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Preface

This dissertation constitutes the result of my PhD studies at the Department of Mathe-
matical Science, Aarhus University. These studies have been carried out from February
1, 2006 to January 31, 2010 under the supervision of Jan Pedersen (Aarhus University).

Main problems

The present dissertation focuses primarily on the dynamics (i.e. the evolution over time)
of different kinds of stochastic processes. In particular the semimartingale property
will be important to us, but also path properties such as p-variation, continuity and
integrability of seminorms will be considered. The dynamics of solutions to ordinary
stochastic differential equations, as in e.g. Protter [8], are always semimartingales and
hence most of their probabilistic properties, as e.g. path properties, are well understood.
However, for more complicated models such as stochastic fractional differential equations
(see |2, 1]), stochastic partial differential equations (see [3, 9]), stochastic delay equations
(see [5]) or stochastic Volterra equations (see [6, 7]), the solution is in general not a
semimartingale and it is only in special cases that the dynamics of such processes is
known. Moreover, many phenomenons, e.g. in finance and turbulence, are well described
by stationary or stationary increment processes; an important subclass herein is moving
averages. Both in theory and applications it is crucial to know the dynamics of such
processes; but this remains an open problem except in simple cases, see e.g. Barndorff-
Nielsen and Schmiegel [4]. In addition to the above problems we will also be interested
in properties of stationary solutions to the Langevin equation driven by a stationary
increment process, and a development of an applicable martingale theory for processes

indexed RR.

About the Dissertation
The dissertation consists of the following eight manuscripts:

Manuscript A: Representation of Gaussian semimartingales with application to the covariance
function. Stochastics: An International Journal of Probability and Stochastic
Processes, (2009), 21 pages. In Press.

Manuscript B: Spectral representation of Gaussian semimartingales. Journal of Theoretical
Probability 22(4), (2009), 811-826.

Manuscript C: Gaussian moving averages and semimartingales. Flectronic Journal of Proba-
bility 13, no. 39, (2008), 1140-1165.

Manuscript D: Lévy driven moving averages and semimartingales (with J. Pedersen). Stochas-
tic Processes and their Applications 119(9), (2009), 2970-2991.

Manuscript E: Path and semimartingale properties of chaos processes (with S.-E. Gra-
versen). Stochastic Processes and their Applications, (2009), 19 pages. doi:
10.1016/j.spa.2009.12.001.
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Manuscript F: Integrability of seminorms, (2009), 18 pages. Submitted.

Manuscript G: Martingale-type processes indexed by R (with S.-E. Graversen and J. Peder-
sen), (2009), 24 pages. Submitted.

Manuscript H: Quasi Ornstein-Uhlenbeck processes (with O. E. Barndorfi-Nielsen), (2009),
25 pages. Submitted.

Manuscripts A—C are written during the first two years of the PhD program, where
after I obtained the masters degree. Manuscripts D-H are written during the last two
years of the PhD program. In addition to the above manuscripts the dissertation consists
of a summary chapter, which sets the stage for the manuscripts and provides an overview
of some of the results obtained in them.
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Introduction

The purpose of the present chapter is to (1) introduce some of the problems addressed in
the dissertation, (2) describe some of the main results obtained, and (3) briefly relate the
dissertation to the literature. Section 1 introduces our basic setting. In Section 2 we are
concerned with Gaussian semimartingales and we will primarily focus on representations,
the covariance function, the spectral measure and expansions of filtrations. It summarizes
results from Manuscripts A, C and E. Section 3 is mainly about the semimartingale
property of moving averages. Our focus is primarily on Gaussian, infinitely divisible
and chaos processes and we will study the semimartingale property in three different
filtrations. This part relies on results from Manuscripts C-E. We conclude this section
with a brief review on the results obtained in Manuscript B on the spectral representation
of Gaussian semimartingales. The results in Manuscript E rely on an integrability result
for seminorms obtained in Manuscript F, which generalizes, in a natural way, a result
by X. Fernique [22|. Manuscripts G and H have a slightly different focus, although they
are still concerned with the dynamics of stochastic processes. Indeed, in Manuscript G
we study martingale-type processes indexed by the real numbers; see Section 5 below.
Finally, we study stationary solutions to the Langevin equation driven by a stationary
increments process in Manuscript H; see Section 6. Throughout this chapter (92, F,P)
will be a complete probability space on which all random variables are defined.

1 Fundamental classes of stochastic processes

In this section we will introduce some classes of stochastic processes studied in the dis-
sertation. We will start by introducing semimartingales and then proceed with some
properties of stationary processes. We conclude the section with some properties of two
natural generalizations of Gaussian processes; namely, infinitely divisible processes and
chaos processes.

1.1 Semimartingales

By afiltration .# = (F;):>0 we mean an increasing family of sub o-algebras of F satisfying
the usual conditions of completeness and right-continuity. Given a process X = (X;)i>0
we let . ZX = (F7¥);>0 denote the least filtration to which X is adapted. Similarly, for a
process X = (X¢)er indexed by R, we let .# X = (Ex’m)tzo denote the least filtration
to which (X;);>0 is adapted and that satisfies 0(X : s € (—00,0]) C .7:5(’00. A stochastic
process M = (M;)>o is called a local martingale with respect to a filtration .# if there
exists an increasing sequence of .#-stopping times (7, ),>1 such that 7, T oo a.s. and for
all n > 1, the stopped process M™ = (M;p,, )¢>0 is a martingale with respect to .Z. A



1. Fundamental classes of stochastic processes

function f: Ry — R is said to be of bounded variation if V(f); < oo for all £ > 0, where

n
V(fe=supy_|F(t:) = f(ti-a)l, (1.1)
Toi=1
and the sup is taken over all finite subdivisions © = {tg,...,t,} where n > 1 and

O=to< - <ty =1.
Given a filtration .Z, a processes X = (X;)¢>0 is said to be a semimartingale with
respect to .#, if it has a decomposition as

Xy = Xo+ My + Ay, t>0, (1.2)

where (A;)i>0 is a cadlag .F-adapted process of bounded variation starting at 0, (My)i>0
is a cadlag #-local martingale starting at 0, and Xy is Fp-measurable. (Cadlag means
right-continuous with left-hand limits). We will use the notation SM(.#) to denote
the space of all .#-semimartingales. Moreover, X is called a special semimartingale if
there exists a decomposition (1.2) with A predictable; in this case the decomposition
with A predictable is unique and it is called the canonical decomposition of X. For each
p > 1, let HP denote the space of all special semimartingales X = Xo + A + M for
which E[V(A)} + [M]fp] < oo for all t < co. Let 4 = (G)i>0 and ¥ = (Fy)i>0 be
two filtrations such that G, C F; for all ¢ > 0, then by a theorem of Stricker [46], all
semimartingales with respect to .# are also semimartingales with respect to ¢ provided
they are ¥-adapted. We refer to [16], [25] and [36] for surveys of semimartingale theory.

In what follows we will recall some results from stochastic integration theory. For a
fixed filtration .# = (Ft)¢>0, & will denote the predictable o-algebra on R4 x Q, i.e.,
2 is the o-algebra generated by (s,t] x A where 0 < s < t and A € F,, and {0} x 4
where A € Fy. We will say that H = (H;);>0 is a simple predictable process if for some
n > 1, H is of the form

n
Hy = Yolqoy(t) + Y Vil ey (t), >0, (1.3)
i=1
where 0 <?¢; <--- <t,41 <ooand for all e =0,...,n, Y; is a bounded F,-measurable

random variable. Let s be the space of all simple predictable processes H = (Hy)i>0
equipped with the sup norm [|H| = sup(, )er, xolHs(w)|. For each cadlag process Z
and H € s of the form (1.3) define for all ¢ > 0,

t n
/ Hs dZs = E Yi*l(Zti/\t - Ztifl/\t)' (14)
0

i=1

The following theorem, shown independently by Bichteler |7, 8] and Dellacherie [15],
states that semimartingales is the largest class of processes for which the stochastic
integral depends continuously on the integrand.

Theorem 1.1 (Bichteler-Dellacherie). Let Z = (Z;)i>0 be a cadlag and % -adapted pro-
cess. Then for all t > 0 the map

Iz:(H €sP) (/OtHSdZSEL()), (1.5)

is continuous if and only if Z is a semimartingale with respect to F .



1. Fundamental classes of stochastic processes

As usual, LY is equipped with the topology corresponding to convergence in probabil-
ity. In the case where Z is a semimartingale, we can immediately extend the stochastic
integral fg H,dZ, by continuity, to all bounded predictable processes H. Indeed, let b.%?
denote the space of all bounded predictable processes equipped with sup norm. Then,
17 is a bounded linear operator on s and hence it extends uniquely, by continuity,
to a bounded operator on the closure of s, which is b&?. Moreover, this extension,
also to be denoted fo H;dZ;, is a semimartingale. In fact, we can extend the stochastic
integral in a reasonable way to a much larger class of predictable processes H such that
the integral process still is a semimartingale; see e.g. [44].

In mathematical finance a discounted price process is an .%-adapted cadlag process
X, and a simple strategy 7 is a pair (z, H) where z € R and H € s&. For all simple
strategies m = (z, H) define the discounted capital process V™ as

t
v;f:“/ H,dX,, t>0. (1.6)
0

Thus the Bichteler-Dellacherie Theorem shows that the capital process V™ depends con-
tinuously on the strategy = if and only if X is a semimartingale with respect to .#.
This is just one of the reasons why semimartingales is one of the basic model classes in
continuous time mathematical finance.

1.2 Stationary and related processes

In this subsection we will recall some results about stationary and stationary increment
processes. Recall that a process X = (X;)ier is said to be stationary if for all s € R,
(Xt)ter has the same finite dimensional distributions as (Xsi¢)ier. Moreover, X =
(X¢)ter is said to have stationary increments if for all s € R, (X; — Xo)ter has the
same finite dimensional distributions as (X;ys — Xg)ter. Two important examples are
Lévy processes and the fractional Brownian motion (fBm). We shall say that a process
X = (X})ter is a moving average if it has a representation of the form

X, = / 6t —5)—¥(=5)]dZ,  tER, (1.7)
R

where ¢,1 : R — R are two real-valued functions and Z = (Z;)eR is a suitable process
with stationary increments to be specified later on. For all reasonable triplets (¢, v, Z),
the corresponding moving average X has stationary increments and in fact, moving av-
erages are a very important subclass of stationary increment processes. Furthermore, if
1 = 0 then X is stationary and if ¥ = ¢ then Xg = 0. When ¢ = 0 and ¢ is zero
on (—00,0) then X given by (1.7) is called a backward moving average. Theorem 1.2
below shows that all second-order stationary processes with absolutely continuous spec-
tral measure satisfying an integrability condition is a backward moving average. In
this dissertation we will primarily focus on moving averages where Z is a Lévy process
or of the form dZ; = o;dB;, where o is a stationary process and B is a Brownian
motion. Moving averages of the latter type are closely related to ambit processes, in-
duced in Barndorff-Nielsen and Schmiegel [5, 3|, and are used e.g. in modeling of tur-
bulence. When Z is a Lévy process, X is infinitely divisible (to be defined in the next
subsection) and when Z is a Brownian motion, X is Gaussian. Two examples of mov-
ing averages are the Ornstein-Uhlenbeck type process, which corresponds to ¢ = 0,
¢ =e PR, (t) and Z a Lévy process with E[log™|Z|] < oo, and the fBm, which corre-
sponds to ¢(t) = () = =121 (t) for some H € (0,1) and Z a Brownian motion.



1. Fundamental classes of stochastic processes

A square-integrable process X is said to be second-order stationary if its covariance
function Cov(Xy, X,,) only depends on ¢ — u and its mean-value function E[X;] does not
depend on t. Let X = (X;)ier be an L2-continuous second-order stationary process, and
let F'x denote its spectral measure, i.e., Fx is the unique finite and symmetric measure
on R satisfying

Cov(Xy, Xy) = / W py(dz),  tiueRR. (1.8)
R

Moreover, let F% denote the density of the absolutely continuous part of Fx. For each
teR let

Xy =span{ X : s <t}, X_oo = MerA}, Xoo =5pan{X;:s e R}, (1.9)

(span denotes the L2-closure of the linear span). Following Karhunen [30], X is called
deterministic if X_o = Xoo and purely non-deterministic if X_o, = {0}. (Note that
deterministic does not mean that X is non-random). The next theorem, which is given
in [30, Satz 56| (cf. also [18]), provides a decomposition of a stationary process as a
sum of a deterministic process and a purely non-deterministic process; in fact, the purely
non-deterministic process is decomposed as a backward moving average.

Theorem 1.2 (Karhunen). Let X be an L?-continuous second-order stationary process
with spectral measure Fx. If

log Fx («)]

d 1.10

then there exists a unique decomposition of X as
¢
X :/ o(t —s)dZs + V4, te R, (1.11)
—00

where ¢: R — R is a Lebesgue square-integrable deterministic function, and Z is a
process with second-order stationary and orthogonal increments satisfying E[|Z,, —Zs|2] =
|u—s| for all u,t € R, and for allt € R, X, =span{Zs; — Z,, : —oo < u < s < t}, and
V' is a deterministic second-order stationary process.

Moreover, if Fx is absolutely continuous and satisfies (1.10) then V' =0 and hence
X is a backward moving average. Finally, the integral in (1.10) is infinite if and only if
X is deterministic.

The integral of ¢ with respect to Z in (1.11) is defined in L2-sense; see e.g. [18]. Note
also that if X is Gaussian then the process Z in (1.11) is a standard Brownian motion.
Note finally that also stationary increment processes have a spectral measure; see e.g.
Section 7 in Manuscript C for the precise definition.

1.3 Infinitely divisible processes

In this subsection we will recall some properties and characteristics of infinitely divisible
processes. A probability measure p on R™ is called infinitely divisible (ID) if for all £ > 1
there exists a probability measure p; on R™ such that u = ,u’,;k, where ,u’,;k is the k-fold
convolution of py; see e.g. [43]. Similarly, an R"-valued random vector X is called ID if
its law, Px, is an ID probability measure on R™. Key examples of ID distributions are
Gaussian, a-stable, gamma and Poisson. Let T denote a non-empty set. Then a process

4



1. Fundamental classes of stochastic processes

X = (Xy¢)ter is called an ID process if for all n > 1 and ¢1,...,t, € T, (X¢y,...,Xt,)
is an R™-valued ID random vector. A key example of an ID process is a Lévy process.
Recall that (Z)i>0/(Zt)ier is said to be a Lévy process indexed by Ry /R if it has
independent, stationary increments, cadlag sample paths and Zy = 0.

Let S be a non-empty set equipped with a é-ring S, i.e., S is a family of subsets of S
which is closed under union, countable intersection and set difference. We will say that
A ={A(A) : A € S}isan ID independently scattered random measure (random measure,
for short) if for all pairwise disjoint set (A, )p,>1 € S we have that {A(A4,) : n > 1} are
independent ID random variables, and if US2 A, € S, we have that

AU, A,) = iA(An) a.s. (1.12)
n=1

As usual assume also that S is o-finite, that is, there exists (Sy)p>1 € S such that
Up>1Sn = S. We will equip S with the o-algebra o(S).

Given a random measure A, there exists a positive measurable function o?: S — R,
a measurable function a: S — R, a measurable parametrization of Lévy measures on R
v(dz,s), and a o-finite measure m on S such that for all A € S,

EleMA)] = exp </A K(y,s) m(ds)> , y € R, (1.13)

where for y € R, s € S and 7(z) = x1yj,)<1y + sign(z)1{jz>1}

K(y,s) = iya(s) — o2 (s)y?/2 + /]R (e — 1 —iyr(z)) v(da, s), (1.14)

see Proposition 2.4 in Rajput and Rosinski [37|. Furthermore, m is called the control
measure of A. A measurable function f: .S — R is said to be A-integrable if there exists
a sequence (fp)n>1 of simple functions such that lim, f,, = f m-a.s. and for all A € S
the limit lim,, [, f,(s) A(ds) exists in probability. In this case the stochastic integral of
f with respect to A is defined as

/ f(s)A(ds) = lim [ f,(s)A(ds) in probability. (1.15)
S n—oo S
We refer to Theorem 2.7 in [37] for necessary and sufficient conditions on f, a, 02, v and m
for existence of the stochastic integral [ f(s) A(ds). Note that integration with respect
to a centered Gaussian random measures is particularly simple since in this case the
integral can be constructed through an L?-isometry. Let Z be a Lévy process indexed
by Ry or R then there exists a unique random measure on respectively (R, By(IR+)) or
(R, By(R)) which for a < b is given by A((a,b]) = Z, — Z,. (For A C R, By(A) denotes
the 0-ring of bounded Borel subsets of A).

Let S and T be separable and complete metric spaces, e.g. [0, 1] or R, and assume that
S is uncountable. Let (X;)ter be an ID process separable in probability. Then, under
minimal conditions, Theorem 4.11 in [37] ensures that there exists a random measure A
on S, and A-integrable functions f(¢,-): S — R for all ¢ € T" such that

9
(Xt)ter = </ ft, s)A(ds)) , (1.16)
s teT
where Z denotes equality in finite dimensional distributions. Such a representation is
called a spectral representation of X, and when X is a-stable for some «a € (0,2], we
may choose the random measure A to be a-stable as well.



2. The semimartingale property

We conclude this subsection with the following two results concerning spectral rep-
resentations: Assume that X = (X;);er has spectral representation (1.16) with o2 = 0.
If the sample paths of X belong to a closed vector space V of R a.s. then by Rosinski
[41] it follows that ¢ — fi(s) belongs to V for m-a.a. s € S. That is, X inherits all the
properties of the functions ¢ — fi(s). Using zero-one laws Rosinski [40] shows that for
an a-stable process with a € (0,2) the sample paths of X belong to V if and only if
t — fi(s) belongs to V for m-a.a. s € S.

1.4 Chaos processes

We refer to Manuscripts E-F for the general definition of chaos process and some of their
properties, and to Janson [27] for a nice introduction to different aspects of the Gaussian
case. Let us here briefly recall the definition of a Gaussian chaos process. To do so, let G
be a vector space of Gaussian random variables and for all d > 1 let ﬁcgl be the L?-closure
of the random variables of the form

(21 Zn) (1.17)

where for n > 1, p: R™ — R is polynomial of degree at most d and Zy,..., 2, € G. A
stochastic process (X¢)er is called a Gaussian chaos process of order d if for all t € T
X, € ﬁé. When G = {fol h(s)dBs : h € L?([0,1])} a result by Ito [24] shows that ﬁé is
exactly the space of multiple Wiener-It6 integrals with respect to B, that is, the random

variables of the form .,

Z/{O » fr(s1,...,5,)dBs, ---dBy,, (1.18)
k=0"1%

where f € L%([0,1]%) for all k = 0,...,d.

2 The semimartingale property

In this chapter we will discuss the semimartingale and related properties of Gaussian
and related processes. Jain and Monrad [26] show that the bounded variation and mar-
tingale components of a Gaussian quasimartingale both are Gaussian processes. Relying
on a classical result by Fernique [22], Stricker [45] extends this result to cover all Gaus-
sian semimartingales X = (X;)¢>¢ and obtains moreover that X € HP for all p > 1.
This shows, in particular, that a Gaussian semimartingale is special. The key idea is
to approximate the bounded variation component similarly to K. M. Rao’s [38| proof of
the Doob-Meyer decomposition. Emery [20] shows that the covariance function I'x of
a Gaussian semimartingale X is of bounded variation; moreover, he obtains a charac-
terization of the semimartingale property of X in terms of integrals with respect to the
Lebesgue-Stieltjes measure on IR%r induced by I'x; see the Introduction in Manuscript A
for further details. For a stationary Gaussian process X = (Xi)i g, Jeulin and Yor
[29, Proposition 19] have characterized the spectral measure of X for (X;);>0 to be an
FX:>°_semimartingale.

In Theorem 4.5 in Manuscript A we extend a representation result due to Stricker [45],
from Gaussian processes of the form X; = B; + fg Zsds where B is a Brownian motion,
to general Gaussian semimartingales. This result shows that the bounded variation
component A of a Gaussian semimartingale X = Xy + M + A can represented as

a=[ ([ wras)uian + | Y, () (21)
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where W: ]Ri — R is a deterministic kernel, x is a Radon measure on R4, and Y is a
Gaussian process which is independent by M. So, in particular, A is decomposed into
an .ZM_adapted component and a component which is independent of M. This result
relies on a result by Jeulin [28], which shows that if a Gaussian process Y is of bounded
variation then almost surely it is absolutely continuous with respect to the Lebesgue-
Stieltjes measure induced by the mapping ¢t — E[V(Y);]. Furthermore, in Theorem 5.2,
Manuscript A, we use decomposition (2.1) to characterize the covariance function of
Gaussian semimartingales. This is an alternative to the result obtained by Emery [20]
mentioned above. In Manuscript A our characterization is then used to study properties
of the Lebesgue-Stieltjes measure on Ri induced by the covariance function of a Gaussian
semimartingale.

Next we will consider some extensions to chaos processes. The following results
are given in Manuscript D. Extending results by Jain and Monrad [26] and Jeulin [28§]
from the Gaussian case, we show in Theorem 3.1, Manuscript D, that if a Gaussian chaos
process X is of bounded variation then it is necessarily absolutely continuous with respect
to px, which is the Lebesgue-Stieltjes measure induced by the mapping ¢ — E[V(X),].
Using this result we show in Proposition 3.5, Manuscript D, that if a chaos process X
is of bounded p-variation for some p > 1 then it has almost surely continuous paths if
and only if it is continuous in probability. Thereafter, extending a result by Stricker [45],
mentioned above, we show in Theorem 4.1, Manuscript D, that if a chaos process is a
semimartingale then both its martingale and bounded variation components are chaos
processes and X € HP for all p > 1; recall the definition of HP from Subsection 1.1.
Likewise, in Proposition 4.2, Manuscript D, the canonical decomposition of Dirichlet
processes is characterized as well.

