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Introduction

This thesis is an exposition of the results obtained during my four years as
a PhD student at the Center for the Topology and Quantization of Moduli
Spaces. Some of the results have already appeared in print or on the arXiv,
but a few ideas which have not yet made it into separate papers are also
presented.

* * *

I will now give an ultrabrief and somewhat informal description of the
background for this project. In [1], Andersen considers a family | of
Kahler structures on a compact symplectic manifold (M,w) smoothly
parametrized by a manifold 7. Under certain topological assumptions, he
is able to generalize work by Hitchin [25] to obtain a connection in a certain
finite rank bundle over 7, a generalized Verlinde bundle. Using Toeplitz
operator techniques then allows him to construct a 7 -parametrized family
of star products on (M, w). If T is a group acting on 7 and (symplectically)
on M, such that | is I'-equivariant, one may ask if it is possible to turn this
family of star products into one I'-invariant star product on M. This turns
out to depend on a number of cohomological conditions. One of these is
the vanishing of the first cohomology group

HY(T,C®(M)) (t)

of I with coefficients in the module of smooth functions on M.

One situation in which all of the above applies is when 7 is the Teich-
miiller space of a closed surface X, I' the mapping class group of X and
M is the moduli space of flat SU(n)-connections over X — {*} with fixed
central holonomy around the puncture.

One of the original goals of the project was to compute (1) in the case
M = /\/léU - While this has not yet been done, I have, jointly with
Andersen, been able to prove the vanishing of H!(T, A) for certain modules
of functions on certain related moduli spaces. Another motivation for
studying these cohomology groups is the question of whether or not the
mapping class group has Kazhdan’s Property (T). Although this has been
answered in the negative by Andersen [2], it may still provide insight to
find other counterexamples.

* * *

The thesis is organized as follows: The first chapter serves as an introduc-
tion to group cohomology. Since we only need to »recognize a cocycle
when we see one«, we provide simple working definitions of cocycles,
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coboundaries, H' and H?. The last three sections contain a number of
well-known results which will be useful in various places.

In Chapter 2, we recall the definition of the mapping class group of
a surface, along with the important notion of Dehn twists and known
relations between these. We also present the Dehn-Thurston coordinates
on the set of multicurves (isotopy classes of 1-submanifolds of X). The
mapping class group acts on geometric objects associated to X, and we
use Section 2.4 to describe the action on the set of multicurves and on the
first integral homology group of X. Speaking of the latter, in Section 2.5
we briefly touch on the kernel of the action, the Torelli group. In the final
section we prove that a certain (obvious) obstruction to the vanishing of
HY(T, V) is satisfied for any unitary representation V, provided ¢ > 3. An
immediate consequence is that counterexamples to Property (T) must be
found among the unitary representations which do not restrict to the trivial
representation of the Torelli group.

In Chapter 3 we discuss deformation quantizations of a symplectic mani-
fold. The importance of the group (t) becomes apparent in Proposition 3.10.
Section 3.4 contains a brief explanation of how geometric quantization of a
Kéhler manifold induces a star product on the underlying symplectic mani-
fold. This idea is taken one step further in Section 3.5, where we assume
the existence of a whole family of Kahler structures, giving a corresponding
family of star products.

The so-called moduli space of flat G-connections is the subject of the
fourth chapter. There are two quite different, but actually equivalent,
definitions. We choose to define it as the space of G-representations of the
fundamental group of £, modulo conjugation. The alternative definition,
from which the space gets its name, is also given, along with a short
explanation of the equivalence between the two definitions. (The appendix
contains some standard material on principal bundles and connections.)
In the following sections we explain how the moduli space is endowed
with various structures. Actually, »the« moduli space is slightly misleading,
since one is often forced to make small variations in the definition. For
example, M is rarely a smooth manifold, but the open and dense subset
represented by irreducible representations is. If one needs a manifold
which is both smooth and compact, one may restrict to the representations
with fixed behaviour on the boundary of 2. This is what we do in order to
obtain our favorite examples, MSU . The last section explains why the
theory from Chapter 3 can be apphed to these spaces.

In case G = SL,(C), it turns out that one may use the set of multicurves
on X as a basis for the space of regular functions on M. This fact is
used in Chapter 5 to prove that the cohomology group H'(T', O(Mg))
vanishes. The computations rely on the results from Chapter 2 and on the
introduction of the notions of future and past of interesting pairs.

In the sixth chapter, we turn our attention to the abelian moduli space
My). It is a trivial consequence of the results presented at the end
of Chapter 2 that H'(T,L?) = 0, where L? denotes the space of square-
integrable functions on My ;). In [7] this is used to establish that also
the cohomology group with coefficients in the space of smooth functions
vanishes. However, in Chapter 6 we give an alternative proof of this, which
does not rely on the knowledge of H!(T',L?). Instead, we use the same
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methods as those applied in Chapter 5.

In the final chapter, we explain how a combination of the ideas from
Chapters 5 and 6 may be used to prove the vanishing of the cohomology
with coefficients in a certain module of »rapidly decreasing« linear combi-
nations of multicurves. We also discuss how these linear combinations give
rise to continuous functions on the SU(2) moduli space. Whether or not
this association is faithful is one of the open questions with which we end
the dissertation.

* * *

I am grateful, first of all, to my supervisor, Jorgen Ellegaard Andersen, for
sugggesting this project to me, for patiently answering my many questions,
and for believing in my capabilities at times when I did not. I also wish to
thank Robert Penner for numerous helpful discussions and Magnus Roed
Lauridsen for volunteering to proofread the manuscript with e-notice.

Enjoy reading!






CHAPTER 1

Group Cohomology

In this brief chapter, we give a rudimentary introduction to those concepts
from the language of group cohomology which we will need later on. It
merely serves the purpose of introducing a little notation and adapting
known results to the settings we encounter. For a thorough exposition, the
reader is referred to Brown's textbook [15].

1.1 Modules over Groups

Let G be a group. A (left) module over G is an abelian group M together
with an action of G on M, that is, a homomorphism G — Aut(M). Equiva-
lently, A is an ordinary module over the integral group ring ZG. If H is a
subgroup of G, any module over G is also a module over H in the obvious
way. This is known as restriction of scalars.

If M is a G-module, the group of invariants is the subset M of M fixed
under the action of G; it is the largest subset of M for which the action of
G is trivial. Similarly, the group of co-invariants Mg is the quotient of M
by the subgroup generated by elements of the form m — gm, m € M, g € G.
This may be thought of as the largest quotient of M on which G acts
trivially.

We may define a right G-module to mean a right module over the
group ring ZG. Then as usual, if M is a right module and N is a left
module over G, we may form the tensor product M ®7c N (which is
only an abelian group) from the tensor product M® N = M ®z N by
introducing the relations mx®n = m® xn for x € ZG. But since the
relations a(m®n) = ma®n = m®an for a € Z already hold in M ® N, we
need only add the relations mg®n = m® gn for g € G. As an example,
consider Z as a trivial right ZG-module. Then we have an isomorphism
Mg = Z ®zc M given by [m] — 1®m, with inverse given by a ® m +— a[m],
where [m] denotes the image of m € M in Mg.

For a commutative ring R, one need not distinguish between left and
right modules, because a left module X becomes a right module by defining
x.r = rx, and vice versa (in fact, this defines an isomorphism between the
categories of left and right R-modules). However, for a non-commutative

1



2 Chapter 1 - Group Cohomology

ring, such as the group ring of a non-abelian group, this procedure fails.
But if ¢: R — R is an anti-automorphism, we may turn a left module X
into a right module by the formula x - r = ¢(r)x (the construction above
may be seen as a special case, because a ring is commutative if and only if
the identity map is an anti-automorphism!).

In particular, for a group ring ZG, the anti-automorphism g +— ¢~
of G extends to an anti-automorphism of ZG, and in this way we can make
sense of the tensor product of two left G-modules M and N. Concretely this
means that we obtain M ®¢ N from the abelian group M ® N by introducing
the relations (¢~'m) ® n = mg®n = m ® gn, and, replacing m by gm this
may be written m®n = gm ® gn. Thus we have M®c N = (M ® N)g,
where G acts diagonally on M ® N: ¢(m ®n) = gm ® gn. This shows that
the usual natural commutativity of the tensor product of abelian groups
induces a natural commutativity of the tensor product of left G-modules,
M®cN = N®g M.

1.2 Cocycles and Coboundaries

Let M be a G-module. A 1-cocycle (henceforth simply called a cocycle) on
G with values in M is a map u: G — M satisfying the cocycle condition,

u(gh) = u(g) + gu(h) (1.1)

for all g,h € G. A cocycle is a coboundary if it is of the form g —
om(g) =m —gm = (1 — g)m for some m € M. The sets of all cocycles and
coboundaries are denoted by Z!'(G, M) and B!(G, M), respectively. The
first cohomology group of G with coefficients in M is the quotient

HY(G, M) = Zz'(G, M)/BY(G, M). (1.2)

If one wishes to emphasize the given action p: G — Aut(M) of G on M
one may also denote this cohomology group by H!(G, p).

The »closed 0-cochains« (or 0-cocycles), the elements m € M such that
om = 0, are clearly the same as the invariant elements of M. We put

HY(G,M)=MC® ={meM|gn=m VgeG}.

Letting 1 € G denote the identity element, it follows from (1.1) that
u(l) = ( )+ u(1), so u(1) = 0 for any cocycle u. This in turn implies
0=u(gg") = u(g) +gu(g~'), which may be rewritten

u(g™!) = —g 'u(g). (1.3)
Combining (1.1) and (1.3), we obtain
u(ghg™") = u(g) + gu(h) + ghu(g™")
= gu(h) + (1 —ghg M u(g). (1.4)

It is clear from (1.1) and (1.3) that a cocycle is determined by its values
on a set of generators for G. This observation is particularly useful when
the group is finitely generated.
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If the action of G on M is trivial, the cocycle condition (1.1) simply
means that a cocycle is a group homomorphism G — M. Also, the space
of coboundaries vanishes, so we have

H'(G, M) = Hom(G, M) = Hom(G,p,, M) (1.5)

where G, denotes the abelianization of G.

1.3 Sums and Products

Let (M,) be a collection of G-modules. There is an obvious bijection
ZNG M) = 12" (G Ma) (1.6)
14 14

given by mapping a cocycle u: G — [], M, to the family (u,) of cocycles
given by u,(g) = u(g)«- This bijection induces an isomorphism

HY(G, M) 2 JTHY(G, Ma). (1.7)

For direct sums, the situation is a little more subtle. A cocycle u: G —
@, M, need not give rise to an element of @, Z'(G, M,). The problem is
best explained by introducing a little notation. For ¢ € G, let A; denote
the (finite) set of indices a such that the coordinate u#(g), is non-zero.
Then a necessary and sufficient condition for u to define an element of
@D, 21 (G, M) is that Ugec Ag is finite. One additional assumption that
ensures this is that G is finitely generated, since if G is generated by
g1,---,8N, we have that UgeG Ayg is the finite union of the finite sets Ag].,
j=1,...,N. So for finitely generated groups we do have

HY(G, D M) = P H'(G, My). (1.8)

1.4 Shapiro’s Lemma

Let G be a group, H a subgroup and M a module over H. The coinduced
module Coind% M is the G-module

Coind$; M = Homyz (ZG, M)

consisting of H-equivariant homomorphisms ZG — M, ie. maps f satis-
fying f(hx) = hf(x) for h € H, x € ZG. The (left) action of G is given by

(&-)x) = f(xg)-

Proposition 1.1. If G is a group, H a subgroup and M a module over H, then
H'(H, M) = H'(G,Coind$; M). (1.9)

This is a special case of Shapiro’s lemma (Proposition I11.6.2 in [15]). We
are going to need even more specialized versions of (1.9).
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Assume G acts on a set S. For any abelian group A, the set Map(S, A)
of all maps S — A becomes a G-module by setting (¢f)(s) = f(g~'s).
Writing S as the disjoint union | |, S, of its G-orbits, clearly

Map(S, A) = [ [Map(Sa, A) (1.10)

as G-modules. Choose a set R of representatives for the G-orbits of S.
Denote the representative of the orbit S, by r,. For each «, let G, denote the
subgroup of G stabilizing r,. Then there is a bijection G/G, — S, given
by ¢G, — gry. Combining with the usual bijection between the sets of left
and right cosets given by ¢G, — G,g~!, we obtain induced bijections

Map(Sa, A) <> Map(G/ Gy, A) <> Map(G,\G, A). (1.11)

The latter two sets both admit a natural left action of G making them
G-modules, and the bijections are then G-isomorphisms.

Considering A as a trivial G4,-module, there is an isomorphism of
G-modules

Coindg A = Homgyg, (ZG, A) — Map(Gs\G, A) (1.12)
given by f — (Gag — f(g))-

Theorem 1.2. With the notation above, we have an isomorphism

H'(G,Map(S, A)) = [[Hom(Gy, A). (1.13)

Proof. Using (1.10) and (1.7), we obtain
H'(G,Map(S, A)) = [[H'(G,Map(Ss, A)).
o

Focusing on the individual factors on the right-hand side, the isomor-
phisms (1.11) and (1.12) induce an isomorphism

H'(G,Map(Sq, A)) = H'(G,Coindg, A).

Finally, we may apply Proposition 1.1 and (1.5) to obtain (1.13). O

It will be useful to know an explicit formula for the isomorphism (1.13),
and fortunately it is rather easy to describe. In the special case where the
action of G on S is transitive, let r € S be some element and let G, be the
stabilizer of r. Then the isomorphism

¢: H'(G,Map(S, A)) — Hom(G,, A)

is given by
¢([u])(g) = u(g)(r). (1.14)

In other words, the image of the cohomology class represented by the
cocycle u is the homomorphism obtained by restricting u to G, and post-
composing with evaluation in r.

The general case of course has a similar description. The image of
the cohomology class [1] under (1.13) is the collection of homomorphisms
uy: Go — A, whose a-coordinate is given by

ug(g) = u(g)(ra)- (1.15)
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1.5 The Hochschild-Serre Spectral Sequence

A celebrated result relates the cohomology of a group to the cohomology
of a normal subgroup and of the quotient.

Theorem 1.3 (Hochschild-Serre). Let 1 — K — G — Q — 1 be a short exact
sequence of groups, and let M be a G-module. Then there is a spectral sequence

Epq = HP(Q H'(K,M)) = HV'*1(G, M).
In low degrees, this spectral sequence gives an exact sequence of cohomo-

logy groups.

Proposition 1.4. Let 1 — K — G — Q — 1 be a short exact sequence of groups,
and let M be a G-module. Then there is an exact sequence

0 — HY(Q, MX) — HY(G, M) — H (K, M)C. (1.16)

A few remarks are in order: Although M is not necessarily a module
over Q, the submodule MX = H?(K, M) invariant under K has a natural
structure as Q-module. Since G acts on K by group homomorphisms (via
conjugation), there is an induced action on H! (K, M) making it a G-module,
and H' (K, M)® = H°(G, H'(K, M)). For a cocycle u: K — M and g € G,
the cocycle ¢ - u is given by the commutative diagram

4
K——K

g.ul J” (1.17)
8

M—M

The sequence (1.16) may be continued by two H?-terms, but we will only
need the part shown above. It is not hard to give a direct proof, which does
not rely on knowledge of spectral sequences, for the proposition as stated.

Proof of Proposition 1.4. The first map above is given by precomposing a
cocycle u: Q — MK with the projection map 71: G — Q. This clearly
maps cocycles to cocycles. If u € Z1(Q, MX) is the coboundary of some
element v € MK, then the cocycle u o 7t € Z'(G, M) is also the coboundary
of v. Hence the first map above is well-defined. Furthermore, if u o 77 is
a coboundary of some element v € M, then 0 = u(7(k)) = (1 —k)v for
each k € K, so that in fact v € MX. Then the calculation u(q) = u(7(§)) =
(1—-9)v = (1 —¢q)v, where 7 is any element of G mapping to g under 7,
shows that u is the coboundary of v. This proves that the first map above is
injective, and hence proves exactness at H'(Q, MK).

The second map above is given by restricting a cocycle u: G — M to K.
Clearly, the restricted map is a cocycle K — M, and coboundaries map to
coboundaries. To see that the map takes values in H 1 (K,M )G, we compute
the action of g € G using (1.17):

(g-u)(k)— “lu(gkg™)
=g (1~ gkg’l) (g) +gu(k))
(k)+(1 ) lu(g)
= u(k) —5(g"u(g)) (k)
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This shows that the cocycles 1 and g - 1, when restricted to K, differ by the
coboundary 6(g'u(g)).

Clearly, if u is a cocycle Q — MX, the composition K — G — Q — M
is zero, so the image of the first map is contained in the kernel of second.
Conversely, assume that u: G — M is a cocycle which satisfies u(k) = 0 for
any k € K. Such a cocycle takes values in MK, because

0=u(gkg ') = (1—gkg ")u(g)

for any ¢ € G and k € K. For g € Q, choose some ¢ € G mapping
to g, and put #(q) = u(g). This is well-defined, as another choice g’ of
lift would differ from g by an element k € K, and then u(g') = u(gk) =
u(g)+gu(k) =u(g). If g1, 492 € Q, choose lifts g1, g2 € G. Then the product
9182 is a lift of 142, and we have

u(q192) = u(g182) = u(g1) + &1u(g2) = u(q1) + q1#(q2),

so il is a cocycle on Q. This proves exactness at H' (G, M). O

1.6 Kazhdan's Property (T)

Two properties of topological groups, known as Property (T) and Prop-
erty (FH), respectively, are intimately related to the cohomology of groups
with coefficients in real or complex Hilbert spaces. A thorough exposition
of these properties and their relationship to group cohomology is far be-
yond the scope of this thesis. We instead refer the interested reader to the
very comprehensive book [11]. In this short section we will simply outline
the facts we need.

Definition 1.5. Let G be a topological group and 7: G — U(V) be a
unitary representation on a Hilbert space V.

(1) Lete > 0 and K C G be a compact subset. A unit vector v € V is called
(¢, K)-invariant if

sup|t(g)v —v| < e.
g€K

(2) The representation 7t is said to have almost invariant vectors if there is
an (g, K)-invariant vector for all such pairs.

Definition 1.6. A topological group G has Kazhdan’s Property (T) if any
unitary representation of G which has almost invariant vectors has an
actual (non-trivial) invariant vector.

Proposition 1.7. For g > 2, the discrete group Sp(2g, Z) has Property (T).

Proof. By Theorem 1.5.3 of [11], the locally compact group Sp(2¢, R) has
Property (T), and by Theorem 1.7.1, Property (T) is inherited by lattices
in locally compact groups. Finally, Sp(2¢,Z) is known to be a lattice in
Sp(2¢g, R). O
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When G is a topological group and V is a unitary representation, the
space Z'(G, V) of cocycles is given the topology of uniform convergence
over compact subsets. In this topology, B!(G, V) may or may not be closed
in Z1(G,V); in any case, the quotient

HY(G,V) = ZY(G,V)/B(G,V) (1.18)

is known as the reduced cohomology of G with coefficients in V.
For finitely generated groups, a number of conditions are known to be
equivalent to Property (T). The following is quoted from [11], Theorem 3.2.1.

Theorem 1.8. Let G be a locally compact group which is second countable and
compactly generated. The following conditions are equivalent:

(i) G has Property (T);

(ii) H'(G, ) = 0 for every irreducible unitary representation 7t of G;
(iii) HY(G, 7r) = 0 for every irreducible unitary representation 7t of G;
(iv) H(G, ) =0 for every unitary representation 7 of G.

In fact, one can add a fifth condition to the list.

Lemma 1.9. Let G be a group satisfying the conditions of Theorem 1.8. Then
conditions (i)—-(iv) are also equivalent to

(v) H'(G, ) = 0 for every unitary representation 7 of G.

Proof. Clearly (v) implies (ii) and hence the other conditions. By the
Delorme-Guichardet Theorem (Theorem 2.12.4 in [11]), Property (T) and
Property (FH) are equivalent for the class of groups considered, so Prop-
erty (T) implies that H' (G, 7r) = 0 for any orthogonal representation 7.
Any unitary representation is in particular an orthogonal representation,
so H'(G, ) = 0 for any unitary representation as well. O

For a (discrete) set X, we let £2(X) denote the set of square summable
functions X — C, that is, the set

PX)={f: X = C| Y |f(x)]* < 0} (1.19)

xeX

We will sometimes write such a function as a formal linear combination
Yrex f(x)x or Yiex frx. If a group G acts on X, it is clear that ¢2(X) is a
unitary representation of G.






CHAPTER

Mapping Class Groups and
Multicurves

Let X = ¢ denote a compact, oriented surface of genus ¢ with » bound-
ary components, g,7 > 0. The mapping class group I' = T'(X) = T,
of X is defined to be the quotient group Diff(%; 0X)/ Diffy(%; 9X), where
Diff(%; 0X) is the group of orientation-preserving diffeomorphisms of X fix-
ing the boundary point-wise, and Diffy(%; 9X) is the subgroup consisting of
diffeomorphisms isotopic (smoothly homotopic through diffeomorphisms
fixed on the boundary) to the identity. Equivalently, I is the group of
components 71 Diff(X; 0X). We will often denote an orientation-preserving
diffeomorphism f: ¥ — X and its mapping class f € I' by the same symbol,
when there is little or no chance of confusion.

Remark 2.1. Since any homeomorphism of X is isotopic (through home-
omorphisms) to a diffeomorphism, and since any continuous isotopy be-
tween two diffeomorphisms may be smoothed, we could also have defined
the mapping class group in terms of the orientation-preserving homeomor-
phisms of ~. Thus we may occasionally talk about the mapping class of
a homeomorphism or represent elements of I' by homeomorphisms; this
does not cause any ambiguity.

Remark 2.2. Note that in case r > 1, any diffeomorphism fixing the bound-
ary is automatically orientation-preserving.

The reader is probably aware that different, but related groups are also
known as »the« mapping class group. For a survey of the various possibili-
ties we refer to [18].

2.1 Dehn Twists

Let A C IR? denote the annulus given in the standard polar coordinates
(r,0) by 1 < r < 2. Its boundary components are denoted 01 A and 9, A,
respectively. Fix a smooth, increasing diffeomorphism A: [1,2] — [0, 27]
with vanishing derivatives to all orders at 1 and 2. The standard (left) twist

9
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of A is the diffeomorphism t given by (r,6) — (7,6 + A(r)). Up to isotopy
fixed on the boundary of A, t does not depend on the particular choice of
A

Next let 7y be an oriented simple closed curve on X, and lete: A — X be
an embedding such that ¢, 4 is an orientation-preserving diffeomorphism
onto . The geometric Dehn twist associated to e is the diffeomorphism
te of £ which on e(A) is given by eot o e, and is the identity on the rest
of X.. The isotopy class of t, only depends on the isotopy class of y (as an
unoriented curve), and this isotopy class is called the (left) Dehn twist on 7,
denoted T,.

