdy, ka1, cq) | zar = cq/k(ag), (x,q/k) =1}
a;<M/d; c€Z
(ai,q/di)=1

= Z Z#{m € J(0,Ndy/k,0, Nagds, ka1, cq) | xza1 = cq/k(az), (z,q/k) =1} +
a;<M/d; c€Z
(ai,q/d;)=1

O<N3+e>'

q

Assume (¢,1) =1 and [ | 7. Then

#HreZla<z<b z=r(q), (x))=1}=4#{ceZ|(a—r)/g<c<(b—7)/q (c]) =1}

-2 ([ ][5 )

=> wd#{zeZa<z<b x=r(gd)}
d|l

Thus
#{x € J(0,Ndy1/k,0, Nagds, kai,cq) | xay = cq/k(az), (z,q/k) =1} =

Z,u(d)# {z € J(0,Ndy/k,0, Nagda, kay, cq) | zar = cq/k(a2)} .
a1

We can now proceed as in the proof of Lemma 4.4. The idea is the same so we only sketch the
rest of the proof.
For the 6y sums we are lead to consider (essentially) sums of the form

cqon
> > 2w
kdoo
|C‘<N2 §|q al<M/d
(a’u‘J/d )
and these can be estimated just as in Lemma 4.4 since (roughly speaking) the sum above just
has fewer terms than the ones considered in the previous lemma (we exclude the terms that do
not meet a certain coprimality condition) and all terms are non-negative. We have to be more
careful with the exponential sum terms. We consider sums of the form

1 hega
(4.2) YN > > el - .
h kldas
|<N2 Ut dle H<a <M 1<|h|<H
(o1,a2)= (a“q/d )=1

In the inner sum we replace the coprimality condition (a1, q/dy) = 1 with a Mdbius sum (setting
a1 =yA) and get

1 ~Fhegh
PVICIED DR > e(‘ Koo )
7\% I<Ih|[<KH  H<ao< MQ *<Lysd i

(a2,7q/d2)=1 (Aa2)=1

The inner sum is estimated as in Lemma 4.3 by

— 1
)| et (o 20)} i
2. > €<— < Nz > az, < N2t2%,
H<a2§% H < M ke as<M tko
(az7q/d2)=1 (Aaz)=1 (az7q/d2)=1
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T +3e
Thus we can estimate (4.2) by N2q+3 . O

Using Lemma 4.3 we can now prove the following:

Theorem 4.5. Let K, M,\N > 1, ¢ € N and N7 < K for some n > 0. Assume also that
q < N?7% for some § > 0 and (p,q) = 1. Then

q KMN K2Nmax(%+5,476,4fr]+5)
(ST - Y
s=1 \r<K m=pr+s(q) 4 1

for any e > 0.
Proof. We see that

Y. D TM,N(m) => > T, (M) Tar, N (m)

s=1 \r<K m=pr+s(q) r<K m=m'+p(r—r')(q)
r'<K

S RY rusm)m(m)

<K m=m'+lp(q)
where R; = [K|+ 1 — |l|. We consider the innermost sum

Z TM,N(m)TM7N(m/) =
(4.3) m=m’+1p(q)

#{(a1,b1,a2,b2) € N* | a1,b1 < N, ag,by < M, arby = azbs + pl(q)}
We want to “switch” the roles of ¢ and ao and apply Lemma 4.3. Note that
arby = azba + pl(q)
exactly if there exists ¢ € Z such that
a1by — pl — cq = agbs.
Now fix a; and as. We see that (4.3) is

Z # {:c € I(1, M, az, Mas,ay, pl + cq) ‘ Ta; = pl+cq(a2)}

a1,a2<N

ceZ
M Tie
ai,a N2
- > (o1,02) /0 1{t€R|(Pl+cq)/¢11StS(Pl+CQ)/a1+Ma2/a1}(t)dt+O< . )

a
a1,a2<N 2
ceEZ
(a1,a2)|cq+pl

B (a27a1) M N%—I—a
= ) Eren / > 1dt+0< p )

az,a1<N 0 (tai—lp)/q—Maz/q<c<(tai—lp)/q
(az,a1,9)|l (a2,01)leq-+pl
7
Y Z (ag,a1) Ma2(a27a17Q) +0 ]\[2_1_]\7;+€
az2,a1 <N a2 q(a27 al) e
(az,a1,9)|!
2 Nmax(%+£,4*5)
= Z (a2yalaQ)+O< :
? spa<n !

(a2,a1,9)|l
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Again we consider the entire sum and see (using Lemma 3.1)

ZRz Z (a2,a1,q —Z ZRI Z (az,a1,q)

[I<KK  a2,a1<N a1=1l|<K as<N
(a2,a1,9)|! (a2,a1,9)[l

N
Z (KN + O((K + N)¢%)) + O(N?¢°)—
N

> (KN + O(K(K + N)¢°))

a1=1

= K*N? + O(NK (N + K)¢).