Let us return to the Gaussian case. Consider a Gaussian process X = (Xy)ier
which is either stationary or has stationary increments and Xg = 0. In both cases the
distribution of X is uniquely determined by its spectral measure; see Section 1.2. In
Manuscript C, Theorems 6.4 and 7.1, we characterize the .# % *-semimartingale prop-
erty of (X;);>0 in terms of its spectral measure. (Recall the definition of .#X>° from
Section 1.1). Theorem 6.4 gives an alternative to Jeulin and Yor |29, Proposition 19]. To
state Theorem 7.1 let (X;)ier be a Gaussian process with stationary increments, Xy = 0
and spectral measure Fy = F§ + F% d\, where F§ and F% d\ are respectively the sin-
gular and absolute continuous component of F'x. Then Theorem 7.1, Manuscript C, says
that (X;)¢>0 is an F®-semimartingale if and only if F is a finite measure and there
exist @ € R and h € L?()\) which is zero on (—o0,0) if o # 0 such that

f=|a+h/ (2.2)

When X is a fBm of index H € (0,1) we have F§y = 0 and f(s) = cgls|' >, In this
case it is easily seen that f is of the form (2.2) if and only if H = 1/2, which then
gives a different proof of the well-known fact that the fBm is an .# % >°-semimartingale
if and only if H = 1/2. Theorem 7.1 relies heavily on complex function theory, in
particular a decomposition result for Hardy functions due to Beurling [6]; see Chapter 2,
Manuscript C, for a brief survey on Hardy functions. These functions will also be crucial
for some of the results discussed in Subsection 3.2.

As above assume that X = (X;)cr is a Gaussian process which is either stationary
or has stationary increments and Xy = 0. It is of interest to consider the relationship
between being a semimartingale with respect to .#X> or .ZX. Since F{¥ C .7-";(’OO for
all t > 0 it follows by Stricker’s Theorem, see Subsection 1.1, that it is a weaker property
to be an .#X-semimartingale than being an .#X*°-semimartingale. Let X = (X;)i>0
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is a Gaussian .#~-semimartingale with canonical decomposition X = X, + M + A.
Theorem 4.8(i-iii), Manuscript A, studies the canonical decomposition of X, and in
particular Theorem 4.8(iii) gives the following expansion of filtration result: (X;);>0 is
an . X ®_gemimartingale if and only if ¢ —+ E[V(A);] is Lipschitz continuous on R.

3 The semimartingale property of moving averages

Let us first warm up with some preliminary observations concerning the semimartingale
property and then afterwards, in Subsection 3.2, we go into a deeper study of this and
related properties.

3.1 Preliminary observations

Let Z = (Z¢)i>0 be an % -semimartingale and H be a predictable process. Recall from
Subsection 1.1 that if the integral

t
Xt:/ H,dZ,, t>0, (3.1)
0

exists, then X is a semimartingale with respect to .%. But what happens when the
integrand H depends on t also? The simplest case is when instead of Hg we integrate
¢(t — s) where ¢: Ry — R is a deterministic function, and then X is the stochastic
convolution between ¢ and Z, given by

Xe=(p*x2Z) = /Ot ot — s)dZs, t>0. (3.2)

By use of a stochastic Fubini result, see e.g. [36, Chapter IV, Theorem 65|, one can
show that X is an .#-semimartingale if ¢ is absolutely continuous with a locally square-
integrable density, i.e., there exists a function ¢ € L (R4, )\) (where A\ denotes the
Lebesgue measure) and a € R such that

o(t) =« +/0 ¢'(s) ds, t>0. (3.3)

If for some B > 0 we let ¢(t) = e P for t > 0 then ¢ is of the above type and in this
case the stochastic convolution X = ¢ *x Z is the Ornstein-Uhlenbeck process driven by
Z which starts at 0. On the other hand, if ¢ = 19y then Xy = Z; — Z;_y)0 and if
e.g. Z is a Brownian motion then X is not a semimartingale in any filtration. Thus,
there are simple examples of ¢’s for which the stochastic convolution X = ¢ * Z is a
semimartingale, and for which it is not.

3.2 Characterization of the semimartingale property

In this subsection we will discuss the semimartingale property of stochastic convolutions
of the form (3.2) and of moving averages of the form

X, = / Cb(t—s) - (=) dZ.  tER. (3.4)

For a moving average (X¢);>o of the form (3.4) there are at least three filtrations in
which it is natural to consider the semimartingale property; namely .#X, . Z%X> and
F%:> (recall their definitions from Section 1.1). Note that these filtrations satisfy

FXCFI® Ttz (3.5)

8
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and hence by Stricker’s Theorem we have
SM(FZ>®) C SM(FX®) C SM(FY), (3.6)

i.e., it is easiest to be a semimartingale in .ZX and hardest in .#%°°. In the below table
we gather some results characterizing the semimartingale property of X; vertical is the
filtration and horizontal is the driving process Z.

filtration\ Z Brownian motion Lévy process Chaos process
F40 Knight [31], Manuscript D Manuscript E
(%)
FXee Jeulin and Yor [29], — —

Manuscript A

FX Manuscript B — —

(%): Cherny [14], Cheridito [12], Manuscript B.

Let us discuss some of the results mentioned in this table. The first necessary and
sufficient conditions on (¢, 1) for X = (X;)i>0 to be a semimartingale are due to Frank
B. Knight. To discuss these and related results let us, as long as not mentioned oth-
erwise, assume that Z is a Brownian motion and that X is a moving average of the
form (3.4). Note that since ¢ and 1) are deterministic, X is then a Gaussian process. By
using the result of Stricker [45] on Gaussian semimartingales discussed in Section 2, it is
shown by Knight [31] that X is an .#%>-semimartingale if and only if ¢ is absolutely
continuous with a square-integrable density. Cheridito [12] extends this, using Novikov’s
condition, by showing that if X is an .#%>°-semimartingale then it is locally equivalent
to a Brownian motion, i.e., for each finite 7' > 0 the law of (CoXt)te[o,T] is equivalent to
the Wiener measure on C([0,T]; R), where ¢g = 1/E[X?]'/2. The first characterization
of the .#%>-semimartingale property of X is due to Jeulin and Yor [29]. They used
Knight’s result together with a result on Hardy functions to obtain necessary and suffi-
cient conditions in terms of |<;A5|2 for X to be a semimartingale with respect to .Z %>, ((;AS
denotes the Fourier transform of ¢).

Let S' be the unit circle in the complex field C, ie., S' = {z € C : |2| = 1}, A
be the Lebesgue measure on R and assume for simplicity that ¢ = ¢. Theorem 3.2,
Manuscript C, shows that X = (X;);>0 is an .#*°-semimartingale if and only if ¢ can
be decomposed as

o(t) = B+ af(t) +/0 fﬁ(s) ds,  Maa. tcR, (3.7)

where o, B € R, f: R — Slisa measurable function such that f=f(—),and h € L3(\)
is 0 on Ry when a # 0. Furthermore, f: R — R is the ~-transform of f, given by

_ a eits _ 1[_171}(8)

f(t) = lim

a—o0 |

= f(s)ds (3.8)

where the limit is in A-measure. This new transform, which shares some properties with
the Fourier transform, is studied in detail in Manuscript C. Key ingredients in the proof of
(3.7) are again decompositions of Hardy functions and the result by Knight. Furthermore,
our result generalizes Knight’s result in the sense that we may choose f = 1 if and only if

9
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X is an .Z#%>-semimartingale. Thus, we have given necessary and sufficient conditions
for an .Z % >_semimartingale to be an .#%>-semimartingale. In this context recall also
Theorem 4.8(iii), Manuscript A, which characterizes when an .#~-semimartingale is an
FX:>°_semimartingale; see the end of Section 2 of the present chapter.

Let us mention that the above result gives a constructive way to obtain decompo-
sitions of the Brownian motion and the following is an example of this: Let (Xi);>0
be a stationary Ornstein-Uhlenbeck process driven by a Brownian motion B, in short
dX; = —X;dt +dB;. Then Y = (Y})¢>0, given by

t
Yt:Bt—2/ X,ds, t>0, (3.9)
0

is a Brownian motion in its natural filtration; see the end of Section 3, Manuscript C.
Moreover, in Proposition 6.3, Manuscript C, we provide necessary and sufficient con-
ditions for the .ZX-Markov property of a moving average X; this result relies on a
characterization of the Ornstein-Uhlenbeck process due to Doob [17]. In particular, if X
is an .ZX-Markov process then Proposition 6.3 shows that X is an .# % >°-semimartingale
and gives necessary and sufficient conditions for X to be an .#%>-semimartingale.

All results mentioned above are concerned with the case where the driven process Z
is a Brownian motion. Next we will consider more general processes; we will start with
the case where Z is a Lévy process. Consider a stochastic convolution X = (X)¢>¢ of
the form

t
X, = / ot —s)dZ,, >0, (3.10)
0

where ¢: Ry — R is a deterministic function and Z = (Z;)¢>0 is a Lévy process. The
main result in Manuscript D, Theorem 3.1, provides necessary and sufficient conditions on
¢ for X to be an .##-semimartingale. As an example, when Z is an a-stable Lévy process
and « € (1,2], these conditions show that X is an .%#-semimartingale if and only if ¢ is
absolutely continuous on Ry with a locally a-integral density, i.e., fot |9/ (s)]* ds < oo for
all t > 0. The proof of Theorem 3.1 relies mainly on various results by J. Rosinski and
co-authors, in particular the moment estimates in [35] and the integrability of seminorm
result in [42]. As a special case, Theorem 3.1 provides necessary and sufficient conditions
for X to be of bounded variation, hereby generalizing results by Doob [18] and Ibragimov
[23] from the Gaussian case. Manuscript D is concluded with a study of moving averages
X of the form (3.4) where Z = (Z;)icr is a Lévy process. A complete characterization of
the semimartingale property is in this case still missing. However, some further extensions
were obtained joint with Jan Rosiriski, under a visit at the University of Tennessee, USA,
in April, 2009. This work is still in progress and not included in the dissertation.
Manuscript E, Section 5, uses the results on the semimartingale property of chaos
processes, mentioned in Section 2, to extend the result of Knight [31] from the case where
Z is a Brownian motion to where it is a chaos process. We consider both moving averages
of the form (3.4) and stochastic convolutions of the form (3.10). For example, assume
B = (By);>0 is a Brownian motion, o = (0¢)s>0 is a Gaussian chaos process which is,
say, left-continuous in probability and ¢: R4 — R a deterministic function such that

t
X, = / o(t — s)ogdBs,  t>0, (3.11)
0

is well-defined. Then Corollary 5.4, Manuscript E, shows that X is an .#Z-semimartingale
if and only if ¢ is absolutely continuous with a locally square-integrable density.

10
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The spectral decomposition of, say, centered Gaussian processes, generalizes moving
averages and stochastic convolutions driven by the Brownian motion in a natural way to
non-stationary processes. Recall from Subsection 1.3 that each centered Gaussian process
X, continuous in probability, has a spectral decomposition in distribution of the form
(1.16). In Manuscript B the semimartingale property is characterized in terms of spectral
representation and hereby we answer a question raised by Knight [31], about extending
his result on moving averages to non-stationary Gaussian processes; see Manuscript B,
Theorem 4.6. The semimartingale property is studied both in the natural filtration
of X, ie. in .ZX, (see Theorem 4.1, Manuscript B) and in the filtration spanned by
the background measure A (see Theorem 4.6, Manuscript B). Our set-up includes, in
particular, processes of the form

(x) X; = / f(t,s)dBs and (xx) X; = / f(t—s,x)A(ds,dz), (3.12)

[0,t]x R4

that occur as solutions to fractional and partial stochastic differential equations; see
[2, 1, 4, 48]. (In (3.12) B is a Brownian motion and A is a centered Gaussian random
measure on Ry x R?). For example, if X of the form (3.12)(x), then by Theorem 4.6,
Manuscript B, X is an .% B-semimartingale if and only if f is of the form

F(t,s) = g(s) + /O (s pldr), s € Ry, (3.13)

where g € L (R4, ), p is a Radon measure on Ry and ¥: R2 — R is a measurable
function satisfying ||W;(-)[|2(yy = 1 for all r > 0. In the case where f(t,s) = ¢(t — s),

a minor extension of Knight’s result shows that X is an .#P-semimartingale if and only
if ¢ is absolutely continuous on R4 with a locally square-integrable density; that is, g is
constant, yu is the Lebesgue measure and W, (s) depends only on r — s.

4 Integrability of seminorms

When studying the dynamic of stochastic processes it is often important to have have
integrability and moment estimates of functionals of the process of interest. For example
all the classical continuity results for Gaussian processes due to Dudley [19], Fernique
[21] and Talagrand [47] rely on very precise moment estimates for functionals of the pro-
cess. However, our main motivation is due to the fact that such integrability results are
a crucial tool when studying the semimartingale property as in Section 2. The following
classical result by Fernique [22]| covers the Gaussian case: Let T' be a countable set,
X = (X4)ter be a Gaussian process and N: RT — [0, 00] be a measurable seminorm on
RT such that N(X) < oo a.s. Then there exists an € > 0 such that E[eNX)*] < oc.
A key example of N is N(f) = sup,ep|f(t)| for all f € RT. We refer to Manuscript E,
Section 1.2, for a survey of results providing integrability of seminorms. A general defi-
nition of chaos processes is introduced in Manuscript E which includes infinitely divisible
processes (see Section 1.3), Gaussian chaos processes (see Section 1.4) and linear pro-
cesses. Manuscript E partly unifies and partly extends known results, and in particular
Theorem 2.7, Manuscript E, shows that chaos processes provide a setting in which the
above result of Fernique extends in a natural way; further, this theorem gives explicit
constants for equivalence of LP-norms. For example, if X = (X})ier is a symmetric
normal inverse Gaussian process and N is a seminorm on R” such that N(X) < oo a.s.
then Theorem 2.7, Manuscript E, shows that E[N(X)?] < oo for all p € (0,1). Moreover,

11
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Proposition 2.9, Manuscript E, provides a simple proof of a result on Gaussian chaos pro-
cesses due to Borell [9]. Our proofs rely strongly on results from probability in Banach
spaces, in particular those on hypercontractivity properties mainly due to Borell [10, 11|
and Krakowiak and Szulga (32, 33].

5 Martingale-type processes indexed by R

The theory of martingales M = (M;);>o indexed by R is very well developed. However,
stationary processes are always indexed by IR. Hence the question raises: What is the
right definition of martingales indexed by R and what are their properties? We shall say
that a process M = (My)er is a martingale if E[M;|F,] = M, for all s,t € R with s <t
and an increment martingale if for all s € R, (Mys — Ms)¢>0 is a martingale (in the
usual sense). Observe that increment martingales are a more general type of processes
than martingales and that e.g. a Brownian motion B = (B;)er indexed by R is not a
martingale but only an increment martingale. The object of Manuscript G is to study
the basic properties of increment martingales such as their relationship to martingales,
their behavior at —oo but also their Doob-Meyer decompositions. Two such results are
the following in which M = (M;);er is an increment martingale. By Proposition 3.9,
Manuscript G, we have that M_ ., exists a.s. and M — M_ ., is a martingale if and only
if {My— M; :t € (—o0,0]} is uniformly integrable. Next assume that M is square-
integrable, then we have by Theorem 3.14, Manuscript G that there exists a predictable
and increasing process (M) = ({(M);)ier such that lim;_, o (M); = 0 a.s. and M2 — (M)
is a martingale if and only if M_,, exists a.s. and M — M_, is a square-integrable
martingale.

6 Quasi Ornstein-Uhlenbeck processes

Let A > 0 be a positive real number and N = (Ny)ier be a measurable process with
stationary increments. In Manuscript H we study stationary solutions X = (X;)cr to
the Langevin equation

dX; = —AX, dt + dN,. (6.1)

Such solutions are called quasi Ornstein-Uhlenbeck (QOU) processes. The existing liter-
ature has mainly focused on the classical case where N has independent increments (see
[39]) or where it is a fBm (see [13]). However, Maejima and Yamamoto [34] study the
case where N is a linear fractional a-stable motion. In Theorem 2.4, Manuscript H, we
show that if N has finite first-moments then there exists a unique in law QOU process
X = (Xt)ter, and this is given by

t
Xy =Ny — )\e_)‘t/ eMNyds, teR. (6.2)
—0o0
By this result we show, in particular, existences of the linear fractional a-stable motion
for all @ € (1,2] and H € (0,1), which on page 4 in Maejima and Yamamoto [34]
is conjectured not to exist. Let X be a QOU process and Ry be its autocovariance
function, that is,
Rx(t) = Cov(Xy, Xo), teR. (6.3)

In Manuscript H, the asymptotic behavior of the autocovariance function is studied for
the limits 0 and oo. Assuming that Ny = 0 a.s. and with Vy(t) = Var(N;) denoting
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the variance function of N, we show in particular that under minor conditions on N, we

have for ¢ — oo that )

Rx(t) ~ (2—)9) VR (t). (6.4)

Manuscript H is concluded with a specialization to the case where N is a moving
average. To be able to handle this case we show and apply a stochastic Fubini re-
sult in Manuscript H (Theorem 3.1), which generalizes earlier results from literature
and Manuscript A (Lemma 3.2), Manuscript B (Lemma 3.4(ii)) and Manuscript D
(Lemma 4.9).
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Representation of Gaussian
semimartingales with application
to the covariance function
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Abstract

The present paper is concerned with various aspects of Gaussian semi-
martingales. Firstly, generalizing a result of (Stricker, 1983, Semi-
martingales gaussiennes—application au probléme de l'innovation. Z.
Wahrsch. Verw. Gebiete 64(3)), we provide a convenient representation
of Gaussian semimartingales X = Xo+M + A as an FM-semimartingale
plus a process of bounded variation which is independent of M. Sec-
ondly, we study stationary Gaussian semimartingales and their canon-
ical decomposition. Thirdly, we give a new characterisation of the co-
variance function of Gaussian semimartingales which enable us to char-
acterize the class of martingales and the processes of bounded variation
among the Gaussian semimartingales. We conclude with two applica-
tions of the results.
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1. Introduction

1 Introduction

Recently, there has been renewed interest in some of the fundamental properties of Gaus-
sian processes, such as the semimartingale property and the existence of quadratic vari-
ation; see e.g. Barndorff-Nielsen and Schmiegel [1].

Knight [13], Jeulin and Yor [12], Cherny [6], Cheridito [5] and Basse [2] studied the
semimartingale property of a certain class of Gaussian processes with stationary incre-
ments (or of a deterministic transformation of such processes). In Basse and Pedersen
[3] some of these results are extended in to a class of infinitely divisible processes. Jain
and Monrad [10] studied, among other topics, certain properties of Gaussian process of
bounded variation. A good review of the literature about Gaussian semimartingales can
be found in Liptser and Shiryayev [14].

Stricker [19, Théoréme 2| showed the following. Let (X;);>o be a Gaussian semi-
martingale with canonical decomposition X; = W; + fot Zsds, where (Wy)¢>0 is a Brown-
ian motion. Then there exists a Gaussian process (Y;);>0 which is independent of (W;):>0
and a deterministic function (r,s) — W,(s) such that

Xt:Wt+/Ot (/OT\IIT(S)dWs> dr+/0tYrdr. (1.1)

One of the purposes of the present paper is to generalize this result. Indeed, we show
that a Gaussian process (X¢)¢>0 is a semimartingale if and only if it can be decomposed
as

X, = Xo+ M, + /Ot (/0 U,(s) dMS> pu(dr) + /Ot Y, u(dr), (1.2)

where (M;)¢>o is a Gaussian martingale, (Y;);>0 is a Gaussian process which is inde-
pendent of (My)¢>0, p is a Radon measure on Ry and (r,s) — W, (s) is a deterministic
function. As a part of this we study Gaussian processes of bounded variation.

A second purpose of the paper is to study the canonical decomposition of stationary
Gaussian semimartingales. Let (X;)ier be a stationary Gaussian process such that
(X¢)e>0 is a semimartingale. We study the canonical decomposition of (Xy);>o and
give a necessary and sufficient condition for (X;);>o to be an (.FtX %)
where F;¥° := ¢(X, : s € (—o0,1]) for t > 0.

In the last section of the paper we study the the covariance structure of Gaussian
semimartingales. Let (X;);er be a stationary Gaussian process. Then, Proposition 19 in
Jeulin and Yor [12] gives a necessary and sufficient condition on the spectral measure of
(Xt)ter for (X¢)ier to be a semimartingale. Emery [8] showed that a Gaussian process
(X¢)e>0 is a semimartingale if and only if the mean-value function and the covariance
function I' of (X¢);>0 are of bounded variation and there exists an right-continuous in-
creasing function F' such that for each 0 < s < ¢ and each elementary function u — fs(u)
with fs(u) =0 for u > s we have

‘/t/sfs(v)F(du,dv)
s 0

j / fs(u) fs(v) T(du, dv)
0 0

t>o0-semimartingale,

< F(t) — F(s). (1.3)

However, based on the decomposition (1.2) we provide a new alternative characterisation
of the covariance function (see Theorem 5.2). Some applications will be given as well.
For example, we study the fractional Brownian motion.
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1. Introduction

The paper is organised as follows. Section 2 contains some preliminary results. We
show that Gaussianity is preserved under various operations on a Gaussian semimartin-
gale. Moreover, a suitable version of Fubini’s Theorem is provided. Section 3 contains
some representation results for Gaussian semimartingales. First, extending a result of
Jeulin [11], we characterize Gaussian process of bounded variation. Afterwards the de-
composition (1.2) is provided. In section 4 the covariance function of Gaussian semi-
martingales is considered. We conclude with a few examples.

1.1 Notation

Let (Q,F,P) be a complete probability space. By a filtration we mean an increasing
family (F3)¢>0 of o-algebras satisfying the usual conditions of right-continuity and com-
pleteness. If (X;);>0 is a stochastic process we denote by (F7*);>¢ the least filtration to
which (X¢)i>0 is adapted.