2.2 Generators and Relations

A fundamental result is that the mapping class group is generated by Dehn
twists. For ¢ > 2 and r < 1, Humphries [26] has shown that the minimal
number of twists needed is 2¢ + 1, and this number is realizable. In fact,
Wajnryb [40] gives a complete presentation in terms of generators and
relations of the mapping class group I'¢, for r < 1. Be aware, however,
that [40] contains some errors which are corrected in [12]. More recently,
Gervais [20] gave a completely general finite (but non-minimal) presen-
tation of I'g, for ¢ > 1 and any number of boundary components. The
number of generators in [20] is rather large (of the order (g + r)?), but
this disadvantage is outweighed by the simplicity and symmetry of the
relations.

We will not need a complete presentation of the mapping class group,
but we will need the fact that it is generated by Dehn twists, and some
simple relations among such twists. For later use we record these well-
known results. Proofs can be found in [18] and [27].

Lemma 2.3. Dehn twists on disjoint curves commute.

Lemma 2.4. If « and f are simple closed curves intersecting transversely in a
single point, the associated Dehn twists are braided. That is, TaTpTa = TTaTp-

Lemma 2.5. If a is a simple closed curve on X and f € T, we have fo T, 0 f~! =
Tt (a)-
fla)

Lemma 2.6 (Chain relation). Let a, B and -y be simple closed curves in a two-
holed torus as in Figure 2.1, and let 6, € denote curves parallel to the boundary
components of the torus. Then (TKT5T7>4 =TT

Lemma 2.7 (Lantern relation). Consider the surface X 4, ie. a sphere with four
holes. Let vy; denote the i'th boundary component, 0 < i < 3, and vy;j a loop
enclosing the i'th and j'th boundary components, 1 <i < j < 3. Let T; = T, and
Tij = To;- Then

T TT3 = T12T13T23- (2.1)

For a picture of the lantern relation, see the left-hand part of Figure 2.4 on
page 21.
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p
o
= "o e/
p
(a) A two-holed torus. (b) A more schematic picture.

Figure 2.1: The chain relation.

Corollary 2.8. If ¢ > 2, the Dehn twist on a boundary component of X, can be
written in terms of Dehn twists on non-separating curves.

Proof. The assumption on the genus implies that we may find an embedding
of ¥g4 — g, such that 7o is mapped to the boundary component in
question and the remaining six curves involved in the lantern relation are
mapped to non-separating curves (think of X , as being obtained by gluing
three boundary components of £, 5,12 to 71, 72 and 13, respectively).

Then the relation 1p = T12T13T23T3_1T2_1T1_ 1 also holds in Tqr. O

Proposition 2.9. If ¢ > 2, I'q , is generated by Dehn twists on non-separating
curuves.

Proof. We already know that the mapping class group is generated by Dehn
twists. If g > 3 and v is a separating curve in X, cut ¥ along  and apply
Corollary 2.8 to the component which has genus > 2, showing that 7, can
be written in terms of twists on non-separating curves in X.

Now assume ¢ = 2 and that 1 is a separating curve. The above argument
still holds if the two components of the cut surface X, has genera 0 and 2,
so assume that y cuts X into two genus 1 surfaces, £; and Xp. In £, we
may find a separating simple closed curve 7 such that cutting > along
1 yields a genus 0 surface and a two-holed torus, whose other boundary
component is y (# may, if necessary, be chosen to be null-homotopic). Then
in the surface %, the twist in # can be written in terms of non-separating
curves. But then the chain relation (Lemma 2.6) shows that 7, can be
written in terms of 7, and twists in three non-separating curves in ¥;. [J

Corollary 2.10. When g > 3, the abelianization Hy (T, Z) of the mapping class
group vanishes, and when g = 2 the group Hy (T, Z) is cyclic of order dividing 10.

Proof. By the preceding proposition, I'y, is generated by twists in non-
separating curves. By the classification of surfaces and Lemma 2.5, these
generators are all conjugate in I, so they represent the same element 7 in
Hy(T,Z). Hence this group is cyclic.

When g > 3, one may embed the lantern relation in X in such a way that
all seven curves are non-separating (see Figure 2.4 on page 21). From this
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it follows that the generator represented by a non-separating twist satisfies
the relation 47 = 37, so Hy(I',Z) = 0. When g = 2, we may embed the
chain relation in X in such a way that all five curves are non-separating.
In this case, we get that the generator T satisfies 127 = 27, so T has order
dividing 10. O

It can in fact be shown that Hy(I'»,,Z) = Z/10Z, but we will not need
this fact. We will, however, need the fact that Hy (T, Q) = 0, so that also

Hom(T,C) = 0 (2.2)

whenever g > 2.

2.3 Multicurves

A multicurve on I is the isotopy class of an unoriented, compact, closed
1-submanifold, such that no component is homotopically trivial. We will
often think of a multicurve as a collection of circles disjointly embedded
in 2. In this definition, parallel copies of the same isotopy class of a simple
closed curve are allowed. Depending on the context, one may or may not
allow components parallel to a boundary component of . We take the
liberal viewpoint of allowing boundary-parallel components, and denote
the set of all multicurves by S = S(X). The subset without boundary
parallel components is denoted S’.

2.3.1 Dehn-Thurston Coordinates

Surfaces of negative Euler characteristic admit decompositions into pairs
of pants. Using this fact, Dehn found a way to parametrize the set of all
multicurves, which was later rediscovered and generalized (to encompass
the notion of measured foliations) by Thurston. A detailed exposition can be
found in [32]; presently we will give an informal presentation of the ideas
involved.

Let B = {B1,P2, ..., Br} denote the set of boundary components of X.
A pants decomposition of X is a choice of 3g + r — 3 simple, closed, disjoint
curves P ={my,..., 7T3g+,,3} such that the surface Xp obtained by cutting
along each r7; is a disjoint union of —x(X) = 2g +r — 2 pairs of pants. A
pair of pants is simply a three-holed sphere.

In the language of [32], a basis for the set of multicurves consists of
a choice of pants decomposition along with a choice of characteristic
maps identifying each pair of pants with a standard copy, and also an
identification of a closed regular neighbourhood of each pants curve with a
standard annulus. In order to simplify terminology and notation, we will
implicitly assume that these additional choices have been made whenever
we use a pants decomposition to give coordinates on S.

A pants decomposition gives rise to a map

m=m":S — NF. (2.3)

The coordinates of this maps will be denoted by m,: S — IN for y € P.
For a multicurve x, m. (k) is the geometric intersection number between -y
and «.
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Remark 2.11. It is convenient to adopt the convention that m.,(x) = 0 for
every boundary curve 7y € B; equivalently, we sometimes think of m as a
map into N”Y5 with all B-coordinates identically 0.

There is also a map
t=t": M — zP"5, (2.4)

which is somewhat harder to describe, since it depends on the above-
mentioned additional choices. Essentially, t measures how much a given
multicurve »twists« with respect to a set of six model arcs connecting
the boundary components of the standard pair of pants. The coordinates
of (2.4) will be denoted by t,.

Theorem 2.12 (Dehn). The map

(m,t): § = NP x zPB (2.5)
is a bijection onto the subset Dp C NP x ZPYB satisfying:
(a) Foreachy € PUDB, if m, =0, then t,, > 0.

(b) If v1,7v2, 73 are the three boundary curves of a pair of pants, then m., +
My, + Moy, 1S even.

The subset D, C Dp corresponding to elements of S are those parameters which
additionally satisfy

(c) Foreachy € B, ty, =0.

Clearly, if a multicurve x contains a parallel copy of a curve 7, the inter-
section number 1, (k) is 0. In this case, the non-negative number ¢, (k) is
used to record the number of copies of  occuring in x.

2.3.2 Change of Coordinates

In order to define intrinsic properties of multicurves in terms of the Dehn-
Thurston coordinates, we will need to know to what extent these properties
depend on the chosen basis.

For a fixed pants decomposition, different choices of model arcs give
rise to twist coordinates differing by a linear map for each pants curve.
More precisely, if t, and ¢/, are the twist coordinates associated to the pants
curve y and two different choices of model arcs in a pair of pants bounded
by 1, then there is a constant d, such that

by =t/ +dym, (2.6)

as maps S — Z.
As proved by Hatcher and Thurston [24], any two pants decompositions
of X differ by a finite sequence of so-called elementary moves.

Theorem 2.13. If P and P’ are the pants decompositions underlying two bases
differing by an elementary move, the coordinate transformation

(mpl,tp/) o(m”,tP)1:Dp - S — Dpr (2.7)
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is given by piecewise integral linear expressions. Consequently, for any two
given bases, the corresponding coordinate transformation is also given by such
expressions.

Proof. The first part of this theorem follows from the explicit piecewise
linear expressions given in [32]. Equation (2.6) shows that the coordinate
transformation from one basis to another with the same underlying pants
decomposition is given by piecewise integral linear maps.

2.4 Actions on Geometric Objects

The action of the mapping class group on the first homology group
H1(X,Z) and on the set of multicurves will play a vital role in this thesis.
It is therefore convenient to give a description of the action of a Dehn twist
on these objects.

2.4.1 Homology

Lemma 2.14. Let 7y be a simple closed curve on ¥, and let m be an element of
Hi(%,Z). Then

Tym = m+ w(m, [§])[F], (2.8)
where § denotes any of the oriented versions of vy, [§] the homology class it
represents in Hy (X, Z) and w(e, ) is the intersection pairing.

It is clear that the formula (2.8) is independent of the choice of 4.

Corollary 2.15. If Ty acts non-trivially on m, the orbit {thm | n € Z} is
infinite.
For convenience, we recall this well-known fact.

Lemma 2.16. Let m € H;(X,Z) be an element which is not divisible by any
positive integer. Then m is part of some symplectic basis for Hy (¥, Z).

Proof. Choose 2¢ oriented, simple closed curves a;, 3; representing a sym-
plectic basis for Hy(X), such that a; and B; intersect transversely in a single
point, j =1,...,8. Leta;, b]- be the coordinates of m with respect to this
basis. That m is indivisible precisely means that the greatest common
divisor of these 2g numbers is 1. Hence, there exists another 2g-tuple a;«, b;

of integers such that

arby —byay + - - -+ aghy — beag = 1.
Let m’ denote the homology element whose coordinates are the a}, b;. Then
w(m,m') =1,s0 W = span,(m, m’) is a symplectic subspace of H;(%,Z),

and the restriction of the intersection pairing w(e,®) to the symplectic
complement

Wt ={xc Hi(Z,2) | wimx) =w(m, x) =0}

is non-degenerate. A symplectic basis for W+ together with (m,m’) consti-
tute a symplectic basis for the whole space. O
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Corollary 2.17. Any element in Hy (X, Z) can be represented by a cycle consist-
ing of parallel copies of a single simple, closed, oriented curve.

Proof. The element 0 is represented by the empty sum. If m is non-zero,
let d be the largest integer for which there exists m; such that dm; = m.
Then m, is indivisible, and hence part of some symplectic basis. Since
Sp(H1(X,2Z)) acts transitively on the set of symplectic bases, and since T
surjects onto this group, there is an element ¢ € T such that ¢[a;] = mj.
But then the oriented, simple closed curve ¢(aq) represents m,;, and m is
represented by d parallel copies of this curve. g

Lemma 2.18. Let (a1, By, ..., 0q, Bg) be simple, closed, oriented curves represent-
ing a symplectic basis for Hy(X). Given any any non-zero homology element m,
there exists a curve <y such that at least one of the sequences || Thml||, [T, "m|,
n=0,1,2,..., is strictly increasing.

Here and elsewhere, the norm ||m|| of a homology element m with respect to
a given symplectic basis is the sum of the absolute values of the coordinates
of m with respect to the basis, ie.

|m|| = [a1| + |by| 4 - - - + |ag| + |bg]. 2.9)
for m = ay[a1] + b1 [B1] + - - - + ag[ag] + be[Bg].

Proof. At least one of the coordinates of m is non-zero. Assume without
loss of generality that a; # 0 and put v = B1. Then, for any n € Z, the
coordinates of Tym are

(ﬂl,bl + nay,az, by, ... /g, bg)

by (2.8) above. Then clearly if a; and b; have the same sign, the sequence
| Thm|| is increasing, while if a; and b; have opposite signs the sequence
|75 "m|| is increasing. In the case where b; = 0 both sequences are increas-
ing. g

Note that we may in fact in all cases choose the Dehn twist from a finite
collection, namely, the twists in the curves representing the symplectic
basis.

2.4.2 Multicurves

A formula similar to (2.8) holds for the action of a Dehn twist on a multi-
curve, except in this case, only for twists in curves which are part of the
chosen pants decomposition.

Proposition 2.19. Let P be a pants decomposition of ¥, x € S a multicurve and
v € P a pants curve. Then the Dehn-Thurston coordinates (m”,t7)(t,x) are
given by

t?('&ﬂ() = tf(x) + m?(K), (2.10)

with all other coordinates unchanged.
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Since the action of a twist in a boundary component on a multicurve is
trivial, the above formula also trivially holds for v € B, cf. Remark 2.11.
This proposition allows us to prove a number of important facts.

Proposition 2.20. Let v be a simple closed curve and x a multicurve. Then the
following are equivalent:

(1) The twist T, acts trivially on x.

(2) The twist T, acts trivially on each component of x.

(3) The geometric intersection number between <y and x is zero.
(

4) One may realize vy and x disjointly.
Conversely, if T, acts non-trivially on x, the orbit {T}x | n € Z} is infinite.

Proof. The equivalence of (3) and (4) follows from the definition of geomet-
ric intersection number. If y is not parallel to a boundary component, it
is part of some pants decomposition P. Then the equivalence between (1)
and (3) follows from (2.10). Clearly (2) implies (1). Since the geometric
intersection number between y and « is the sum of the intersection numbers
between < and the components of x, we see that (3) implies (2).

If 7 is parallel to a boundary component, (1)-(4) are trivially satisfied.
Finally, the last assertion follows from (2.10). (]

Remark 2.21. Let §; C S denote the set of multicurves consisting entirely
of components parallel to boundary components of X.. Then any multicurve
x € S admits a unique decomposition ¥ = «’ U ky with ¥’ € S’ and «y € Sy
(the empty multicurve is the sole element of S’ N S;). The mapping class
group orbit of x is infinite if and only if " is not the empty multicurve;
otherwise the orbit is trivial.

To any pants decomposition P, we associate an integer-valued norm on
the set S by putting

lkllp = Y my()+ Y |ty (x)]. (2.11)

YeP yEPUB
It is clear that the cardinalities of

{reS|lxlp <N} (2.12)
{reS|lxllp =N} (213)

are bounded above by polynomials in N of degrees 2| P| + |B| = 6g+3r — 6
and 6g + 3r — 7, respectively. The multicurve analogue of Lemma 2.18 is:

Theorem 2.22. Given any pants decomposition P, there exists a finite set T of
Dehn twists with the following property: For any multicurve k € S with k' # @,
there exists an element T € T and a sign € = %1 such that the sequence

17|l p, n=0,1,2,... (2.14)

is strictly increasing.
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Proof. Let T7 denote the set of twists in the pants curves P. Then if « is
a multicurve for which at least one coordinate 1 (k) is non-zero, let € be
the sign of t(x) (if £, (x) = 0, ¢ may be chosen arbitrarily). Then from the
formula (2.10) and the definition (2.11) we have

175" xllp = lIxllp + nmy (x). (2.15)

Hence the set T; suffices for all multicurves except those consisting entirely
of components parallel to the pants curves (and the boundary components).

For each pants curve v, there are only two possible configurations of
the pants decomposition near . Either (a) the two sides of 7y belong to
the same pair of pants, or (b) v bounds two different pairs of pants; see
Figure 2.2. In 2.2(a), 7' denotes the pants curve separating the torus from
the rest of the surface, whereas in 2.2(b) the neighbouring pants curves of
7 are denoted 7; (some of these may actually be the same curve in %; this
is not important for us). For each pants curve v, consider the twist in the
curve 1 shown in the relevant part of the figure, and let T, be the set of
these twists. We put T = T; U Tp.

(a) A one-holed torus. (b) A four-holed sphere.

Figure 2.2: Two local configurations of a pants decomposition.

Now, let ¥ be a multicurve with at least one component which is parallel
to some pants curve 7. Let 17 denote the curve corresponding to v. It is
then clear that all coordinates of x are invariant under 1, except t, and
m.. Let ¢ = t, (k) > 0 denote the number of parallel copies of 7y occuring
in x. We will derive formulas for m, (t/x) and t,(7/x). Let P’ denote the
pants decomposition obtained by exchanging 7 with 5. Fortunately, this
precisely corresponds to one of the elementary moves, and the coordinate
transformations are easily computed using the formulas given in [32].

First consider case (a). In this case,

m?(;c) =c
t,]P (k) =0
SO
t;’l(T,’;K) =nc
by (2.10). Transforming back to the P-coordinates, we get
mZ;(T,;lK) = |n|c (2.16)

tf(T,’;K) = —sgn(n)c (2.17)
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with sgn(0) = —1. From (2.16) and (2.17), it follows that
ITyxllp = llxllp — 16 ()] + mE (zx) + |1 (zx)]
= llxllp +Infe

so, in fact, both sequences HT,;E”KH, n > 0, are increasing.
The second case is treated similarly. We now have

mnp/(;() =2c
t,ip (k) = —c.

From this we obtain 7" (t/'x) = (21 — 1)c, and transforming back yields

U
mf(r,’;;c) = 4n|c
t?(r,’;x) = —4nc+sgn(n) - (2n —1)c

again with sgn(0) = —1. From this we get for n > 0 that

Il = lixllp + 6ne. 0

2.5 The Torelli Group

The mapping class group action on Hj(X,Z) preserves the intersection
pairing on homology, so there is a homomorphism I' — Sp(H; (%, Z)). It is
well-known that this is a surjection, so we have a short exact sequence

1 T T Sp(H; (%, Z)) — 1. (2.18)

The kernel 7 is known as the Torelli group of X. For later use, we record a
few facts about 7.

It follows immediately from (2.8) that if -y is a separating curve, 7, € 7.
From the same equation, if v and  are homologous curves, 7,7, leT.
This applies in particular to the situation where <, is a pair of non-
separating curves such that ¢ U # separates the surface. If one of the
connected components of the cut surface ¥, is a torus with two holes, we
call (7, 1) a genus 1 bounding pair, and the associated map 7,7, Va genus 1
bounding pair map.

Theorem 2.23 (Johnson [28]). When g > 3, r < 1, the Torelli group of Zg , is
generated by genus 1 bounding pair maps.

Corollary 2.17 shows that an irreducible element of H; (X, Z) can be
represented by a single, oriented, simple closed curve. It is an interesting
and non-trivial fact that the Torelli group acts transitively on the set of
possible choices.

Lemma 2.24. Assume 7y and 6 are oriented, non-separating, simple closed curves
on X representing the same element in Hy (X, Z). Then there is an element t € T
such that t(y) = 4.

This is a special case of Lemma 6.2 of [33].
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2.6 Unitary Representations

The purpose of this section is to prove a result which applies to any unitary
representation of the mapping class group, provided the genus of the
surface is at least 3. Throughout this section, let V be a real or complex
Hilbert space endowed with an action of I' preserving the inner product.
For a simple closed curve 7, we let V,, = V™ denote the set of vectors
fixed under the action of the twist T,, and we let p,: V — V,, denote the
orthogonal projection onto the (obviously closed) subspace V... The main
theorem of this section is

Theorem 2.25. Assume the genus of X is at least 3. For any cocycleu: I’ — V
and any simple closed curve a we have p,u(ty) = 0.

The proof of this theorem only requires the simple relations in the mapping
class group mentioned in Section 2.2.

Throughout the rest of the section, let # denote a fixed cocycle I’ — V.
The motivation for the above theorem comes from the following observation:
If u(¢) = (1 — ¢)v for some vector v € V, it is clear that u(¢) is killed by
the projection onto the subspace V¢ fixed by ¢. Hence, vanishing of the
entity pou(7y) for each simple closed curve a is a necessary condition for
the vanishing of the cohomology group H'(T, V).

If & and <y are disjoint simple closed curves, the unitary actions 7, and
T, on V commute. Hence the associated projections p, and p, commute
with each other and with 7, 7). If ¢7,¢! = 13, then ¢pap~! = py for
pel.

We will use the shorthand notation s, for p,u(7).

Lemma 2.26. The entity s is natural in the sense that s, = @S« for ¢ € I and
any simple closed curve «.

Proof. Since Ty () = T, it is easy to see that Po(n) = @pag~'. Hence

So(e) = Po(a)#(Tp()
= gpag ' u(gTo )
= ppag (1 — o™ u(9) + pu(w))
= @pati(Ta)
— s

as claimed. 0

Lemma 2.27. Let « be a simple closed curve, and let ¢ € T be any element
commuting with t,. Then @s, = sy.

Proof. We have ¢, = T,¢. Applying u and the cocycle condition we obtain
the equation u(¢@) + gu(7) = u(t) + Twu(¢@). Applying p, on both sides,
the terms involving u(¢) cancel (since obviously paTx = pa), SO we obtain
Pa@it(Ta) = sx. The claim then follows from the fact that p, and ¢ also
commute. g



20 Chapter 2 - Mapping Class Groups and Multicurves

Assume « and f are two non-separating simple closed curves such that
a U B is non-separating, and consider the number c,5 = (sa, Sp)-

Lemma 2.28. The number c,p only depends on the cocycle u, not on the pair
(a, B) used to compute it.

Proof. Let («/, B') be any other pair such that a’ U g’ does not separate X.
Then, by the classification of surfaces, there is a diffeomorphism ¢ € I' such
that ¢(a) = o’ and ¢(B) = B’. By the naturality from Lemma 2.26 we have

(sas8p) = (Sg(a)r Sp(p)) = (@Su, Psp) = (Sa,5p)
since ¢ acts unitarily. g

The vector s, = patt(Ty) € V obviously only depends on the cohomo-
logy class [u] € H'(T, V) of u. Hence, we have essentially proved that there
exists a well-defined map c: H'(T, V) — C, whose value on [u] is given
by picking any two jointly non-separating simple closed curves «, § and
computing the number c([u]) = (pau(Ta), ppu(Tp))-

Lemma 2.29. When g > 3, the map c is identically 0.

Proof. In any surface of genus at least 2, one may embed the two-holed
torus relation (Lemma 2.6) in such a way that § and ¢ are non-separating
(the curves a, B, ¥ occuring in the two-holed torus relation are always non-
separating). If the genus of the surface is at least 3, the complement of the
two-holed torus is a surface of genus at least 1. Hence, in that subsurface
we may find a sixth non-separating curve 5. Observe that # makes a
non-separating pair with each of the other five curves. See Figure 2.3.