Thus

2
Z Z TN (m) — KMN = Z Z TN (m)Tarn (m')—

r<K m=pr(q) r<K m=m' (") (o)
r'<

K2M?N?
q

K2Nmax(z+£,4—6,4—77+a)
=0 ( g .
q

M=

@
Il
—

g

This also shows that for the individual terms the asymptotics one should expect from Con-
jecture 2.2 holds for a subset of {s € N | 1 < s < ¢} of full density in the following sense:

Corollary 4.6. Let v > 0 and assumptions be as in Theorem 4.5. Then

#{s e{l,... KMN Z Z T (m )’ > y} < qN—min((S,%,n)-i-a
K m=pr+s(q)

uniformly in K, q and p for any € > 0.

In this connection it should be mentioned that if s is “bad” then so is its neighbors. In fact
we see that just one bad s (in the sense of Corollary 4.6) will imply that there are at least K1~¢
bad values of s.

We now proceed to the proof of Theorem 1.8.

Proof of Theorem 1.8. Recall that ¢(q)/q > q'~¢ for any £ > 0. Applying (3.2) we see that

Z > orun(m)= Y Tan(m)

(r,q)=k m=r(q) (m,q)=k
= Z o(M/ec,q/c)p(Nc/k,q/k)
clk

-y p(q/c)p(q/k)eM N

q2

+ O(¢°N).
clk
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We proceed as in the proof of Theorem 4.5 and obtain using Lemma 4.4

> ) mun(m)mn(m)
(@r)=k m=r(q)
=2 > X

m'=r(q)
d;|k <M (CEZ)I
Q1,02
(ovq/di)=1

#{ ( 042,N062d2,/€041,CQ>

al, o k)k
:Z Z Z(l 2)@((1/))(

Ty = C—}j(ag), (ac, %) = 1}

a
dilk  a;<M  ceZ 24
4 (a1,a0)le
(evq/di)=1

Ndq

q

2 max(4—0,Z4¢€)
BRSSPI 1+0<N - )

q ik P i q
(a,q/d; )

2
M2N2 (q/F) ( d /d) +0(Nmax(4—57§+6>>
— | D dwela — |-

d|k 9

Nzte
L{teR]eq/ (kan ) <t<(cq+ Nazds)/(kar)} (E)dE + O

This proves the theorem.
Finally we prove Theorem 1.9.

Proof of Theorem 1.9. We see that

ele)
o (m) = ’ 7o (m)
(p%:n;fmzzp;(q) " = ela/@r) (mg:(rm "
_ P(@) o, . ) —
_k;w(q/k)#{ EN|7 <K, (rq) = k}x
klq

#{(a,b) e N? |[a < M, b< N, (ab,q) = k}.

In the same way we see that

(4.4)
#{(a,b) eN? |a <M, b< N, (ab,q) =k} => #{beN[b<N, (b,q) =1}x
1|k
#la €N |a< M, (a,q/l) = k/l}
= 3 SHela/) + 0 ) ola/k) + O(e)
1|k
- Q/k Zl (g/1) +O<M]Z>

1|k

MN 2
id(k) +o(2X2)).
k ql—s

IN
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Thus
> #{(a,b) eN?[a <M, b< N, (ab,q) =k}
k<K
klq
(45) =MN - > #{(a,b) e N’ |a < M, b< N, (ab,q) = k}
k>K
klq
N2qs
=MN+O < K > .

Combining (3.2) and (4.5) it follows that

(4.6) Y Z B~ W+O<W>_

(p,)=1T<K m=pr(q) e 1

Now we look at

(z ) TM,N<m>KMN)

r<K m=rp(q) q

and rewrite it as

(5 (2,22 2 )) (%
r<K \m=rp(q) d|(r,q)
2 (7;( (mzrg(q) ) ]\ZN d|(r,q) (d>) ) (M (Kq ) Z;d%;q) " CJi)) ) |

Lemma 3.3 implies that

MN N%(K o
- (qu > d@(fl)) <<(q2+q)q

r<K d(r.q)

r<Kd|(r,q)

Yoos s )

(4.7)

We also see that Lemma 3.3 and (4.6) implies

MN q Ko(@)N?¢ (1 1
49 | T ¥ ( > ) - S ap <)) N
q d q K
(p,g)=1r<K \m=rp(q)
Thus it remains to look at

(49) > (Z( > ruaim) Z o (5 )))

(p,q)=1 \r<K \m=rp(q
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Using Cauchy-Schwarz inequality and Theorem 1.8 we estimate (4.9) by
2

KX 5 [ X mutm - 25 3 ap (%)

r<K (p,q)=1 \m=rp(q) d|(r,q)
2
q MN q
:KZ(P((]) Z TM,N(m)_7 Zdw(g)
r<K ¢ (W) (s,9)=(r,q) \m=s(q) d|(r.q)
KNmax(z+s,476)
- 2 ¢(q)
q r<K ¥ (f?«))

KNmax(%—&—aA—ﬁ)
< p > (a.7)

r<

=

K2 Nmax( % +e,4-9)
<

q
Together with the estimates (4.7) and (4.8) this proves the theorem. O

5. ESTIMATES FOR Tj; AND Tps

Through out this section we will restrict our discussion to 75, though the results (with
suitable modifications) clearly can be extended to cover 7ps n as well.