A separable subspace G of L?(P) which contains all constants, is called a Gaussian
space if (Xy,...,X,,) follows a multivariate Gaussian distribution whenever n > 1 and
Xi,...,X, € G. Let G denote a Gaussian space and (F;);>o be a filtration. Then we
say that G is (F;)¢>o-stable if X € G implies E[X|F] € G for all ¢ > 0. A typical
example is G := span{X; : t > 0} for a cadlag Gaussian process (X;);>o (Span denotes
the L2(P)-closure of the linear span) and (F)i>0 = (FX )i>0-

We say that a stochastic process (X;);>0 has stationary increments if for all n > 1,
0<ty<---<t,and 0 <t we have

7
(Xey = Xtgy oo Xy, = X)) = (Xeypt = Koot Xt — Xy i4t), (1.4)

where Z denotes equality in distribution.

Let u be a o-finite measure on R and f: Ry — R be a function. Then f is said
to be absolutely continuous w.r.t. u if f is of bounded variation and the total variation
measure of f is absolutely continuous w.r.t. . A stochastic process (X¢):>o starting at
0 is said to be absolutely continuous w.r.t. p if almost all sample paths of (X;);>0 are
absolutely continuous w.r.t. u. Moreover for a locally p-integrable function f we define
Ji fdpi= [y fduforall 0 <a<b.

Let (F¢)i>0 be a filtration. Recall that an (F;);>o-adapted cadlag process (X¢)¢>o is
said to be an (F;);>o-semimartingale, if there exists a decomposition of (X¢):>o as

X = Xo + M; + Ay, (1.5)

where (My)¢>0 is a cadlag (F;)i>o-local martingale starting at 0 and (A;);>o is a cadlag
(Ft)e>0-adapted process of finite variation starting at 0. We say that (X;);>0 is a semi-
martingale if it is an (F;X);>o-semimartingale. Moreover (X;);>o is called a special
(Ft)e>o-semimartingale if it is an (F;);>o-semimartingale such that (A;);>0 in (1.5) can
be chosen (F;)¢>o-predictable. In this case the representation (1.5) with (A¢)i>0 (Ft)e>0-
predictable is unique and is called the canonical decomposition of (X;);>o. From Liptser
and Shiryayev [14, Chapter 4, Section 9, Theorem 1] it follows that if (X¢);>0 is an
(F;)i>0-semimartingale then it is also an (F}* );>o-semimartingale.

If (A¢)s>0 is a right-continuous Gaussian process of bounded variation then (A;);>g is
of integrable variation (see Stricker [19, Proposition 4 and 5|) and we let p4 denote the
Lebesgue-Stieltjes measure induced by the mapping ¢t — E[V;(A)]. For every Gaussian
martingale (M;);>0 let p1pr denote the Lebesgue-Stieltjes measure induced by the mapping
t — E[M?].
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2. Preliminary results

2 Preliminary results

In the following p denotes a Radon measure on Ry and (E,&,v) is a o-finite measure
space.

Lemma 2.1. Let U, € L%(v) fort > 0 and define S :=span{¥; : t > 0}. Assume S is a
separable subset of L*(v) and t — [ W,(s)g(s) v(ds) is measurable for g € S. Then, there
exists a measurable mapping R x E > (t, s) — \I’t( ) € R such that U, = U, v-a.s. for
t>0.

Proof. Since S is a separable normed space, the Borel o-algebra on S induced by the
norm-topology equals the o-algebra induced by the mappings S > f — [ fgdv € R for
g € S. Therefore t — W, is Bochner measurable, and thus a uniform limit of elements
of the form W(s) = > 45 fi(s)1an(t) where ff! € L*(v) for n,k > 1 and (A})g>; are
disjoint B(R.4 )-measurable sets for n > 1. Reducing if necessary to a subsequence we
may assume that

sup [ W} — Wyl[ 2,y <277, n > 1. (2.1)
teR4

Let B :={(t,s) € Ry x E : limsup,,_, . |¥}(s)| < oo} and define

W, (s) := limsup U(s)1p((t, s)), (t,s) e Ry x E. (2.2)

k—o00

Then (t,s) — W;(s) is measurable. Moreover by (2.1) it follows that ¥; = ¥; v-a.s. for
t € R, which completes the proof. O

Let L*!(v, 1) denote the space of all measurable mappings Ry x E 3 (t,5) — Uy(s) €
R satisfying ¥; € L?(v) for t > 0 and

t
A H\IJT'HLQ(V) M(d?”) < oo, t > 0. (23)

Furthermore BV (v) denotes the space of all measurable mappings R4 X E 3 (¢, s) —
W, (s) € R for which U; € L?(v) for all t > 0 and there exists a right-continuous increasing
function f such that |W; — Wyl 2, < f(t) — f(u) for 0 <u <.

Lemma 2.2. Let ¥ E L2 v, ). Then r — W,.(s) is locally p-integrable for v-a.a. s € E
and by setting fo ) p(dr) =0 if r — W, (s) is not locally p-integrable we have

(t,s) »—>/ r) € BV(v). (2.4)

If in addition S is a closed subspace of L*(v) such that ¥, € S for all v € [0,t], then

s /0 U, (s)pu(dr) € S. (2.5)

Proof. Let t > 0 be given. Tonelli’s Theorem and Cauchy-Schwarz’ inequality imply

/ /t|\lfr(s)|,u(dr) ®)(ds) 06
// /lef Iu(ds)) (dr /qu I20) dr)) < o0, (2.7)
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2. Preliminary results

This shows that r — W, (s) is locally u-integrable for v-a.a. s € E. By setting
t
/ U, (s)p(dr) =0 if r — W, (s) is not locally p-integrable, (2.8)
0

we have that (¢,s) — fg (s) p(dr) is measurable and s — [, (s) u(dr) € L2(v).
Calculations as in ( show that

H/ mdr[/ wopan) . < [ 10lz ) 29)

zlummmwmm—lumm%wmm (2.10)

which yields (2.4). To show (2.5) fix ¢ > 0. By the Projection Theorem it is enough to
show

t
W, u(dr), =0 for g € S*. 2.11
</0 p(dr) 9>L2(V) g (2.11)

Fix g € S*. Tonelli’s Theorem and Cauchy-Schwarz’ inequality shows that

//w mwﬂMQ<Mm@/me% pldr) < oo (212)

Thus Fubini’s Theorem shows that

</Ot ‘I’r,u(dr)a9>L2(V) = /0t<\IIT’g>L2(y) p(dr) =0, (2.13)

which completes the proof. ]
For ¥ € L*! (v, u) we always define (¢, s) fo ) u(dr) as in the above lemma.

Lemma 2.3. For every ¥V € BV(v) there exists a measurable mapping (t, s) — \sz(s) such
that t — W(s) is right-continuous and of bounded variation for s € E and ¥, = VU, v-a.s.
fort>0.

Proof. Define D := {i27" : n > 1, i > 0}. We first show that (A;);cp has finite upcross-
ing over each finite interval P-a.s. by showing that (¥y);cpno,n is of bounded variation
v-a.s. for all N > 1. Fix N > 1. We have

N2™ N2™

/iglizm’m n— W 1yg-n|dv = /1irbfﬂ>gf;“l’i2—" — VU 1yo-n|dv (2.14)
Nan

< linrgigfz /|\1122 w =W py9-n| dv (2.15)
Nan

< liminf ZH‘I’ZQ n = Winya-n 2 < o0, (2.16)

where the last inequality follows since ¥ € BY(v). Since (¥;)iep has finite upcrossing
over each finite interval v-a.s.

U= lim W, t>0, (2.17)
ult, ueD

is a well-defined cadlag process. Moreover, since ¥ € BV(v), t — ¥, € L?(v) is right-
continuous. This implies that ¥; = W; v-a.s. for ¢ > 0 and so ¥ € BV(v). Thus it follows
from calculations as above that (W;);>o is of integrable variation. This completes the
proof. O
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3. General properties of Gaussian semimartingales

3 General properties of Gaussian semimartingales

Our next result shows that the Gaussian property is preserved under various
operations on a Gaussian semimartingale.

Lemma 3.1. Let (F;)i>0 be a filtration and G denote an (F)i>0-stable Gaussian space.
We have the following.

(i) Let (X¢)i>0 € G be an (Fi)i=0-semimartingale. Then (Xi)i>o is a special (Fy)i>0-
semimartingale. Let Xy = My + Ay + Xo be the (Fi)i>0-canonical decomposition
of (Xt)i=0- Then, (A)i>0, (Mi)i=0 C G and (My)i>o0 is a (true) (Fi)e>o-martingale
which is independent of Xj.

(i1) Let (My)i>0 € G be a Gaussian martingale starting at 0. Then

{/Otf(s)dMS:fELQ(uM)}:W{Mu:ugt}, t>0. (3.1)

In particular if Y € G is an FM-measurable random variable with mean zero then
there exists an f € L?(upr) such that

Y = /0 £(s) dM. (3.2)

Proof. (i) follows by Stricker [19, Proposition 4 and 5].

(ii): Fix ¢t > 0. To show the inclusion 'C’ let f € L?(ups) be given. Since f(f f(s)dMs is
the L?(P)-limit of fg fn(s)dMs where the f,’s are step functions such that f,, — f in
L*(par), it follows that

/Ot F(s)AM, € Spam{M, : u < t}. (3.3)

Since M, = fot Lo, (s) dM; for u € [0,¢] and the left-hand side of (3.1) is closed the
’D’ inclusion follows and thus we have shown (3.1). Now assume that ¥ € G is an
FM_measurable random variable with mean zero. Let (a,),>1 be a dense subset of [0, ]
containing t. By Lévy’s Theorem it follows that

E[Y|M,,,...,M,, | = E[Y|FM] =Y  in L*(P). (3.4)

Since (Y, My, , ..., M,, ) is simultaneously Gaussian for every n > 1 the left-hand side of
(3.4) belongs to the linear span of {M,, : 1 < i < n}. This shows that Y € span{}M,, :
u < t}, which by (3.1) completes the proof of (ii). O

Let (My)s>0 denote a cadlag Gaussian martingale and (¢, s) — W(s) be a measurable
mapping satisfying W; € L?(ups) for ¢t > 0. Then we may and do choose ([ Wy(s) dM;)t>0
jointly measurable in (¢,w). To see this note that S := span{M; : t > 0} is a separable
subspace of L?(P). Moreover Lemma 3.1 (ii) shows that each element in S is on the form

[ f(s)dMj for such f € L*(upr). Thus for [ f(s)dM; € S we have

B [ wis)ads, [ o)) = [wis)f(s) mas(as), (35)

which shows that ¢ — E[[ ¥ (s)dM; [ f(s)dM;] is measurable. Hence by Lemma 2.1
there exists a measurable modification of ([ Wy(s)dM;)i>o.
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4. Representation of Gaussian semimartingales

Lemma 3.2 (Stochastic Fubini result). Let p be a o-finite measure on Ry, (My)i>0 be
a cadlag Gaussian martingale and U € L*>(uns, p). Then t [ Wi(s)dM; is locally
w-integrable P-a.s. and

/Ot (/‘I’r(S) dMs>u(d7") = / (/Ot \Ifr(s)u(dr)>dMs, t > 0. (3.6)

Proof. We have

E[/Ot(/xp (s) dM; | u(dr)

which shows that 7 — [ W, (s) dM; is locally p-integrable P-a.s. Thus both sides of (3.6)
are well-defined. The right- hand side belongs to span{M; : t > 0} and so does the left-
hand side by Lemma 2.2. From Lemma 3.1 (ii) it follows that all elements in span{M; :
t > 0} are on the form [ g(s)dM; for a g € L?(us). Fix [ g(s) dMs € span{M; : t > 0}.
We have

o [aa, [ ([ ua)an] = [os [ w6 n@m@. 69

Moreover, it follows from Fubini’s Theorem that

E[/g(s) dM, /Ot </\I/r(s) dMS>M(dr)} :/ / ) dM, / p(dr)

(3.9)

/ / s) s (ds) p(dr) / / p(dr) par(ds). (3.10)

Hence, the left- and the right-hand side of (3.6) have the same inner product with all
elements of span{M; : t > 0} which means that they are equal. This completes the
proof. O

t
< [l ) < o (37)

4 Representation of Gaussian semimartingales

Proposition 4.1. Let (F;)i>0 be a filtration and G be a Gaussian space. Moreover let
(At)i>0 € G be (Ft)e>0-adapted, right-continuous and of bounded variation. Then there
exists an (F¢)i>0-optional process (Yy)i>0 C G such that ||Yy|[j2p) <3 fort >0 and

t
A = / Ys pa(ds), t>0. (4.1)
0

If (Ay)i>0 is (Fi)-predictable then (Yi)i>o can be chosen (Fi)i>o-predictable and if (At)e>o
is a centered process we have ||Yy|| 2py = \/7/2 forr = 0.

Proof. It follows from Jeulin |11, Proposition 2| that (A¢)¢>o is absolutely continuous
w.r.t. pa. By Jacod and Shiryaev [9, Proposition 3.13| there exists an (F;):>o-optional
process (Zy)¢>o such that A; = fg Zspa(ds) for t € Ry. Define

n2"m
Ai2*” - A(z‘—l)rn
zn .= , X 1 i— —n _j9-n1(8), 3207 4.9
° ;MA(((Z—l)Q_"722—n]) ((—1)2-m,i2-7](8) (4.2)
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4. Representation of Gaussian semimartingales

where 0/0 := 0. By reducing to probability measures we get from Dellacherie and Meyer
[7, page 50| that for almost all w € Q, Z"(w) converges to Z.(w) pa-a.s. Thus, Tonelli’s
Theorem shows that there exists a measurable p4-null set N such that for ¢t ¢ N, we
have Z]' converges to Z; P-a.s. For t > 0 define Y; := Z;1ne¢(t). Then (Y3)i>0 is (F)e>o-
optional, (Y;)i>0 € G and (Y%)¢>0 satisfies (4.1). For all Gaussian random variables X
we have || X[| 2 py < 3[|X|| 11 p). Now it follows

1a((0,1]) = E| /0 ¥, pa(ds)] > 1/3 /0 1Yall oy pea(ds), (4.3)

by which we conclude that [|Yy[| 2p) < 3 for pa-a.a. t > 0.

If (A¢)¢>0 is (Ft)i>o-predictable Jacod and Shiryaev |9, Proposition 3.13| shows that
the above (Z;)¢>0 can be chosen (F);>o-predictable and therefore (Y;)¢>o will be (F)i>o-
predictable as well. O

The above result characterizes Gaussian processes of bounded variation. Indeed it
follows from Proposition 4.1 and Lemma 2.2 that (A;):>0 is a Gaussian process which is
right-continuous and of bounded variation if and only if

t
A = / Y, p(dr) t>0, (4.4)
0

for a Radon measure g on Ry and a measurable Gaussian process (Y;)i>o which is
bounded in L?(P).

Recall the definition of ups on page 18. Moreover, recall (e.g. from Rogers and
Williams [17]) the definition of the dual predictable projection of non-adapted processes.

Proposition 4.2. Let ;1 be Radon measure on Ry, (M;)i>o be a cadlag Gaussian mar-
tingale and U € L*'(upg, ). Define

A m /Ot (/\I’r(s) AM)uldr),  t20 (4.5)

Then the dual (Fi)i>o-predictable projection of (Ai)i>o is for t > 0 given by

= [ ([ weuan)on= [ [1on@eeon)ua. oo

In particular (Ap)io is (FM)i>o-predictable if and only if Ui(s) = 0 for py @ p-a.a.
(s,t) with s > t.

Proof. Since U € L*!(ups, 1) Lemma 2.2 shows that (¢,s) fg U, (s) p(dr) € BV(u).
Now Lemma 3.2 and Lemma 4.3 below shows that

AP = /Ot (/t \I/T(s)u(dr)>dMs, t>0. (4.7)

The last identity in (4.6) follows from Lemma 3.2.
To conclude we note that (A;);>o is (F)i>o-predictable if and only if 4, = A} for
all ¢ > 0. From (4.6) this is the case if and only if for P ® p-a.a. (w,r) we have

/1(0,7")(3)\117"(3) dM;(w) = /\I/r(s) dM;(w). (4.8)

which by the isometric property of the integral corresponds to 1, (s)¥,(s) = ¥(s) for
yr @ p-a.a. (s,r). O
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4. Representation of Gaussian semimartingales

Lemma 4.3. Let (M)i>0 be a cadlag Gaussian martingale and let W € BV (unr) satisfy
that t — Wy(s) is cadlag for s > 0. Then s +— Wy(s) is locally ppr-square integrable. Let
furthermore (A¢)e>0 be a modification of ([ W¢(s)dMs)i>0 which is right-continuous and
of bounded variation. (Such a modification exists according to Lemma 2.3). Then the
dual (FM)y>o-predictable projection of (Ay)i>o exists and is given by

AP = /0 t <\I’t(s) —\Ifs(s)>dMs, t>0. (4.9)

In particular, (Ay)iso is (FM)so-predictable if and only if for t > 0 we have Wy(s) = 0
for par-a.a. s € [t,00).

Proof. Fix t > 0. General theory shows that for ¢ > 0 we have

1 t

7 / E[Ausn — AulFM) du — AP in the o (L', L°°)-topology, as h | 0, (4.10)
0

see e.g. Dellacherie and Meyer |7, Theorem 21.1|. Thus from Gaussianity the convergence

also takes place in the o(L?, L?)-topology. We have

%/Ot E[Auin — Ayl FY ) du = %/Ot </OU (Vusn(s) — Uy(s)) dMS) du (4.11)

:/Ot (% /: (Wi (s) = Wuls)) du)dM,, (4.12)

where the second equality follows from Lemma 3.2 since ¥ € BV(upr) € LY (uar, \)
(X denotes the Lebesgue measure on R). Thus (4.10) implies that there exists an f; €
L?(pupz) such that

1[0715}(3)%/ (\Ifu+h(s) — \I/u(s)) du h—w> fi(s) in the J(L2, L2) (4.13)

and AY = fg fi(s)dM;. Fix s € [0,¢t]. The right-continuity of ¢ — W;(s) implies that

: / (Wi (5) — Wo(s)) du (4.14)
1

t+h 1 s+h
- E/t U, (s)du — E/s U, (s) du — Wy(s) — Ug(s), ash 0. (4.15)

This shows fi(s) = Wi(s) — Ws(s) for pas-a.a. s € [0,t] and the proof of (4.9) is complete.
Since (Ay)i>0 is (FM)i>o-predictable if and only if A; = A} for ¢ > 0 the last part of
the result is immediate. O

Remark 4.4. By writing s — W4(s) as a telescoping sum of the functions s — W(s) it
can also be seen directly that s — W4(s) is locally pas-square integrable.

We are now ready to state and prove one of the main results of the paper which
describes the bounded variation component of a Gaussian semimartingale and generalizes
a result of Stricker [19].

Theorem 4.5. (X¢)i>0 is a Gaussian semimartingale if and only if for t > 0 we have

X, =X + M, + </Ot (/xm(s) dMs)p(dr)+/0tEp(dr)>, (4.16)
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4. Representation of Gaussian semimartingales

where p is a Radon measure, (My)i>o is a Gaussian martingale starting at 0, ¥ is a
measurable mapping such that (¥,.),>o is bounded in L*(jupr) and Wi(s) = 0 for pp @ -
a.a. (s,t) with s > t, (Yi)i>0 is a measurable process which is bounded in L*(P) and X
is a random variable such that {Y;, X :t > 0} is Gaussian and independent of (My)i>o.

In this case, (X;)i>0 is (in addition) an (Fy)i>0-semimartingale, where Fy := FM v
o(X,Ys:5>0) fort >0 and (4.16) is the (F;)i>0-canonical decomposition of (X¢)i>o.

Remark 4.6. We actually prove the following. Let (F;);>0 be a filtration and G be
an (Fi)i>o-stable Gaussian space. Assume that (X¢);>0 € G and that (X;);>0 is an
(Ft)e>0-semimartingale with (F;);>0-canonical decomposition X; = X+ M; + A;. Then
(X¢)e>0 can be decomposed as in (4.16) with u = pa, (Y2)i>0 (Ft)i>o-predictable and
(Mp)¢>0, (Y)i>0 € G.

Theorem 4.5 also shows the following.

Remark 4.7. A Gaussian semimartingale (X;)¢>o with martingale component (M;):>0
can be decomposed as Xy = Z;+ By, where (Z;)¢>0 is a Gaussian (.7-"15]‘4 )t>0-semimartingale
and (By)i>o is a Gaussian (F;¥)¢>o-predictable process independent of (M;);>¢ which is
right-continuous and of bounded variation. In particular X = FM v FP.

Proof of Theorem 4.5. Only if: We prove the more general result stated in Remark 4.6.
Thus let (F3)i>0 be a filtration and G be an (F;);>o-stable Gaussian space. Assume
(Xt)t=0 € G and that (X;);>0 is an (F;)¢>o-semimartingale with (F;);>o-canonical de-
composition X; = Xo+M;+ A;. It follows from Lemma 3.1 (i) that (A¢)i>0, (Mi)i>0 C G,
and since (A;)i>o is of bounded variation, Proposition 4.1 shows that there exists an
(Ft)i=o-predictable process (Z¢)i>0 € G such that || Zy[|2py) < 3 for r > 0 and

t
A= / Zs pa(ds), t>0. (4.17)
0

Let (PZ;)i>0 denote the (FM)io-predictable projection of (Z;);>0. The definition of
(PZ;)1>0 shows that for ¢t > 0 we have PZ, = E[Z;|FM]. From Gaussianity it follows that
PZ, is the projection of Z; on span{ M : s < t} and thus PZ; € G for t > 0. This means
that || Zs[|p2(py = [IPZsll 2(p) for r > 0. Define Yy := Z; — PZ, for t > 0. Then (Y)i>0 € G
is bounded in L?(P). We claim that

E[Y,M;] =0 for t,u > 0. (4.18)

Since PZ, is the projection of Z, on span{M, : v < t}, (4.18) is obviously true for
0 <t < u. Moreover since (M;)i>o is an (F;)¢>o-martingale it remains to be shown
E[Y,M,] =0 for u > 0. Fix v > 0. We have

E[YuMu] = E[YUE[Mu‘fu—H = E[YuMu—] =0, (4.19)

where the first equality follows since Y, is F,,_ measurable and the second equality follows
since (My)s>0 is an (Ft)s>o-martingale. This completes the proof of (4.18).