Figure 2.3: A two-holed torus embedded in a surface of genus
at least 3.

Applying u and the cocycle condition repeatedly to the two-holed torus
relation yields the equation

u(Ta) + T (Tp) + - = u(Ts) + Tou(Te)- (2.19)

The dots on the left-hand side represent 10 terms involving various actions

of T, Tg, Ty ON the values of u on these twists. Since each of the five curves

is disjoint from 77, we have T;ﬂs,7 = sy, and similarly for B, v, J,e. Now we

take the inner product of (2.19) with s, to obtain

4(u(ta),8y) +4u(tp),89) +4(u(ty), sy) = (u(s),89) + (u(Te),sy) (2:20)
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using the fact that (@e,e) = (s, 9~ le). But since 7, = s;, we also have
Pasy = sy, and since the projection p, is self-adjoint, the first term in (2.20)
is equal to 4(sy, s;) = 4c. Similar remarks apply to the other terms, so (2.20)
reduces to 12c = 2¢, and ¢ = 0. O

Now we are ready to prove the main result of this section.

Proof of Theorem 2.25. We first treat the case where « is non-separating. We
cannot simply put « =  in the computation of c, since («, «) is not a non-
separating pair. But when the surface has genus at least 3, we may embed
the lantern relation (Lemma 2.7) in such a way that all seven curves are
non-separating. Furthermore, it can be done in such a way that 9 makes a
non-separating pair with each of the other six curves. On Figure 2.4 this
is shown for a genus 3 surface; note that the shown surface has been cut
along 7. The right-hand part of the cut surface (a sphere with four holes)
could be replaced by a surface with any genus and (at least) four boundary
components. Now the cocycle condition applied to the lantern relation
gives

u(t0) + ou(T11213) = U(T12T13T23)- (2.21)

Finally, taking the inner product with s,, on both sides and applying
computations similar to those above, we get (s,,,5,,) = (4(10),5+,) = 0.
Hence s,, = 0, and by naturality (Lemma 2.26) this holds for any non-
separating curve.

Figure 2.4: An embedding of the lantern relation such that
all seven curves are non-separating. The 7y on the left is
identified with that on the right.

If « is separating, we use the fact that one of the sides of « has genus
at least 2 and Corollary 2.8 to write T, as a product of twists in six non-
separating curves. For some appropriate choice of signs ¢;, we thus have
Ty = H?Zl Tjsj , where the 7; are the twists in the appropriate non-separating
curves disjoint from a. Now apply the cocycle condition and take the inner
product with s, to obtain

(swrsa) = (U(Ta), sa) = (u(Tyh), sa) + - + (22 T 12U (TL0), Sa)-
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By Lemma 2.27, Tjils,x = sy, 50 using the unitarity of the action this reduces
to

£

(su50) = ) (u(t)1),50).

Mo

j=1

Finally, we conclude that each term on the right-hand sidegvanishes by
writing s, as pjs,, moving the self-adjoint projection p; to u(Tj/ ) and using
that s3 = 0 for non-separating curves p. O

Corollary 2.30. Assume I — U(V) is a unitary representation of the mapping
class group which restricts to the trivial representation of the Torelli group. Then
any cocycle I — V restricts to the zero map on 7T .

Proof. Let u: I — V be a cocycle. It suffices to prove the claim for a set
of generators of 7. To this end, we use the fact that 7 is generated by
genus 1 bounding pair maps. Let t = 7,75 ! be such a generator. Obviously,
t= Tvtr,; 1, SO

u(t) = “(Tvt'f«r_l) = (1 - Hu(ty) + Hu(t) = Hu(t)

since t acts trivially on V. From this, we infer that p,u(t) = u(t). On the
other hand, T, = 75 as operators on V, so p, = ps. Hence,

pyu(t) = py(u(ty) — TVT(;l”(T(S)) = pyu(Ty) — tpsu(ts) =0
by Theorem 2.25. O

We note that this immediately proves

Theorem 2.31. Assume I — U(V) is a unitary representation of the mapping
class group which restricts to the trivial representation of the Torelli group. Then
HY(T,V) =0.

Proof. Combine the previous corollary with the exact sequence (1.16) and
the fact that Sp(2g, Z) has Property (T) (Propositions 1.4 and 1.7). O



CHAPTER

Quantization

In this chapter we will introduce two notions of »quantization«, deforma-
tion quantization, also known as star products, and geometric quantization.
Under some general assumptions, one can obtain a star product on so-
called pre-quantizable compact Kéhler manifolds using Berezin-Toeplitz
operators and geometric quantization.

3.1 Poisson Algebras and Manifolds

Let A be an algebra over R or C. A Poisson bracket on A is a linear
map {e,¢}: A® A — A making A into a Lie algebra, with the further
requirement that the bracket is a derivation in the first variable (thus, by
antisymmetry, in both). This means that for x,y,z € A we have {xy,z} =
x{y,z} + {x,z}y along with the usual Lie algebra axioms. A Poisson algebra
is, of course, an algebra equipped with a Poisson bracket. A simple example
of a Poisson algebra is the usual way of turning an associative algebra into
a Lie algebra; one easily checks that the commutator [x,y] = xy — yx in
fact is a derivation in each variable. However, since the algebras we will
consider are commutative, this does not yield an interesting structure.

A special case is when A is the algebra C*°(M) of smooth functions on
a manifold M. A Poisson manifold is a smooth manifold M equipped with a
Poisson bracket on C*(M). The most common source of Poisson manifolds
are symplectic manifolds. Recall that a symplectic form on a manifold
M is a closed, non-degenerate 2-form w € Q?(M). Here non-degenerate
means that at each point p € M, w; is non-degenerate, and hence a
symplectic form w defines an isomorphism w: TM — T*M between the
tangent and cotangent bundles, given by X — ixw. A manifold equipped
with a symplectic form is called a symplectic manifold. It is easy to see
that a manifold admitting a symplectic form is even-dimensional. Letting
dim M = 2m, one may show that w™ = w" is an orientation form on M,
so symplectic manifolds are orientable.

For any smooth function f € C*(M), the differential df is a smooth
section of the cotangent bundle, so the composition with the inverse of the
isomorphism w gives a smooth section of the tangent bundle, ie. a vector

23
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field. This vector field is denoted X r and is called the Hamiltonian of f.
It is characterized by ix,w = df, or equivalently w(Xp,Y)=df(Y)=Yf
for any smooth vector field Y on M. Conversely, if for a vector field X the
1-form ixw is exact, we call X a Hamiltonian vector field. If ixw is closed,
we call X a symplectic vector field. A symplectic vector field is characterized
by preserving the symplectic form; we have Lxw = dixw since w is closed,
so X is symplectic if and only if the Lie derivative of w along X vanishes.
By the Poincaré lemma, a symplectic vector field is locally the Hamiltonian
vector field for some smooth function, so symplectic vector fields are also
called locally Hamiltonian.
We note that for symplectic vector fields X, Y, we have

i[X,y}w = Exiyw - iyﬁxa) = ixdiyw + dixiyw = d(w(Y, X)) (3.1)

showing that the Lie bracket of symplectic vector fields is Hamiltonian.
Given two smooth functions f, g, the pairing w(Xy, X¢) is a smooth
function on M.

Lemma 3.1. The assignment {f,g} = w(Xy, Xg) determines a Poisson structure
on C®(M).

Proof. Clearly {e,e} is bilinear and anti-symmetric. To see that it is a
derivation, we use the interpretation of the Hamiltonian as a directional
derivative:

{fe h} = w(Xge, Xp) = Xp(fg) = Xu(f) - g+ f - X(g)
=w(Xfp, Xp) g+ fw(Xg, Xp) = {f, h}g + f{g h}.

Before proving that is satisifes the Jacobi identity, we first observe that for
two functions f, g we have

i[Xf,Xg]w = d(W(Xngf)) = d{grf}

by (3.1), since Hamiltonian vector fields are in particular symplectic. This
shows that the vector field [Xf, X,] is the Hamiltonian vector field asso-
ciated to {g, f}. Next, let Xj = Xy, be the Hamiltonians of the smooth
function fj, j=1,2,3. Then
X1w(Xa, X3) = X1{f2, f3} = w(Xyy, £, X1)
= {f2 fs} fi} = w([X3, X2], X1) = w(Xy, [X2, X3]). (3.2)

Since w is closed, we have

0= da)(Xl,Xz,X3)
= Xiw(Xp, X3) — Xow(Xy, X3) + Xzw (X1, X2)
- CLJ([X],X2], X3) + W([X],XQ,], XZ) - w([XZI X3]/ Xl) (33)

Combining (3.2) and (3.3) (and cyclic permutations of the former) we obtain

{f fsb, it +{fs i} f} + {1 fa} f3} =0,
which is exactly the Jacobi identity. O
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Note that the proof in particular shows that, up to a sign, the map f — Xy
is a homomorphism of Lie algebras C®°(M) — X (M). The kernel consists
of the locally constant functions on M.

We used the closedness of the symplectic form to deduce the Jacobi
identity. One may in fact show that for any non-degenerate 2-form «, the
pairing (f,¢) = a(a~'df, a~'dg) is a Lie bracket on C®(M) if and only if
« is closed.

Remark 3.2. A Poisson structure on the algebra C*°(M, R) may be uniquely
extended to a Poisson structure on the algebra of complex-valued functions
C®(M,C) = C®°(M,R) ®r C by complex linearity. Hence the above con-
struction of a Poisson structure via a symplectic structure also applies to
C*®(M,C). We shall primarily be interested in the complex valued func-
tions, but our Poisson brackets are usually a priori only defined on the
real functions. From this remark on, it is understood that such a Poisson
bracket is extended to the complex valued functions.

A Poisson bracket defined on C®°(M, C) need not in general restrict to a
Poisson bracket on C*(M, R), since nothing in the axioms prevents the
bracket of two real-valued functions from taking non-real values.

3.2 Deformation Quantization

Given a commutative complex Poisson algebra A, one may wish to »deforme«
the product in A to be »less commutative«. This is formalized by the notion
of a deformation quantization. We let C;, = C[[h]] denote the ring of
formal power series with complex coefficients, and similarly A, = A[[h]]
the algebra of formal power series with coefficients in A. Clearly Ay, is a
Cj-module and we think of Ay as a filtered module using the h-filtration
Ay 2D hAy, O - - -. By extending the Poisson bracket on A Cj-linearly it also
becomes a Poisson algebra.

Definition 3.3. A deformation quantization of (or star product on) A is an
associative product *: Ay ®c, Ay — Ay such that

axb=ab (mod 1) and (3.4a)
axb—bxa={ablh (mod h?) (3.4b)
forall a,b € A C Ay,

The condition (3.4a) states that the zeroth order term of the star product is
the usual product in A, whereas (3.4b) states that, to first order, the failure
of x to be commutative is measured by the Poisson bracket. Often, for
normalization reasons, the right-hand side of (3.4b) is replaced by some
complex constant times {a, b}/ such as i or £3. If the algebra A has a unit,
this is usually also required to be a two-sided unit for *; whether or not it
is required, it will be the case in all of the examples we shall encounter.

A star product is uniquely determined by its coefficients, which are the
bilinear maps c;: A x A — A defined by

axb=Y c(ab)h.
r=0
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In terms of the coefficients, the axioms (3.4) read

co(a,b) = ab (3.5a)
c1(a,b) —c1(b,a) = {a,b} (3.5b)

along with a lot of relations arising from the associativity of *.

3.2.1 Equivalence of Star Products

Intuitively, an equivalence between two star products *, %’ on A should
be a vector space automorphism of A, intertwining the two star products,
ie. a map (A, *) — (A, +') which is an isomorphism of Cj-algebras.
Pursuing the idea that a star product is a deformation of the ordinary
product in A, it is natural to demand that this automorphism is the identity
on A. Using that for any two complex vector spaces V, W, there is an
isomorphism Homg (V, W)[[h]] = Homg, (V;,, W},) of C,-modules, which is
even an isomorphism of Cj-algebras if V = W, we arrive at the following
definition.

Definition 3.4. Two star products *, " are said to be equivalent if there is a
sequence T; € Homg (A, A) of linear maps, j € IN, such that Ty = id4 and

such that themap T =} T]-hf 1 A, — Ay, satisfies
T(x*y) = T(x)* T(y) (3-6)

forall x,y € Ay,

3.3 Star Products on Symplectic Manifolds

In the special case of a symplectic manifold (M, w), we may impose further
conditions on star products. Throughout this section, A denotes the algebra
C®(M) = C*(M, C) equipped with the Poisson structure determined by
w, and Ay, = C®(M)[[h]]. With a slight abuse of terminology, we will also
refer to a star product on A as a star product on M.

3.3.1 Differential Operators

Recall that on a manifold M, a differential operator D is a linear map from
the space of smooth functions to itself, such that in a chart (U, x), D may be
written as an element in C*(U, R) [%, e, %} More precisely, the action
of D on a smooth function f can be written

9Vl
Dfjy = X]:Dlﬁf

where the sum is over some finite set of multiindices | = (ji, ..., jx), Dj are

Il i o
and £ = ool
notion of order of a differential operator on R” as the maximal number of
partial derivatives occuring does not carry over directly to the manifold

. The usual

smooth functionson U, |J| = j1 + - - +Ju
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setting because a local chart is involved. Instead, we define the local order
of D at p € M to be the minimal k € IN such that for all f € C®(M)
with f(p) = 0, we have D(f**1)(p) = 0. The order of D is then defined
to be the maximum of the local orders over all p € M. For non-compact
manifolds, this may be infinite. A differential operator of order 0 is simply
multiplication by a smooth function, and a differential operator of (constant)
order 1 is a vector field on M. A theorem of Peetre states that a differential
operator is the same as a local operator, ie. an operator such that for every
point p € M, (Df)(p) only depends on the germ of f at p. The space of all
differential operators on M is denoted D(M).

3.3.2 Differential Star Products

Returning to deformation quantizations, a star product is said to be differ-
ential if the coefficients ¢,: C®°(M) x C*(M) — C®(M) are bidifferential
operators, meaning that for fixed f € C®(M), ¢(f,») and c(e, f) are dif-
ferential operators. In particular, a differential star product is computable
locally, which need not be the case for a general star product.

An equivalence T = id + } ;> T]‘hj of star products is said to be a
differential equivalence if the T; are differential operators. Fortunately, for
differential star products, there is no difference between being equivalent
and differentially equivalent:

Theorem 3.5. Assume that T is an equivalence between the differential star
products x and '. Then T is a differential equivalence.

This is Theorem 2.22 in [23]. In fact Gutt and Rawnsley gives a complete
classification of the equivalence classes of differential star products on a
symplectic manifold: It turns out that the equivalence classes of differential
star products are in bijective correspondence with the elements of the affine
vector space —[w] - h~! + H2(M, R)[[h]], so in particular if H*(M,R) = 0,
there is a unique differential star product up to equivalence. However, for
compact symplectic manifolds, H*(M, R) never vanishes (the symplectic
form represents a non-zero class), so informally speaking there are »many«
equivalence classes of differential star products.

We will need a few more results and definitions from [23]. First, the
associativity of a star product allows us to introduce the *-commutator,
[a,b], =axb—bxaforabe Ay, making Ay into a Lie algebra. By (3.4b),
this Lie algebra structure is to first order / times the one obtained by
extending the Poisson bracket on A Cj-linearly to Aj,. The same equation
shows that [a, b] is a multiple of h, so that taking iterated *-brackets leads to
formal series with higher and higher initial terms. This we express by saying
that (Ay, [, ®]«) is a pro-nilpotent Lie-algebra. The adjoint representation of
this Lie algebra on itself is denoted ad, so for any element a2 we have an
endomorphism ad, a of Aj defined by ad. a(b) = [a,b]« for b € A;,. That
[¢, o] is pro-nilpotent implies that the exponential of ad. a is a well-defined
automorphism of Ay, given by the usual formula

].l!(ad*a)of:id+ad*u+%ad*aoad*a+"'

e

exp(ad.a) =

j=0
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since applying this to any element b € A}, yields an infinite (formal) series
with only finitely many terms in each degree.

Lemma 3.6. If M is connected, exp(ad. a) = id if and only ifa = }; aill €
C[[h]], ie. each function a; is constant.

Another important fact is that the composition of two such automor-
phisms may be described as the exponential of another Lie algebra element.
Namely, define a o, b as the usual Baker-Campbell-Hausdorff composition

ao.b=a+b+3labl+ 15([a,[a,b]]s + b, [bal]s) + .
Again quoting from [23], we have
Lemma 3.7. The composition o, is associative and satisfies

expady(a o, b) = (expad,a) o (expad. D) (3.7)
ao,bo, (—a)=exp(adsa)(b). (3.8)

In studying the equivalence classes of differential star products, it is
useful to know the self-equivalences of a star product. For manifolds with
vanishing first de Rham cohomology, these are easy to describe.

Theorem 3.8. Let * be a star product on the symplectic manifold (M, w), and
assume H'(M,R) = 0. Then any automorphism T = id + Yiz1 Tih! of * is
inner, ie. of the form T = exp(ads a) for some a € Ay,

As we will need to know how this a looks like, we recall the proof from [23],
Proposition 3.3. However, we first need a lemma describing the derivations
of the Poisson bracket.

Lemma 3.9. Let X be a vector field on (M, w) which is a derivation of the Poisson
bracket. Then X is a symplectic vector field. If in addition H' (M) = 0, X is an
inner derivation, meaning that X f = {a, f} for some smooth function a.

Proof. The derivation assumption means that X{f, g} = {Xf, ¢} + {f, Xg}
for all f, ¢ € C*(M). This may be rewritten w (X 4}, X) = Xgw(Xy, X) —
Xfw(Xg, X), which in turn can be written

for all f,g € C*(M). Now, for any given tangent vectors v, w € T,M one
may find smooth functions f, g such that (X¢), = v and (Xg), = w, so (3.9)
implies that ixw is closed, so X is symplectic.

The assumption H!(M) = 0 then implies that ixw = d(—a) for some
smooth function g, so X is the Hamiltonian vector field associated to —a.
But then Xf = X_,f = w(Xy, X_a) = {a, f}. O

Proof of Theorem 3.8. We will build a =}~ ajhj recursively. Writing out
the assumption T(f * ¢) = T(f) * T(g) and equating the coefficients of &
gives

a(f,g) +Ti(fg) = a(f,g) + Ti(f)g + fTi(g)
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implying that Tj is a vector field. Equating the coefficients of h> we obtain
(omitting the term c3(f, g) on both sides)

Ti(c1(f,8)) + Ta(fg) = c1(Ta(f), &) +c1(f, T1(8)) + Ta(f)g + fT2(8)-

Skew-symmetrization of this relation (ie. subtracting the same formula with
f and g interchanged) combined with (3.5b) yields

n({f.8}) ={N(f) g} +{f Ti(g)}

so we see that, by Lemma 3.9, T; is a Hamiltonian vector field. Write T; f =
{ao, f} for some smooth function ay. Then the composition exp(—ad. a¢) o
T is of the form id + O(h?) as is easily seen by applying it to some smooth
function f and using that [ag, f]. = {ao, f}h + O(K?).

These considerations both form the start of an induction and the idea
for the inductive step. Namely, assume that we have found a*~1 =
ag + ath + - - - + ap_1h*~1 such that

T' = exp(—ad.a®* D)o T =id + hk“T,iH + O(HF+2),

Then, since T’ is also an automorphism of %, we may repeat the above
argument: Taking the coefficient of #**1 in the equation T’ (f * g) = T(f) *

T'(g) gives
cr1(f,8) + Thy1 (f8) = ek (f,8) + Tipn (F) + fTiia(8)

showing that T}, is a vector field. Similarly, skew-symmetrizing the
expressions for the coefficients of #¥*2 we obtain

T ({f,83) = {Tea () 83 +{F, T ()}

so Ty, ; is a Hamiltonian vector field. Choosing ay such that Ty, f = {a, f},
we may put a®) = a*=1) 4 g 1% Then exp(—ad, a®)) o T = id + O(Kk+2),
completing the inductive step, and a = limy_,, a(¥) is the desired a. O

3.3.3 Invariant Star Products

Assume a group I acts on the compact symplectic manifold (M, w) via
symplectomorphisms, ie. y: M — M is a diffeomorphism and y*w =
w for all v € I'. This action clearly induces an action on C®(M) by
(7 f)(x) = f(v 'x), which we may extend h-linearly to C®(M)[[h]]. We
say that a star product * is I-invariant if v - (f % g) = (- f) * (7 - g) for all
f,g € C*(M).

Assume * and *’ are equivalent differential I'-invariant star products
on M. Thus, by Theorem 3.5, we have an equivalence T = id + 2121 T]-hf ,
where T;: C*(M) — C*(M) are differential operators, such that

T(f+g)=T(f) ' T(g) (3.10)

forall f,g € C®(M). We may now ask if we can find another equivalence T’
which is I'-invariant, in the sense that y o T/ = T’ o 7y for all v € . Under
certain cohomological assumptions, this is indeed the case. We quote
Proposition 6 from [1].
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Proposition 3.10 (Andersen). Assume that the group cohomology vector space
HY(T, C*(M)) and the first de Rham cohomology space Hlp (M, R) both vanish.
Then there is a T-invariant equivalence between * and «'.

Here C°(M) denotes the subspace of C*°(M) consisting of smooth func-
tions with mean value 0, ie. functions for which

1 m
ity fe" =

Since T acts by symplectomorphisms, the action on C*(M) preserves this
subspace, so C°(M) is a I-module.