We see that
[M] M)
(5.1) %TM(m) :ﬂ;:;ad(m) :;d+O(M)::clogM+O(M+x).

Let 7 denote the usual divisor function and note that

7(m) ifm<M
Trr(m) = 2my(m) — 7(m) if M <m < M?.
0 if m> M?

It is well known that

(5.2) Z 7(m) = zlogz + (2vy — 1) + O(V/x).

m<x
Thus
zlogr+ 2y -1z +0(z) ifx<M
ZT}Q(m): xlogMTQ—FO(a:) if M <2< M?,
m< [M]? if x> M?

where the constants implied are absolute.

Conjecture 1.5 is probably hard to prove. We can however, give an estimate for the sum
using a result due to Nair and Tenenbaum [11]. Before we state the result we need to introduce
some notation. Let F': N — R;. We say that F' € M(A, B,¢) if F satisfies (for (m,n) = 1)

F(mn) < min(A%™, Bm®)F(n)

for some A, B > 0, where ©(m) denotes the total number of prime factors of m, counted with
multiplicity. In [11] the following was proved:
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Theorem 5.1. Let F' € M(A, B, %), 0<d6<1,0<e< %. Then

y F(n)
2 F(n)<<<P(Q)1OgiU 2 n

z<n<z+y n<Z

n=rio) i

1+4e6 . .
uniformly for (r,q) =1,z 1+ <y<ux, x> cog' 0, where ¢y and the constant implied depends

at most on A, B, 6 and ¢.

Proposition 1.6 can be proved quite easily, since 7y, is closely related to the Hooley A-function
defined by

A(n) =max#{d e N |e* <d < e, d|n}.
u€R
One easily checks that for all N > 1, k € N we have
(5.3) T (m) < 2kA(m)
whenever g—; <m < 2],2[—_21, and this implies that

Y rvim) < Y A(m).

m=r(q) m<N?2
m=r(q)

One easily checks that A € M(2, B,¢) for any € > 0 and suitable B (chosen according to ¢).
Proposition 1.6 now follows from Theorem 5.1 since

Z A(n) < eV (2te)(loglog z)(logloglog z) log .

n<x n
This was proved in [15].
Note that for z > 1
(5.4) e\/(2+£)(10glog:(:)(logloglogx) < (log x)g/

for any ¢’ > 0. To see this note that
log loglog x
—
log log x
as x — 00. In particular

log log log = < g

loglogx — 2+¢

for any ¢’ > 0 for x large. Hence
(2 + ¢)(loglog z)(logloglog ) < (&’ loglog x)?.

From this (5.4) follows easily.
To prove Theorem 1.7 we need the following lemma.

Lemma 5.2. Let §,e > 0. Let ¢ < 2179 and 2 < N. Assume also that N > q°. Then

2log zlog N
3 7N (n) < ©(q)*log x log ‘
n q?

n<zx
(n,q)=1

Proof. We see that
™~ (n) _ 1_ 1 1
(5.5) P D D D DI D+
n<lx ab<z, a<N a
(n,g)=1 (a,q)=(b,q)=1 (a,9)=1  (b,g)=1
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Thus we must consider

asy asY  dlg
(a,9)=1 dla
_ Z p(d) 1

_ ¢(q) 7(q) w(d)logd
= (log¥ +9)= = +0 <Y> - dzlqd,

Let ¢’ denote the square free part of ¢ and p be a prime number. We see that

Z M(d)jogd _ Z Miid) ZA(C)

dlq dlq cld

_ p(d)
=2 MO

clg’ cld
dlq’

)
IR

ple’ 5|Z
p

A 5
:_Z@Zﬂg)'

plg’ p 5|

SIS

Thus

Z,u(d)logdzo ZM _0 Zlogp
d

dlg plg’ P plq P
We split the last sum in two parts:

Zlogp: Z lo]g);p_i_ Z loip'

b
plg plg plg
p<(logq)? p>(log q)*

Clearly

log p _
3 i < (logq)™®> logp < 1.

plg plg
p>(log q)?