Since (Y3)t>0 and (My)i>o both are subsets of G and (M;)¢>0 is a centered processes,
(4.18) implies that (Y;);>0 is independent of (M;);>o. It follows from
Lemma 3.1 (ii) and Lemma 2.1 that PZ; = E[PZ;]+ [ ¥;(s) dM; for ¢t > 0 and some mea-
surable mapping ¥ such that (¥,.),>o is bounded in L?(uas). Since (PZ;)i>0 is (FM)io0-
predictable, Proposition 4.2 shows W(s) = 0 for uy ® pa-a.a. (s,t) with s > t. This
completes the proof of (4.16), by using Y; := Y; + E[PZ;] instead of (V;)>o.
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4. Representation of Gaussian semimartingales

If: Assume conversely that (4.16) is satisfied. By Lemma 4.2

/0 t ( / U, (s) dMs) u(dr),  t>0, (4.20)

is (FM)i>o-predictable. Hence, (X;)i>0 is an (F;)i>o-semimartingale (F; := FM v
o(X,Ys : s > 0)) and the (F¢)¢>p-canonical decomposition of (X¢);>o is (4.16). Since
(X¢)e>0 is an (F)i>o-semimartingale, Stricker’s Theorem (see Protter [15, Chapter 2,
Theorem 4]) shows that (X;);>0 in particular is a semimartingale, that is an (F7¥);>-
semimartingale. This completes the proof. O

In the following we study the canonical decomposition of a Gaussian semimartingales.
For a stochastic process (X;)ier we let (EX’w)tZO denote the least filtration for which
X is ff’oo—measurable fort >0 and s € (—o0,t].

Theorem 4.8. Let (Xy)ier be Gaussian process which either is stationary or has station-
ary increments and satisfies Xo = 0. Assume (Xi)i>0 s a semimartingale with canonical
decomposition Xy = Xo + My + Ay, Then we have

(i) (M¢)i>0 is a Wiener process and hence puy equals the Lebesque measure up to a
scaling constant. Moreover ua is absolutely continuous with increasing density.

(ii) (A¢)e>0 has stationary increments if and only if (My)i>o is independent of (X¢)i<o-
(iii) (Xy)is0 is an (F;V°)=o-semimartingale if and only if jia has a bounded density.

Proof. The stationary increments of (X;):>¢ imply that (X¢);>0 has no fixed points of
discontinuity. Since in addition (X¢)>o is a Gaussian semimartingale, it is continuous
(see Stricker [19, Proposition 3|). By continuity of (Xi);>¢ it follows that (A:)i>o is
continuous as well.

(i): Since (A¢)¢>0 is continuous we have [M]; = [X|; for ¢t > 0. (For a process (Z¢)¢>0,
[Z]; denotes the quadratic variation of (Z;);>¢ on [0,¢].) By the stationary increments
of (X¢)e>0, it follows that [X], = Kt for all £ > 0 and some constant K € R.. Thus by
Gaussianity it follows that (M;)¢>o has stationary increments and therefore is a Wiener
process with parameter K.

Let v > 0 be given and define ;" := FX V o(X, : s € [—v,0]) for ¢ > 0. In the
following we shall use that for 0 <ty < t; < --- < t,, we have

9 X,
(E[Xti+v - Xti71+v|‘7:t)i(_1+v])?:1 = (E[th - Xt¢71|]:tiji])?:1' (4'21)
In the case where (X;)ier has stationary increments and satisfies Xy = 0 this is due to

9
(Xti—l—v - Xti-l‘f’?)a (XS)SE[O,ti_l-i-’U]):'L:l = (th - Xti_la (XS - X—U)SE[—UJi_l])?:l? (422)

and o(Xs—X_, s € [—v,t;_1]) = ]:é(fi for i =1,...,n. In the stationary case it follows
since

n

9
(Xti-l—v - Xti—1+v7 (XS)SE[O,ti_1+U})i:1 = (Xti - Xti—17 (XS)SE[—U,ti_ﬂ):‘L:l' (4-23)

From (4.21) it follows that (X)¢>0 is an (]:tX’U)tzo—local quasimartingale and there-
fore also an (F;")i>o-special semimartingale. Let (AY);>o be the bounded variation
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4. Representation of Gaussian semimartingales

component of (X;);>o in the filtration (]:tX’v)tzo. For 0 < u <t we have

[t2"]
Ar— Ay = lim B0 — Xy on [F 1) 0] (4.24)

i=1

[t2"]
= lim D E[AY g — AG 1y jon | Fi_pyjon] i LP(P), (4.25)

=1

which shows
[t2"]
[Ar — Ay HLl < hm Z HA;)/Q" - Aq()ifl)/2”HL1(P) = pav((u, ]). (4.26)
Z [u2n]+1

From (4.21) it follows that (the limits are in L?(P))

[t2"]

v X,v
Ay — A = lim > ElXyae — Xoy J2n | F G o] (4.27)
[u2n]41
[t2"]
—nlggo > ElXijong — Ximnyjon ol Fio1yjan o) = Atto = Auto,  (4.28)
[u2n]+1

and hence pgv((u,t]) = pa((u + v, ¢t + v]). Thus by (4.26) we conclude that
pwa((u,t]) < pa((u+v,t+0]), 0<u<t 0<w. (4.29)

Define f(t) := pa((0,t]) for t > 0 and let T > 0 be given. Choose a ty > T such that f
is differentiable at ty. Moreover let ¢, h > 0 satisfy t + h < T. Then

pa((t,t+h)) = f(t+h) — th—{-zh/n) f(t+ (i —1)h/n) (4.30)

f(to + h/n) — f(to)

h/n n— o0

<> flto+h/n) = f(to)) = h hf'(to), (4.31)
i=1

which shows f is locally Lipschitz continuous and hence p4 is absolutely continuous.
From (4.29) it follows that 4 has an increasing density.

(ii): Assume (A;)i>0 has stationary increments. For ¢t > 0 (4.21) shows

j127]
A ZAry — Ay = Jim Z E[X; /9 45 = X(i—1)/2m 40| F (1) jan 10 (4.32)
t2"]
9 ;. X, v . AV : 2
:nh—{%o E[XZ/Qn — X(i—l)/Q"’f(ifl)/Qn] = At in L (P) (433)
i=1

By the rules of successive conditioning it follows that E[A¢A}] = E[A?]. Since in addition
Ay Z A} this shows that

E[(Ar — A7) = E[(A})’] - E[47] =0, (4.34)
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and hereby
[t2n]
= lim_ ZE ijan = Xony | Fy n) - in L2(P). (4.35)
This yields
[t2"]
Mt—nh_{gOZXz/zn X1y = E[Xijon = Xo1yjn [ F ) jpn] - in LA(P), (4.36)
=1

which implies that M; is independent of X, for u € [—wv,0]. Since v,t € R4 were
arbitrarily chosen, we conclude that (M;);>0 is independent of (X)¢<o.

Assume conversely that (My)¢>o is independent of (X;);<p and hence (X;)i>0 is an
(.FtX "*?)i>0-semimartingale with (ﬂx’m)tzo—canonical decomposition given by X; = X+
A+ M;. For 0 <u <t and 0 <wv we have

[t27]
At-H) — Au+v = nh—{go Z E[Xi/Q"-H) X(Z 1)/2"-{-1)‘ (Z 1 /2"+v] n LQ(P) (437)
i=[u2"]+1

from which we conclude that (A¢)¢>0 has stationary increments.

(iii): Let (X¢)¢>0 bean (]:f(’oo)tzo—semimartingale and let (By)>0 denote the (]:tX’OO)tzo—
bounded variation component of (X;)¢>o. By arguments as above it follows that (By);>0
has stationary increments and hence E[|B; — B,|] < K(t —u) for 0 < u < t and some
constant K € Ry. For ¢t > 0 we have

[t2"]
At = 1111)1’1010 Z E[BZ/Qn - B(ifl)/2” |‘7:()Z(71)/2"] in L2(P), (438)
i=1
and hence
[t2"]
E[[A; = Au[] < lim > ElEBijan = Blioyyn |l F 1yl < K(t —w),  (4.39)
i=[u2"]+1

which shows p4 has a bounded density.
Assume conversely that 4 has a bounded density and let K € R4 be a constant
dominating the density. For 0 < u <t we have

B[[E[X: — Xu| 70~ = lim BB — Xl 70] (4.40)
~ tim B[JE[Xon — Xl F ] = lim E[E[Arn — Avnl P00 (441)
< hﬁm pa((u+n,t+nl) < K(t—u). (4.42)

This shows (X¢)>0 is an (]:tX "*?)¢>0-quasimartingale on bounded intervals and hence an
(F{*°°)1>0-semimartingale. O

Let (X})¢>0 be a stationary Gaussian semimartingale with covariance function y(t) :=
Cov(Xytt, Xu) = E[X; Xo] — E[XZ] for ¢ > 0. Then 7 is locally Lipschitz continuous and
Lipschitz continuous if (X¢);>0 is an (.7-"tX *?)i>0-semimartingale.
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5. The covariance function of Gaussian semimartingales

To show this, let (A¢)¢>0 be the bounded variation component of (X¢);>o. For 0 < u,t
we have

I (t + ) = y(u)] = [El(Acru — A Xoll < [Ae = Aull o 1 Xoll2geys  (443)

and the statement thus follows from Theorem 4.8.

We believe that among the stationary Gaussian processes (X;)¢>0, the class of (F;* );>0-
semimartingales is strictly larger than the class of (.EX’OO)tzo—semimartingales. However,
we haven't found an example of an (F;);>o-semimartingale which isn’t an (]:tX *e>0-
semimartingale. This is equivalent (according to Theorem 4.8 (iii)) to finding a station-
ary Gaussian semimartingale (X;);>¢ for which p14 has an unbounded density ( (A¢)i>0
denotes the bounded variation component of (X3)i>0).

5 The covariance function of Gaussian semimartingales

If (X¢)i>0 is a Gaussian process we let I'x denote the corresponding covariance function,
ie. I'x(t,s) = E[(Xy — E[X])(Xs — E[X;])] for all s,¢ > 0. We need the following.

Condition 5.1. A function G: IR%_ — R satisfies Condition 5.1, if G is symmetric,
positive semi-definite and there exists a right-continuous increasing function f such that
forall 0 <s <t

VG 8 + Gls, ) = 2G(s.1) < f(t) - £(s). (5.1)
Recall that G is positive semi-definite if

n

Z aiG(ti,tj)aj Z 0 (5.2)

ij=1

foralln >1,ay,...,a, € Rand t1,...,t, € Ry.

Assume that G satisfies Condition 5.1 and denote by (A;);>0 a centered Gaussian
process satisfying I'y = G. Then by Lemma 2.3 there exists a modification of (A;)i>0
which is right-continuous and of bounded variation. Conversely, if (A¢);>0 is a right-
continuous Gaussian process of bounded variation, then I'4 satisfies Condition 5.1 with
f(t) = E[Vi(A)] for t > 0 since (A;)>0 is of integrable variation.

Thus G satisfies Condition 5.1 if and only if G = 'y for some right-continuous
Gaussian process (A¢)¢>o of bounded variation.

A measurable mapping R% 3 (£, s) — U;(s) € R is said to be a Volterra type kernel if
W;(s) = 0 for all s > t. (A Volterra kernel is often assumed to be an L2()\)-kernel see e.g.
Baudoin and Nualart [4] and Smithies [18]. However, the latter assumption is not needed
here.) Let 1 denote the Volterra type kernel given by R3 3 (£,5) — 14(s) = 1o (s).

The next result is a new characterization of the covariance function of Gaussian
semimartingales. The result is only formulated for centered Gaussian processes. This is
no restriction since a Gaussian process (X¢);>o is a semimartingale if and only if t — E[X/]
is right-continuous and of bounded variation and (X; —E[X}]);>0 is a semimartingale. To
see this it is enough to show that the mean-value function of a Gaussian semimartingale is
of bounded variation. Let (X¢)¢>0 be a Gaussian semimartingale with bounded variation
component (A;)y>o. For 0 <u <t we have

[E[X¢] - E[X.]| = [E[A] - E[A,]] < E[V,(A)] - E[V.(A)], (5:3)
by which we conclude that the mean-value function of (X¢)¢>0 is of bounded variation.
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5. The covariance function of Gaussian semimartingales

Theorem 5.2. Let (X¢)i>0 be a centered Gaussian process. Then the following conditions
are equivalent:

(i) (Xt)t>0 is a semimartingale.

(ii) There exists a Radon measure p on Ry, a Volterra type kernel ® such that ® —1 €
BV(u), and a function G satisfying Condition 5.1 such that

T (tu) = G(tu) + / By(5)Bu(s) u(ds),  u,t > 0. (5.4)

(iii) There exist Radon measures p and v on Ry, a function G satisfying Condition 5.1
and a Volterra type kernel U such that (9,),>q is bounded in L*(v) and such that
for 0 < wu,t we have

Ix(t,u) = G(t,u) +v((0,t Au]) // ) pe(dr) (5.5)

/ / J(dr)v(ds) + / / (W, 0, 12y A7) (o). (5.6)

Proof. We show (iii) = (ii) = (i) = (iii).
Assume (iii) is satisfied. Equation (5.5) can be written as

Fx(t, u)

:G(MH/<1t(5)+/thfr(s)ﬂ(dr))<nu(s)+/O

By Lemma 2.2, (¢,s) — fo ) i(dr) € BY(v) which shows (ii).

Assume (ii) is satisfied. To show that (X;);>0 is a semimartingale it is enough to show
that there exists a Gaussian semimartingale (Z;)¢>o such that (Z;);>¢ is distributed as
(X¢)t>0. Indeed, assume that (Z;);>0 has been constructed. Then since (Z;)i>¢ is a
cadlag process, (X¢)i>o is cadlag through the rational numbers, and since (Xt)i>o is
right-continuous in L?(P), is it possible to choose a cadlag modification of (X;)i>o. For
all 0 < s <t we have

u

U, (s) ,u(dr)) v(ds). (5.7)

EB[[E[Z — Z,|F{]|] = B[IE[X; - X7 (5:8)

Since a Gaussian process is a semimartingale if and only if it is quasimartingale on [0, T']
for all T > 0 according to Liptser and Shiryayev [14] [Chapter 4, Section 9, Corollary of
Theorem 1| and [Chapter 2, Section 1, Theorem 4|, equation (5.8) shows that (X;);>0 is
a semimartingale.

To construct (Z;)i>0, note that since G satisfies Condition 5.1 there exist two in-
dependent processes (A¢)i>0 and (My)i>0, with the properties that (M;);>o is a cadlag
centered Gaussian martingale with pps = p for all t > 0 and (A¢)s>0 is a right-continuous
centered Gaussian process of bounded variation such that 'y = G. Let © := & — 1 and

Zt = Mt + / @t(S) dMS + At. (59)
Then (Z;)i>0 is a well-defined centered Gaussian process. Since © € BY(u), Lemma 2.3
implies that ([ ©(s) dM;);>0 can be chosen right-continuous and of bounded variation.

Moreover, since © is a Volterra type kernel, ( [ ©4(s) dM;);>0 is (FM)i>0-adapted. Hence,
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5. The covariance function of Gaussian semimartingales

since (A¢)i>0 is independent of (My)i>0, (Z¢)i>0 is a semimartingale. Since I'x = I'z,
Gaussianity implies that (X;);>¢ is distributed as (Z;);>0, which completes the proof

of (i).
Assume finally (i) is satisfied i.e. that (X;);>0 is a semimartingale. Choose, according
to Remark 4.6, (My)i>0, (Yi)i>0, ¥ and pa such that for ¢ > 0 we have

X, :Mt+/0t (/\I/T(s)dMs)uA(dr)—i—/OtYr,uA(dr)—i—Xo. (5.10)

Since (fot Y, ,uA(dr))t>0 is a Gaussian process of bounded variation, it follows that

Gt u) = E[(/OtYruA(dr)—i—Xo)(/OuYTMA(dr)—i—XO)], Lu>0  (5.11)

satisfies Condition 5.1. Since {(M;)i>0, (Yi)t>0, Xo} are centered simultaneously Gaus-
sian random variables and (My);>o is independent of { Xy, (Y2)¢>0}, it follows that (5.5)
is satisfied. This completes the proof. O

The following definitions are taken from Jain and Monrad [10]. Let f: R%Z — R. For
0 <s1<sgand 0 <t; <ty define

Af((s1,t1); (s2,t2)) = f(s2,t2) — f(s1,t2) — f(s2,t1) + f(s1,t1) (5.12)

and
Viu(f) == supZ{Af (si—1,tj—1); (i, tj {—i—Z]f (0,t5) — f(0,t;-1)| (5.13)
+Z|f $i,0) = f(si-1,0) + |f<0,0>|, (5.14)
where the sup is taken over all subdivisions 0 = sp < --- < s, =sand 0 =ty < --- <

tq =t of [0,s] x [0,t]. We say f is of bounded variation if Vs ,(f) < oo for all s,¢ > 0.

From the representation (5.5) it is easily seen that the covariance function of a Gaus-
sian semimartingale is of bounded variation (a direct proof can be found e.g. in Liptser
and Shiryayev [14]). Thus if (X;):>0 is a Gaussian semimartingale, I'x induces a Radon
signed measure Ar, on Ri satisfying

)\FX((O,t] X (0,8]) er(t,s)—Fx(o,s)—Fx(t,O)—i-Px(0,0), t,s > 0. (5.15)

A function f: IE{%r — R of bounded variation is said to be absolutely continuous if
(5,t) = Viu(f) is the restriction to RZ of the distribution function of a measure on
R? which is absolutely continuous w.r.t. Ao (the planar Lebesgue measure). This is
equivalent to the existence of three locally integrable functions hi, he and g such that

f(s,t):/os/o g(u,v)dudv—l—/oshl(u)du—i—/o ha(v)dv + £(0,0). (5.16)

If 1 is a Radon measure on Ry let pAp denote the measure on Ri for which
(pAp)(A x B) = u(AN B) for all A,B € B(R). Let A := {(z,y) € R* : = = y}
denote the diagonal of lRi and note that uAp is concentrated on A.

Corollary 5.3. Let (X;)i>0 be a continuous Gaussian semimartingale with martingale
component (My)i>o. Then the restriction of Ary, to A equals pupr Apips.
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Proof. Let Xy = X+ M; + A; be the canonical decomposition of (X¢):>0 and let (A¢)e>0
be decomposed as in Remark 4.6. For 0 < u,t Fubini’s Theorem shows

Tx(t,u) Cov Mt+/ / s) dM, pa(dr), M, +/ / dMSuA(dr)] (5.17)

+ Cov[ X + / Yo pa(dr), Xo + / Y, jua(dr)] (5.18)
=par((0,¢ A ul) / / s) v (ds) pa(dr) + / / s) pa(dr) par(ds)
(5.19)

[ ) g atar) @) + [ [T B Y] ) pata)
(5.20)
+ /0 "BXoY] paldr) + /0 " B[XoY)] pa(dr) + B[X2]. (5.21)

Since (X¢)i>0 is a continuous semimartingale, pps and pa are nonatomic measures on
R. Hence, (5.18) shows that there exists a nonatomic measure p on R and a measurable
function f: R?> — R such that for 0 < u,¢ we have

Ar (0,8 % (0,u]) = jins Apar(0,1] x (0,4]) + / / " pdpon (5.22)

Since  is nonatomic it follows that p ® p has no mass on A, which together with (5.22)
completes the proof. O

Note that the distribution of a Gaussian martingale (M;):>0 is uniquely determined
by par. Moreover Corollary 5.3 shows that for a continuous Gaussian semimartingale
(X¢)e>0 with martingale component (M;);>p we have

m((0,]) = Ary ((s1,82) € R% 151 =82 < 1), t>0. (5.23)

Thus it is easy to find the distribution of the martingale component (M;);>o from I'x.
The following result characterizes the Gaussian martingales and Gaussian processes of
bounded variation among the Gaussian semimartingales.

Corollary 5.4. Let (X¢)i>0 be a Gaussian semimartingale with canonical decomposition
Xt = Xo+ M+ Ay, Assume pg and ppyr are absolutely continuous. Then Ay — par Apnr
s absolutely continuous. In particular we have the following for all T > 0.

(i) (Xi)e>T is a martingale if and only if

O°T'x o' x
= -a.s. T
T 0 Ag-a.s. on [T,00)* and —= T

ZX(0,t) =0 for A-a.a. t > T. (5.24)
(i1) (Xi)e>7 is of bounded variation if and only if I'x is absolutely continuous on
[T, 00)?.

Remark 5.5. We have p14 and pps are absolutely continuous if and only if (A;):>0 and
([X]¢)+>0 are absolutely continuous. This is in particular satisfied if (X;)¢>0 is stationary
or has stationary increments and Xo = 0 (see Theorem 4.8 (i)).

Proof. Calculations as in (5.18) show (u,t) — Ix(u,t) — puar((0,u A t]) is absolutely
continuous.
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5. The covariance function of Gaussian semimartingales

(i): Let (Xi)s>7 be a martingale. Then I'x (u,t) = par((0,u A t]), which implies that
(5.24) is satisfied. Assume conversely that (5.24) is satisfied. Since (u,t) — I'x(u,t) —
war((0,u A t]) is absolutely continuous and I'x satisfies (5.24), we have that I'x (u,t) =
par((0,u At)) + E[XZ] for all u,t > T, which implies that (X;);>r is a martingale.