Proof. Let T be any equivalence. Then (3.10) implies that for f,g € C*(M)
we have fx ¢ = T~1(T(f) ' T(g)), and replacing f and g by T~!(f) and
T~1(g), respectively, we obtain T~1(f) * T~1(g) = T~(f ' g) (thatis, T~!
is an equivalence from #’ to *). Then using the I-invariance of * and ' we
have

Tl oyoT(frg) =T oy (T(f)+ T(3))
=T 1( (f) vT(g))
=T 9T ()« T T(g)
showing that T~ o o T is an automorphism of *, except for the fact that it

is of the form v+ 372, S jhf . Precomposing with 7~! we obtain a genuine
automorphism of *, so that, by Theorem 3.8, we have

T loqoT = exp(ad. ay) oy (3.11)
for some a, € C®(M)[[h]]. Writing a, =} a(yj i , we may without loss
of generality assume that each ag') € C§°(M), since by Lemma 3.6 we may
replace ag] ) by agr] ) £r> where C(v) € C is the mean value of a< ) By the
same lemma, a, is then uniquely determined by (3.11). Clearly we have

ago) =0forall y €T.
Assume inductively that T is an equivalence for which a,, determined

by (3.11) and the requirement a, € CF(M)[[]], vanishes modulo /¥~ for
all v € I'. We observe that

exp(ad ayy) oy = exp(adsa,) o yoexp(adsay) oy,
implying that
exp(ads a,,) = exp(ad. ay) o exp(ad«(yay,))
= exp(ady ay ox y(ay)) (3.12)

) = 0 for all j < k, we have by the properties

of o, that a, o, y(a;) = (”(7) + 'ya,g ))hk + O(K**1), so we see that (3.12)
implies

for all 7y, 17 € I'. Now since ay

oy =l 42
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for all 7,7 € T. But this precisely means that {agk)}ﬂrer is a 1-cocycle

I' = CF(M) (cf. (1.1)), so that by assumption it is a coboundary a,(yk) =

8 — 4 &) for some smooth function f*) ¢ Cy(M). Now replacing T by
T o exp(ad, fX1¥) in (3.11), we obtain

exp(—ad, fORF) o T~1 oy 0 T o exp(ad, fFHF)
= exp(—ad. f® 1K) o exp(ad. a,) o yoexp(ad, fRHF) 0oy oy
= exp(—adx f(k)hk) o exp(ads a,) o exp(ad. OB o
= exp(ads (f 9 o, ay o,y fOIF)) 0y

so we see that T o exp(ad, f(K)1¥) is a new equivalence between * and #’
whose corresponding »a,« is f*®)hk o, a, o, yf*hK, which by construction
vanishes modulo K.

Inductively, we obtain an equivalence T such that T"' oy o T = v for
all v €T, ie. an invariant equivalence. O

3.4 Geometric Quantization

Until now we have only discussed abstract properties of star products on
symplectic manifolds. In this section we will present a general method
to obtain a star product on a compact symplectic manifold (M, w). For
more details, see e.g. [34] and [29]. The method requires two additional
assumptions: The existence of a pre-quantum line bundle and a Kéhler
structure on (M, w). These concepts are the topics of the following two
subsections.

3.4.1 Pre-quantization

Definition 3.11. A prequantum line bundle over (M, w) is a triple (£, (-,-), V)
consisting of a complex line bundle £ over M, an Hermitian structure (-, )
on £ and a compatible connection V in £ whose curvature Fy is —iw.
If there exists a pre-quantum line bundle over (M, w) we call (M, w) pre-
quantizable.

That V is compatible with the Hermitian structure means that for any vec-
tor field X on M and sections s1,s, of £, we have X(s1,52) = (Vxs1,82) +
(s1, Vxsz) as complex-valued functions on M. The curvature of a connec-
tion in a line bundle (or more generally a vector bundle) is by definition the
2-form on M with values in the endomorphism bundle End(£) defined by
Fy(X,Y)s = VxVys — VyVxs — Vx yjs for vector fields X,Y on M and
a section s of L. In the case of a line bundle, the endomorphism bundle
is simply the trivial line bundle M x C, so we may identify the curvature
with a (complex-valued) 2-form on M.

It turns out that the existence of a pre-quantum line bundle depends
on the symplectic form w. In fact, identifying de Rham cohomology with
Cech cohomology via the canonical isomorphism H}j, (M) = H*(M,R),
(M, w) is pre-quantizable if and only if [5%] is an element of the image of
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H?(M,Z) — H?(M,R). Also, the inequivalent choices of a pre-quantum
line bundle, when they exist, are parametrized by H! (M,R/2Z) (see [42]
for details).

Assume (M, w) is pre-quantizable and fix a pre-quantum line bundle
(L,(-,+), V). For any positive integer k, we denote by L the k’th iterated
tensor product of £ with itself. It is again a complex line bundle over M
with a Hermitian structure (-, ‘)k and connection Vk, whose curvature is
—kiw. Thus LF is a pre-quantum line bundle over the symplectic manifold
(M, kw). If f: U — L is a local orthonormal frame for £ (ie. (f,f) = 1),
any section of £ over U may be written s = of for a unique complex-
valued function ¢ on U. Then (s,t) = (¢f,Tf) = 07, and given 2k sections
S1,-++,Sk, t, - .., tg of £ over U, we may describe (-, -)* and V¥ by

(Sl®"'®sk1tl®"'®tk):Ul"'akﬁ

k
Vx(51®"'®sk)2251®-"®szj®"'®sk.
j=1

It is easy to see that the Hermitian structure is independent of the chosen
local frame, and that the connection is compatible with the Hermitian
structure.

3.4.2 Kahler Structure

In order to be able to make sense of »holomorphic sections« of a complex
vector bundle, the base space needs to have some sort of complex structure.
A particularly nice way of formalizing this is to choose an almost complex
structure | on M, making (M, w, J,g) into an almost Kihler manifold. This
means that ] € C*(M, End(TM)) is a smooth section of the endomorphism
bundle of TM such that J> = —id, and such that the assignment g(X,Y) =
w(X,JY) for X,Y vector fields on M is a Riemannian metric, called the
Kihler metric. The symmetry of g is equivalent to w(X,Y) = w(JX,JY) for
all vector fields X, Y.

Extending the almost complex structure | complex linearly to the com-
plexified tangent bundle TM¢ = TM® C = TM @ iTM, we obtain a
splitting TMc = T'"M @ T”M into the holomorphic and anti-holomorphic
parts, respectively, given by the i and —i eigenspaces

T'M = ker(J — ild) = im(Id — i]) (3.13a)
T'M = ker(] + ild) = im(Id + i]). (3.13b)

For a tangent vector X, we denote by X = X’ + X" its splitting into its
holomorphic and antiholomorphic parts; it is easy to see that these are
given by X' = (X —iJX) and X" = (X +iJX). Similarly, we let ALM
denote the complexified cotangent bundle, and define the subbundles
TOOM = AYM = (¢ € ALM | E(X) =0 VX € T"M} (3.14a)
TOUM = A% M = {F € ALM | E(X) =0 VX € T'M}. (3.14b)

We let APPM and A%’ M denote the p’th exterior power of AY’M and
AVIM, respectively, and AP1M = APOIM @ A% M. Then we have a splitting
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of the bundle A’{:M

AEM = P APM. (3.15)
pt+q=k

The sections of AP1M are called the forms of type (p,q), and are denoted
QPA(M). Clearly (3.15) implies that O (M, C) = @, QP4 (M). Let 714
denote the projection onto the forms of type (p,q). For a fixed (p,q), we
define the operators 9,0 by 9 = 71, 11,,0d and 0 = 77 511 o d. Restricting the
exterior derivative d to ()71, we may write it as the sum Y., s, 511 7rs ©
d=0+0+--.

Proposition 3.12. Let | be an almost complex structure on a manifold M. Then
the following are equivalent.

(1) The Lie bracket of two holomorphic vector fields is a holomorphic vector field.

(2) The exterior derivative of a form of type (p,q) only has components of type
(p+1,q)and (p,q+1),ie. d =0 +0.

(3) The Nijenhuis tensor, given by Nj(X,Y) = [X, Y]+ J[JX, Y]+ J[X, JY] —
[JX, JY] for smooth vector fields X, Y, vanishes identically.

(4) The almost complex structure is induced by a complex structure, ie. a holomor-
phic atlas making M a complex manifold.

If | satisfies any of these conditions, it is called integrable. All the almost
complex structures we shall consider are assumed to be integrable, so
that (M, w, ], g) is a Kdhler manifold. The symplectic form of a Kahler
manifold (or rather, its extension to the complexified tangent bundle) is
of type (1,1), because if X and Y are both (anti-)holomorphic, we have
w(X,Y) =w(JX,JY) = w(£iX, £iY) = (£i)?w(X,Y) = —w(X,Y).

The Riemannian metric ¢ on a Kahler manifold gives rise to the Ricci
curvature R, which is a symmetric 2-tensor on the tangent bundle; as usual
we implicitly extend it to the complexified tangent bundle. The Ricci form of
the Kédhler manifold is the (1, 1)-form Ric defined by Ric(X,Y) = R(JX,Y).
This is a closed form, and Hodge decomposition allows us to write it as
Ric = Ric!? 42i90F where Ric! is the harmonic part, and F is some smooth
function on M. The unique function satisfying this equation with average
zero over M, ie. f M Fw™ =0, is called the Ricci potential.

3.4.3 Toeplitz Operators

We now fix the following data: A pre-quantizable symplectic manifold
(M,w), a pre-quantum line bundle (£, (-,-),V) over M, and a Kéahler
strucure | on M. Also, fix some integer k, and consider the line bundle
L¥ with the Hermitian metric (-,-)* and compatible connection V. For
simplicity, we will denote these by (-, ) and V, respectively. This should
not cause any confusion. We denote by H®) the complex vector space
of smooth sections M — LK. The connection V (or rather its extension
to the complexified tangent bundle of M) splits into V¥ 4+ V0!, where
V;’O = Vy and V! = Vs, according to the splitting of tangent vectors
into holomorphic and antiholomorphic parts determined by J. So for a
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smooth section s of £¥, V105 (respectively VO!s) measures the derivative of
s in the holomorphic (respectively, antiholomorphic) directions. We define

H® = {s e H® | vO1s =0} (3.16)

and call H®) the space of holomorphic sections of L. By the general theory
for elliptic operators, H¥) is a finite-dimensional subspace of H¥); see
e.g. [41].

There is a Hermitian inner product on ) defined by integrating the
fibre-wise inner product of two sections with respect to the volume form
determined by the symplectic form, ie.

(s1,82) = L /M(Slfsz)wm

m!

This is not a Hilbert space structure, since H®) is not complete. However,
the subspace H (k) inherits this inner product and is, of course, both closed
and complete, since it is finite-dimensional. We also have an orthogonal
projection 7% : H®) — HK), and the inner product induces an operator
norm ||e|| in End(H®)).

In general, multiplying a holomorphic section of £F by a smooth func-
tion does not give a holomorphic section. We may however project it back
to the holomorphic sections.

Definition 3.13. Let f € C®(M, C) be a smooth complex-valued function

on M. The Toeplitz operator T}k) is the map H® — HK) defined by

T® (s) = n® () (3.17)

f

for a smooth section s of £¥. Restricting it to HX), we may also think of
T}k) as an endomorphism of H®).

As an endomorphism of H®), there is a simple expression, due to Borde-
mann, Meinrenken and Schlichenmaier [14], for the operator norm of Tf
as k — oo.

Lemma 3.14. limk_>oo||T}k) | = sup el f(x)]

There is no reason to expect that the composition of two Toeplitz opera-
tors is again a Toeplitz operator. But by the results of Schlichenmaier [34],
there is an asymptotic expansion in terms of Toeplitz operators.

Theorem 3.15. Let f,g € C*°(M,C). Then there is an asymptotic expansion

(k

0 k) N k)
Ty Tg NE)TCN’g)k (3.18)

for uniquely determined cy(f,g) € C*°(M,C). Moreover, co(f,8) = 8.
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In the statement above, ~ means that
L
k) - (k k _ _
ITOTE -y T, Kl e ok () (3.19)
(=0

for all positive integers L. The usefulness of this asymptotic expansion, for
our purposes, stems from the fact that these ¢y are actually (almost) the
coefficients of a differentiable star product on M, as proved by Karabegov
and Schlichenmaier [29].

Theorem 3.16. The product x on C* (M, C)|[[h]] defined by

[ee)

frg=Y (=Dlci(f, g)n"

(=0
for f,g € C®(M,C) is a differentiable star product on M.
We call + the Berezin-Toeplitz star product on (M, w).

3.5 The Formal Hitchin Connection

In the previous section, we saw how the choice of an integrable complex
structure on M and a pre-quantum line bundle induces a star product on
M. In the presence of a symmetry group I' acting on M by symplecto-
morphisms, we have also discussed a group cohomological obstruction to
the uniqueness of a I'-invariant star product. To show the existence of a
I'-invariant star product, we could either try to single out a specific complex
structure with sufficiently nice properties, or we could consider a whole
family of complex structures and try to patch the corresponding family of
star products together to a single, I'-invariant star product on M. The latter
strategy is used in [1], and we will recall the most important results.

Remark 3.17. For a smooth vector bundle W over M, a smooth map
f: N — C®(M,W) from a smooth manifold N to the space of sections
of W is by definition a smooth section of the pullback bundle 77y,W over
N x M. This is motivated by observing that for x € N, y € M, f(x)(y)
should be an element of W), the fibre of W over y. Similarly, a k-form on N
with values in C*°(M, W) means a smooth section of 7}, (A*T*N) ® 7y, W
over N x M.

We assume that 7 is a manifold which smoothly parametrizes Kihler
structures on (M, w), which means that there is a smooth map J: 7 —
C*®(M,End(TM)) such that J(0) = ], is an integrable complex structure
on M making (M, w, J,,g-) a Kéhler manifold. We will impose further
assumptions along the way. The various constructions on M in Section 3.4
above which depend on the choice of almost complex structure now makes
sense for each ¢ € 7, and we will denote the dependence on ¢ by adding it
as a subscript. For example, the holomorphic tangent bundle with respect
to J, will be denoted T, M.

For each ¢ € 7 the construction in section 3.4.3 gives a finite dimen-
sional vector space H((Tk) C C®(M, L£F). Considering the trivial bundle
HK =T x C®(M, LX) over T, we shall assume that the H((,k) form a (finite
rank) subbundle of H(k), denoted H®).
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3.5.1 The Hitchin Connection

We wish to find a connection in H () which preserves the subbundle H(¥).
Denoting the trivial connection in H(*) by V! and the vector space of
differential operators in C®(M, LX) by D(M, L), it turns out that there is
a 1-form u on 7 with values in D(M, ck ), such that the connection Vin
H®) defined by

Sy =L —u(V)

preserves the subbundle H®), provided ] and M satisfy a few additional
conditions, one of which is that H! (M) = 0. Another assumption is that
the first Chern class of the symplectic manifold (M, w) is n[42] € H*(M, Z)
for some n € Z. This connection is called the Hitchin connection. For details
we refer to [1] and [4].

3.5.2 Formal Connections and Formal Trivializations

The projections mgk) 1 C(M, LF) — L(yk) form a smooth map 71 from 7
to the space of boundedk operators on (the L2-completion of) C*(M, £F).
The Toeplitz operator T, ’ associated to a smooth function f on M is then

a section of the bundle Hom(H(k), H (k)), defined at 0 € 7 by
k k
T (s) = i (fs)

fors € Ht(rk). We may also regard these operators as sections of the bundle
End(H®).

Theorem 3.15 gives a sequence of coefficients cj for each ¢ € 7. It may
be shown that the estimate (3.19) holds uniformly over compact subsets
of 7. Hence we get a 7-parametrized family . of star products on M.

In order to glue these star products together to determine a single star
product on M, we consider the trivial bundle C;, = 7 x C®(M)[[h]] over
7. The space of sections of this bundle carries a product * defined by

(f*8)o = fo*o 8o

Definition 3.18. A formal connection D is a connection in C;, over 7 of the
form

Dvf = V[f]+D(V)(f)

for smooth vector fields V on 7 and a smooth section f of Cj,. Here D is a
smooth 1-form on 7 with values in D(M)[[h]].

We may think of a formal connection as the trivial connection in the
bundle Cy, plus a correction term D, given by a formal series of differential
operators

We wish to use a formal connection to connect the different fibres of C;,
and thus relate the different star products. Theorem 12 in [1] states that
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there is a unique formal connection which is well-suited for our purpose.
Before stating the theorem, note that the Hitchin connection V in H (k)
induces a connection V¢ in the endomorphism bundle. Since the star
products are defined in terms of the Toeplitz operators, which are sections

of the bundle H (k), it is natural that the desired connection behaves nicely
with respect to the Toeplitz operators and the connection V°.

Theorem 3.19. There is a unique formal connection D which satisfies that

® _ ®
VI~ Tip, )/ @k

for all smooth sections f of Cy, and smooth vector fields V on T. Moreover,
DO =o.

In the statement above, ~ means that

. 3 (k 1
19577 - (T} f]+ET )f(2k+n ) =06)

uniformly over compact subsets of 7, for all smooth sections f of Cj,. This
connection is called the formal Hitchin connection. One of the nice properties
of this connection is that it is a derivation of the product * of sections:

Lemma 3.20. For any sections f, g of Cj, and vector field V on T, we have
Dy(fxg) = Dy(f) g+ f*Dv(g).

Another nice property is that D is flat if Hitchin’s connection V is projec-
tively flat, and this is indeed the case in the moduli space setting, where
Hitchin originally constructed his connection.

The final ingredient we need to construct an invariant star product is
the notion of a formal trivialization of a formal connection.

Definition 3.21. A formal trivialization of a formal connection D is a
smooth map P: T — D(M)[[h]], written P, = Y%° , Pth, such that P?
is an isomorphism C®(M) — C®(M) for all ¢ € T, and such that

Dy (Py(f)) =0
for all vector fields V on 7 and all f € C®(M)[[h]].

Under sufficiently strong assumptions, we may find a I'-equivariant formal
trivialization.

Proposition 3.22. Assume the formal connection D is flat and that D) = 0.
Then locally there exists a formal trivialization of Cy. If Hl(’T ,R) = 0, there
exists a globally defined formal trivialization. If, moreover, H:(T,D(M)) = 0,
the formal trivialization can be chosen to be T-equivariant.

Here H}(T,D(M)) denotes the first I'-equivariant de Rham-cohomology
group of 7 with values in the real vector space of all differential operators
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on M. Using this proposition for the formal Hitchin connection from
Theorem 3.19, we may define a new star product * on C*(M)|[[h]] by

f 8 =Py (Po(f) %o Pr(g))- (3.20)

On the left, f and g are simply formal functions on M, ie. elements of
C*®(M)|[[h]], whereas on the right we consider them as (constant) sections
of the trivial bundle C;, evaluated at ¢ € 7. This definition of x is
actually independent of the ¢ € 7 used to compute it, as can be seen by
differentiating the right-hand side along a vector field on 7 and using the
properties of the formal Hitchin connection and the formal trivialization
(see Proposition 5 of [1]). If P is I'-equivariant, (3.20) defines a I'-invariant
star product on M.

In [4], Andersen and Gammelgaard have proved that a mapping class
group equivariant trivialization exists to first order by giving an explicit
formula for it. Their construction does not use any of the cohomological
assumptions from Proposition 3.22.
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Moduli Spaces

The purpose of this chapter is to give an introduction to the moduli space
of flat connections over a surface, and the various structures it carries.

Let X be a compact surface and let p € X be a fixed basepoint. If the
surface has boundary, we will assume that p € 0X. We let 1y = 11 (%, p)
denote the fundamental group of X. Also, let G be a connected Lie group.

Definition 4.1. The moduli space of flat G-connections on ¥ is the set
Mg =Hom(m,G)/G 4.1)
of G-valued representations of 711, modulo conjugation in G.

This will be our working definition of M.

4.1 Gauge Theoretic Definition

The name comes from the well-known fact that M may also be defined
as follows: One considers the class F of pairs (P, A) where P is a principal
G-bundle over %, and A is a flat connection in P. Two such pairs (P], A]-),
j = 1,2, are equivalent if there exists a bundle isomorphism ¢: P; — P,
such that ¢*A; = A;. In particular, (P, A) and (P, A’) are equivalent if
and only if A and A’ are gauge equivalent connections in P. One may
then define the moduli space of flat connections to be the set 7/~ of
equivalence classes of flat G-bundles.

If G is simply-connected, there is only one isomorphism class of prin-
cipal G-bundles over a 2-manifold, the trivializable bundles. In this case
we would obtain the same space by only considering the space of flat
connections in a fixed principal bundle, which we might as well choose to
be the trivial bundle £ x G.

Let us briefly recall why these definitions agree. Let P be a principal
bundle over %, and A a flat connection in P. Trivializing P over p € L
induces a homomorphism 71 (%, p) — G by taking the holonomy with
respect to A along loops based at p. The conjugacy class of this homomor-
phism is independent of the chosen trivialization, so we have a well-defined

39
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map
Hol: F/~ — Mg. 4.2)

Conversely, if p: 11 — G is a given homomorphism, one considers
the trivial G-bundle P = ¥ x G over the universal covering space ¥ of %.
The fundamental group acts on the right on this space: For v € 7 and
(y,8) € P, let (y,8) -7 = (v-7,p(7)"'g), where y - 7 denotes the natural
action of 711 (X) on the covering space. This action is free, and it is easy to
see that the quotient P = P/ is a principal G-bundle over X. The trivial
connection on ﬁ, which is the pull-back of the Maurer-Cartan form on G, is
invariant under the action of 711, so it descends to a flat connection on P.
This gives a well-defined map Mg — F/~, which is the inverse of Hol.

Henceforth, Mg may denote either model for the moduli space; which
model we have in mind will be clear from the context.

4.2 Mapping Class Group Action

Let ¢ be a diffeomorphism of X. Clearly ¢ induces an isomorphism
¢« 1 (Z, p) — m1(E, ¢(p)). Postcomposing with the »lasso isomorphisme«
induced by any path from p to ¢(p), we obtain an automorphism of
m1 (%, p). Different choices of path from p to ¢(p) gives rise to conjugate
automorphisms of 711 (%, p), as does isotopic diffeomorphisms. These facts
show that there is a well-defined action of the mapping class group on
Mg.

In case ¥ has boundary, this discussion becomes somewhat simpler
because of our assumption that p € dX. In fact, a diffeomorphism fixing
the boundary induces an automorphism of 7r; (X, p) which only depends
on the isotopy class of the diffeomorphism. Hence, the mapping class
group acts on Hom(7r1(%, p), G) itself, and this action commutes with the
conjugation action of G.

Given any flat bundle (P, A) and diffeomorphism ¢ of X, one gets
another flat bundle (¢*P,¢*A) by the usual pull-back of bundles and
connections. The proof that isotopic diffeomorphisms produces isomorphic
bundles can easily be extended to produce an isomorphism of bundles-
with-connection. Hence the mapping class group acts on F/~, and clearly
the map (4.2) is equivariant with respect to these actions.

The various structures on the moduli space described in the following
sections are all preserved by the action of the mapping class group.

4.3 Algebraic Structure

Assume G is a linear algebraic group over the complex numbers. If
P = (g\, A € A ry, p €M) is a presentation of 711(X), one may iden-
tify Hom(7r1, G) with the closed subset Vp of G* consisting of elements
(A))ren satisfying

ru(Ay) =1 (4.3)
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for each y € M, where r/, is considered as a word in the A,. Clearly the
equations (4.3) are polynomial, so Vp has the structure of an affine algebraic
set.