We know that

1
Z — = O(loglog )
p<z p

Hence

log p _
3 >+ < 2loglogg Y “p' = 0((loglog q)?).
plg p<q
p<(logq)®
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From this it follows that

3 o= los #9022 10 (L) + o(roglosa.
(a,q)=1

Recall that ¢(q) > 5. Thus it follows that

1 log N
Z T« ¢(q)log
a<N a q
(a,9)=1
and
1 1
3 1< p(q)logz
<z q
(b,g)=1
The result now follows from (5.5). O

Theorem 1.7 follows immediately from Theorem 5.1 and Lemma 5.2 since 7y € M(2, B, ¢).

6. PROOF OF THEOREM 1.4
We follow Section 5 in [5]. For ¢ € (0,1) define
R(M,a,8) = #{(z,y) € Z* | |[za —y| < 4, || < M}.
The proof of Theorem 1.4 is based on the following identity
S(M,N,K,p,q) = > R(M,ap/q, K/q)=N+2>_ > 7un(m).
a<N Ir|<K pm=r(q)
We can transform it into a lattice point problem since

{(z,9) € 2% | [z — y| <6, |2| < M} = {(x,y) € Z* | zu+yv € [V M3,V M6]*}
where u = (\/6/M,a\/M/0) and v = (0,—+/M/J). Since u and v generate a lattice of

determinant 1 we obtain

R(M, a,5) = 4M§ + O(v/ M5/ M) + O(1),

where A1 is the length of the shortest non-zero vector in the lattice. We have § = K/q and
a = ap/q in our case. Thus we expect that the main term in S(M, N, K,p,q) is KMN/q. It is
the error term O(y/MJ/A1) that needs attention. In particular one is concerned with the case
where \; is small. The idea is to consider /Md/A; in dyadic intervals

FE < \/M(S/)q < 2F.

Note that E can be at most M since A\; > 1/0/M. The a’s for which £ < /M K/q contribute
N/KDM/q to the error term for S(M, N, K, p,q). Following Lemma 4 in [5] the contribution
from values of a for which £ > /M K/q can be estimated by

2 S" EFV(M/E,N/F.K/(4EF).p/).
VMK [q<E=2F<M 1SF=2"<N
where

V(A,B,D,B) =#{(a,b,z) EN*xZ |a< A, b< B, (ab,z) =1, |abB —z| < D} .
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Using Lemma 6 and Lemma 7 in [5] we obtain the estimate

3 S EFV(M/E,N/F,K/(qEF),p/q) < N(KN/q)s.

VMK /q<E=2F<M 1§F:2h§N5
EF<(logN)4

Clearly we have

V(A,B,D,p/q) < Z Z Ta,B(M) < Z Z T(m).

[r|<gD m<AB [r|<gD m<AB
pm=r(q) pm=r(q)

The previous results in the present paper suggest that there is a loss of roughly a factor log(AB)
in the last inequality, but the last estimate will be sufficient for our purpose.
We now need the fact that p/q is of type (2 + ~,K). This implies

1
S > -
q zy|~ K(zy)?t

unless zy | ¢ (remember that (zy,z) = 1). Thus if

P z

K
S —

wyp
qEF

q

we conclude that
EFK
1+ > q
(2y) ™7 = =

unless zy | g. Thus for such xy we can assume that

1
Y i\ 247
EF < <(‘MN)K> ! )
gk
Using the assumption (1.2) we see that
MN MN 8(14)
(6.1) ol > - > ql+ ey .
((MN)H‘WK) 2+
qK
It follows that
V(M/E,N/F,K/(qEF),p/q) < > (m)+7(9)*
Irl< g7 m< g
pm=r(q)

Using the Linnik-Vinogradov estimate (1.6) one easily deduces that for ¢ < 2'~9

]
Y S r(m) < (7(@)* + S(loglog q)?) T8,
< m<z 1
m=s(q)

where the constant implied depends on ¢ only. Since (6.1) holds we can use this result and we
obtain
NZ2log N

V(M/E,N/F.KJGEF).p/a) < (7007 + 5 poglog?) ~ 2

EF
Clearly

Z Z 1 < (log N)%.

MK/q<E=2k<M 1<F=2"<N
- - 5
EF>(log N)4
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For ¢t € (0,1) we recall the formula
n
o (t—1 Dt +1— ¢t
S s o = (DD L
. (1—1t)2
=0
Using this we see that
1 l+1 loglog N
YOOy he x lgleey
EF 2 (log N)i
1<E=2k<M 1<F=2h<N 3 loglog N<I<3log N &
EFz(logN)%

This implies

il
2

3

=

=

Z Z EFV(M/E,N/F,K/(qEF),p/q)

VMEK/q<E=2k<M 1<F=2"<N

EF>(log N)%
N? K (loglog N)?
< — [ 7(¢)*(log N)3 + (g—gl)
q (log N)
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