(ii): Assume that I'x is absolutely continuous on [T,00)%. Since (u,t) + I'x(u,t) —
war((0,u A t]) is absolutely continuous we have that s A pas is absolutely continuous.
But pas A par is concentrated on the diagonal of IREL and thereby singular to Ao, which
implies that pps = 0. This shows that (X;);>7 is of bounded variation. Assume conversely
that (X;);>7 is of bounded variation. Then a calculation as in (5.18) shows that I'x is

absolutely continuous on [T, 00)2. O

The following two examples are applications of Corollary 5.4.

Example 5.6. The fractional Brownian Motion (fBm) with Hurst parameter H € (0,1)
is a centered Gaussian processes (X¢);>0 with covariance function

Cx(t,u) = %(tQH + o — |t — ). (5.25)
Let € > 0 be given. We prove that fBm is a semimartingale on [0, €] only if H = 1/2, i.e.
(Xt)te[o,q 1s a semimartingale only if it is a Brownian Motion. Let H € (0,1/2)U(1/2,1)
and assume (for contradiction) that (X;)cp, is a semimartingale. Since (X;);>o has
stationary increments and satisfies Xy = 0, it follows from Theorem 4.8 (i) (which also
applies on bounded intervals) that uys and p4 are absolutely continuous. Using (5.25)

it fOHOWS that
t t > .
/0 /0 9500 2 X( au)’ yu = U, ( )

which shows I'x is absolutely continuous. By Corollary 5.4 (ii) we conclude that (Xt)te(0,q
is of bounded variation on [0, ¢] and hence of integrable variation. But this contradicts
that

1X: = Xull oy = V2/r It —ul, tu>0, (5.27)
and therefore (X;);c[o, can not be a semimartingale. For H = 1/2, we have
% = 0 Ag-a.s. and hence (5.26) doesn’t hold. O

Example 5.7. Let (W;);>0 be a canonical Brownian Motion and define (X;);>0 =
(Wir1 — Wi)i>0. We show (X¢)e(o,14 is not a semimartingale for any € > 0. We have

Fx(t,u) = (1— |t—u|)1[0,1](|t—u|), t,u > 0. (5.28)
Assume that (X¢).c(o,14¢ Is a semimartingale. Since

0T x
ouot

=0 Ag-as. and I'x(t,0) =0 for all ¢t > 1, (5.29)

and (X;)¢>o is a stationary process, it follows from Corollary 5.4 (i) that (Xi)e[1,14¢ 18
a martingale. This contradicts that I'x does not depend only on ¢t Awu for t,u € [1,1+€].

Even though (X¢)¢>0 is not a semimartingale on R4, we now show that on [0, 1] it
is. By Yor [20], (W; + W1).e(o,1] is a semimartingale with canonical decomposition

LWL - W, LW, W,
<Wt— 17ds)+ P s g5+ W (5.30)

0 1—s 0 1—s

33



References

Let
Fii=0Wsp1 —Wi:s€[0,t]) Va(Ws:se€[0,t]) Va(W), t>0. (5.31)

Then (5.30) shows that (X;).e(0,1] is a (Ft)ie[o,1-semimartingale with (F;),c[,1)-canonical
decomposition given by

tWy — W

t —
7@}_ W= W
0 1—s 0 1—s

X, = [WM — Wy — W, + 5 ds + Xo, (5.32)
where the term in the first bracket is the martingale component. By forming the dual
(F* )te[o,1)-Predictable projection on the bounded variation component of (5.32) it follows
that the (F7)e[o,1)-canonical decomposition of (X¢)te[,1] is given by

LWy — E[W,|FX LWy — E[W,|FX
X, = <Wt+1—W1—Wt+/ ! : Wl 7 ]ds)—/ 1= BT st x,, (5.33)
0 — S 0 1—s

Note that, even though (X¢)¢>0 is not a semimartingale on R the quadratic variation
of (X¢)i>0 does exist, and it is given by [X|; = 2t for all ¢ > 0. O

It is known that the processes in Example 5.6 and 5.7 not are semimartingales (for
the fBm case see Rogers [16]). However, the proofs presented here are new and indicate
the usefulness of the results in this paper.
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PAPER

Spectral representation of GGaussian
semimartingales

Andreas Basse-O’Connor

Abstract

The aim of the present paper is to characterize the spectral represen-
tation of Gaussian semimartingales. That is, we provide necessary and
sufficient conditions on the kernel K for X; = [ K(s)dN, to be a
semimartingale. Here, IV denotes an independently scattered Gaussian
random measure on a general space S. We study the semimartingale
property of X in three different filtrations. First the F~-semimartingale
property is considered and afterwards the F*>>°-semimartingale prop-
erty is treated in the case where X is a moving average process and
F¥ = o(X, : s € (—00,1]). Finally we study a generalization of Gaus-
sian Volterra processes. In particular we provide necessary and sufficient
conditions on K for the Gaussian Volterra process fjoo Ki(s)dWs to
be an FW:>*°_semimartingale (W denotes a Wiener process). Hereby we
generalize a result of Knight (Foundations of the Prediction Process,
1992) to the non-stationary case.

Keywords: semimartingales; Gaussian processes; Volterra processes;
stationary processes; moving average processes

AMS Subject Classification: 60G15; 60G10; 60G48; 60G57
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1. Introduction

1 Introduction

Recently there has been major interest in Gaussian Volterra processes. That is, processes
(X¢)e>0 given by

t
Xt == / Kt(S) dWS, t Z 0, (11)

where (W})ier is a Wiener process with parameter space R and s — Ky(s) is a square
integrable function for ¢ > 0. Knight [10, Theorem 6.5], Cherny [5], Cheridito [4] and
Jeulin and Yor [9] studied Gaussian Volterra processes with K on the form Ki(s) =
k(t —s)+ f(s) (such processes are called moving average processes). They characterized
the set of K’s for which (X;);>0 is an (.EW’OO)tzo—semimartingale, where .FJ/V’OO =o(Ws:
s € (—00,t]). In the case where K;(s) = k(t — s) Jeulin and Yor [9, Proposition 19| gave
a condition on the Fourier transform of k for (X;);>0 to an (F; °)i>¢-semimartingale
by using complex function theory (in particular Hardy theory).

A fractional Brownian motion (fBm) with Hurst parameter H € (0, 1) is an example
of a Gaussian Volterra process (it is in fact a moving average process). In this case K is
given by

Ki(s) = ((t = s)")712 = ((=s)H)H 12, (1.2)

It is well-known (see Rogers [15]) that the fBm is a semimartingale if and only if H = 1/2,
i.e. it is a Brownian motion. Inspired by the fBm there has been developed (using Malli-
avin calculus) an integral for some Gaussian Volterra processes which are not semimartin-
gales, see Alos et al. [1], Decreusefond [6] and Marquardt [12]. This integral lacks some
of the usual properties of the semimartingale integral by the characterization of semi-
martingales as stochastic integrators (the Bichteler-Dellacherie Theorem), see Protter
[13, Chapter 3, Theorem 43]|. Hence it is important to characterize the set of K’s for
which (X;)i>0 is a semimartingale.

According to Kuelbs [11] every centered Gaussian process (X¢)¢>0, which is right-
continuous in probability, has a spectral representation in distribution, i.e. (X¢)i>o is
distributed as ([ K¢(s) dNs)¢>0, where N is an independently scattered centered Gaus-
sian random measure and (¢, s) — K;(s) is a deterministic function. The semimartingale
property of Gaussian processes is determined by the distribution of the process. Hence,
(X1)e>0 is a semimartingale if and only if ([ Ky(s) dNg);>0 has this property. The purpose
of this paper is to characterize the spectral representation of Gaussian semimartingales,
that is we characterize the family of kernels K for which

( / K(s) st>t20 (1.3)

is a semimartingale. Note that the processes on the form (1.3) constitute a generaliza-
tion of the Gaussian Volterra processes. We study the semimartingale property with
respect to the natural filtration and with respect to two larger filtrations. In partic-
ular we characterize the K’s for which a Gaussian Volterra process (X;)i>o given by
(1.1) is an (F7¥);>o-semimartingale or an (F,""*°);>o-semimartingale (the latter condi-
tion is strongest). Hereby we generalize results of Cheridito [4], Knight [10, Theorem 6.5]
and Cherny [5]. Our setting also covers Ambit processes with deterministic volatility,
see Barndorff-Nielsen and Schmiegel [2]. Moreover, we characterize the functions k for
which (X;)er = ([ k(t — s) AW, )ier is an (F;°°);>o-semimartingale.
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2. Notation and random measures

The paper is organised as follows. Section 2 contains notation and preliminary results
about Gaussian random measures. Section 3 contains measure-theoretic and Gaussian
results. In section 4 we characterize the spectral representation of Gaussian semimartin-
gales.

2 Notation and random measures

Let (Q,F,P) be a complete probability space. By a filtration we mean an increasing
family (F3)¢>0 of o-algebras satisfying the usual conditions of right-continuity and com-
pleteness. If (X;);>0 is a stochastic process we denote by (F7*);>¢ the least filtration to
which (X})¢>0 is adapted. Let T equal R4 or R. Then (X;):er is said to have stationary
increments if for all n > 1, g < --- < t, and 0 < t we have

7
(Xty = Xtgy ooy Xty = X)) = (Kty gt — Kooty -5 Xyt — X144, (2.1)

where Z denotes equality in distribution.
Let (F¢)i>0 be a filtration. Recall that an (F;);>o-adapted cadlag process (X¢)¢>o is
said to be an (F;);>o-semimartingale, if there exists a decomposition of (X¢):>o as

Xy = Xo+ M; + Ay, t>0, (2.2)

where (My)¢>0 is a cadlag (F;)i>o-local martingale starting at 0 and (A;);>o is a cadlag
(Ft)e>0-adapted process of finite variation starting at 0. We say that (X;);>0 is a semi-
martingale if it is an (F;¥);>o-semimartingale. Moreover (X;);>o is called a special
(Fi)e>o-semimartingale if it is an (F;);>o-semimartingale such that (A;);>0 in (2.2) can
be chosen (F;)¢>o-predictable. In this case the representation (2.2) with (A¢)i>0 (Ft)e>0-
predictable is unique and is called the canonical decomposition of (X;)>¢. From Stricker’s
Theorem (see Protter [13, Chapter 2, Theorem 4]) it follows that if (X;);>0 is an (F¢)¢>0-
semimartingale then it is also an (F7*);>o-semimartingale.

For each function f: R4y — R of bounded variation, V;(f) denotes the total variation
of fon [0,t] for t > 0. If (A¢)i>0 is a right-continuous Gaussian process of bounded
variation then (A;);>o is of integrable variation (see Stricker [16]) and we let p4 denote
the Lebesgue-Stieltjes measure induced by the mapping ¢ — E[V;(A)]. For every Gaussian
martingale (M;)>0 let p1pr denote the Lebesgue-Stieltjes measure induced by the mapping
t > B[M?].

A process (Wy)ier is said to be a Wiener process if for all n > 1 and ¢ < -+ < tp,,

Wi =Wy oo o J W, = W, (2.3)

are independent, for —oco < s < t < oo W; — W, follows a centered Gaussian distribution
with variance t — s, and Wy = 0.

We now give a short survey of properties of independently scattered centered Gaussian
random measures. Let S denote a non-empty set and 4 be a family of subsets of S. Then
A is called a ring if for every pair of sets in A the union, intersection and set difference
are also in A. A ring A is called a é-ring if (Ay)p>1 C A implies N4, € A. If Ais a
d-ring and there exists a sequence (A4,),>1 C A satisfying UA,, = S then A is said to be
o-finite. Throughout the paper let A denote a o-finite d-ring on a nonempty set .S.
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3. Preliminary results

A family N = {N(A4) : A € A} of random variables is said to be an independently
scattered centered Gaussian random measure if

1. For every sequence (Ay)n>1 C A of pairwise disjoint sets with UA,, € A, > 7" | N(4;)
converges to N (U2, A;) in probability as n tends to infinity.

2. For all n > 1 and all disjoint sets A;,..., A, € A, N(A;),...,N(4,) are indepen-
dent centered Gaussian random variables.

For a general treatment of independently scattered random measures, see
Rajput and Rosinski [14]. Let N denote an independently scattered centered Gaussian
random measure. It is readily seen that there is a o-finite measure v on (S,0(A))
such that N(A) has a centered Gaussian distribution with variance v(A) for all A € A.
Following Rajput and Rosiniski [14], v is called the control measure of N. Throughout
the paper N denotes a independently scattered centered Gaussian random measure with
control measure v. We shall assume in addition that L?(v) is separable.

Let f = >, a;la, be a simple function. That is, n > 1, «oq,...,a, € R and
Ay, ..., A, € A Define [ f(s)dNs:= ", a;N(4;). By a standard argument the inte-
gral [ f(s)dN; can be defined through the isometry

I £65) ANl = 120 (2.4)

for all f € L?(S,0(A),v).

If S = Ry, N could be the independently scattered random measure induced by a
Brownian motion. More generally, if S = ]Ri, N could be the independently scattered
random measure induced by a d-parameter Brownian sheet. In this case v is the Lebesgue
measure on Ri and we can choose A to be the bounded Borel sets of ]Ri. Another
example is when S = R and N is the independently scattered random measure induced
by a Brownian motion (W});er with parameter space R.

3 Preliminary results

In this section we collect some measure-theoretical and Gaussian results. We let (E, £, m)
be a o-finite measure space and p be a Radon measure on Ry. If H is a normed space
and A C H, then spanA denotes the closure of the linear span of A. For each mapping
Ry x E 3 (t,s) — W¥y(s) € R we denote by ¥; the mapping s — W;(s) for ¢ > 0. The
following Lemma 3.1 — 3.2 are taken from Basse [3].

Lemma 3.1. Let ¥, € L?(v) for t > 0 and define V := span{V¥; : t > 0}. Assume V
is a separable subset of L?(m) and t — [ W;(s)g(s) m(ds) is measurable for g € V. Then
there exists a measurable mapping Ry x E 3 (t,s) — Uy(s) € R such that ¥, = U,
m-a.s. fort > 0.

For a locally p-integrable function f we define f;fd,u = f(a b fdup for 0 < a <b.
Let BY(m) denote the space of all measurable mappings R4 x S 2 (r,s) — ¥, (s) € R

for which W, € L?(m) for » > 0 and there exists a right-continuous increasing function
[ such that [[Wy — Wy [ 120,y < f(E) = f(u) for 0 <u <t
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3. Preliminary results

Lemma 3.2. Let (r,s) — VW, (s) be a measurable mapping for which (V,),>o is bounded
in L2(m). Then r — W,(s) is locally p-integrable for m-a.a. s € E and by setting

fg U, (s)pu(dr) :=0 fort >0 if r — U,.(s) is not locally m-integrable we have

(t,s) — /0 U,.(s) pu(dr) € BV(m). (3.1)

If in addition V is a closed subspace of L?(m) such that W, € V for all r € [0,t] then

t
s+ / U, (s)p(dr) e V. (3.2)
0
For a measurable mapping (r, s) — W,.(s) for which (¥,),>¢ is bounded in L?(m) we
always define the mapping (¢, s) — fg U, (s) u(dr) as in the above lemma.

Lemma 3.3. Let (F;)i>0 be a filtration and (Yy)>0 € L' (P) be a measurable process
with locally p-integrable sample paths. Define

t
Ay = / Y, p(dr), t>0. (3.3)
0

Then (A¢)e>o is (Ft)i>o-predictable if and only if Yy is Fi—-measurable for p-a.a. t > 0.

Proof. Assume (A¢)i>0 is (Ft)i>o-predictable. Then there exists an (F;):>o-predictable
process (Z;)¢>o with locally p-integrable sample paths such that A; = fg Z p(dr) for
t > 0, see Jacod and Shiryaev [8, Proposition 3.13|. Hence Y; = Z; P-a.s. for p-a.a. t > 0
and we conclude that Y; is F;_-measurable for p-a.a. t > 0.

Assume conversely that Y; is F;_-measurable for py-a.a. ¢ > 0 and let (PY;);>0 denote
the (F;)¢>o-predictable projection of (Y;);>0. Since Y; is F;_-measurable for p-a.a. t > 0
it follows that PY; = Y; P-a.s. for p-a.a. t > 0. Thus

t
A = / PYs p(ds), t>0, (3.4)
0

and it follows that (A¢)¢>0 is (F)e>o-predictable. This completes the proof. O

Recall that N denotes an independently scattered centered Gaussian random measure
with control measure v. Let Ry x S 3 (r,s) — ¥, (s) be a measurable mapping for which
U, € L*(v) for r > 0. Then we may and do choose ([ ¥;(s)dN;);>0 jointly measurable
n (t,w). To see this note that V := span{N(A) : A € A} is a separable subspace of
L?(P) and

V= {/ f(s)dNy: f € L*(v)}. (3.5)
Hence for each element [ f(s)dNs; € V we have

B[ wi(s) 4, [ 75)an] = [ wi)f(s)v(ds), (3.6)

which shows ¢ — E[[ W;(s) dN; [ f(s) dNg] is measurable. The existence of a measurable
modification of ( [ W;(s) dNy);>0 now follows from Lemma 3.1.

Lemma 3.4. We have the following.

40



3. Preliminary results

(1) Let (Yi)i>0 be a measurable process such that (Y;);>o C span{N(A) : A € A}. Then
there exists a measurable mapping Ry x S 3 (t,5) = Wy(s) € R with ¥, € L*(v)
fort > 0 and such that Y; = f U, (s)dN; fort > 0.

(ii) Let (r,8) — W,(s) be a measurable mapping for which (V,.),>q is bounded in L*(v).
Then r— [ W,(s)dNy is locally p-integrable P-a.s. and for t > 0 we have

/Ot ( / Wy (s) AN, ) u(dr) = / ( /0 t W, (s) p(dr) ) N (3.7)

(i1i) Let Kt € L*(v) fort > 0 and (X¢)i>0 be a right-continuous process satisfying
= [ Ki(s)dN; for t > 0. Then for 0 <u <t we have

BLXIFY] = [ (PuK)(s) AN, (3.8)

where P,K; denotes the L*(v)-projection of Ky on span{K, : v € [0,u]}.

() Let (Fi)e>0 be a filtration and (A¢)e>0 be an (Fi)i>o-predictable centered Gaussian
process which is right-continuous and of bounded variation. Then there exists an
E‘E)Szo—}:jredictable process (Yi)i>o C Span{A; : t > 0} satisfying ||Ye||p2py = 1 for

>0 an

t
Ay = / Y, p(dr), t>0, (3.9)
0
where p = \/2/mp4.
Proof. (i): For t > 0 there exists, by (3.5), a ®; € L?(v) such that Y; = [ ®4(s)dN.

Moreover for f € L?(v), t — [ ®4(s)f(s)v(ds) is measurable since

E[Y; / f(s)dN,] = / Dy(5)f(s) v(ds). (3.10)

Hence it follows from Lemma 3.1 that there exists a U as stated in (i).
(ii): Since for t > 0 we have

B[ 1wt aviin(@n) < [ 19020 utds) < (311)

the mapping 7 + [ ¥, (s)dNy is locally p-integrable P-a.s. Thus both sides of (3.7)
are well-defined. The rlght hand side belongs to span{/N(A) : A € A} and so does the
left-hand side by Lemma 3.2. Fix Y = [ g(s) dN, in span{N(A) : A € A}. We have

Y/ /fts dt dN,] / /fts (dt) v(ds). (3.12)

Moreover from Fubini’s Theorem we have
BY [ ([ rs)an)uan) = [El [ fe.s)anu (3.13)
/ / £(t, ) v(ds) pu(dt) / / dt) v(dt). (3.14)

Hence, the left- and right-hand side of (3.7) have the same inner product with all ele-
ments of span{N(A) : A € A}, from which equality follows.
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4. Main results

(iii): From Gaussianity it follows that E[X;|F.X] is the L?(P)-projection of X; on span{ X, :
v < wu} and therefore (3.5) shows

B, | FX] = / f(s)dN,, (3.15)

for some f € L?*(v). Since L*(v) 3 g — [ g(s)dNs € L*(P) is an isometry it is readily
seen that f = P, K;.
(iv) is an immediate consequence of Basse [3, Proposition 4.1]. O

4 Main results

In this section we characterize the spectral representation of Gaussian semimartingales
(X¢)t>0. We study three different filtrations. First we consider the natural filtration
of (X¢)t>0. Then we assume (X;)icr is a moving average process and the filtration is
(F{%%) >0, where (F;5°),5¢ is the least filtration for which X is F;*"*°-measurable for
t > 0 and s € (—o0,t]. Finally the filtration is generated by the background driving
random measure IN. Recall that v is the control measure of N.

Theorem 4.1. Let Ry >t — K; € L?(v) be a right-continuous mapping and (X);>o be
given by X; = [ Ky(s)dNs for t > 0. Then the following three conditions are equivalent:

(1) (Xt)e>0 is a semimartingale (in its natural filtration).

(i) Fort >0 we have
t
Ky(s) = Ko(s) + He(s) +/ U, (s) p(dr), v-a.a. s € S, (4.1)
0
where Ry >t — Hy € L2(v) is a right-continuous mapping satisfying Ho = 0 and
/ (Hy(s) — Hy(s)) Ky(s) v(ds) =0, 0<v<u<t, (4.2)

Ry x 83 (r,s) = Wy(s) € R is a measurable mapping such that ||V |12, = 1
and U, € span{K, : v <r} forr >0, and p is a Radon measure.

(i1i) There exists a right-continuous increasing function f: Ry — R such that
1Pk = Kullagy < ()~ ), 0<u<t, (13)
where P,K; denotes the L*(v)-projection of Ky on span{K, : v < u}.