Given any other presentation P, one obtains an isomorphism of affine
algebraic sets Vp — Vpr by simply writing the generators from P’ in terms
of the generators from P. This implies that Hom(71, G) itself has a well-
defined structure as an affine algebraic set, and we can make sense of the
space

O(Hom(m, G)) 4.4)

of regular functions on Hom(7r;, G). Since the diagonal action of G is
algebraic, this action preserves the property of being a regular function.
We define the space of reqular functions on the moduli space by

O(Mg) = O(Hom(my,G))C, (4.5)

the space of regular functions on Hom(7r1, G) invariant under G. It is not
claimed that M itself has the structure of an affine algebraic set.

4.4 Smoothness

When trying to endow M with a smooth structure, one encounters two
problems. If ¥ is a closed surface, 711 (X) has the well-known presentation

g
m1(Z) = (g, Bj | [ [laj, B = 1). (4.6)
i=1
Letting Q: G?6 — G denote the map

8
Q(A1, By, ..., Ag, Bg) = ][4}, Bjl, 4.7)
j=1

we may identify Hom(7t1(X), G) with Q~1(1). The first problem is that this
set is in general singular since 1 is (in general) not a regular value of Q.

Even when dealing with a surface with boundary, so that 771 (X) is a free
group and Hom(7ry, G) is identified with a product of copies of G, there
are points at which the conjugation action is not principal. These problems
can be handled by only considering the irreducible representations.

To be concrete, we will consider the case G = SU(n). If p: 71 — G is an
irreducible representation, the stabilizer G, = Z(im p) of p coincides with
the center of G. This follows from the simple observation that a non-central
element of G has at least two distinct eigenvalues. More precisely, if A € G,
has eigenvalue A, it is clear that the A-eigenspace of A is preserved by p(x)
for each x € my. If A is not central, the A-eigenspace is a proper subspace
and p is reducible. Conversely, if p is reducible, there are non-central
elements of G commuting with p.

By Proposition 1.2.5 of [10], we have proved



42 Chapter 4 - Moduli Spaces

Lemma 4.2. Let G = SU(n). The set Hom™ (71, G) of irreducible representa-
tions is dense and open, and the quotient

Mg =Hom'™(r1,G)/G C Mg (4.8)
is a smooth manifold.

If £ has a single boundary component, one obtains a smooth compact
manifold by fixing the holonomy along the boundary to be a central
element: Let d € Z/nZ be relatively prime to n, and let D = ¢2™/"] be
the corresponding central element of SU(#n). The element y = H?Zl [aj, B]
corresponds to a loop going once around the boundary. Let

Homy(711,SU(n)) = {p € Hom(7r;,SU(n)) [ p(7y) = D}.  (49)

Theorem 4.3. The elements of Homy(7t1,SU(n)) are irreducible, so that
MGy = Homy(711,SU(n)) /SU(n) (4.10)

is a smooth, compact manifold.

Proof. If p can be decomposed as a sum of representations of dimensions k
and n — k for some 1 < k < n, the matrices A; = p(«;), Bj = p(p;) may be
assumed (possibly after conjugation) to be block diagonal,

AL 0 B, 0
4i=19 A Bi=1o B

for some matrices A;-, B]/» € Su(k), A;.’, B]/»’ € SU(n — k). Both matrices

8 8
D' =Ti4 B D" =114/, 8]

j=1 j=1
are then diagonal matrices with ¢2/" on the diagonal. On the one hand,
the determinant of D’ is clearly 1 since it is a product of commutators, but
on the other hand it is also equal to ?™/"  which can not equal 1 since d
and 7 are relatively prime. This proves that p is irreducible. O

There is no problem in defining the space of smooth functions on M
or M&, (n): When Hom(7r, G) is smooth (that is, when X has boundary),
we let

C®(Mg) = C®°(Hom(m;, G))°, (4.11)

the space of smooth G-invariant functions. In the case where X is closed,
we define C®°(Hom(7t1, G)) to be the space of all smooth functions on G?¢
modulo the ideal of functions vanishing on Q~(1), and then again define

C®(Mg) by (4.11).
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4.5 Tangent Spaces

The tangent space to M at a conjugacy class [p] can naturally be identified
with the the tangent space of Hom(7r1, G) at p, modulo the tangent space
to the G-orbit through p. Following Goldman [21] we will now see how
this gives rise to a group cohomology description of the tangent space.
Let p¢ be a smooth one-parameter family of representations with py = p.
Then p;(x) = A¢(x)p(x) for some smooth family A;: m; — G satisfying
Ap(x) = 1 for all x € my. Let u: my — g denote the map from 71y to
the Lie algebra of G obtained by differenting A; and evaluating at t = 0.
Differentiating the homomorphism condition

pr(xy) = pe(x)pe(y) = Ae(xy)p(xy) = Ar(x)p(x) At (y)o(y)

and evalutating at t = 0 then yields

u(xy)p(xy) = u(x)o(x)p(y) +p(x)u(y)o(y)

which can be written as

u(xy) = u(x) + Ad(p(x)) (u(y))-

This equation precisely means that u is a cocycle when the Lie algebra g is
considered as a 711-module via the composition Ad o p. As such, we denote
it by go. Since any such cocycle gives rise to a one-parameter family of
homomorphisms, we have the identification

T, Hom(m;, G) = Zl(ﬂllgp)-

Next, let p¢(x) = a;p(x)a; ! be a deformation of p along the orbit

through p, where a; is a curve through 1 € G. Let X € g be the derivative

of this family at t = 0. Writing A;(x) = p¢(x)p(x) ™! = arp(x)a; 'p(x)~1,

we see that the tangent vector represented be the family p; is the cocycle
ux given by

ux(x) = X —p(x)Xp(x) " = X — Ad(p(x))X,
that is, precisely the coboundary of X.

Proposition 4.4. The tangent space T, Mg is the cohomology group

H'(1, gp)- (4.12)
This description is of course only valid at the smooth points.

Remark 4.5. Differentiating the equation (4.9) defining the elements of
Hom,(7r1,SU(n)), we see that the tangent space to /\/lgU( n at [0] is the

subspace of (4.12) represented by cocycles satisfying u(y) = 0.

It is also possible to give a description of the tangent space in the gauge
theoretic setting in terms of de Rham-cohomology of X.. Let A € F be a
flat connection in a fixed principal G-bundle P over X. By Remark A.7,
the tangent space to the space of all connections at A is identified with
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the space Q' (X, Ad P) of Ad P-valued 1-forms on X. In order to determine
TaF, we will derive a condition for a € Q'(X, Ad P) to be tangent to F.
Differentiating the equation F4, = 0 with respect to t gives

%PAW = ;t (d(A+ta) + F[(A+ta) A (A +ta)])

d

dt(FA+tda+ [a/\a]—f—t[AAa])
=da+[ANa]+taNad]
:0’

and evaluting at t = 0 gives the condition da + [A A a] = da = 0 for a to
be tangent to F at A. Thus we identify the tangent space T4 F with the
vector space of closed 1-forms on X with values in the adjoint bundle Ad P,
with respect to the differential d 4:

TAF = ZY(X,Ad P;dy) € O}(Z,Ad P) (4.13)

Now we have to determine the subspace tangent to the action of the gauge
group. Let ¢; be a one-parameter family of gauge transformations with
@o = id, and let g;: P — G be the corresponding family of G- equlvarlant
maps (ie. maps satisfying (A.8)) where gop = e. For a fixed p € P, g;(p) is a

curve through e € G, and hence 4 £ _o&tisamap f: P — g. We note that
the G-equivariance of each g; implies that f is G-equivariant:

flpg) = o d _,81(pg) = d\ g 's(p)g
= 8| (e om) () = A (),

so f is in fact an element of Q%(%, Ad P) = Q)(P, g).

We have ¢ A = Ad(g;!) o A+ g70 by (A.9), and if we differentiate this
equation with respect to t we obtain

iy .. d d
Et:O(PtA—Et:OAd(gt)OAWL ‘ g0

T
= ad(—f) oA—i—E’t:Oth (4.14)

The last term is in fact equal to df € Ql(P, g), but it takes some effort to
see this. Let a be a curve in P with a(0) = p and #/(0) = X € T,P. Then

§10(X) = 0, (Dpss(X)
—9(% si(a(s))

d

= Do) Lastp) 1(57

2| (et -gtm(s)))

T ds
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so that

d| o d| d
Gl S0 =3 &

IR CIORIFACION
d d
- % 5=0 E‘t:@

()" gr(a(s))
=)+ )
= df(X).

Now continuing (4.14), we have

.
S| erA=TANfI 4 af = daf

so we see that a vector tangent to the gauge group action at A is an exact 1-
form in Ql(Z, AdP;dy). On the other hand, given any G-equivariant
map f: G — P, gi(p) = exp(tf(p)) defines a 1-parameter family of
gauge transformations which induces the tangent vector d4 f at A. Thus
TA(AG) = BY(Z,Ad P;d,), and we obtain the important identification of
the tangent space to the moduli space with a twisted cohomology group
of X.

Theorem 4.6. Let A be a flat connection in a principal G-bundle P — Z. Then
TgMc = H'(S,Ad P;dy). (4.15)

That is, the tangent space Tj 4y M at the gauge equivalence class [A] of the moduli
space of flat connections is identified with the first (de Rham) cohomology group of
X, with coefficients in the adjoint bundle Ad P and differential d 5 induced by A.

4.6 Symplectic Structure

Assume that the Lie algebra g admits a non-degenerate, symmetric, bilinear
form B: g x g — R invariant under the adjoint action of G. For example,
if G is compact we may find an invariant inner product on g. An explicit
example for G = U(n) (or G = SU(n)) is given by B(X,Y) = tr(X*Y) =
—tr(XY) for skew-hermitian (and trace-less) matrices X, Y.

Under this fairly general assumptions on the group G, Goldman [21]
observed that (the smooth part of) the moduli space over a closed surface
admits a symplectic structure.

The pairing B induces a map B from the tensor bundle B,: Ad P® Ad P
to the trivial R-bundle over X. For d 4-closed 1-forms ¢, € Q(Z, Ad P;d )
representing tangent vectors at a point [A] € M, we see that B, (¢ A ¢) is
an ordinary 2-form on X, and we put

w(lgl 9D = [ Blony). (@16)

That this does in fact define a symplectic form on M¢ is, in the case
G = U(n), originally due to Atiyah and Bott [9].
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The corresponding form in the algebraic setting is defined using cup
product in group cohomology and the 771-homomorphism B.: g, ® gp — R
to obtain a map

H'(1t1,8p) x H'(m1,80) 2> H(m1,R), (4.17)

and then composing with a canonical isomorphism from the latter vector
space to R. In [30], Karshon showed in a purely algebraic way that this
form is closed.

For a surface with boundary, the fundamental group is free, so H(7ry, »)
and Hy (7, @) vanish for any k > 2, since 71y admits a 1-dimensional CW-
complex as an Eilenberg-MacLane space K(711,1). Hence we can not directly
use (4.17) to define a symplectic pairing. However, one may still use (4.16)
in order to obtain a Poisson structure, the symplectic leaves of which are
obtained by fixing the holonomy along the boundary components of X. For
details, see [10].

In the case of our favorite example, MgU 4y a simple modification
of (4.17) does provide a group cohomological description of the symplectic
form. Letting G = SU(n) and G’ = G/Z(G), the adjoint representation
Ad: G — Aut(g) factors throu§h G'. Let p: 11 — G be a homomorphism
representing an element of M¢, and let p’ denote the induced representa-
tion 1y — G'. The condition (4.9) defining the space M‘é then implies that
o’ induces a representation p: 777 — G’ of the fundamental group of the
closed surface obtained by gluing a disc to the boundary component.

The groups G and G’ both has g as Lie algebra. Now, the 71y-module
obtained from g5 via the surjection 717 — 771 is the same as the 771-module
gp itself. This means we have an induced map

H' (71, 95) — H' (711, 90)- (4.18)

It is easy to see that this map is injective, and the image is precisely the
elements represented by cocycles u satisfying u(7y) = 0, which we recognize
as the tangent space T[p]M‘é, cf. Remark 4.5. This allows us to identify

this tangent space with H' (77, g5), and we can use (4.17) to define a non-
degenerate pairing on this space.

A much more general treatment is given by Biswas and Guruprasad [13].
For a surface with n boundary circles 74, ..., vs, they consider n conjugacy
classes Cy,...,Cy in G. The moduli space P of representation p: 7 — G
satisfying p(7;) € C; is called the space of parabolic representations. The
condition for a cocycle u: 71y — g to be tangent to P is that there exists
elements y; € g such that

u(yj) = uj — Adp(7j)p;.

Such cocycles are called parabolic, and the tangent space to P at p is thus
identified with the parabolic group cohomology par(ﬂ'l, gp)- This identifica-
tion is used to define a symplectic structure on P.

4.7 Holonomy Functions

A rich source of functions on the moduli space is the notion of holonomy
functions. Let h: G — C be a class function, a function invariant under
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conjugation. An oriented closed curve <y determines a conjugacy class in 7,
so for any [p] € M we have that p(7y) is a well-defined conjugacy class in
G. This allows us to define a function h,: Mg — C by h,([p]) = h(p(7)).
It is clear that this only depends on the free homotopy class of .

Note that the mapping class group acts on the set of free homotopy
classes of oriented loops, which may be identified with the set 7; of
conjugacy classes in 777.

Lemma 4.7. The association 7y +— h., is equivariant with respect to the mapping
class group actions on 7ty and Fun(Mg).

Proof. Let ¢ € T, v a closed curve on X and [p] € M. Then

(¢ hy)([p]) = 1y (97 ) = By ([0 0 ¢]) = h(p(9(7))) = Iy (o). O

In the case where h is the trace functional and G is a classical ma-
trix group, Goldman [22] has computed formulas for the Poisson bracket
{ha, hg} of two holonomy functions (see [22] for the list of Lie groups). For
example, if G = GL,(R) or G = GL,(C), the formula is

{ha,hg} = Zs(p;a,ﬁ)h%/;p. (4.19)
pEa#p

Here « and 8 are assumed to be in general position; ie. the images are
disjoint except for a finite number of transverse intersection points a#p. At
such an intersection point p, e(p;a, f) = %1 is the oriented intersection
number (defined in terms of the orientation of X), and «,f, denotes the
curve obtained by starting at p and traversing a followed by B. For other
groups, similar (but different) formulae were obtained.

This leads one to consider the free module Z7; on the set of free
homotopy classes of loops in X. Equipping this module with the bracket
determined by

[, 8] = ) e(pra, B)apBy, (4.20)

pEa#p

for (homotopy classes of) loops «, , the equation (4.19) shows that the map
a — f, induces a homomorphism of Lie algebras Z&; — O(Mg) if G is
GL,(R) or GL,(C). It is also clearly equivariant with respect to the action
of the mapping class group. However, the map is not injective, and the
discussion in [22] shows that it is hard to give a nice description of the
kernel. Moreover, it would be nice to have a geometrically defined (that
is, in terms of loops on the surface) I'module with a Lie algebra structure
defined without reference to the particular Lie group in question.

4.7.1 Chord Diagrams

Following the same idea of assigning functions on the moduli space to
loops on the surface, Andersen, Mattes and Reshetikhin [5] generalized
Goldman’s approach by introducing the algebra of chord diagrams on
a surface. This algebra carries a Poisson bracket defined by a formula
similar to (4.20) above. Coloring the chord diagrams by finite-dimensional
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representations of G, one obtains a Poisson algebra which in many cases
maps surjectively to O(M), the space of algebraic functions on the moduli
space. We recall the definitions and main results.

A chord diagram is a finite collection of oriented circles and a finite
collection of chords (unoriented line segments) whose endpoints lie on
the circles. The chords are assumed to be disjoint, and in particular no
two endpoints coincide. The circles of a chord diagram are called the core
components, and together they constitute the skeleton of the diagram.

A geometric chord diagram on L is a smooth map from a chord diagram
to X, mapping chords to points. When drawing (parts of) geometric chord
diagrams, images of chords will be drawn as fat dots. A chord diagram
on X is a homotopy class of geometric chord diagrams. Every chord
diagram contains a generic chord diagram: a geometric chord diagram
whose skeleton is immersed in X and which has only transverse double
points.

We denote by D(X) the complex vector space with basis the set of chord
diagrams on X. This vector space is graded by the number of chords, and
union of diagrams makes D(X) a commutative graded algebra with unit
the empty diagram.

Consider the (local) relation

SEOH e

as well as the relations obtained from this one by reversing orientation
of core components and changing the sign according to the rule: For
every chord intersecting a core component with reversed orientation, the
diagram is multiplied by —1. These relations are called the 4T-relations,
and the subspace spanned by them is denoted 4T(X). This is an ideal and
homogenous, so the quotient

C(Z) = D(T)/4T(Z) (4.22)

is also a commutative, graded algebra. Furthermore, there is a Poisson
structure on C(X) defined as follows: Given two chord diagrams on X,
choose geometric chord diagram i;: D; — %, j = 1,2 representing them
such that their product is a generic chord diagram. For p € Di#D; we
define D; Uy, D; to be the chord diagram on T obtained by joining i; ! (p)

and i, '(p) by a chord mapped to p.
Proposition 4.8 (Andersen, Mattes, Reshetikhin). The bracket

{[D1],[D2]} = Y _e(p; D1, D2)[D1 Uy Dy] (4.23)
pED1#D;

is well-defined and determines a Poisson structure on C(¥L).

The algebra C(X) equipped with the bracket (4.23) is called the Poisson
algebra of chord diagrams on X. Requiring that every core component of a
diagram be colored by a finite dimensional representation of a Lie group
G yields the Poisson algebra C(X; G). In [5], the authors also construct a
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Poisson homomorphism ¥: C(X; G) — O(Mg). If G is a matrix group, we
may color all core components by the standard representation, and hence
Y defines a Poisson homomorphism

¥:C(X) — O(Mg). (4.24)

This map is surjective for the groups GL,(C), SL,(C), O,(C) and Sp,,(C).
Furthermore, a diffeomorphism of X clearly preserves the 4T-relations,
hence gives an action of the mapping class group on C(X), and an easy
computation similar to Lemma 4.7 shows that ¥ is I'-equivariant (see e.g.
Theorem 2.22 of [36]).

Understanding the kernel of ¥ thus provides one with a »geometric«
model for O(Mg), where the action of the mapping class group is simply
given by its action on chord diagrams (modulo ker ¥). In the special case
G = SL,(C), there is a particularly simple geometric model, which we will
present in the next chapter.

4.8 Quantizing the Moduli Space

Let us briefly review how the contents of Chapter 3, and in particular

Section 3.4, apply to the moduli space M = /\/lgU(n). The symplectic

structure on M is given by combining (4.17) and (4.18) as explained above.
The line bundle £ together with the Hermitian structure and compatible
connection V was constructed in [19]. Freed also proves that the curvature
of V satisfies the prequantum condition. Atiyah and Bott [9] have proved
that the moduli space is simply connected and that H>(M, Z) = Z. For
n =2,d =1, Thaddeus [38] gives an elementary proof that the holonomy
function associated to a simple closed curve is a perfect Bott-Morse func-
tion. Using this fact, he finds the Poincaré polynomial and thus the Betti
numbers.

The Teichmiiller space 7 parametrizes, by definition, complex structures
on X. A point ¢ € 7 induces a Hodge star operator on (Ad P-valued) 1-
forms on %, and this can be used to obtain the identification

TgM = H'(E,Ad P) = ker(d ) Nker(sd ) (4.25)

of the tangent space to M with the harmonic Ad P-valued forms. The
square of x: H'(X, Ad P) — H'(X,Ad P) is —1, so we get an almost com-
plex structure on M by putting J, = —*. Narasimhan and Seshadri [31]
have proved that this almost complex structure is integrable, so that
(M, w, Js) is a smooth, compact Kdhler manifold, which is denoted M,.
This also gives L the structure of a holomorphic line bundle. The (0, 1)-part
of the connection V allows us to define a section s € C®(M, L) to be
holomorphic if Vs = 0.

For each integer k, one gets a vector bundle Vj over 7, whose fibre at
o is the space HY(My, LX) of holomorphic sections of £¥. This bundle is
usually called the Verlinde bundle (at level k), and is the original setting
for the Hitchin connection [25].






CHAPTER 5

Regular Functions on the SL;(C)
Moduli Space

In this chapter, our primary object of study is the moduli space M =
Mst, (c) of flat SL,(C)-connections over E. Most of the material has been
published in [8], and before that it appeared in two separate papers on the
arXiv, [39] and [6].

Throughout the chapter, we assume that X is a surface of genus at least
2, with any number of boundary components. Let O = O(M) denote
the space of regular functions on M. For the precise definition of these,
see Section 4.3.

Theorem 5.1. The cohomology group H' (T, O) vanishes.

The proof of this theorem is the main goal of the chapter. Along the way
we will introduce ideas which happen to be useful for the computation of
the cohomology with coefficients in other modules of functions on other
moduli spaces.

5.1 Multicurves as Functions

A matrix A € SL(C) has the property that tr A = tr(A~!). Letting h
denote the trace function SL,(C) — C, we may thus associate a function
h, on M to any unoriented closed curve -y by orienting <y arbitrarily. For a
multicurve x on X with components x;, we associate a function v, on M by

ve = TT(~h). (5.1)
j
Let CS denote the complex vector space freely spanned by the set of

multicurves on X.

Theorem 5.2. The linear map CS — Fun(M) given by « — vy is a mapping
class group equivariant isomorphism onto the space of regular functions on M.

This theorem is due to Bullock, Frohman, and Kania-Bartoszynska [16]. In
fact, one may define a natural algebra structure on CS making the above
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map an isomorphism of algebras. The multiplication of two multicurves
is defined by taking their disjoint union and then applying the Kauffman
bracket procedure: Remove all crossings via the rule

<)

and, for each resulting multicurve, remove trivial loops at the cost of a
factor of —2 to the multicurve (corresponding to minus the trace of the
holonomy along the trivial loop, viz. the identity matrix). See [16] and [36]
for details.

5.2 Splitting the Cohomology

Theorem 5.2 suggests that a proof of Theorem 5.1 can be obtained by
studying the action of the mapping class group on the set of multicurves,
and this is indeed our strategy. Let us partition S into mapping class group
orbits

S =S
o

Lemma 5.3. There is an isomorphism of I'-modules

cSs = @Pcs, (5.3)
[

which induces an isomorphism on cohomology

H'(T,0) = HY(T,CS) =¥ (P H'(T,CS,). (5.4)

Proof. The isomorphism (5.3) is clear since each CS, is obviously a I'-
invariant subspace of CS. The first isomorphism in (5.4) is due to The-
orem 5.2, whereas the second comes from (1.8), using the fact that the
mapping class group is finitely generated. O

To prove Theorem 5.1 it suffices to consider each summand on the right-
hand side of (5.4). By Remark 2.21, each orbit S, is either infinite or consists
of a single point. In the latter case, CS, is simply a copy of C with trivial
T-action, so in this case

HY(T,CS,) = HY(T,C) = Hom(T,C) =0 (5.5)

by (1.5) and (2.2). Henceforth we assume that the orbit S, under considera-
tion is infinite.