The decomposition (4.1) is unique and if K is represented as in (4.1) then the canonical
decomposition of (X¢)¢>o is given by

X, = Xo + / Hy(s) AN, + /0 t ( / U, (s) st>,u(dr). (4.4)

Proof of Theorem 4.1. (i)=(ii): Assume (X;);>0 is a semimartingale. By Stricker [16,
Théoréme 1] (X¢)i>0 is a special semimartingale with bounded variation component
(A)i>0 C span{X; : t > 0}. Hence by Lemma 3.4 (iv) there exists an (F;*);>o-predictable
process (Z;)i>0 € Span{X; : ¢ > 0} with |[Z,[|;2py = 1 such that A; = fg Z, p(dr) for
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t >0, where i = \/2/mpa. Moreover Lemma 3.4 (i) shows that there exists a measurable
mapping (r,s) — ¥,.(s) satisfying ¥, € L*(v) and Z, = [ ¥,.(s) dN; for r > 0. Since Z,
is X -measurable, it follows from Gaussianity that ¥, € span{K, : v < r} for r > 0.
From Lemma 3.4 (ii) we have

A = / (/Ot T, (s) pldr) )N, 120, (4.5)

Due to the fact that (M;);>0 C span{X; : ¢t > 0}, Lemma 3.4 (i) shows that for all ¢ > 0,
M; = [ Hy(s)dN; for some H; € L?(v). The mapping ¢ — H; € L*(v) is right-continuous
since (My)e>o is right-continuous. Stricker [16, Théoréme 1| shows that (M) is a true
(F7)i>0-martingale and hence

0=E[(M; — M,)X,] = / (He(s) — Hu(s)) Ky(s) v(ds), 0<v<u<t. (4.6)

This completes the proof of (4.1).
(ii) = (i): Assume (4.1) is satisfied. We show that (X;);>¢ is a semimartingale with
canonical decomposition given by (4.4). For ¢ > 0 define

M, ::/Ht(s)dNS and A, ::/(/Ot\llr(s)u(dr))st. (4.7)

Note X; = Xo + M; + A;. Lemma 3.4 (ii) shows that

A = /0 t ( / U, (s) st) p(dr),  t>0, (4.8)

which implies that (A:)¢>0 is right-continuous and of bounded variation. Let r > 0.
Since ¥, € span{K, : v < r}, [V, (s)dN; is F:X -measurable and hence it follows from
Lemma 3.3 that (A;)i>0 is (F;* )¢i>o-predictable.

The only thing left to show is that (M;);>o is a cadlag (F7¥);>o-martingale. Since
M; = X; — Xo — Ay, (My)>0 is (Fi¥)i>0-adapted. Equation (4.2) shows that E[(M, —
M,)X,] =0 for 0 < v <wu <t and hence from Gaussianity it follows that M; — M, is
independent of X,,. The (.EX )e>o-martingale property of (M;);>o therefore follows by the
L%(P) right-continuity of (M;);>0. Since (F;*);>o satisfies the usual conditions we can
choose a cadlag modification of (My);>o. Thus (X;);>0 is a semimartingale with canonical
decomposition given by (4.4).

(i) < (iii): From Stricker [16, Théoréme 1] it follows that (X;);>0 is a semimartingale if
and only if it is a quasimartingale on each bounded interval. That is, for ¢ > 0 we have

sup y  E[[E[X;, — X¢,_, | ]I] < oo, (4.9)
i=1

where the sup is taken over all finite partitions 0 = tg < --- < ¢, = t of [0,¢]. This is
equivalent to the existence of a right-continuous and increasing function f satisfying

E[E[X; - Xu|FY]] < f(8) = f(w), O0<u<t. (4.10)

The function f can be chosen to be the left-hand side of (4.9). Moreover Lemma 3.4 (iii)
shows that

T
1Pk = K2y = IBIXe = Xul Fo Ml 2y = \/;E[’E[Xt — Xul FXI, (4.11)
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which implies that (i) and (iii) are equivalent.

Decompose K as in (4.1). We show that this decomposition is unique. In the proof
of "(ii) = (i)"we showed that (4.4) is the canonical decomposition of (X;);>0 and since
this is unique we have that Ry >t — H; € L?(v) is unique. Let (A4;)¢>0 be the bounded
variation component of the semimartingale (X;);>0. We have

// 5) AN, p(dr)] /y/ 5) AN, ] p(dr) (4.12)
\f [ 1l ) = 2 0.0, (1.13)

and hence p is uniquely determined and it follows that (¢, s) — Wy(s) is uniquely deter-
mined p ® v-a.s. This completes the proof. ]

The functions ¢ — Hy(s) can behave very differently for different H in the above
theorem. An example of such an H is Hi(s) = 1(gy(s). In this case t — Hy(s) is
constant except at s where it has a jump of size one. But there are also examples of H
for which ¢ — Hy(s) is continuous and nowhere differentiable (and hence of unbounded
variation).

We now apply Theorem 4.1 on an example.

Example 4.2. Let g,h € C'(R) be two strictly increasing functions such that 0 < g < h
and g(co) = oo and let f: R — R be a continuous function such that f > 0. Define
Ki(s) = Lig),ne)(s)f(s) and let (W;)i>0 be a Wiener process. We show that (X;):>0
given by
h(t)
X, = /Kt )dWs = f(s)dW, t>0, (4.14)
9(t)

is not a semimartingale.

Choose (a,b) C R4 such that h(0) < g(z) < h(a) for z € (a,b) and let u,t € (a,b)
with u < ¢ be given. Moreover choose ¢,d > 0 satisfying ¢ < d < u, h(c) = g(u) and
h(d) = g(t) and define ¢ := Kq — Kc = (1g(u),(t)] = Lig(e),g(a))f- Let Py respectively Py,
denote the projection on span{K, : v € [0,u]} respectively span{¢}, where the closure
is in L2(\) (\ denotes the Lebesgue measure). We have that

1Pult — Kull 20 = IPutf Ligw)omnll 2oy = 1Pwf gz (4.15)
and by choosing K1, K3 € (0,00) such that K; < f2(s
(¥, FLigaw.g()?

) < Ko for s € [0, g(t)], we get
Ki(g(t) = g(u))

Py fLigu),gm| = 0. 0) Y| > R la ) — ot T 9 ) Wl (4.16)
Thus, by setting ¢ = go h~' o g, it follows that
g(t) - g(U)
3/2 1 g(t) — g(u) ~ lu —alc
> Kl K2 ( ) g(u) +g(d) ( )\/g(t) g( )+g(d) g( ) (4'18)
= K3t 9tt) = 9(u) > KvVi—u, (4.19)

V() — g(u) + &) — d(u) ~

for some K > 0. Hence we conclude, by Theorem 4.1, that (X};):>¢ is not a semimartin-
gale. O
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Let (Wy)er be a given Wiener process and k and f be measurable functions satisfying
k(t—-)—f(—-) € L?>()\) for t € R (X denotes the Lebesgue measure on R). Then (X;)ier
is said to be a (W;)-moving average process with parameter (k, f) if

Xt:/ k(t—s) — f(—s)dW,,  teR. (4.20)
R

For short we say (X¢)ier is a (Wy)-moving average process. Note that we do not assume
k and f are 0 on (—o0,0). It is readily seen that all (W¥})-moving average processes
have stationary increments. By Doob [7, page 533] it follows that an L?(P)-continuous,
stationary and centered Gaussian process has absolutely continuous spectral measure if
and only if it is a (W})-moving average process with parameter (k,0), for some Wiener
process (Wi)ier and function k. Recall the definition of the filtration (]:tX’OO)tzo on
page 42.

Lemma 4.3. Let (F;)i>0 be a filtration and (Xi)ier be a (Wyi)-moving average. If
(Xt)e>0 1s an (Fi)i>0-semimartingale and either the martingale component or the bounded
variation component of (X¢)i>0 is a (Wy)-moving average process, then (Xi¢)i>o is an
(F%)0-semimartingale.

Proof. Let (X;)ier be a process given by Xy = [ k(t—s)— f(—s) dW, and assume (X;);>0
is an (F;)s>0-semimartingale where the martingale or the bounded variation component
is a (W;)-moving average. In either case the martingale component of (X;):>o is given
by My = [ h(t —s) — h(—s)dWj for ¢ > 0 for some measurable function h. For ¢,v € Ry
we have

E[M,X_,]
= / (h(t —s) — h(—s)) (k(—v — s) — k(—s)) ds (4.22)

= / (h(t+v—s)—h(v—1s5))(k(=s) — k(v —s))ds (4.23)
= E[(My, — My)(Xo — Xy)] = 0, (4.24)

E[My(X_, - Xo)] (4.21)

and it follows from Gaussianity that (M;)¢>0 is independent of (X;);<¢. This shows that

(Xt)e>0 is an (F; V G)¢>o-semimartingale, where G := o(X; : s € (—00,0)), and hence in
. X.00 - . .

particular an (F; " );>o-semimartingale. O

Theorem 4.4. Let (X;)ier be a (Wy)-moving average process with parameters (k,0).
Then (X¢)i>o is an (Ex’m)tzo—semimartmgale if and only if

k(t) = h(t) + /0 t¢(r) dr,  A-a.a teR, (4.25)
where h and v are measurable functions satisfying h(t — ) — h(—-) € L2(\) fort >0,
/(h(t—s)—h(u—s))kz(v—s)ds:0,0§v§u§t, (4.26)
and
Y(t —-) € span{k(v — ) 1 v € (—o0,t]} € L*(\),0 < t. (4.27)

The above k and h are uniquely determined and the (ff(’oo)tzo—canom'cal decomposition
of (Xt)i>0 is given by

X, = Xo +/h(t—s) — h(—s)dW, +/Ot (/w — ) dWs)dr, (4.28)
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and the martingale and the bounded variation component of (Xi)i>o are (Wy)-moving
average processes.

For each function g: R — R and u € R, we let 6,9 denote the function s — g(s —u).

Proof of Theorem 4.4. Let thf) ‘= k(t—s) for t,s € R.

Assume (X;);>0 is an (F; "™)i>o-semimartingale. By the stationary increments,
(X¢)e>0 has no fixed points of discontinuity. Moreover since (X;);>o is a Gaussian semi-
martingale it follows from Stricker [16, Proposition 3| that (X;);>o is a continuous pro-
cess. Let Xy = Xo + M; + A; be the (.EX’OO)tZO—canonical decomposition of (X;)¢>¢. For
u € Ry, let P,: L2(\) — L?()\) denote the projection on span{K, : v € (—oc,u]} and
note that Pyyy Kiry = 0, P Ky for v < ¢t and 0 < u. Standard theory shows that for
t > 0 we have

[t2"]
Ar= lim Y E[Xn — X100 [ T o] (4.29)
=1
[t2"]
:nlLHgO/Z Pli—1yj2n Kijon (s) — K(i—1y/n (s)) AW, in L*(P), (4.30)

where the second equality follows from Lemma 3.4 (iii). Thus with

[t27]
Gt = nh—>I20 Z (P(Z‘_l)/QnKZ‘/Qn — K(i_l)/Qn) in LQ()\), (4.31)
=1

we have A; = f G(s)dWs. For t,u € R it follows that

[(t+u)2™]
Giyu— Gy = nh_{go Z Pli1yy2n (Kijon — K(i—1y/2n) (4.32)
1=[u2"]+1
[t2"]
= lim > Pactyzniu(Kijniu — Ki-1yj20-44) (4.33)
i—1
[t2"]
i—1

Which shows (A¢)i>0 has stationary increments and therefore py equals the Lebesgue
measure up to a scaling constant. Arguments as in the prove of ’(i) = (ii)’ in Theorem 4.1

shows that .
At:/(/ U, (s) dr)dWs, >0, (4.35)
0

for some measurable mapping (t,s) — Wy(s) satisfying that ¢ — [|¥y[[;2(, is constant

and U, € span{K, : u € (—oo,t]} for t > 0. Hence Gy(s) = f(f U, (s)dr for l-a.a. s € R
for ¢ > 0. For t,u € Ry, (4.33) yields

/Ot U,py(s)dr = /um s)dr = 6, / s)dr _/ 0,7, ( (4.36)

for A-a.a. s € R, which implies that ¥, , = 6, ¥, A-a.s. Thus there eX1sts a1 e LQ()\)
such that for r > 0, ¥,(s) = ¢(r —s) for M\-a.a. s € R. By setting h(t fo
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for t € R, it follows that h(t —-) — h(—-) € L*(\) and M; = [ h(t — s) — h(—s) dWj for
t > 0. The (F;*°°);>o-martingale property of (M;);>o shows that h satisfies (4.26). This
completes the proof of the only if statement.

Assume conversely k is on the form (4.25). By approximating k with continuous
functions with compact support it is readily seen that

lim [ (k(t—s)—k(—s))*ds=0. (4.37)

t—0

Since (X¢):>0 is a stationary process, (4.37) shows that it is L?(P)-continuous. For ¢ > 0
define

M, = /h(t— s)—h(—s)dW,  and A= /Ot </¢(r—s) dW8>dr. (4.38)

By Lemma 3.4 (ii) we have that

Ay = / (/tw(r — ) dr)dWS, >0, (4.39)
0

which shows X; = Xo + M; + A; for t > 0. Since ¢(r — -) € Span{ K, : v € (—o0,r]} for
r > 0 it follows that [¢(r —s)dWj is F5°_measurable for r > 0 and therefore (A)e>0
is (]:tX *?)t>0-adapted and hence by continuity (]:tX *?)¢>0-predictable.

Equation (4.26) and the translation invariancy of the Lebesgue measure shows

/ (h(t —s) — h(u—s))k(v —s)ds =0, —oo <v<u<t. (4.40)

This yields E[(M; — M,)X,] = 0 for —oo < v < u < ¢ where 0 < u and it follows by
Gaussianity that M; — M, is independent of X,. Since M; = X; — Xo — A, (Mi)i>0
is continuous in L?(P). Moreover since (M;);>o is a centered process we conclude that
(My)e>0 is an (.FtX "*?)¢>o-martingale. Since (EX’w)tZO satisfies the usual conditions,
(My)¢>0 has a cadlag modification. Hence (X3)¢>0 is an semimartingale with canonical
decomposition given by (4.28).

We finally show that h and k are uniquely determined. Thus assume (4.25) is satisfied
for k, h and k, h. By the uniqueness of the (]:f(’oo)tzo—decomposition of (X3)>0 is follows
from (4.28) and Lemma 3.4 (ii) that

t t
/ Y(r —s)dr = / Y(r —s)dr, Aa.a. s € R, allt >0, (4.41)
0 0
which shows ¢(r — s) = ¢(r — s) for M-a.a. r > 0 and A\-a.a. s € R and hence ¢ = ¥
A-a.s. Hereby it follows from (4.25) that h = h A-a.s. and the proof is complete. U
As a consequence of Lemma 4.3 and Theorem 4.4 we have the following.

Corollary 4.5. Let (Xy)ier be a (Wy)-moving average process with parameter (k,0).
Then (X¢)e>0 is an (ff(’oo)tzo—semimartmgale if and only if there exists a filtration in
which (Xt)e>0 is a semimartingale with a martingale component which is a (W;)-moving
average process.

For a (W};)-moving average process on the form

t
X, = / k(t—s)dW,,  teR, (4.42)

—00
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Knight [10, Theorem 6.5 proved that (X;);>0 is an (ftw’oo)tzo—semimartingale if and
only if k(t) = o + fg g(s)ds for A-a.a. t > 0, where o € R and g € L*()\). After proving
this result he wrote "an interesting project for further research might be to test the
present methods in the non-stationary Gaussian case". The following result generalizes
his theorem to the non-stationary Gaussian case, but uses a different approach.

Let (Cy)i>0 be a family of increasing o(.A)-measurable sets satisfying

(| Cu=C, t>0 (4.43)

w€(t,00)

Let (F}¥)i>0 be the smallest filtration satisfying N(A) is F}¥-measurable for A € A with
A C Cy, and let (X;)i>0 be given by X; = fCt Ky(s)dNs for t > 0.

Theorem 4.6. Let (X;)i>0 and (F}¥ )i>o be given as above. Then (X¢)i>o is an (F )i>o-
semimartingale if and only if for t > 0 we have

K(s) = g(s) —i—/o U, (s) p(dr), v-a.a. s € Cy, (4.44)

where g: S — R is square integrable w.r.t. v on Cy fort > 0, u is a Radon measure on
Ry and Ry x S5 (L, s) = Wi(s) € R is a measurable mapping satisfying ||V 12, =1
and U,.(s) =0 for v-a.a. s ¢ Uy, Cy,.

The decomposition (4.44) is unique and if K is represented as in (4.44), then the
(FN)i>0-canonical decomposition of (X;)i>o is given by

X, = Xo + /C - g(s)dN, + /0 t ( / U, (s) dNS) p(dr). (4.45)

Proof. Assume (X;)i>o is an (F}¥)i>o-semimartingale with (F}¥);>¢-canonical decom-
position X; = Xo + M; + A;. From Stricker [16, Proposition 4 and 5] it follows that
(My)>0 C span{X; : t > 0}. Thus for each ¢t > 0 there exists an H; € L?(v) such
that M; = ‘[Ct Hy(s)dN;. Let 0 < u < t be given. The (F}¥);>o-martingale property of
(My)¢>0 implies

0 = E[(E[M; — M,|FN))’] (4.46)

2 2

=E[( Hy(s) — Hy(s)dN,)"] = / (Hy(s) — Hy(s))" v(ds), (4.47)
Cu u

which shows H;(s) = H,(s) for v-a.a. s € C,. Thus there exists a measurable function

g: S — R which equals H; v-a.s. on C; for t > 0. By Lemma 3.4 (iv) there exists

a Radon measure p and an (F)i>o-predictable process (Y;);>o C span{4; : t > 0}

satistying ||Yr || 2py = 1 for 7 > 0 and

t
A = / Y, pa(dr), t>0. (4.48)
0

In particular Y, is 7~ measurable for 7 > 0. Thus by Lemma 3.4 (i) there exists a

measurable mapping (r,s) — W,(s) satisfying ¥,(s) = 0 for v-a.a. s ¢ U,<,C, and
Y, = [ ¥,(s) dN,. From Lemma 3.4 (ii) it follows that

Xi= [ (o) + Kato)ave+ [ ([ 0, (5) u(dr) )N, (4.49)
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which shows (4.44).

Assume conversely (4.44) is satisfied. We show that (X;)i>0 is an (F7¥)¢>o-semi-
martingale with canonical decomposition given by (4.45). From Lemma 3.4 (ii) it follows
that

X, = Xo + /C . g(s) AN, + / ( /0 “u(s) u(dr))dN, (4.50)
:XOJF/ct\co g(s) dN8+/Ot </\IJT(S) st)u(dr). (4.51)

Since (fCt\Co g(s) dNs)i>0 is a martingale with respect to (F7¥);>¢ it is enough to show

that fg (f\I/r(s) dNS>u(d7“) is an (F});>o-predictable process. But this follows from

Lemma 3.3 since [ W, (s)dN; is FY -measurable for r > 0.

To conclude the proof assume that K is decomposed as in (4.44). By uniqueness of
the martingale component of (X;);>¢ it follows that g is determined uniquely v-a.s. on
Ui>0Ct. Using once more that [[Wy[|2,) =1 for 7 > 0, we have that p = (2/m)Y2 g
where (A¢)¢>0 is the bounded variation component of (X;);>0, and hence p is uniquely
determined and it follows from (4.44) that ¥ is uniquely determined up to p ® v-null
sets. This completes the proof. ]

Let the setting be as in Theorem 4.6 and assume that (X;);>0 is an (F})i>o-
semimartingale. Then Theorem 4.6 in particular shows that K; = f(t v-a.s. on Cy, where
(t,s) — K;(s) is a measurable mapping satisfying that ¢ — K (s) is right-continuous and
of bounded variation for s € S.

If (Xi)ier is given by

t
Xt:/ k(t—s)dW,, teR, (4.52)

—00

then (X;);>o satisfies the following relations

(fy/’oo)tzo—semimartingale = (Ff’oo)tzo-semimartingale = (F{¥)i>0-semimartingale.
(4.53)

Hence the assumptions on (X;);>o are strongest in Theorem 4.6, weaker in Theorem 4.4
and weakest in Theorem 4.1.
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PAPER

Gaussian moving averages and
semimartingales

Andreas Basse-O’Connor

Abstract

In the present paper we study moving averages driven by a Wiener pro-
cess and with a deterministic kernel. Necessary and sufficient conditions
on the kernel are provided for the moving average to be a semimartin-
gale in its natural filtration. Our results are constructive - meaning that
they provide a simple method to obtain kernels for which the moving
average is a semimartingale or a Wiener process. Several examples are
considered. In the last part of the paper we study general Gaussian pro-
cesses with stationary increments. We provide necessary and sufficient
conditions on spectral measure for the process to be a semimartingale.
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1. Introduction

1 Introduction

In this paper we study moving averages, that is processes (X¢);>0 on the form

Xi= [(6lt-9 - v-s)aw,  teR (1.1)

where (Wy)¢>0 is a Wiener process and ¢ and 1 are two locally square integrable func-
tions such that s — ¢(t — s) — ¢(—s) € LE(\) for all t € R () denotes the Lebesgue
measure). We are concerned with the semimartingale property of (X¢):>o in the filtration
(ftx’oo)tzo, where F;¥° := (X, : s € (—o0,1]) for all t > 0.

The class of moving averages includes many interesting processes. By Doob [10,
page 533| the case ¢ = 0 corresponds to the class of centered Gaussian L?(P)-continuous
stationary processes with absolutely continuous spectral measure. Moreover, (up to scal-
ing constants) the fractional Brownian motion corresponds to ¢(t) = 1 (t) = (tV0)7-1/2,
and the Ornstein-Uhlenbeck process to ¢(t) = e P'1g, (t) and ¢ = 0. It is readily seen
that all moving averages are Gaussian with stationary increments. Note however that in
general we do not assume that ¢ and ¢ are 0 on (—o0,0). In fact, Karhunen [16, Satz 5|
shows that a centered Gaussian L?(P)-continuous stationary process has the representa-
tion (1.1) with ¢» = 0 and ¢ = 0 on (—o0,0) if and only if it has an absolutely continuous
spectral measure and the spectral density f satisfies

/lolg:_% du > —o0. (1.2)

In the case where v = 0 and ¢ is 0 on (—o00,0), it follows from Knight [17, Theo-
rem 6.5] that (X;)¢>0 is an (ffv’m)tzo—semimartingale if and only if

o(t) =a+ /Ot h(s)ds, t >0, (1.3)

for some a € R and h € L% (\). Related results, also concerning general 1, are found in
Cherny [7] and Cheridito [6]. Knight’s result is extended to the case X; = ffoo K (s)dW;
in Basse [3, Theorem 4.6].