Proposition 5.4. Let u: I' — CS, be a cocycle and ¢ a simple closed curve on %.
For any multicurve k € S, with Tk = «, the coefficient of x in u(t) is 0.
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Proof. Let x be a multicurve fixed by 7. First assume that x contains at
least one component which is not parallel to a boundary component of &
nor to &. In this case, one may find a simple closed curve « disjoint from ¢
such that 1, acts non-trivially on x. Hence, since 7, and 7. commute, we
get

(1—1)u(t) =1 - %)u(t). (5.6)

Since T:x = x, the coefficient of x on the right-hand side of (5.6) is 0. But
then the coefficients of x and 7, '« in u(7;) are identical. This argument can
be repeated with 7, '« instead of x, and this way we see that the coefficients
of all multicurves t; ", n > 0, are identical. Since these multicurves are all
distinct, and since #(7) contains at most finitely many non-zero terms, the
common coefficient must be 0.

Since we are assuming that the orbit S, is infinite, the only remaining
case is when ¢ is not boundary parallel and «x consists of parallel copies of ¢
(and possibly some boundary parallel components). In this case, we embed
the chain relation (Lemma 2.6) in such a way that our ¢ is the € occuring in
the chain relation. The cocycle condition then yields

u((ttpTy)*) = u(ts) + ().

Clearly all four curves «, 8,7, are disjoint from x, so the first case con-
sidered shows that the coefficient of x in all terms but the last are 0. This
concludes the proof. O

When g > 3, this proof can be reduced to Theorem 2.25 as follows: The
space CS is a subspace of the unitary representation ¢2(S). In the language
from Section 2.6, Tex = x implies p:x = K, sO

(u(Te), 1) = (u(Te), pex) = (pett(Te), x) = 0.

5.3 The Dual Module

The algebraic dual (CS,)* = Hom(CS,, C) may be naturally identified
with the space Map(S,, C) of all maps from S, to C. Since CS, can be
thought of as the space of finitely supported functions S, — C, there is a
mapping class group equivariant inclusion

CSy — Map(S,, C). (5.7)

Proposition 5.5. The induced map
HYT,CS,) — HY(T,Map(S,,C)) (5.8)
is identically 0.

Proof. Pick any representative x € S, for the orbit. Then by Theorem 1.2
the right-hand side of (5.8) is isomorphic to

Hom(T, C)
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where T, is the stabilizer of x in T.

Letu: I' — CS, be a cocycle and ¢ € I'. By the formula (1.14), we must
prove that u(¢)(x) = 0, but since u(e)(x): I'c — C is a homomorphism,
it suffices to consider any positive power of ¢. Hence we may without
loss of generality assume that ¢ fixes each component and each side of the

components of k. This means that ¢ can be written as a product TkjEl e Tlil

of twists in curves not intersecting x. By Proposition 5.4, u(Tjﬂ) (x) =0 for
each j, which clearly implies that u(¢)(x) = 0. O

5.4 Almost Invariant Colorings

Let us summarize what we know by now. Any cocycle u: I' — CS splits as
a sum of (finitely many) cocycles u,: I' — CS,. For each of these cocycles,
there exists a map U, : Sy — C such that

u(f)=(1-f)la (5.9)

for each f € I'. The proof of Theorem 5.1 is complete if we can prove that
U, can be modified in such a way that (5.9) still holds, and such that U,
has finite support. It turns out that a nice way to handle this problem is by
introducing a little terminology.

Let G be a group and X a set on which G acts. We define a coloring (or
C-coloring) of X to be any map c: X — C into some set C of »colors«. We
will use the following terminology:

>> A coloring c is invariant if ¢(gx) = c(x) for each g € G and x € X.

>> A coloring is almost invariant if, for each g € G, the identity c¢(gx) =
c(x) fails for only finitely many x € X.

> Two colorings are equivalent if they assign different colors to only
finitely many elements of X; this is clearly an equivalence relation on
the set of C-colorings.

> A coloring is trivial if it is equivalent to a coloring which is constant
on each orbit of X, that is, an invariant coloring.

Notice that an almost invariant coloring is not the same as a trivial coloring.
For example, in the simple case of Z acting on itself, c(n) =1 forn > 0
and c(n) = 0 for n < 0 defines an almost invariant {0, 1}-coloring, but this
coloring is not equivalent to a constant coloring.

If two colorings are equivalent and one is almost invariant, so is the
other.

A simplification of a coloring c is a coloring obtained by post-composing
¢ with some map i: C — C’ (one »identifies« some of the colors). Clearly a
simplification of an almost invariant coloring is almost invariant.

Remark 5.6. If there exists an almost invariant, non-trivial C-coloring c,
there also exists an almost invariant coloring where exactly two colors
are used. To see this, partition C into Cy LI C; such that c=1(Cy), k = 0,1,
are both infinite, and define a {0,1}-coloring by composing ¢ with the
map i: C — {0,1} determined by z € C;(,). Hence, if one wants to prove
the non-existence of almost invariant, non-trivial colorings, it suffices to
consider colorings where two colors are used.
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5.4.1 Finitely Generated Groups

If S C G is a set of generators for G, a coloring is almost invariant if
and only if for each g € S we have c(gx) = c(x) for all but finitely many
x € X. This observation is of course particularly useful when G is finitely
generated.

In this case, we also observe that any almost invariant coloring is
actually invariant on all but finitely many orbits. To see this, choose a finite
generating set S. Partition X into the G-orbits X = | |, X,. For each index
« corresponding to an orbit with non-constant coloring, we may choose
an element s(a) € S such that there exists at least one element x € X,
for which the colors of x and s(a)x differ. Since each element in S can be
chosen at most a finite number of times, there are only finitely many orbits
where the coloring is not constant.

Conversely, given G-sets X, together with almost invariant colorings
Cq, all but finitely many of which are constant, we get an almost invariant
coloring on X = | |, X, by putting c(x) = cu(x) for x € X,. These obser-
vations suggest that for finitely generated groups, it suffices to consider
almost invariant colorings of orbits.

5.4.2 The Orbit of a Multicurve

Let X = S, be the mapping class group orbit of some multicurve.

Theorem 5.7. When g > 2, r arbitrary, there are no non-trivial almost invariant
colorings of X.

Any coloring of a finite set is trivial, so this theorem is only interesting
when X is infinite. Let ¢ be some fixed, almost invariant coloring of X.

The proof of Theorem 5.7 consists of a series of relatively simple obser-
vations. The key notion is that of an interesting pair, which is a pair (7, x)
consisting of a Dehn twist T, and a multicurve x € X such that 7,x # «.

Since T, changes the color of only finitely many multicurves, the ele-
ments T/« all have the same color for all sufficiently large values of n. This
color is called the future of the interesting pair (7,,«), denoted fut(t,, «).
Similarly, we may consider the past pas(7,,x) of an interesting pair; the
common color of all multicurves 7, "« for sufficiently large n. We will also
need to consider pairs of the form (7, 1, x); the same definition of future
and past applies to these, and clearly fut(73, k) = pas(7;?, x).

Lemma 5.8. For any interesting pair (Ty, k), we have
pas(t, !, k) = fut(ty, k) = pas(ta, k) = fut(t, L, x).

Proof. 1t suffices to prove the middle identity. We may find a non-separating
simple closed curve B different and disjoint from a such that (74, x) is also
interesting. To see this, let 6 be a component of x for which 7,6 # ¢, and
assume that « and ¢ are represented by geodesics with respect to some
choice of hyperbolic metric. Cutting ¥ along « then yields a (possibly
non-connected) surface with geodesic boundary, in which ¢ is a number
of properly embedded hyperbolic arcs. At least one of the connected
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components of the cut surface has genus at least 1, so in this component
we may find a closed geodesic §, not parallel to a boundary component,
intersecting one of the é-arcs. In the original surface, § is still a geodesic
intersecting the geodesic J; hence 736 # ¢ and (7, ) is interesting.

Next, since 7, and 75 commute, we see that 7/'t]'x is an Z x Z-indexed
family of distinct multicurves. By assumption, both 7, and 73 change the
color of finitely many multicurves. Hence, outside some bounded region
in Z x Z, moving from one diagram to a neighbour does not change the
color, and since we can connect the future of (7, k) to its past using such
moves, the claim follows. O

From now on, we will only consider the future.

Lemma 5.9. Assume that « and B are simple closed curves with i(x, ) < 1,
and that x is a multicurve such that (T, x), (T, ) are interesting pairs. Then
fut(y, x) = fut(zg, x).

Proof. If i(a, B) = 0 the result follows from the proof of Lemma 5.8.

Now assume i(a, ) = 1. Then a U  is contained in a subsurface ¥’
of genus 1 with one boundary component 7. If ¥ can not be isotoped
to be contained entirely in ¥/, either some component of « intersects 7y
essentially, or some component of  lives in the complement of ¥'. In the
former case, it is clear that (7,, «) is interesting, so the i = 0 case implies
fut(ty, k) = fut(ty,x) = fut(tg,«). In the latter case, use the fact that
the complement of ¥ has genus at least 1 to find a simple closed curve
intersecting x essentially.

Otherwise, « lives entirely in ¥/. Let ky denote any component of x on
which T, acts non-trivially. Then x is a simple closed curve in a torus with
one boundary component. Since «y is not a parallel copy of the boundary
component, it must be a non-separating curve not parallel to . Choose
orientations of &, § and xo. Then, with respect to the basis for H;(X')
represented by « and B, ko must have coordinates (p,q) with ged(p,q) =1
and (p,q) # £(1,0). Any other component of « is forced to be either
parallel to the boundary component of ¥’ or to xy. The only way that
T can act on some component of «x is then that 74 acts on xo; hence also
(p.q) # £(0,1).

Consider the schematic picture of £’ on Figure 5.1 on the facing page,
where the boundary component is the circle in the center and « and 3 are
the sides of the square. We construct two disjoint simple closed curves
71,72 as follows: Draw two essential, disjoint arcs in ¥’ with the endpoints
on the boundary component, and use the fact that the complement of =’/
has genus at least 1 to close them up in such a way that they are disjoint
and not homotopic to a curve contained in ¥’. By the above description of
Ko, (Ty,;, x) are both interesting pairs. Now the i = 0 case implies that

fut(ty, x) = fut(ty,, x) = fut(z,, ) = fut(zg, «). O

The next proposition extends the above lemma to i(a, f) < 2, but its
proof is rather technical. Also, as explained in the comments following the
proof, it is in fact not needed when one is only interested in surfaces with
at most one boundary component.
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Z/
T
T2

()
/

B

Figure 5.1: A torus with one boundary component.

Proposition 5.10. Assume that « and B are simple closed curves with i(a, ) = 2,
and that x is a multicurve such that (ty,«) and (1g,x) are interesting. Then
fut(t, x) = fut(tg, «).

Proof. Let N be a regular neighbourhood of « U 8. We distinguish these
four cases.

(1) At least one of « and f§ is non-separating in N.
(2) Both a and B are separating in N, but non-separating in X.
(3) Both a and S are separating in N, but one is non-separating in X.

(4) Both a and B are separating in .

In case (1), assume without loss of generality that « is non-separating.
This means that when cutting N along a, there is at least one arc b of
B connecting the two sides of x. Now construct two curves 71, 72 as
follows: Make two parallel copies of b and close them up using arcs going
in opposite directions along a. Applying small isotopies in a tubular
neighbourhood of &« we obtain a situation as depicted in Figure 5.2. We
observe that each +; intersects a in exactly one point, and also they intersect
each other in exactly one point p. Furthermore, since i(a, ) = 2, the arc b
does not start and end at the same point of &, so we have i(7;, ) = 1 for

=12
14
[

P
T b

N

/2

Figure 5.2: When « is non-separating in N, the two sides of «
are connected by an arc of p.

Now let xy be some component of x on which 7, acts non-trivially.
We claim that at least one of 1 and 7, intersects xy essentially. Assume
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the contrary, and orient ; and <y, oppositely along b. Choose geodesic
representatives 7}, 75 and «(, of these three curves. Then 'y; is disjoint from

K(, and necessarily 9] and 7} intersect transversally in a single point p’.
But then (7]75), € (X, p') is a representative of the free homotopy class
of (an oriented version of) a which does not intersect «(, implying that
i(xg,«) = 0. This contradicts the choice of «y.

So one of the pairs (T«\r]., k) is interesting, and by Lemma 5.9 we have

fut(ty, k) = fut(ty, x) = fut(ts, «).

This ends case (1).

In cases (2)—(4), notice that N is necessarily a sphere with four holes,
and « and § divide N into two pairs of pants in two different ways. Denote
the boundary components of N by Yir j=0,1,2,3, such that 71,y are on
one side of a and 7y, 3 on the other, and such that -y, y; are on one side
of B and 77,73 on the other. Schematically we have Figure 5.3(a) on the
facing page.

Throughout the rest of the proof, we assume that «, j3, 7,7=0,123,
denote geodesic representatives for their isotopy classes. Also, we let §
be the geodesic representative of some component of ¥ on which 7, acts
non-trivially. If 5 does not live entirely in N, a twist in one of the boundary
components acts non-trivially on ¢, and since this boundary component
is disjoint from a and B we are done by Lemma 5.9. Otherwise, J is a
separating curve in N which is not parallel to a boundary component.
Clearly ¢ can not be parallel to §, since in that case x could not consist of
any component on which 7z acts non-trivially. Hence ¢ is different from
both « and B.

In case (2), it is not hard to see that at least one of the »opposite« pairs
71,73 and g, 72 can be connected by an arc in the complement of N. Take
two parallel copies of this arc, and close them up by arcs intersecting each
other, « and B exactly once as in Figure 5.3(b) on the next page (the two
connecting arcs shown are related by a twist in 73). We may then argue
exactly as in case (1) to see that the twist in at least one of these simple
closed curves acts non-trivially on the multicurve in question.

In case (3), assume without loss of generality that § is separating and
« is nonseparating. This means that it is impossible to connect any of
Yo and 1 to any of ¥, and 73 in the complement of N. But then, since
« is non-separating, one may connect either g to y1 or 79, to 3 in the
complement of N. Assume without loss of generality that the latter is the
case, and construct a simple closed curve <y disjoint from B intersecting >,
« and <3 exactly once each by composing the arc in the complement of
N with an arc in N, as in Figure 5.3(c) on the facing page. Observe that
the geodesic representative of y necessarily intersects 7, « and 73 exactly
once and is disjoint from S, so this representative contains a subarc in N
starting at 7y, and ending at 3. We now claim that this arc intersects ¢
(recall that 6 has been chosen to be a geodesic). Assume the contrary. Then
d is a simple closed curve in the surface obtained by cutting N along this
arc, which is a pair of pants. The »legs« are 7y and y;, whereas the »waist«
is composed of four segments; two copies of the connecting arc and the
remaining boundary components (cut open). Since J is simple, it is parallel
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(c) In case (3), two »neighbouring«
boundary components are connected
in the complement of N.

59

(b) In case (2), two opposite boundary
components are connected in the
complement of N.

(d) In case (4), there exists an essential
arc in the complement of N starting
and ending at the same boundary

component.

Figure 5.3: There are four different topological cases when two
curves intersect in two points.

to one of the boundary components of the pair of pants. But J is certainly
not parallel to any of the original boundary components, nor is it parallel to
the »waist, since the latter is parallel to 8. This contradiction implies that
(T4, %) is an interesting pair, and since 7y is disjoint from § and intersects «
in a single point, Lemma 5.9 yields the desired result,

fut(ta, x) = fut(t,, x) = fut(7g, ).

Finally, in case (4), none of the four boundary components of N can
be connected in the complement of N. This means that at least one of
the connected components of ¥ — N must have positive genus. Assume
without loss of generality that the component Xy bounded by 7 has
positive genus. Now take some non-separating, essential arc in >y with
its endpoints on 7y and compose it with some essential arc in N disjoint
from B and intersecting & in exactly two points (cf. Figure 5.3(d)) to obtain
a non-separating curve -y in X. We claim that 7, acts non-trivially on J, ie.
that the arc in N intersects § essentially. To see this, we argue as in case (3)
above. Observe that 7y has geometric intersection number 2 with a and 7.
Hence, the geodesic representative of -y intersects « and ¢ exactly twice,
so this geodesic contains a subarc in N looking like the one depicted in
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Figure 5.3(d). We claim that this arc intersects ¢. If this were not the case,
we may cut N along this arc to obtain a cylinder (bounded by one of the
original boundary components and a curve coming from the cut) and a
pair of pants (bounded by two of the original boundary components and
a curve from the cut), and ¢ lives completely in one of these. Since ¢ is
not parallel to any of the boundary components of N, we conclude that &
is parallel to the third boundary component of the pair of pants. But this
third boundary component is clearly parallel to 8, which contradicts the
fact that x does not contain any component parallel to 8. Hence (7, x) is
interesting, and since -y is non-separating and intersects a in two points, by
case (3) and Lemma 5.9 we have

fut(ta, k) = fut(ty, ) = fut(zg, ),
which finishes the last case. O

Now we turn to the (finite) presentation of the mapping class group
given by Gervais in [20], where the generators are twists in certain curves.
A key property of this presentation is that any two curves involved intersect
each other in at most two points. It should be pointed out, however, that if
one is only interested in surfaces with at most one boundary component, a
much earlier result by Wajnryb [40] yields a presentation where each pair
of curves intersect in at most one point. In this case, one does not need the
rather technical Proposition 5.10 above in the following (simply replace all
references to [20] by [40] and all occurences of »at most two points« by »at
most one point«).

Proposition 5.11. Let C denote the set of curves from [20] such that {t, | 1 € C}
generate I'. Let a, B € C be two of these curves, and let x1,xy € X be multicurves
such that (ty,x1) and (g, ko) are interesting. Then

fut(ta, x1) = fut(tg, x2).

Proof. We may find a sequence of curves #1,1>,...,%, € C and exponents
.

¢j = +1 such that, writing 7; = 7
j < n we may assume that (Tj, Tj1-- Ty ) is interesting; otherwise we
may simply omit the corresponding 7;. Now using alternately the fact
that 7; and 7;;1 intersect in at most two points and the obvious fact
that fut(t,, ) = fut(t,, Tyx) for any interesting pair (7,,x), we obtain a
sequence of identities

, Tn+ - TT Kl = Ky. Foreach 1 <

fut(Tl, Kl) = fut(Tl,TlKl) = fut(Tz, T1K1)
= fut(Tz, TleKl) = fllt(’l.'3, TleKl)

= fut(Tnfl,Tnfl s T2T1K1) = fut(Tn, Ty—1""" TleKl)
= fut(ty, Ty - - TK1) = fut(T,, %2)

which may be augmented by the identities fut(7,,x1) = fut(t,x1) and
fut(ty, k2) = fut(7s, x2) to obtain the desired result. O
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Lemma 5.12. Let ¢ € T be any diffeomorphism, and (T, x) an interesting pair.
Then (Ty(y), @) is also interesting and fut(Ty, x) = fut(Ty ), ¢x).

Proof. Rec.a'll jrhat PoTo p ! = Ty(a)- Hence Ty, (9x) = @(Tax) # @K, s0
(Ty(a), ¢¥) is interesting. Also we have

Ty =909,

so T/ .\ (¢x) = ¢(1/K). Since the different multicurves 7;'x have the same
color for all sufficiently large n, and since ¢ changes the color of only
finitely many multicurves, the result follows. O

Proposition 5.13. All interesting pairs (T, x) where 7y is a non-separating curove,
have the same future.

Proof. Let 1, be a twist on a non-separating curve which is part of the
generating set for I' from [20]. Then Proposition 5.11, with a = , implies
that the future is a property of 7, alone, and not of the particular multicurve
on which 7, acts. If 7 is any non-separating curve, choose a diffeomorphism
of X carrying < to & and apply Lemma 5.12. O

We are now ready to prove the non-existence of almost invariant colorings.

Proof of Theorem 5.7. By Remark 5.6, it suffices to consider a {0, 1}-coloring
of X. Assume that c: X — {0,1} is almost invariant. Choose a finite set
a1, ...,an of non-separating curves such that the twists in these curves
generate I' (we do not require that these intersect pairwise in at most
two points). To be concrete, assume that the common future (cf. Proposi-
tion 5.13) of all interesting pairs (T, ) with 7 non-separating is 0. We must
then prove that the set B = ¢~!(1) C X is finite. For each element x € B,
choose a generator 74; such that (7, «) is interesting (this must be possible
since the action is transitive and the 7,; generate I'). This defines a map
f:B—{1,2,...,N}. We claim that for each j € {1,..., N}, the preimage
F71(j) is finite.

To see this, for each x € f~1(j) consider the Ty;-orbit through x, ie. the
set Sj(x) = {To’f] k| n € Z}. Let B; be the union of the 1-colored multicurves
occuring in these orbits, ie.

Bi= |J (Sj(x)NB),
kef~1(j)

so that f~1(j) C B;. There are only finitely many 1-colored multicurves in
each S;(«) by Proposition 5.13 and Lemma 5.8. Since 7, changes the color
of at least one multicurve in each S;(x), namely «, there can be only finitely
many distinct sets by the almost invariance of the coloring. This proves
that B; is finite for each j, so also B = |; B, is finite. O



62 Chapter 5 - Regular Functions on the SL;(C) Moduli Space

5.5 Injectivity
Proposition 5.14. The map (5.8) is injective.

Proof. Let u: I' — CS, be a cocycle mapping to 0 under (5.8). This
means there exists U: S, — C such that u(f)(x) = (1 - f/HU(x) =
U(k) — U(f ') for each f € T and ¥ € S,. Since u(f) is a finitely
supported map, this means that U is an almost invariant C-coloring of S,.
By Theorem 5.7 we then get that there is a number z such that U(x) = z
for all but finitely many «. Putting U’ (k) = U(x) — z, we get an element
U’ € CS, such that u is the coboundary of U’. O

This is the last piece of the puzzle.

Proof of Theorem 5.1. Combining Theorem 5.2 with the isomorphisms (5.4),
it suffices to prove the vanishing of H'(I',CS,) for each mapping class
group orbit S,. This follows from Propositions 5.5 and 5.14.



CHAPTER

Smooth Functions on the
Abelian Moduli Space

In this chapter, we assume that the genus of X is at least 3 and that £ has
at most one boundary component. Consider the abelian moduli space

M = My = Hom(m;(£),U(1)) = Hom(Hy (£),U(1)).