The results mentioned above are all concerned with the semimartingale property in
the (ﬂw’m)tzo—ﬁltration. Much less is known when it comes to the (F;¥);>o-filtration or
the (]:f(’oo)tzo—ﬁltration (F¥ := 0(Xs: 0 < s <t)). In particular no simple necessary
and sufficient conditions, as in (1.3), are available for the semimartingale property in these
filtrations. Let (X;);>0 be given by (1.1) and assume it is (]:y/’oo)tzo—adapted; it is then
easier for (X¢)¢>0 to be an (ff’oo)tzo—semimartingale than an (ftw’oo)tZO—semimartingale
and harder than being an (F;¥ );>¢-semimartingale. It follows from Basse |2, Theorem 4.8,
iii] that when 9 equals 0 or ¢ and (X;)¢>0 is an (F;X);>o-semimartingale with canonical
decomposition X; = X+ M; + Ay, then (X;)i>0 is an (Ex’m)tzo—semimartingale as well
if and only if ¢ — E[Var|g(A)] is Lipschitz continuous on R (Varj4(A) denotes the
total variation of s — Ag on [0,¢]). In the case 1) = 0, Jeulin and Yor [15, Proposition 19|
provides necessary and sufficient conditions on the Fourier transform of ¢ for (X;);>o to
be an (]:tX’OO)tzo—semimartingale.

In the present paper we provide necessary and sufficient conditions on ¢ and v for
(X¢t)t>0 to be an (]:tX "*?)¢>0-semimartingale. The approach taken relies heavily on Fourier
theory and Hardy functions as in Jeulin and Yor [15]. Our main result can be described
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2. Notation and Hardy functions

as follows. Let S' denote the unit circle in the complex plane C. For each measurable

function f: R — S! satisfying f = f(—), define f:R—=Rby

~ a its_l,
f(t) == lim e ()

a—oo J_, 18

f(s)ds, (1.4)

where the limit is in A-measure. For simplicity let us assume ¢ = ¢. We then show that
(Xt)e>0 is an (ff’oo)tzo—semimartingale if and only if ¢ can be decomposed as

6(t) = B+ af(t) +/0 fh(s)ds,  Maa teR, (1.5)

where a, 8 € R, f: R — S! such that f = f(—-), and h € LE(\) is 0 on R4 when
a # 0. In this case (X;)i>0 is in fact a continuous (]:tX "*?)¢>0-semimartingale, where the
martingale component is a Wiener process and the bounded variation component is an
absolutely continuous Gaussian process. Several applications of (1.5) are provided.

In the last part of the paper we are concerned with the spectral measure of (X¢)s>o,
where (X¢);>0 is either a stationary Gaussian semimartingale or a Gaussian semimartin-
gale with stationary increments and Xy = 0. In both cases we provide necessary and
sufficient conditions on the spectral measure of (X;):>o for (X;);>0 to be an (]:tX’OO)tZO—
semimartingale.

2 Notation and Hardy functions

Let (Q,F,P) be a complete probability space. By a filtration we mean an increasing
family (F3)¢>0 of o-algebras satisfying the usual conditions of right-continuity and com-
pleteness. For a stochastic process (X;)i>o let (]:tX *“)t>0 denote the least filtration
subject to o(Xs : s € (—o0,t]) C .7’-",5X’°O for all t > 0.

Let (F¢)i>0 be a filtration. Recall that an (F;);>o-adapted cadlag process (X¢)¢>0 is
said to be an (F;)¢>o-semimartingale if there exists a decomposition of (X;);>¢ such that

X, = Xo+ M, + Ay, t >0, (2.1)

where (M;)i>o is a cadlag (Fi)i>o-local martingale which starts at 0 and (A;)i>o is a
cadlag (F;)r>0-adapted process of finite variation which starts at 0.
A process (Wy)i>0 is said to be a Wiener process if for all n > 1 and tp < --- < t,

Wi =Wy oo o W, = W, (2.2)

are independent, for —oo < s < t < oo W3 — Wy follows a centered Gaussian distributed
with variance o2(t — s) for some 2 > 0, and Wy = 0. If 0% = 1, (W;);>0 is said to be a
standard Wiener process.

Let f: R — R. Then (unless explicitly stated otherwise) all integrability matters of
f are with respect to the Lebesgue measure A on R. If f is a locally integrable function
and a < b, then [ f(s)ds should be interpreted as — f; f(s)ds = — [1144(5)f(s)ds.
For t € R let 74 f denote the function s — f(t — s).

Remark 2.1. Let f: R — R be a locally square integrable function satisfying 7+ f —7o f €
L% (N) for all t € R. Then t — 7.f — 7o f is a continuous mapping from R into L% (N).
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2. Notation and Hardy functions

A similar result is obtained in Cheridito [6, Lemma 3.4]. However, a short proof is
given as follows. By approximation with continuous functions with compact support it
follows that t + 1(,4)(7¢.f — 70f) is continuous for all @ < b. Moreover, since 7, f — 70 f =
limp, 1y, ) (e f — 70f) in L% ()), the Baire Characterization Theorem (or more precisely
a generalization of it to functions with values in abstract spaces, see e.g. Reinov [21] or
Stegall [23]) states that the set of continuity points C of t — 7.f — 70 f is dense in R.
Furthermore, since the Lebesgue measure is translation invariant we obtain C' = R and
it follows that t — 7. f — 79 f is continuous.

For measurable functions f,g: R — R satisfying [|f(t — s)g(s)|ds < oo for ¢t € R,
we let f x g denote the convolution between f and g, that is f * ¢ is the mapping

t— /f(t —s)g(s)ds. (2.3)

A locally square integrable function f: R — IR is said to have orthogonal increments
if f —710f € L%(A) for all t € R and for all —co < ty < t1 < ty < oo we have that
71, f — T, f is orthogonal to 7, f — 74, f in L% (N).

We now give a short survey of Fourier theory and Hardy functions. For a comprehen-
sive survey see Dym and McKean [11]. The Hardy functions will become an important
tool in the construction of the canonical decomposition of a moving average. Let L% ())
and L%()\) denote the spaces of real and complex valued square integrable functions from
R. For f,g € L2,(\) define their inner product as {f, g);» 2 (\) = [ fgdA, where Z denotes

the complex conjugate of z € C. For f € L()\) define the Fourier transform of f as

f(t):= lim /f )elt du, (2.4)

al—o0, bToo

where the limit is in LZ,()\). The Plancherel identity shows that for all f,g € L%()\) we
have (f, g)Lz o) = 2m(/f, )L () Moreover, for f € L% ()\) we have that f=2orf(—).
Thus, the mapping f — f is (up to the factor v/27) a linear isometry from LZ () onto

L% ()\). Furthermore, if f € L% ()), then f is real valued if and only if f= f(—)
Let €4 denote the open upper half plane of the complex plane C, i.e. C := {z €
C : ¥z > 0}. An analytic function H: C; — C is a Hardy function if

sup/]H(a +ib)|* da < oo. (2.5)
b>0

Let II-I?F denote the space of all Hardy functions. It can be shown that a function
H: C; — C is a Hardy function if and only if there exists a function h € LZ(\)
which is 0 on (—o0,0) and satisfies

H(z) = /emh(t) dt, z € Cy. (2.6)

In this case limy g H(a +ib) = h(a) for M-a.a. a € R and in LZ(N).
Let H € H% with h given by (2.6). Then H is called an outer function if it is
non-trivial and for all a + ib € C, we have

bwﬂm+wng/%%@%%%m. (2.7)

An analytic function J: C; — C is called an inner function if [J| < 1 on C4 and with
j(a) = limyjp J(a + ib) for A-a.a. a € R we have |j| = 1 d-as. For H € H% (with h
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given by (2.6)) it is possible to factor H as a product of an outer function H® and an

inner function J. If h is a real function, J can be chosen such that J(z) = J(—%) for all
AS ®+.

3 Main results

By S! we shall denote the unit circle in the complex field C, i.e. St=1{z €C:lz| =1}
For each measurable function f: R — S! satisfying f = f(—-) we define f: R — R by

B a eits _ 1[,171}(8)

f() == lim

a—oo |

s f(s)ds, (3.1)

where the limit is in A-measure. The limit exists since for ¢ > 1 we have

a eits _ 1, s 1 gits _ a
/ #u()f(s)ds:/ , 1f(s) ds+/ e 1y q)e(s) f(s)(is) " ds, (3.2)

—a 1S 1 IS —a

and the last term converges in L% ()\) to the Fourier transform of
5+ 1[_1,1]C(5)f(8)(i8)_1. (3.3)

Moreover, f takes real values since f = f(—-). Note that f(t) is defined by integrating
f(s) against the kernel (e"® —1;_; y(s))/is, whereas the Fourier transform £(t) occurs
by integration of f(s) against e’

For u < t we have

—

fE+)— flut)=1p4f, A-a.s. (3.4)

Using this it follows that f has orthogonal increments. To see this let ty < t; < t9 < t3
be given. Then

(flts—-) = flta—-), f(t1 =) = flto — Nz (3.5)
= 27T<i[t2,t3]fa i[to,tl]f>L%()\) = <i[t2,t3]a i[to,tlﬁL%C(A) = <1[t2,t3]a 1[t0,t1}>L%C()\) =0, (3.6)

which shows the result.
In the following let ¢ — sign(t) denote the signum function defined by sign(t) =
—1(—00,0)(t) + L(0,00)(t). Let us calculate f in three simple cases.

Example 3.1. We have the following:
(i) if f =1 then f(t) = msign(t),
(i) if f(t) = (t +i)(t — i)~ then f(t) = dm(e~t — 1/2)1R, (¢),
(iii) if f(t) = isign(t) then f(t) = —2(v + log|t|), where  denotes Euler’s constant.

(i) follows since [ % ds — 7/2 as  — oo. Let f be given as in (ii). Then for all

0
t € R we have

@ s — Li—1,1(8) @ cos(ts) — Ljo11(s) @ gin(ts) s2 — 1
/ Tf(s)dS—él/o 21 ds—|—2/0 . 52+1ds, (3.7)

—a
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which converges to

(3.8)

42(2e " —1)+25(2e " —1) =2n(2e" = 1), ¢t>0,
47(2e7t —1) —25(2¢7" = 1) =0, t<0,

as a — oo. This shows (ii).
Finally let f(t) = isign(t). For ¢ > 0 and a > 1,

/ P o) o o / * eoslls) ~ 1na(s) g g (3.9)

sl L)  cos(s) o)
- 2/0 — F(s/t)ds (/0 - ds—1 g(t)), (3.10)
which shows (iii) since f(—t) = f(t). O

Let (Wy)i>0 be a standard Wiener process and ¢,¢: R — R be two locally square
integrable functions such that ¢(t — ) —¢(—-) € L%(A) for all t € R. In the following we
let (X¢)e>0 be given by

X, = /(¢(t_s) —(—s))dW,,  teR. (3.11)

Now we are ready to characterize the class of (.EX’OO)tzo—semimartingales.

Theorem 3.2. (X;);>0 is an (ff(’oo)tzo—semimartmgale if and only if the following two
conditions (a) and (b) are satisfied:

(a) & can be decomposed as

o(t) = B+ af(t) / fh(s)ds,  A-a.a. tE€R, (3.12)

where o, € R, f: R — S' is a measurable function such that f = f(—-), and
h € L%(N) is 0 on Ry when a # 0.

—

(b) Let € = f(6— ). Ifa# 0 then
/T<$>ds < 0, Vr >0, (3.13)
0

Iz e(w)? du

where 8 = 0.

In this case (Xi)i>0 is a continuous (Ex’m)tzo—semimartmgale where the martingale
component is a Wiener process with parameter 0® = (2ra)? and the bounded variation
component is an absolutely continuous Gaussian process. In the case Xg = 0 we may
choose a, B, h and f such that the (ff(’oo)tzo—canom'cal decomposition of (Xt)¢>0 is given
by Xy = My + Ay, where

Mt:a/<f(t—s)—f(—s)) AW, and At:/ot </ﬁ(s—u)dwu> ds.  (3.14)

Furthermore, when o # 0 and Xg = 0, the law of( Xt)te[O 7] s equivalent to the
Wiener measure on C([0,T]) for all T > 0. O
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The proof is given in Section 5. Let us note the following:
Remark 3.3.

1. The case Xy = 0 corresponds to 1) = ¢. In this case condition (b) is always satisfied
since we then have £ = 0.

2. When f =1, (a) and (b) reduce to the conditions that ¢ is absolutely continuous
on R, with square integrable density and ¢ and v are constant on (—oo,0). Hence
by Cherny [7, Theorem 3.1] an (ff’oo)tzo—semimartingale is an (ftw’oo)tzo—semi—
martingale if and only if we may choose f = 1.

3. The condition imposed on & in (b) is the condition for expansion of filtration in
Chaleyat-Maurel and Jeulin |5, Theoreme 1.1.1].

Corollary 3.4. Assume Xo = 0. Then (Xt)i>0 is a Wiener process if and only if
¢ = B+af, for some measurable function f: R — S satisfying f = f(—-) and o, B € R.

The corollary shows that the mapping f — f (up to affine transformations) is onto
the space of functions with orthogonal increments (recall the definition on page 54).
Moreover, if f,g: R — S! are measurable functions satisfying f = f(—) and § = g(—-)
and f = § A-a.s. then (3.4) shows that for u <t we have

1[u,t}f = i[u,t}g7 A-a.s. (315)
which implies f = g A-a.s. Thus, we have shown:

Remark 3.5. The mapping f — f is one to one and (up to affine transformations) onto
the space of functions with orthogonal increments.

For each measurable function f: R — S! such that f = f(—-) and for each h € L (\)
we have

t— - . R
/0 fh(s)ds = (1[0,15], fh>L%()\) = <1[0,t]a (fh)(—‘»L%C(A) (3.16)

= <i[0,t}f7il(_')>L%()\) = <i[0,t}f7h>L%()\) = / (f(t+ s) — f(s))h(s) ds, (3.17)

which gives an alternative way of writing the last term in (3.12).

In some cases it is of interest that (X¢)¢>0 is (ftw’oo)tzo—adapted. This situation is
studied in the next result. We also study the case where (X;)¢>0 is a stationary process,
which corresponds to ¥ = 0.

Proposition 3.6. We have

(i) Assume ¢ = 0. Then (Xi)i>0 is an (ff(’oo)tzo—semimartmgale if and only if ¢
satisfies (a) of Theorem 3.2 and t — o + fot h(—s)ds is square integrable on R
when o # 0.

(i1) Assume ) equals 0 or ¢ and (Xy)i>o is an (.FtX’OO)tZO—semimartmgale. Then (X¢)e>0
is (ftw’oo)tzo—adapted if and only if we may choose f and h of Theorem 3.2 (a)
such that f(a) = limyo J(—a + ib) for A-a.a. a € R, for some inner function J,
and h is 0 on Ry. In this case there exists a constant ¢ € R such that

b=pB+af +(f—c) g, A-a.s. (3.18)

where g = h(—-).
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3. Main results

According to Beurling [4] (see also Dym and McKean [11, page 53]), J: Cy — C is
an inner function if and only if it can be factorized as:

J(z) = Ce'™ exp (i / 1+ sz F(ds)) H enf: —c , (3.19)

Yy s —Zz
n>1

where C € S', a > 0, (2,)n>1 € Cy satisfies 3, o 3(zn)/(|2a)*+1) < 0o and €, = 2,,/Zn,
or 1 according as |z,| < 1 or not, and F is a nondecreasing bounded singular function.
Thus, a measurable function f: R — S' with f = f(—) satisfies the condition in
Proposition 3.6 (ii) if and only if

fla) = 1{%1 J(—a +1b), Aa.a. a € R, (3.20)
for a function .J given by (3.19). If f: R — S! is given by f(t) = isign(¢), then according
to Example 3.1, f(t) = —2(y + log|t|). Thus this f does not satisfy the condition in
Proposition 3.6 (ii).

In the next example we illustrate how to obtain (¢,) for which (X;);>o is an
(]:tX "*?)¢>0-semimartingale or a Wiener process (in its natural filtration). The idea is
simply to pick a function f: R — S satisfying f = f(—) and calculate f. Moreover, if
one wants (X)i>0 to be (]:y/’oo)tzo—adapted one has to make sure that f is given as in

(3.20).
Example 3.7. Let (X;)¢>0 be given by
X, = /(¢(t _§)—(=s)dW,, teR. (3.21)

(i) If ¢ is given by ¢(t) = (e ' —1/2)1r, (t) or ¢(t) =log|t| for allt € R, then (X¢)¢0
is a Wiener process (in its natural filtration).

(i) If ¢ is given by

1
S—‘ ds, teR, (3.22)
S

¢
o(t) =log |t +/0 log

then (X¢)i>o0 is an (.FtX’OO)tzo—semimartmgale.
(i) is a consequence of Corollary 3.4 and Example 3.1 (ii)-(iii). To show (ii) let f(¢) =
isign(t) as in Example 3.1 (iii). According to Theorem 3.2 it is enough to show
= t—1
fht) = log |—=|.
for some h € L3 (A) which is 0 on Ry. Let h(t) = 1j_1(t). Due to the fact that

h(t) = 1702723@ + w, we have

/ ¢57y(s) £ (3) ds — 2(/0 cos(ts) — (cos(ts) cos(s) + sin(ts) sin(s)) ds) (3.24)

teR, (3.23)

s
- 1
_ 2/ cos(t cos((t )s) ds (3.25)
0
ta — -1 —1
- 2/ cos( COS( =D/ 45 210 ‘tT( (3.26)
0
as a — oo, for all t € R\ {0,1}. This shows that h/2 satisfies (3.23) and the proof of
(ii) is complete. O
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As a consequence of Example 3.7 (i) we have the following: Let (X;);>0 be the
stationary Ornstein-Uhlenbeck process given by

t
Xt:XO—/ X,ds+W,, t>0, (3.27)
0

where (Wy)i>0 is a standard Wiener process and X z N(0,1/2) is independent of
(Wt)tZO- Then (Bt)tzo, given by

t
By =W, — 2/ X ds, t>0, (3.28)
0

is a Wiener process (in its natural filtration). Representations of the Wiener process
have been extensively studied by Lévy [18], Cramér [8], Hida [13] and many others. One
famous example of such a representation is

t
1
By =W, — / ~Wids,  £20, (3.29)
0

see Jeulin and Yor [14].

Let X; = [(¢(t—s)—¢(—s)) dW; for t € R. Then ¢ has to be continuous on [0, c0) (in
particular bounded on compacts of R) for (X;)¢>¢ to be an (.EW’OO)tzo—semimartingale.
This is not the case for the (Ex’m)tzo—semimartingale property. Indeed, Example 3.7
shows that if ¢(t) = log|t| then (X;);>0 is an (ff’oo)tzo—martingale, but ¢ is unbounded
on [0,1].

4 Functions with orthogonal increments

In the following we collect some properties of functions with orthogonal increments. Let
f:R — R be a function with orthogonal increments. For ¢ € R we have

|7ef — Tof||%%(x) (4.1)
2 2 2
= [|7f — Tt/QfHL%)\()\) + ||7't/2f - TOfHL%()\) = 2||7't/2f - TofHL%(A)- (4.2)
Moreover, since t — ||7f — Tof H%% (n) is continuous by Remark 2.1 (recall that f by
definition is locally square integrable), equation (4.1) shows that |73 f —70f H%%{ oy = Kt

where K := HTlf—TofH%%{(A). This implies that Hth—TufH%%()\) = K|t —ul for u,t € R.
For a step function h = Zle ajl(,_, ;) define the mapping

k
/ By druf =3 aj(m, f =, 1), (4.3)

j=1

Then v — ([ h(u)dr, f)(v) is square integrable and

VEIhl 300 = I [ 1) dru 15,0 (4.4

Hence, by standard arguments we can define [ h(u)dr,f through the above isometry for
all h € L% () such that h — [ h(u)dr,f is a linear isometry from L% () into L (N).
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Assume that g: R?> — R is a measurable function, and p is a finite measure such

that
//g(u,v)2 du p(dv) < oo. (4.5)

Then (v, s) — ([ g(u,v) dr, f)(s) can be chosen measurable and in this case we have

/(/g(u,v) dTuf>,u(dv) = / </g(u,v),u(dv)>d7-uf. (4.6)

Lemma 4.1. Let g: R — R be given by

() = {g*fo R (@)

where a € R and h € L(X). Then, g(t — ) — g(—-) € LA(\) for all t € R.
Let f be a function with orthogonal increments.

(i) Let ¢ be a measurable function. Then there exists a constant € R such that
o(t) =B +af(t)+ /000 (ft —v) = f(—v))h(v)dv, A-a.a.t€R, (4.8)
if and only if for all t € R we have
no =m0 = [(glt—0) ~ g-w)dnf, s (19
(ii) Assume g is square integrable. Then there exists a 5 € R such that A-a.s.

[otudng =5 ar=)+ [T (fu=) - fCw)hde @)

Proof. From Jensen’s inequality and Tonelli’s Theorem it follows that

/(/_ts—s h(u) du>2d3 < t/ (/_:_8 h(w)? du> ds — t2/h(s)2 du<oo,  (411)

which shows g(t — ) — g(—-) € LE(\).
(i): We may and do assume that A is 0 on (—o00,0). For ¢,u € R we have

0410t] +f Ua tZOa

4.12
—ad0)(u ft v)dv, t<0, (4.12)

g(t —u) —g(-u) = {
which by (4.6) implies that for t € R we have A\-a.s.