As a smooth manifold, M is diffeomorphic to a 2g-torus U(1)2$; an explicit
diffeomorphism is given by choosing a symplectic basis (x1,y1, ..., X, Yg)
for Hy(X,Z) and mapping p € M to

(p(x1),p(y1), - -, p(xg),p(yg)) € U(1)%. (6.1)

The usual symplectic structure on U(1)%8 induces a well-defined symplectic
structure on M, since any two identifications differ by an element of
Sp(2g,Z). Hence M is a smooth symplectic manifold. The mapping class
group acts by symplectomorphisms, so both L2(M) and C®(M) are T-
modules. The subspaces consisting of functions with mean value 0, which
is the same as the orthogonal complement of the constant functions, are
denoted by L3(M) and CJ°(M), respectively.
In [7], Andersen and the author proved the following two theorems.

Theorem 6.1. The cohomology group H' (T, L?(M)) vanishes.
Theorem 6.2. The cohomology group H' (T, C®(M)) vanishes.

The proof of Theorem 6.1 given in [7] relies on the fact that for g > 2, the
integral symplectic group Sp(2¢,Z) has Kazhdan’s Property (T), along
with applying the Hochschild-Serre spectral sequence to the exact se-
quence (2.18). In fact, we have already explained how to prove Theo-
rem 6.1, since it is obviously a special case of Theorem 2.31. The proof of
Theorem 6.2 in [7] in turn relies on Theorem 6.1.

Presently, we will give an alternative proof of Theorem 6.2 which does
not use »expensive« tools such as Property (T) and spectral sequences.
Instead, the proof is inspired by the ideas underlying the proof of Theo-
rem 5.1.

63
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6.1 Pure Phase Functions

There is a natural orthonormal basis for L?(M) parametrized by H;(X),
which can be described in several different ways.
The intrinsic definition is rather simple. To a homology element m &
H; (%), we associate the function 711 on M given by evaluation in m, ie. we
put
m(p) = p(m) € U(1) C €

for p € M =Hom(H;(X),U(1)).
Under the identification (6.1), the function corresponding to the homo-
logy element m = ajxy + biy1 + - - - agxg + bey, is simply the trigonometric

monomial
a, b ag  bg
(z1,w1,...,2¢,Wg) > 27 Wy ©Zg Wy

on U(1)%3. From this description, it is clear that the family {71 | m € H;(Z)}

constitutes an orthonormal basis for L?(M).
Lemma 6.3. There is a mapping class group equivariant isomorphism

L3(M) = 2(Hy(Z)) (6.2)
where Hy (X) is considered as a discrete set.
Recall from (1.19) that ¢2(Hy (X)) denotes the set of all maps f: Hy(X) — C
such that e, (x) | f (m) ? < co.

Proof. We compute

1

(p-m)(p) =m(ep~"-p)= (¢ " p)(m) =p(p-m)=g-m(p),

proving the equivariance claim. O

Since the element 0 € H;(X) clearly corresponds to the constant function 1
on M, we immediately obtain

Lemma 6.4. Put H' = Hy(X) — {0}, considered as a discrete set. Then there is
a mapping class group equivariant isomorphism

L2(M) = 2(H). (6.3)

It is very convenient that the action of the mapping class group can be
described by a permutation action on an orthonormal basis.

6.2 Smooth Functions

Elements of L3(M) can be thought of as formal linear combinations
Yo futt With Ycpp | ful* < o0. We will also need to know under
which conditions a collection of coefficients ( f;;) defines a smooth function.
Choose a basis for H;(X), and define the norm of a homology element as
in equation (2.9). A classical result from harmonic analysis (see [37]) on
U(1) gives the following characterization of the smooth functions.
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Proposition 6.5. The formal sum Y.y, (s) fmm defines a smooth function on

M if and only if | fu| approaches 0 faster than any polynomial in ||m| ™", or
equivalently, if and only if for each k € IN, there is a constant F such that

¥ ] < Fi (6.4)

forallm € Hi(X).

These conditions are independent of the chosen basis for H;(X). A map
f: Hi(X) — C satisfying the above condition is called rapidly decreasing.

6.3 Proof of Theorem 6.2

There is a mapping class group equivariant inclusion of C° (M) into the set
Map(H’,C) of all maps from H' to C. Note that this map factors through
the unitary representation ¢2(H').

Lemma 6.6. The induced map
H'(T,C§°(M)) — H'(I,Map(H’,C)) (6.5)
is identically 0.

Proof. Fix some oriented, non-separating, simple closed curve u in X, and
let m = [u] denote its homology class. Put m, = nm € H' forn € Z.
Then by Theorem 2.17 {m, } is a set of representatives of the I'-orbits in
H'. Hence, by Theorem 1.2, the right-hand side of (6.5) decomposes as a
countable direct product

] Hom(T,,C).
neZy

Clearly, all the stabilizer subgroups are equal to I';,, Now let [u] €
HY(T,C3(M)) and let f € T,,. We must prove that the coefficient of
my in u(f) is equal to zero. Note that f(u) is some simple closed curve rep-
resenting the same element in H(X) as y, so by Lemma 2.24 there exists an
element t € T such that tf(u) = u. We have u(tf) = u(t) + tu(f) = u(f)
by Corollary 2.30. Since tf preserves the homotopy class of y, tf is induced
by an element of the surface obtained by cutting X along y; this implies that
tf can be written as a product Tkil ‘e Tzilrlil of Dehn twists commuting
with 7. Each of these twists fixes u and hence m,, but this implies that

k
(u(tf),ma) = Y (u(th),mu) = Y (u(T), pjimn) = 0

j=1 j=1
by Theorem 2.25. 0

M-

The above lemma implies that for any cocycle u: I' — C§°(M), there
exists a map F: H' — C such that for each g € T, the map (1 — ¢)F: H —
C given by (1 — g)F(m) = F(m) — F(g~'m) corresponds to the smooth
function u(g). We must prove that F may be modified in such a way that it
itself represents a smooth function on M, ie., is rapidly decreasing.
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For this, we adapt the notions of almost invariant colorings and future
and past of interesting pairs from Chapter 5 to this setting. By an interesting
pair, we now mean a pair (7,m) consisting of a left or right Dehn twist
T and a homology element m such that tm # m (necessarily the twist is
on a non-separating curve). From now on, assume that F: H' — C is a
map satisfying that for each ¢ € T, the map (1 — ¢)F: H — C is rapidly
decreasing. Also, fix some symplectic basis (x1,1, .. -, Xg, yg) for H1 (%),
and let ||| denote the associated norm on H;(X) as in (2.9).

Lemma 6.7. For each interesting pair (T, m), both limits

fut(t,m) = lim F(t"m) pas(t,m) = lim F(t " "m)

n—oo n—oo
exist.

Proof. The collection F(t"m) — F(t"~'m), n € Z is absolutely summable,
since (1 — 7)F is rapidly decreasing. In particular, both sums

:(P(T”m) ~F(r"m))
Y (F(x~"m) — E(x= " Vim))
n=1

exist. But this precisely means that the expressions

F(tNm) = F(m) + i (F(t"m) — F(" 'm))
n=1
F(t—Nm) = F(m) + % (F(z7"m) — F(t~""Vm))
n=1

have limits as N — oo. O
The identity
fut(t, m) = pas(t 1, m) (6.6)

follows directly from the definition.

In order to compare the futures of commuting Dehn twists, we need a
little technical result. In this lemma, the norm refers to the usual Euclidean
structure on R".

Lemma 6.8. Let a,b,c € R" with ||a|| = ||c|| =1, a and c not parallel. For each
t € R, let L(t) be the line through ta + b in the direction of c. Let P(t) denote the
point on L(t) closest to the origin. Then there exists a constant k > 0 such that
for all |t] large enough, we have |P(t)|| > k|t|.

Proof. The line L(t) is parametrized by ta +b +sc, s € R. It is easy to
obtain an expression for the value of s for which ||ta + b + sc|| attains its
minimum. We have

%Hm b4 sc|? = 25+ 2¢{a, c) + 2(b, )
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so the minimum is attained for s = —t(a,c) — (b, c). The value of ||P(t)]|?
is then

1B]|* — (b, c)? +2¢({a,b) — (a,c)(b,c)) + (1 — (a,c)?).

Since a and c¢ are non-parallel unit vectors, the coefficient of > in this
expression is positive. Letting 0 < 6 < 7t denote the angle between a and c,

we have 1 — (a,c)? = sin?#6, so || P(t)]| is asymptotically equal to |¢|sin 6.0

Remark 6.9. Although the above lemma is formulated and proved in terms
of the ordinary Euclidean distance, the fact that all norms on IR" are
equivalent immediately shows that the same conclusion holds (with another
constant) for any other norm. The assumption that 2 and c are unit vectors
is of course not important; it is only important that they are non-zero and
non-parallel.

Lemma 6.10. Let « and B be distinct and disjoint simple closed curves, such that
both (T, m) and (g, m) are interesting pairs. Then

fut(ty, m) = fut(tg, m). (6.7)

Proof. 1t is convenient to orient & and B in such a way that w(m, [a]) and
w(m, [B]) are positive. If « and B are homologous, T, and 74 act identically
on Hi(X), in which case the claim is trivial.

Let e > 0. We may find an N € Z, so large that both F(7)m) and
F (Tgm) differ from the respective futures by at most ¢/3 for all n > N. We
wish to find an, if necessary, even larger N so that these two numbers differ
by at most ¢/3 for n > N. To this end, use the fact that (1 — 7, 1T5)F is
rapidly decreasing to find a constant Cy, such that

[(1— 1, 1) F(x)| < Colx]| 2 (6.8)

for each x € H'. Applying Lemma 6.8 witha = [a], b = m and ¢ = [B] — [¢],
we find a constant k and an N so that for all # > N, all homology elements
(T, 1Tﬁ)7T§’m, r € Z, have norm at least kn. Since
n
F(xhm) — F(xim) = Y (F((r ) eim) — F((z 1)) (69)
r=1
we may estimate

[F(tgm) — F(tm)| < fIF((Tilfﬁ)rTZZm) — F((tg trp) "lgm)|

r=1

n
=) 11— ) () thm)|
r=1
n

— -2
< Y Gl hm]

r=1

< i Cy(kn)

r=1
C
< 2.
~ k2n
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By choosing n sufficiently large, this quantity can be made smaller than e/3.
Hence fut(7,, m) and fut(7g, m) differ by at most ¢, and since this holds for
any & > 0, they are equal. O

Corollary 6.11. The future is equal to the past.

Proof. If (14, m) is an interesting pair, it is always possible to find another
simple closed curve B such that (7g,m) is also interesting, and such that
[B] # *[«]. Then Lemma 6.10 yields fut(ty, m) = fut(tg, m), and a com-
pletely similar proof shows that fut(7g, m) = pas(ta, m). O

The next result is analogous to Lemma 5.9.

Lemma 6.12. Assume that « and B are simple closed curves intersecting in
exactly one point, and that m is a homology element such that (ty, m), (g, m) are
interesting pairs. Then fut(ty, m) = fut(zg, m).

Proof. Let ¥/ denote a regular neighbourhood of a U B. If m lies in the
image of Hy(¥') — Hj(X), it can be represented by (parallel copies of) a
simple closed curve in ¥/, and the coordinates of m with respect to the basis
for Hy(X') represented by (oriented versions of) « and f is a pair (p,q)
with p # 0 and g # 0. Hence, we may find simple closed curves Yjr i=12,
exactly as in the proof of Lemma 5.9 disjoint from each other and from a
and B such that (7,,, m) are interesting. Then by Lemma 6.10 we have

fut(ty, m) = fut(ty,, m) = fut(z,, m) = fut(zg, m).

If m does not lie in the image of Hy (X') — Hy (%), choose 2¢ — 2 simple
closed curves ay, By, ..., &g, Bg in the complemt ¥ — ¥ extending (a, B) to a
symplectic basis for H(X). Since at least one of the coordinates of m with
respect to these 2¢ — 2 curves is non-zero, m makes an interesting pair with
some «; or f;; again the claim follows from Lemma 6.10.

Since we assume that the surface X has at most one boundary component,
we do not need an equivalent of the technical Proposition 5.10. Instead, we
proceed to the equivalent of Proposition 5.11.

Proposition 6.13. Let C denote the set of curves from [40] such that {T, | 7 € C}
generate T'. Let o, B € C be two of these curves, and let my, my € H' be homology
elements in the same mapping class group orbit, such that (t,, m1) and (g, mz)
are interesting. Then

fut(ty, mp) = fut('rﬁ, my).
The proof of Proposition 5.11 can be repeated almost verbatim.

Lemma 6.14. Let ¢ € T be a diffeomorphism and (T,,m) an interesting pair.
Then (Ty(,), ¢m) is also interesting, and fut(t,, m) = fut(7,(,), pm).
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Proof. For any ¢ > 0 there are only finitely many elements x € H' such
that |F(x) — F(¢x)| > ¢, since (1 — ¢~ 1)F: H' — C is rapidly decreasing,
Hence we may choose an 7 so large that all three inequalities

|F(Tym) — fut(ty, m)| <e

[F (T (9m)) — fut(Ty), om)| < e
|F(tym) — (Fptym)| < e

are satisfied. Since this holds for any ¢ > 0 and T(Z(y)(gom) = ¢t)m the
claim follows.

Proposition 6.15. The future of an interesting pair (T, m) only depends on the
mapping class group orbit of m.

The proof of Proposition 5.13 applies verbatim.

Theorem 6.16. Let F: H' — C be any map such that u(¢) = (1 — ¢)F: H —
C is rapidly decreasing for every ¢ € I'. Then there exists a rapidly decreasing
map f: H — C such that u(¢) = (1 —¢)f.

Proof. Proposition 6.15 shows that we may modify F by a constant on each
mapping class group orbit in H’ such that the future (and past) of any
interesting pair is 0. Let f be the result of this modification. Hence for any
x € H' and any twist T, such that 7,x # x we have

,}grt}of(rf;x) = rll%f(r{"x) =0. (6.10)
We claim that f is rapidly decreasing, so we must prove that the condition
from Proposition 6.5 is satisfied. Fix 2¢ simple closed curves a;, §j, j =
1,...,g, representing a symplectic basis for H;(X), and let k > 2 be given.
Write T = Ty and Tetj = Tg; for 1 <j < g. We must find a constant cy

such that |f(m)|||m||* < ¢ forall m € H'.

By assumption, (1 — ’L'jil)F = (1- Tjﬂ) f is rapidly decreasing for

j=1,...,2g. Hence there are constants Ci’fl such that

F(x) = P01l < O < o (611)
for all x € H'. Here Cy, 1 denotes the largest of the 4¢ numbers Ci’fl. We
now claim that we may put ¢, = Cxy1/k.

Let m € H' be any given element. In order to estimate |f (m)\HmHk,
choose by Lemma 2.18 an index 1 < j < 2¢ and a sign ¢ = %1 such that
Hl’f”m”, n =0,1,2..., is strictly increasing. Assume ¢ = +1. For each
R > 1, we have the telescoping sum
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and hence, since f (T]-Rm) — 0 for R — o0, we obtain

£m)] = | () = £ ()|
< f:l £ (xfm) — £/ ~1m)

Each term in this sum can be estimated using (6.11) (with x = T]fm), SO we
obtain

1
k+1

Fm)] < Gt ¥

Sl
ad 1

S Ck+1 Z T’k+1
r=|m|+1

© 1
Ck 1/ 7d1’
g R

_ G
= 2
k|||

using the fact that [|7/m|| is a strictly increasing sequence of integers and
elementary estimates. O



CHAPTER ;

Ideas and Conjectures

The contents of this chapter are of a more speculative nature than the rest of
the thesis. We begin by combining the ideas from the previous two chapters
in order to prove a theorem about the cohomology of I' with coefficients
in a certain (formal) space of linear combinations of multicurves. We then
explain how these linear combinations give rise to continuous functions
on the SU(2) moduli space, though not necessarily faithfully. In the last
section, we present a few conjectures, whose solution seem within reach,
and also a few more vaguely phrased problems.

7.1 Rapidly Decreasing Coefficients

Let P be a pants decomposition of X and consider the associated norm
|e|lp on S. We shall call a function f: S — C rapidly decreasing (with
respect to P) if f satisfies the equivalent of (6.4), that is, for each k € IN
there exists a constant F; such that for all x € S we have

£ Il < F. (7.1)

Lemma 7.1. The property of being rapidly decreasing does not depend on the
chosen pants decomposition.

Proof. The norms ||e||, ||¢||’ associated to two different pants decomposition
are equivalent in the usual sense that there exists constants ¢, C > 0 such
that

cllell < llell" < Cllell, (7.2)

since by Theorem 2.13, the norms are related via piecewise integral linear
expressions. g

We denote the space of all rapidly decreasing functions S — C by R.

Lemma 7.2. The mapping class group action on Map(S, C) preserves the subset
R.

71
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Proof. 1t suffices to prove that every Dehn twist preserves R. Let f € R,
and let ¢ be a simple closed curve on . Choose a pants decomposition
of ¥ containing 7. Since f is rapidly decreasing, there are constants Fy
satisfying (7.1).

The estimate

15 el = el = 1 ()] + [ty (i) = 11y (1) |
< [lrell + [y () [+ 114 (x)
< 2|«|

shows that 3 ||| < ||z« < 2||x|| for any multicurve k. Hence
ko -1 k
[ (7 - A ll™ = 1 ()]

— —k k
< Fellzy el x|

< 2R

for any k € N and any multicurve . O

7.2 Cohomology

The next result, and its proof, can be seen as a hybrid of Theorem 5.1 and
Theorem 6.2.

Theorem 7.3. The cohomology group H' (T, R) vanishes.
We state the necessary adaptations of the results from Chapters 5 and 6.
Lemma 7.4. The map H' (T, R) — H'(T,Map(S,C)) is zero.

Proof. The target is the direct product

[TH" (T, Map(S,,C)),

where § = || S, is the splitting of S into mapping class group orbits.
Choosing a representative x, for each S and letting I'y = I'y, denote the
stabilizer of x,, we obtain an isomorphism

HY(T,Map(S,,C)) — Hom(T,,C).

The proof of Proposition 5.5 shows that the restriction of a cocycleu: I' — R
to I'y followed by evaluation in x, is identically 0. Il

This theorem can be rephrased as follows: For any cocycle u: I' — R, there
exists an map U: R — C such that u(¢) = (1 — @)U for every ¢ € I. The
proof of Theorem 7.3 is complete once we prove:

Theorem 7.5. Let U: S — C be a map such that (1 — @)U is rapidly decreasing
for each ¢ € I'. Then there exists a mapping class group invariant map C: S — C
such that U — C is rapidly decreasing.
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Let U be a map satisfying the above hypothesis. By an interesting pair we
now (again) mean a pair (7,«) consisting of a right or left Dehn twist T
and a multicurve x such that T« # «.

Lemma 7.6. For each interesting pair (T,«), both limits

fut(t,m) = lim F(t"m) pas(t,m) = lim F(t "m) (7.3)

n—oo n—oo
exist.

The proof of Lemma 6.7 can be used verbatim. Also, since the Dehn-
Thurston coordinates parametrize S as a subset of Euclidean space (but
equipped with a norm which is easier to work with), Lemma 6.8 can be
used to rephrase Lemma 6.10 and Corollary 6.11:

Lemma 7.7. Let x and B be distinct and disjoint simple closed curves, such that
both (1o, x) and (1, x) are interesting pairs. Then

fut(ta, x) = fut(tg, «). (7.4)
Lemma 7.8. For any interesting pair (T,x), fut(t,x) = pas(t, «).

The statements and proofs of Lemma 5.9, Proposition 5.10 and Proposi-
tion 5.11 need not be modified to hold in this new context.

Lemma 7.9. Let ¢ € T be any diffeomorphism, and (T, k) an interesting pair.
Then (Ty(q), @) is also interesting and fut(Ty, x) = fut(Ty(y), x).

Proof. Use the idea from the proof of Lemma 6.14. O

Proposition 7.10. The future of an interesting pair (T,,x) depends only on the
mapping class group the orbit of x, and is independent of the twist T, used to
compute it.

Proof. Let « be a non-separating curve which is part of the generating set
from [20]. Then Proposition 5.13 with « = B shows that fut(t,, x) only
depends on the mapping class group orbit of x. But then, for any interesting
pair (T,, k) with 7 non-separating, we may find a diffeomorphism ¢ € T
taking v to « and apply Lemma 7.9. Finally, if 7 is a separating curve,
we may find a non-separating curve B disjoint from - such that (73, x) is
interesting. Then Lemma 7.7 shows that fut(7,, x) = fut(tg, «). O

Proof of Theorem 7.5. We define the map C: § — C as follows: If the map-
ping class group orbit of « is trivial, put C(x) = U(x). Otherwise, choose a
Dehn twist T acting non-trivially on «, and put C(x) = fut(t, x). Proposi-
tion 7.10 shows that this gives a well-defined, mapping class group invariant
map. Let V. =U —C. Clearly (1—¢)V = (1—¢)U, so (1 — ¢)V is rapidly
decreasing for every ¢ € I.

To see that V is rapidly decreasing, we proceed as in the proof of
Theorem 6.16. Let k € IN. Fix some pants decomposion P of %, and let
T denote the corresponding set of Dehn twists from Theorem 2.22. Since
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(1 — 1)V is rapidly decreasing for each of the finitely many 7 € T, we may
find a constant K, such that

IV (k) — V()| k]! < Ky (7.5)

forallte Tandallx € S.

We now wish to estimate |V (k)| ||KHk for any x € S. By construction,
V(x) = 0 for boundary parallel multicurves x. Assume «’ # @ and choose
an element T € T and an exponent ¢ = +1 such that ||[t*"«||, n > 0, is

strictly increasing. Assume ¢ = —1. Then
R
V(T Re) = V() =Y V(t k) = V(r k)
r=1

implies that
R
V)l < | L V(T o) = V(e )| + V(T k)| (7.6)
r=1

for all R > 0. By construction, |V (7 Rx)| — 0 as R — o0, and the terms in
the sum can be estimated using (7.5), so we get

o Ki
Vel < Y — ey
e
o]

K
< k+1

k+1
r=llxfl+1 "

< Kk+1/ g4
x| 7F+1

_ Ky
= kit
kx|l

This shows that a constant satisfying the requirement (7.1) is K1 /k. O

7.3 Normalized Holonomy Functions

The inclusion SU(2) < SL,(C) induces an embedding
Hom(7r1,SU(2)) — Hom(my,SLy(C)) (7.7)
which in turn induces a map
j: M= Mgy — Msi,(c)-

Since (7.7) is an embedding of a real slice, the restriction of regular
functions

O(Hom(7ry,SL,(C))) — Fun(Hom(mty,SU(2)))

is injective. The regular functions on Mgy, (c) are by definition a subset of
O(Hom(7r1,SLy(C))), so we get that the restriction map

i O(Ms,(c)) — Fun(Mgy ) (7.8)
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is also injective.

Compactness of M allows us to equip the space C(M) of continuous
functions with the uniform norm ||e||. It is obvious that the regular
functions are continuous. We normalize the multicurve functions from
Chapter 5 by putting

Vk

villeo

Incidentally, ||vk|| is @ power of 2, since |vi(p)| attains its maximal value
at the trivial representation, and the maximum is 2 to the number of
components of «.

Theorem 7.11. For any element f € R, the sum

Y fx)h (7.9)

k€S

defines a continuous function on M.

Proof. Fix some pants decomposition of ¥, and consider the associated
norm on S. There is a constant C such that

[ € S | |Ixll = n}| < Cnbsor=7,
Now choose a constant K such that
£ [Ix]| %2 < K
for all « € S. Then for any x € M we have

LIfhe(x) =}, 3 [f(0)he(x)]

KES neZ |x||=n
K#D K
< )y 1768+3r=5
neZy ||x||=n
CK
<) oy <o
nez n

since |l (x)| < 1. Thus (7.9) is absolutely and uniformly convergent on M,
and the limit is a continuous function. 0

A slight variation of the above theme is to consider other notions
of »rapidly decreasing« linear combinations. For example, exponentially
decaying functions & — C give rise to functions on Mgy ;) which may be
extended to an open neighbourhood in Mgy, c).

7.4 Faithfulness

Injectivity of (7.8) clearly implies that the normalized holonomy functions
hg, k € S, are linearly independent as functions on M. However, this
does not automatically imply that the map ®: R — C(M) given by (7.9)
is injective. It is at present unknown to the author whether or not ® is
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injective, but if it is, Theorem 7.3 of course translates into a statement about

some subspace of the set of continuous functions on Mgy o).
513U(2)’
of SU(2)-valued representations with holonomy —I around the single
boundary component, it is no longer true that the holonomy functions
{vx | k € 8} are linearly independent: Each boundary parallel component
contributes a factor of 2 to the holonomy function. That is, if we write a
multicurve x as xy U’ (cf. Remark 2.21), we have

When we restrict further to the compact manifold M the space

v = 2lmRaly,,

as functions on MéU(Z)’ where |7yky| is the number of components of «;.
This relation is, however, the only additional relation needed [3], so if we
only allow multicurves without boundary parallel components we do get
that CS’ injects into C (MéU(z))' Letting R’ denote the space of rapidly

decreasing functions on S " it is clear that we also have

Theorem 7.12. The cohomology group H' (T, R') vanishes.

By normalizing the holonomy functions vy, x € ', over MéU(Z) we clearly

obtain a map

R — C(M;UQ)). (7.10)

7.5 Open Questions

We end the dissertation with stating a few problems which may be seen as
natural continuations of the work presented.

The first question is whether the maps ® and @’ are injective. It is
also an interesting problem to try to describe which continuous functions
one can obtain as rapidly decreasing linear combinations of holonomy
functions.

Conjecture 7.13. The map @' is injective, and it takes values in the smooth
functions on MéU(z)'

The author and Andersen are currently working on a proof of this conjec-
ture. Our approach uses Fourier analysis along a torus fibration; a strategy
which was recently used by Charles and Marche [17] to give an alternative
proof of the linear independence of the holonomy functions associated to
multicurves when considered as functions on the SU(2) moduli space.

A proof of the above conjecture would be a major step towards answer-
ing the question initiating the project. With Theorems 5.1 and 6.2 (and
also 7.3 and 7.12) as motivation, I claim:

Conjecture 7.14. The cohomology group
H'(T, C* (Mgyz)

vanishes.
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It is obvious to ask if H' (T, O(M)) vanishes for algebraic groups other
SL,(C). For G = SL,(C), Sikora [35] has constructed a geometric model:
He defines the n’th skein algebra A, of X to be the algebra generated by
so-called n-graphs on X modulo certain simple local relations. He then
proves that O(Mg, (¢)) is isomorphic to A, modulo its nilradical. The SL,

case is of particular interest because of the inclusion MgU( n) € Mg, (c)-

Problem 7.15. Find a relationship between the regular functions on the
SL,(C) moduli space and the smooth functions on MgU (n)°

Adapting Sikora’s methods, Skovborg [36] shows how to present O(M) as
an explicit quotient of the algebra C(X) of chords diagrams, for G = GL,(C)
and G = SL,(C). Despite of these results, a calculation of H'(T', O(M;))
seems rather hard, since the most obvious way to compute a cohomo-
logy group H!(G, M/N) is to compute the adjacent terms H'(G, M) and
H?(G,N) in the long exact cohomology sequence. Regarding the former
of these, understanding the cohomology with coefficients in the algebra of
chord diagrams may also be interesting in itself.

Problem 7.16. Compute H'(T,C(Z)).

However, C(X) is itself a quotient (4.22).

Although the inspiration for considering the cohomology of the map-
ping class group with various twisted coefficients came from the study of
moduli spaces and their quantization, the topology and geometry of these
spaces did not appear at all in the proofs of Theorems 5.1, 6.2 and 7.3.

Problem 7.17. Let G be a group acting on a (discrete) set X, and consider
some class V of functions on X preserved by the G-action. Formulate
conditions on G, X and V which are sufficient to deduce H'(G, V) = 0.

Some of the key ingredients in the proofs seem to be that G is generated
by a single conjugacy class (that of a twist in a non-separating curve), that
the orbit under such a generator is either trivial or infinite, the existence of
sufficiently many free abelian subgroups of G of rank 2, and, of course, the
particular nature of the class of functions considered. Without additional
structure on X it seems hard to think of other classes of functions than the
permutation modules ¢7(X), CX and Map(X, C). In our cases we used an
embedding of X into Euclidean space to obtain a norm, which had certain
good properties with respect to the group action.






APPENDIX A

Principal Bundles and
Connections

Let G be a Lie group and B a manifold. Recall that a principal G-bundle
over B consists of a smooth map 7r: P — B, where P is a smooth manifold
equipped with a smooth right action of G, such that the G-orbits are
exactly the fibres of 7t. Moreover, P is locally trivial in the sense that there
exists an open covering {U,} of B and G-equivariant diffeomorphisms
@q: 71 (Uy) — Uy x G mapping the fibre over x to {x} x G for all x € U,.

Fixing a point p € P, the differential of the right action g — p - g at
the identity in G is a linear map v,: g — T, P. It is easy to see that the
sequence

Up TTs

is exact. Vectors in the subspace V}, = vy (g) are called the vertical vectors
at p. A connection in P is a 1-form A € Q!(P,g) on P with values in
the vector space g, such that A, ocv, = idg for all p € P, and such that
RyA = Ad( ¢~ 1) o A, where R, denotes the right multiplication by g € G
on P, and Ad(g~!) is the adjoint action of ¢! on g. The latter requirement
implies (and is in fact equivalent to) that the horizontal subspaces H, =
ker Ay, are permuted by the right action, ie. Ry, Hy = Hpe. An element
a € g gives rise to a vectorfield a* on P given by ay = v,(a), called the
fundamental vector field associated to a. The fundamental vector fields
satisfy [a*,b*] = [a,b]*, where the left-hand side is the bracket of vector
fields on P, and the right-hand side is the Lie bracket in g. Thus the vertical
bundle VP C TP is integrable in the Frobenius sense. A connection can also
be specified by a giving a complementary subbundle HP C TP invariant
under the right action of G; ie. a smooth distribution such that at each point
p € P, T,P = V,P® HyP and Hp; = Rg.(H,). For a vector field Z on P,
let Z = X + Y be the decomposition in horizontal and vertical vector fields
determined by HP. Then the form A is reconstructed as A,(Z) = v, L(y,).

The form 6 € Q!(G, g) defined by 6, = (Lg-1)« is called the Maurer-
Cartan form on G. In a trivial bundle P = B x G, there is a connection
defined by A = 736, where 1>: B X G — G is projection on the second
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factor. The horizontal bundle is simply the tangent spaces TxB C T(, (B x
G). Thus connections always exist locally, and since the two defining
conditions are affine, we see that we may use a partition of unity to
glue local connections together to obtain a global connection. Hence
any principal G-bundle admits a connection. We denote the set of all
connections by A.

Given a connection A, the wedge product AANA € Q*(P,g®g) is a
2-form on P with values in the vector space g ® g. The Lie bracket [e, ]
is a linear map from g ® g to g, and we denote by [A A A] € Q?(P, g) the
composition of A A A with this linear map. For tangent vectors X,Y € T,P,
we have [ANAJ(X,Y) = [A(X) @ A(Y) — A(Y) ® A(X)] = 2[A(X), A(Y)].

The curvature form of A is the g-valued 2-form F,4 defined by

Foa=dA+ 3[ANA] (A.2)

If the form Fj4 is identically 0, A is called a flat connection. We denote the
subspace of A consisting of flat connections by F.

A.1 Associated Bundles

Given a representation p: G — Aut(V) of the Lie group G on a vector space
V, we may construct a vector bundle E = E, = pP over B with standard
fibre V as follows: As a set, put E = P x5 V, where G acts diagonally,
(p,v)-¢ = (pg,p(g~')v). Clearly the map 7t induces a map 7g: E —
B. A local trivialization ¢: 7=!'(U) — U x G induces a trivialization
¢: g (U) — U x V given by

¢(lp,v]) = (2(p),p(m29(p))v) (A3)
where m: U x G — G is the projection on the second factor. This is
well-defined, because if [p,v] = [g, w|, we have g = pg for some (uniquely

determined) ¢ € G, and then w = p(g~!)v, whence

¢([q,w]) = (n(pg), p(m20(pg))w = (7(p), p(m200(p)g)p (g )0 = ¢([p, ]).

A V-valued form « € QF(P, V) is called p-equivariant, if Ria=p(g 1o
« for all g € G. In this language, a connection on P is Ad-equivariant.
Furthermore, « is called horizontal, if the contraction iya of a with any
vertical vector Y vanishes. A form on P with values in V which is both
horizontal and equivariant is called basic. We denote the space of basic
k-forms by Q’g(P, V).

Lemma A.1. There is an isomorphism between the space of basic k-forms on P
and the space of Ep-valued k-forms on the base B.

Proof. Given a basic k-form a € Qf(P,V), a point x € B and k tangent
vektors Xy,..., X € TyB, choose a point p € n’l(x), and lifts }~(Z~ of X;
(ie., 1. X; = X;). Then define ay(X1,..., Xk) to be the equivalence class of
the point (p,a(Xy, ..., Xg)) in E. This is independent of the choice of lifts
X; because  is horizontal (and any two lifts differ by a vertical vector), and
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it is independent of the choice of p because of p-equivariance. Using a local
trivialization of P, smooth vector fields on B lift to smooth vector fields on
P, so ay is a smooth k-form on B with values in E.

Conversely, given such a form f, we simply proceed as above and
let p € P be some point, and Xj,..., X tangent vectors at p. Then
B(rt.Xq, ..., mXy) is a point in the fibre of E over 7t(p), so it has a unique
representative of the form (p,v). Put g#(Xy,...,X;) = v. Clearly g* is
horizontal, because 77, maps vertical vectors to 0. It is also equivariant,
because 7. (R X;) = 7«(X;), and the representative of (p,v) with first
coordinate pg is (pg, (g~ 1)v).

The two operations just described are easily seen to be inverse to each
other. O

A.2 Covariant Derivatives

The ordinary exterior differential d: Q*(P, V) — Q*T1(P, V) restricts to a
map on the equivariant forms, because d commutes with pull-back and
linear maps. However, the exterior differential of a horizontal form need not
be horizontal, so d does not restrict to a map on the basic forms. But given
a connection A in P, we may consider the projection operator 1: TP — HP
which to a tangent vector X associates the horizontal part 1X of X (with
respect to A). Then define 1*: QF(P, V) — QF(P, V) by the formula

h*(X(Xl,. . ~/Xk) = D((th,. . .,th).

Evidently h* is a projection onto the horizontal forms on P. Define the
operator d4 as h* od, ie. dpa(Xo,..., Xx) = (da)(hXo, ..., hXy).

Theorem A.2. The operator d 4 maps equivariant forms to equivariant forms, and
hence basic forms to basic forms.

Proof. If a is equivariant, the equivariance of d 4« follows basically because
the horizontal subspaces are permuted by R¢_: It is easy to see that Rg
commutes with %, so Rg commutes with /1. Then an easy calculation shows

that Rgdaa = Rgh*da = h*dRja = h*d(Ad(g71) o A) = Ad(g™ 1) odax. O
On the basic forms, we have another expression for d 4.
Lemma A.3. For a basic form w, the operator d 4 is given by

daa =da+p(A) Na. (A4)

This requires an explanation: The representation p induces a linear map
p: g — End(V), and p(A) is a 1-form on P with values in the vector space
End(V). Then p(A) Aa is a k + 1-form on P with values in the vector space
End(V) ® V, and we apply the canonical contraction to obtain a k + 1-form
with values in V, still denoted p(A) A a. Before we can prove Lemma A.3,
we need to linearize the equivariance condition on forms.

Lemma A.4. For a fundamental vector field a* on P, the Lie derivative L« of
an equivariant form w is given by

Ly = p(—a)oa.
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Proof. Putting g; = exp(ta), Ry, is precisely the flow of a* at time . So by
definition of the Lie derivative

Low=%|_ Rya=4|_,p(exp(—ta)) oa = p(—a) o O

Proof (of Lemma A.3). Clearly the left-hand side of (A.4) is a horizontal form.
To show that the right-hand side is horizontal, it is clearly enough to show
that the contraction with a fundamental vector field is 0. So let a € g, and
then by the properties of insertion and Lie derivative, we obtain

igeda +ig (0(A) ANa) = Lora — digea +igep(A) N — p(A) Nigrix
The second and last term vanish because « is horizontal. Now,
iaeP(A) Ao = p(A(a")) A = p(a) o,

so the remaining two terms cancel by Lemma A.4. Hence the right-hand
side of (A.4) is also horizontal.

Now let Xj,..., Xy be k 4+ 1 horizontal vector fields on P. Then the
left-hand side of (A.4) is

dAlX(Xo, ey Xk) = (h*doc) (Xo, ey Xk) = dﬂc(Xo, ey Xk)
whereas the right-hand side is
(dﬂé +p(A) A &)(Xo, .. '/Xk) = dﬂc(Xo, .. '/Xk) + (p(A) N w)(Xo, R ,Xk).

Expanding the wedge product as a sum over permutations, we see that
each term is 0, since A(X;) = 0 by definition of horizontal vectors. O

Although d 4 can now be viewed as a map O} (P, V) — Q;TH(P, V), it
is not necessarily a differential, ie. dfq need not be 0. In fact, the curvature
of A is an obstruction to d%‘ =0:

Theorem A.5. For x € Qf (P, V), we have d4a = p(Fp) A a.
Proof. We calculate (using Lemma A.3)
dpdan = d(da +p(A) Aw)
=dda+ p(dA) Na — p(A) Nda + p(A) Nda+ p(A) A (p(A) A a)
= p(dA) Ao+ (9(A) A p(A)) A
Comparing this with the definition of the curvature F4 = dA + J[A A A],
we need to prove that
2PANA] = p(A) Ap(A). (A.5)

Locally, we may write A = Y_dx; ® a;, where (x;) is a local coordinate
system on P, and g4; are elements in g. Then p(A) = }_dx; ® p(a;), so the
right-hand side of (A.5) may be written

P(A) Np(A) =) dx; Adxjep(a;)o(a))
= dei Ndxj@ ((a;)p(a;) — p(aj)o(a;))
1<J
= dei/\dxj@)p[ai,aj] (A.6)

i<j
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since p is a Lie algebra homomorphism. Turning to the left-hand side of
(A5), we have ANA = Y dx; A dx] ®a; ®aj, so [A N A} = Y dx; A dx] ®
[a;,a;]. Thus

p[A AN A] = dei A dx] ®p[a1’, a]] = Zdel' A dx/ ®p[a1’, a]] (A.7)

i<j

since dx; A dx; = —dx; Adx; and [a;,a;] = —[aj,a;]. Comparing (A.6) and
(A.7) with (A.5), this proves the theorem. ]

We note that this in particular implies that d% = 0 if A is flat.

A.3 The Adjoint Bundle

An important example of an associated bundle is the adjoint bundle Ad P =
Eaq defined via the adjoint representation Ad: G — Aut(g) of G on its
Lie algebra. Until now we have only shown that there exists at least one
connection, but they are in fact in rich supply.

Theorem A.6. The set of connections is an affine space for the space O} (P, g) of
basic 1-forms on P: Given any connection A and basic 1-form o, A+ a is also a
connection, and all connections are obtained this way.

Proof. Since both A and « are Ad-equivariant, so is A + «. Since « is hori-
zontal, (A+ &)y 0vp = Apovy = id, so A + a is a connection. Conversely,
given two connections A, A1, their difference is clearly Ad-equivariant,
and since Ap and A; agree on vertical vectors, Ay — Aj is horizontal. [

Remark A.7. Using the identification given in Lemma A.1 of the Ad P-
valued 1-forms on B and the basic 1-forms on P, the tangent space T4.A to
the space of all connections is naturally identified with Q!(B, Ad P).

The sections of Ad P are, again by Lemma A.1l, the same as the Ad-
equivariant maps P — g, ie. maps f satisfying f(pg) = Ad(¢g~1)f(p) for
all p € P, g € G. Since Ad acts on g by Lie automorphisms, the point-wise
bracket of two such functions is again Ad-equivariant. Hence Ad P is a
bundle of Lie algebras over B.

We have already seen a couple of interpretations of the curvature of a
connection. Here are some more useful properties:

Theorem A.8. Let A be a connection in P, and F4 its curvature form.

(1) The form F4 € Q?(P,g) is horizontal and Ad-equivariant, thus basic, and
hence defines a 2-form also denoted F4 € Q?(B, Ad P).

(2) We have d4A = Fjy.

(3) The covariant derivative of F4 vanishes, d sF4 = 0 (Bianchi’s identity).

Proof. We first prove that the curvature is horizontal, then we use this to
prove (2), from which it follows from Theorem A.2 that F4 is Ad-equivariant
(since the connection is). Now, to prove that F4 is horizontal, we proceed
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as in the proof of Lemma A.3. Let a € g, and consider the contraction of F4
with a*:

igFpA = igrdA+ Jig [A N A]
=Ly A—dig A+ Jig[ANA]
=ad(—a)o A+ i [ANA]

by Lemma A.4 and the fact that A(a*) = a is constant. Now it is easy to
see that the remaining two terms cancel (for instance by contracting with
an arbitrary vector field).

Now, both sides of the equation in (2) are horizontal forms, so let X, Y
be arbitrary horizontal vector fields. Then d4A(X,Y) = dA(hX,hY) =
dA(X,Y). On the other hand, F4(X,Y) = dA(X,Y) + L{[AANA](X,Y) =
dA(X,Y). This proves (2) and (1).

Finally, to prove (3), we calculate

daFa = h*dFp = h*ddA + 1h*d[A A A]
= In*([dANA]— [ANA]) = h*[dANA] = [WdANRTA] =0

since h*A = 0. O

Note that by (1) and Lemma A.3, the Bianchi identity may also be written
dF4 +ad(A) AF4 =0, or equivalently dF4 = [F4 A A]. Yet another interpre-
tation of the curvature is this: From the proof, for horizontal vector fields
X,Y, we have Fo(X,Y) = dA(X,Y) = XA(Y) - YA(X) — A([X,Y]) =
—A([X,Y]). From this equation and the fact that Fy4 is horizontal, we see
that the connection A is flat if and only if the horizontal bundle HP is
integrable.

A.4 Gauge Transformations

A gauge transformation of P is a bundle automorphism of P, ie. a G-
equivariant bundle map ¢: P — P covering the identity on B. Because of
the G-equivariance, a gauge transformation is completely determined by
its action on one point in each fibre. In fact, we may identify the group of
gauge transformations G with the set of maps g: P — G satisfying

g(ph) = h~'g(p)h. (A8)

To a gauge transformation ¢, we associate the map g, defined by the
equation ¢(p) = pge(p). Then for h € G, we have ¢(ph) = phgy(ph),
but on the other hand ¢(ph) = ¢(p)h = pge(p)h. This implies that
hgy(ph) = g¢(p)h, so g, satisfies the condition (A.8). On the other hand,
given any such map, it is easy to see that the map p — pg(p) is a gauge
transformation of P.

Letting c(h) denote the conjugation by h, c(h)(a) = hah~! for a € G, the
set of maps satisfying (A.8) can also be described as the set of c-equivariant
maps P — G, analogous to the case of associated vector bundles. Following
this analogy further, we obtain a bijection between G and the set of sections
of the fibre bundle P, = (P x G)/G over B with standard fiber G, where
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the action of g on P x G is given by (p,a) - ¢ = (pg, g~ 'ag). The fibre over a
point x of this bundle may be described as the Lie group of diffeomorphisms
of the fibre 77! (x) that commute with the action of G on 77~ !(x), so P is a
bundle of Lie groups over B.

In general, the right multiplication R¢: P — P by an element ¢ € G is
not a gauge transformation; in fact, this is the case if and only if g is central
in G. However, in case P = B x G is the trivial bundle, left multiplication
L¢: P — P does commute with the right action of G on P. So in this
case we may also view the gauge group as the group of smooth maps
f: B — G under point-wise multiplication, where the associated gauge
transformation is given by (x,g) — (x, f(x)g)

The pull-back of a connection under a gauge transformation is again a
connection, and we denote ¢*A by A?. Clearly this defines a right action
of G on A. A gauge transformation ¢ may be written as the composition

idxg
P2 pxpP—Spxc—Lsp

where A is the diagonal and y is the action of G on P. One may calculate
that the differential of u at a point (p, g) is given by

14(X,Y) = Rg, X + 0pgfY € TygP

for X € T,P, Y € T;G, where v, is the injection of vertical vectors g —
Ty P and 6 is the Maurer-Cartan form on G. Using this, we may calculate
the pull-back A? of a connection under a gauge transformation:

(A?)p(X) = Ag(p) (9:X)
= Ap(p) (Rey(p), X + V() (089, X))
= (R, () A)p(X) +0(3¢,X)
= (Ad(ge(p)™") 0 A)p(X) +g40(X)
from which we deduce that
A? = Ad(g,") 0 A+ g3P. (A9)

Since pull-back commutes with the various operations involved in the
definition (A.2) of the curvature (exterior differentiation, wedge product
and the linear map induced by the Lie bracket), the action of G on A
restricts to an action on F. In fact, a formula similar to (A.9) reads

¢*Fp = Ad(g;l) o Fy, (A.10)

and clearly ¢*F4 is the curvature F4¢ associated to the connection A?.
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