/ (g(t —u) — g(—w) druf = a(ref —70f) + / (ioof — 7o f)h()dv.  (4.13)

First assume (4.9) is satisfied. For ¢ € R it follows from (4.13) that

79 — 109 = a1 f —10f) + / (Tt—vf — T f) h(v) dv, A-a.s. (4.14)
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Hence, by Tonelli’'s Theorem there exists a sequence (s,)n,>1 such that s, — 0 and such
that

¢(t - Sn) = ¢(_3n) - af(sn) + af(t - Sn) (4'15)
+ / (f(t —v—sp) — f(—v—s5p)) h(v)do, Vn > 1, Ma.a.teR.
(4.16)

From Remark 2.1 it follows that ¢(- — s,,) — ¢(-) and f(- — s,) — f(+) converge to 0 in
L% () and

/ (ft—v—sn)— f(—v—1s5,))h(v)dv — /[f(t—v)—f(—v)]h(v) dv, teR. (4.17)

Thus we obtain (4.10) by letting n tend to infinity in (4.15).
Assume conversely (4.8) is satisfied. For ¢ € R we have

T — 109 = (e f — 10f) + / (Tt f — T—of) h(v) dv, M-a.s. (4.18)

and hence we obtain (4.9) from (4.13).
(ii): Assume in addition that g € L% ()\). By approximation we may assume h has
compact support. Choose T > 0 such that h is 0 outside (0,7). Since g € L%{(A), it

follows that o = — fo s)ds and therefore g is on the form

T
g(t) = 11 (t)/t h(s)ds, teR. (4.19)

From (4.6) it follows that

/ w) dry f = / ( / L (s )1[0,T](—u)h(s)ds> dr. f (4.20)
= [([1cunnonconeans ) as= [ n) [ arur)as @a

T T
= / —h(s)(tof —71—sf)ds = arof + / h(s)T—sf ds. (4.22)
0 0
Thus, if we let § := fOT h(s)f(—s)ds, then

[owang =p+ar)+ [he) (s =) - fesnds, @2

which completes the proof. O

Let f: R — R be a function with orthogonal increments and let (By);>0 be given by

B - /(f(t C )= f(—s)dW,, teR. (4.24)

Then it follows that (By);>o is a Wiener process and

[ara. = [ ([awans)oaw.  vaerzm. (4.25)
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4. Functions with orthogonal increments

This is obvious when ¢ is a step function and hence by approximation it follows that
(4.25) is true for all ¢ € L% (N). B
Let f: R — S! denote a measurable function satisfying f = f(—-). Then

L/ﬂ@dmf:«@w—m Vg e Li(). (4.26)

To see this assume first ¢ is a step function on the form z;”‘:l ajl(; ;- Then

</( dT“f) i“( tj—s) f(tj,l—s)) (4.27)
J=1
-/ zaj

which shows that (4.26) is valid for step functions and hence the result follows for general
q € L% ()\) by approximation. Thus, if (B)i>o is given by By = [(f(t —s) — f(—s)) dWj
for all ¢ € R, then by combining (4.25) and (4.26) we have

ztju_ ztj 1u

—

fmme:/wwwme:@mﬂxu%>

/wma:/wx> . Vae LA(). (4.29)

Lemma 4.2. Let f: R — S! be a measurable function such that f = f(—-). Then f is
constant on (—00,0) if and only if there exists an inner function J such that

fla) = lgﬁ)l J(—a +ib), A-a.a. a € R. (4.30)
Proof. Assume f is constant on (—oo,0) and let ¢ > 0 be given. We have i[(m?(—s) =0

for -a.a. s € (— ooO) due to the fact that 1[0t]f( s) = f(s) — f(~t + s) for \-a.a.
s € R and hence 1 [0,¢] fe ]H . Moreover, since 1 [0,¢] f has outer part 1[0 #] we conclude

that f(a) = limyo J(a +ib) for A-a.a. a € R and an inner function J: C; — C.
Assume conversely (4.30) is satisfied and fix t > 0. Let G € II-I?F be the Hardy function
induced by 1. Since J is an inner function, we obtain GJ € H? and thus

G(2)J(z) = /eitzm(t) dt, z € Cy, (4.31)

for some x € L% (\) which is 0 on (—00,0). The remark just below (2.6) shows

Ljoq(a)f(a) = lim G(a+ib)J(a+ib) = i(a),  Maa. acRR, (4.32)

which implies
f(s) = f(=t+5) = 1pgf(=s) = A(—s) = 2mk(s), (4.33)
for A-a.a. s € R. Hence, we conclude that f is constant on (—o00,0) A-a.s. ]
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5 Proofs of main results

Let (X¢)¢>0 denote a stationary Gaussian process. Following Doob [10], (X¢)¢>0 is called
deterministic if span{X; : ¢t € R} equals span{X; : ¢ < 0} and when this is not the
case (X¢)>o is called regular. Let ¢ € L% () and let (X;);>0 be given by X; = [ ¢(t —
s)dWjs for all ¢ € R. By the Plancherel identity (X¢);>0 has spectral measure given
by (27)7'|¢|*d\. Thus according to Szegd’s Alternative (see Dym and McKean [11,
page 84]), (X¢)i>0 is regular if and only if

log|¢| (u)
In this case the remote past Ni<oo(Xs : s < t) is trivial and by Karhunen [16, Satz 5]

(or Doob [10, Chapter XII, Theorem 5.3]) we have

t

X; :/ gt —s)dB, te R and  (F")s0 = (F)z0,  (5.2)
—0o0

for some Wiener process (Bt);>0 and some g € L% ()). However, we need the following

explicit construction of (Bj)¢>o.

Lemma 5.1 (Main Lemma). Let ¢ € L% (N) and (Xt)i>0 be given by X¢ = [ ¢(t—s) dW;
fort € R, where (Wy)i>0 is a Wiener process.

(i) If (Xt)t>0 is a regular process then there exist a measurable function f: R — St
with f = f(—-), a function g € L% (X\) which is 0 on (—00,0) such that we have the
following: First of all (Byt)i>o defined by

Bi= [ (fe—s)-f-s))aw,  ter, (53)
1s a Wiener process. Moreover,
t
X = / g(t — s) dBg, t e R, (5.4)

and finally (.7-})(’00)1520 = (]:f’oo)tzo-

(ii) If ¢ is 0 on (—00,0) and ¢ # 0, then (Xi)i>o is regular and the above f is given by
f(a) = limy o J(—a +ib) for X\-a.a. a € R, where J is an inner function.

Proof. (i): Due to the fact that |¢|* is a positive integrable function which satisfies (5.1),
Dym and McKean [11, Chapter 2, Section 7, Exercise 4] shows there is an outer Hardy
function H° € HZ such that |¢|> = [h°* and ho = h°(—-), where h° is given by (2.6).
Additionally, H is given by

o 1 uz—l—llogq@ U
H°(z) = exp <E/ P u2| _l(l)du>, z € Cy. (5.5)

Define f: R — S by f = ¢/h° and note that f = f(=). Let (Bt)i>0 be given by
(5.3), then (By)¢>0 is a Wiener process due to the fact that f has orthogonal increments.
Moreover, by definition of f we have 7:h°f = 1:¢, which shows that

o —

(rhof) = 2mre(—). (5.6)
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5. Proofs of main results

Thus if we let g := (27)71h°, then g € L%()\) and (5.4) follows by (4.29) and (5.6).
Furthermore, since H® is an outer function we have (F;"° )0 = (F7" > )i>0 according
to page 95 in Dym and McKean [11].

(ii): Assume ¢ € LE(\) is 0 on (—00,0) and ¢ # 0. By definition (X;)i>0 is clearly
regular. Let h°, f and (B;);>0 be given as above (recall that f = f(—-)). It follows by
Dym and McKean [11, page 37| that J := H/H? is an inner function and by definition
of J, f(—a) = limyo J(a + ib) for A-a.a. a € R, which completes the proof. O

The following lemma is related to Hardy and Littlewood [12, Theorem 24| and hence
the proof is omitted.

Lemma 5.2. Let k be a locally integrable function and let Ak denote the function
st (Kt +5) — K(s)), t>0. (5.7)

Then (Atk)i=o is bounded in L (N) if and only if k is absolutely continuous with square
integrable density.

The following simple, but nevertheless useful, lemma is inspired by Masani [19] and

Cheridito [6].

Lemma 5.3. Let (Xt)¢>0 denote a continuous and centered Gaussian process with sta-
tionary increments. Then there exists a continuous, stationary and centered Gaussian
process (Yi)e>0, satisfying

t t
Y}:Xt—e_t/ e’ X,ds and Xt—XO:Y}—YO—i—/ Y, ds, (5.8)
0

—00

forallt € R, and ]:tX’OO =o(Xo) V ]:tY’OO for all t > 0.
Furthermore, if (X¢)i>0 ts given by (3.11),

0
k(t) = / S (6(t) — dlutt))du, tER, (5.9)
is a well-defined square integrable function and (Yi)i>o is given by Y = fﬁ(f — s)dW;
fort e R.

The proof is simple and hence omitted.

Remark 5.4. A cadlag Gaussian process (X¢);>o with stationary increments has P-
a.s. continuous sample paths. Indeed, this follows from Adler [1, Theorem 3.6] since
P(AX; =0) =1 for all t > 0 by the stationary increments.

Proof of Theorem 3.2. If: Assume (a) and (b) are satisfied. We show that (X;);>0 is an
(.7:tX’°O)tZO—Semimartingale.
(1): The case o # 0. Let (By)¢>0 denote the Wiener process given by

B, = / <f(t —5)— f(—s)) dWs, teR, (5.10)
and let g: R — R be given by
B a—i—foth(—u)du t>0
g(t) = {0 o (5.11)
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Since ¢ satisfies (3.12) it follows by (3.16), Lemma 4.1 and (4.25) that
X — Xo= /(Tt¢(s) —T0p(s)) dWy = /(g(t —s) —g(—s))dBs, teR. (5.12)

From Cherny [7, Theorem 3.1] it follows that (X; — Xo)i>0 is an (F;°°);>0-semimartin-
gale with martingale component (aBy)i>o. Let k = (2m)72¢ € L () (€ is given in (b)).
Since kf = ¢ — 1 it follows by (4.29) that Xy = [ k(s)dBs. Moreover, since k satisfies
(3.13) it follows from Chaleyat-Maurel and Jeulin [5, Theoreme I.1.1] that (B;)¢>o is
an (FP V o([;° k(s) dBs))¢>o-semimartingale and since F V o([;° k(s)dBs) V o(By
u < 0) = FP®Vo(Xo), (B)so is also an (F*° V 0(Xp))io-semimartingale. Thus
we conclude that (X);>o is an (]:tB’OO V 0(Xo))t>0-semimartingale and hence also an
(F%)>0-semimartingale, since F; ™ C F* V o(X) for all t > 0.

(2): The case @ = 0. Let us argue as in Cherny |7, page 8]. Since ¢ is absolutely
continuous with square integrable density, Lemma 5.2 implies

E[(X, — X,)% = / ((t —5) — plu—s))°ds < K[t —ul®,  t,u>0, (5.13)

for some constant K € R . The Kolmogorov-Centsov Theorem shows that (X¢)e>0 has a
continuous modification and from (5.13) it follows that this modification is of integrable
variation. Hence (X¢);>0 is an (F; ™ );>0-semimartingale.

Only if: Assume conversely that (X;):>o is an (.FtX "*?)i>0-semimartingale and hence
continuous, according to Remark 5.4.

(3): First assume (in addition) that (X¢);>0 is of unbounded variation. Let s and
(Y2)¢>0 be given as in Lemma 5.3. Since

t
V=X, —e! / eXods, t>0, and (F ™V a(X0))so = (F )0, (5.14)
—0o0

we deduce that (Y;)i>0 is an (.Ey’m)tzo—semimartingale of unbounded variation. This
implies that ]:5/ 00 £ F> and we conclude that (Y2)¢>0 is regular. Now choose f and g

according to Lemma 5.1 (with (¢, X) replaced by (k,Y)) and let (B;)i>0 be given as in
the lemma such that

t
Y, = / gt —s)dBs, teR, and (F ®)z0=(F>) 0. (5.15)

—00

Since (Y7)¢>0 is an (]:tB’OO)tzo—semimartingale, Knight {17, Theorem 6.5| shows that

g(t) =« —i—/o ¢(u)du, t >0, (5.16)

for some o € R\ {0} and some ¢ € L% (\) and the (]:f’oo)tzo—martingale component of
(Yy)i0 is (aBy)i>0. Equation (5.14) shows that (V;);>0 is an (F; ™V 0(Xg))s>0-semi-
martingale, and since (]:ty’oo)tzo = (ftB’oo)tZO, (Y2)¢>0 is an (]:tB’OO V 0(Xo))t>0-semi-
martingale. Hence (By)i>o is an (F;>™° V 0(X0))s>0-semimartingale. As in (1) we have
Xo = [ k(s)dBs where k := (27r) 2. Since (By)i>0 is an (ftB’OO\/U(Xo))tzo—semimartin—
gale and FP v o([;° k(s)dB;) C FP2 v (X)), (By)iso is also a semimartingale with
respect to (FF Vo ([ k(s) dBs))i=0. Thus according to Chaleyat-Maurel and Jeulin 5,
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Theoreme 1.1.1] k satisfies (3.13) which shows condition (b). From this theorem it fol-
lows that the bounded variation component is an absolutely continuous Gaussian process
and the martingale component is a Wiener process with parameter o? = (27a)?. Let
1 :=( + g and let p be given by

o(t) = a+ /Otn(u) du, ¢>0, and p(t)=0, t<0. (5.17)

For all ¢ € R we have
X, - Xo :Y;—Yo—/OtYudu:Yt—YO—/ </0tg(u—s)du> dB, (5.18)
= [ (ste=91 =g+ [ “gtwan) an.= [ole—s) - p-sa., 619

—S

where the second equality follows from Protter |20, Chapter IV, Theorem 65|. Thus from
(4.25) we have

T — Top = /(p(t —u) — p(—u)) drof, M-a.s. Vt € R, (5.20)

which by Lemma 4.1 (i) implies

6(t) = B+ af(t) + /OOO (ft=v) = F(=0))n(w)dv,  raateR,  (521)

for some 8 € R. We obtain (3.12) (with A = n(—-)) by (3.16). This completes the proof
of (a).

Let us study the canonical decomposition of (X¢):>o in the case Xo = 0. For ¢t > 0
we have

t—s —~ t —
Xt —Xo = ab; +/ < fh(u) du> dWs = aB; +/0 </ fh(s —u) qu> ds, (5.22)

—S

and by (4.29) we have
/ﬁl(s —u)dW, = /h(u — 5)dB,,. (5.23)

Recall that (]_-tX,oo)tzo = (ftB’oo)tzo. From (5.23) it follows that the last term of (5.22) is
(.7:,53 "*?)i>0-adapted and hence the canonical (ftX "*?)>0-decomposition of (X;);>0 is given
by (5.22). Furthermore, by combining (5.22) and (5.23), Cheridito |6, Proposition 3.7]
shows that the law of (51-X;)se(o7] I equivalent to the Wiener measure on C([0,77) for
all T'> 0, when Xy = 0.

(4) : Assume (X})¢>0 is of bounded variation and therefore of integrable variation (see
Stricker [24]). By Lemma 5.2 we conclude that ¢ is absolutely continuous with square
integrable density and hereby on the form (3.12) with a = 0 and f = 1. This completes
the proof. O

Proof of Proposition 3.6. To prove (ii) assume that 1 equals 0 or ¢ and (X;)¢>¢ is an
(.7:tX’°°)tZO—Semimartingale.

Only if: Assume (Xy)¢>0 1S (ffv’oo)tzo—adapted. By studying (Xy — Xo)¢>0 we may
and do assume that 1) = ¢. Furthermore, it follows that ¢ is constant on (—o0,0) since
(Xt)e0 is (fy/’oo)tzo—adapted. Let us first assume that (X¢);>0 is of bounded variation.
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By arguing as in (4) in the proof of Theorem 3.2 it follows that ¢ is on the form (3.12)
where h is 0 on Ry and f =1 (these h and f satisfies the additional conditions in (ii)).
Second assume (X;);>0 is of unbounded variation. Proceed as in (3) in the proof of
Theorem 3.2. Since ¢ is constant on (—o0,0) it follows by (5.9) that x is 0 on (—o0,0).
Thus according to Lemma 5.1 (ii), f is given by f(a) = limy|o J(—a + ib) for some inner
function J and the proof of the only if part is complete.

If: According to Lemma 4.2, f is constant on (—oo, 0) A-a.s. and from (3.16) it follows
that (recall that h is 0 on Ry)

t ~ 0
/ fh(s)ds = / <f(t +s) — f(s)) h(s)ds, t € R. (5.24)
0 —00
This shows that ¢ is constant on (—oo,0) A-a.s. and hence (X; )0 is (F; " )i=o-adapted
since ¥ equals 0 or ¢.

To prove (3.18) assume that ¢ is represented as in (3.12) with f(a) = limyjo J(—a+0b)
for A-a.a. a € R for some inner function J and h is 0 on Ry. Lemma 4.2 shows that
there exists a constant ¢ € R such that f = ¢ A-a.s. on (—o0,0). Let g := h(—-). By
(3.16) we have

[ Ftoras= [ (5= 7= oy 529

- / (f(t —8) — c) g(s)ds = ((f— c) x g) (t), (5.26)

where the third equality follows from the fact that g only differs from 0 on R, and on
this set f(—-) equals ¢. This shows (3.18).

To show (i) assume ¢ = 0.

Only if: We may and do assume that (X;);>0 is an (Ex’m)tzo—semimartingale of
unbounded variation. We have to show that we can decompose ¢ as in (a) of Theorem 3.2
where o + [ h(—s)ds is square integrable on R . However, this follows as in (3) in the
proof of Theorem 3.2 (without referring to Lemma 5.3).

If: Assume (a) of Theorem 3.2 is satisfied with a, §,h and f and that g defined by

g(t) = {g o h=v)dv z i 8 (5.27)

is square integrable. From Lemma 4.1 (ii) it follows that there exists a B € R such that
[otwani=p+af-y+ [(Fv- - Fo)h-odn,  ras (629
which by (3.12) and (3.16) implies

/g@@dmfzﬁ—ﬁ+w—% Mas. (5.20)

The square integrability of ¢ shows 3 = 8 and by (4.26) it follows that ¢.f = (2m)2g(—).
Since g(—-) is zero on Ry this shows that condition (b) in Theorem 3.2 is satisfied and
hence it follows by Theorem 3.2 that (X;);>0 is an (]:tX’OO)tZO—semimartingale. O
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6 The spectral measure of stationary semimartingales

For t € R, let X; = f P(t — s) AW, where ¢ € L (N). In this section we use Knight
[17, Theorem 6.5] to give a condition on the Fourier transform of ¢ for (X;);>¢ to be an
(ftw’oo)tZO—semimartingale. In the case where (X});>¢ is a Markov process we use this to
provide a simple condition on ¢ for (X¢)i>0 to be an (.EW’OO)tZO—semimartingale. In the
last part of this section we study a general stationary Gaussian process (X¢);>0. As in
Jeulin and Yor [15] we provide conditions on the spectral measure of (X¢):>o for (Xt)e=0
to be an (]:tX’OO)tzo—semimartingale.

Proposition 6.1. Let (X;)i>0 be given by X; = [ ¢(t — s) AW, where ¢ € L%(N\) and
(Wi)e=0 is a Wiener process. Then (Xi)i>o is an (ftw’oo)tzo—semimartmgale if and only
if R
- a+ h(t)
t) = ——7—
by = L0

for some a € R and some h € L% () which is 0 on (—00,0).

A-a.a. t € R, (6.1)

The result follows directly from Knight [17, Theorem 6.5|, once we have shown the
following technical result.

Lemma 6.2. Let ¢ € L%(X\). Then ¢ is on the form

a+ [Th(s)ds t>0
t) = 0 6.2
() {0 o (62)
for some a € R and some h € L% () if and only if

. ¢+ k(t)

o) =—<—7 (6.3)

for some ¢ € R and some k € L2 (\) which is 0 on (—o0,0).
R

Proof. Assume ¢ satisfies (6.2). By square integrability of ¢ we can find a sequence
(an)n>1 converging to infinity such that ¢(a,) converges to 0. For all n > 1 we have

/0 " $(s)e’™ ds = /0 " aeitds + /O " < /0 S h(u) du> e ds (6.4)

_ O‘(eaziz_l) + /Oan h(u) (/ua” eit5d5> du (6.5)
_aemt o) /Oan h(u) (#) du (6.6)

it
_ % (a’ant <a + /0 " hu )du> —a- / " h(w)e du> (6.7)
— % <ew”t¢(an) —a- )e'tdu (6.8)

Hence by letting n tend to infinity it follows that ¢(t) = —(it)~*(a+ h(t)) and we obtain
(6.3).
Assume conversely that (6.3) is satisfied and let e(t) := e "1, (¢) for t € R. We have

(1) = fJ_rZ — ce(t) + k(). (6.9)
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Note that k * e is square integrable and fixe = keé. Thus from (6.9) it follows that
¢ = ce+ ke A-a.s. This shows in particular that ¢ is 0 on (—o0,0) and k(t) — kxe(t) =
ce(t) + k(t) — ¢(t) =: f(t), which implies that

) = h(0) = ()= 50 = [ F(s)as, (6.10)
and hence
~fo(0) + [1(8(s) — k(s))ds t>0
o(t) = {0 0 . (6.11)
This completes the proof of (6.2). O

Let (X;)i>0 be given by X; = ffoo o(t — s)dW; for some ¢ € L% (N). Below we
characterize when (X;);>0 is an (F;% );>0-Markov process by means of two constants and
an inner function. Moreover, we provide a simple condition on the inner function for
(X¢)e>0 to be an (]:g/v’oo)tZO—Semimartingale. Finally, this condition is used to construct

a rather large class of ¢’s for which (X;)¢>0 is an (.FtX’OO)

t>o0-semimartingale but not an
(FV"*);>0-semimartingale. Cherny |7, Example 3.4] constructs a ¢ for which (X;);>0
given by (3.11) (with ¢ = ¢) is an (F;¥);>o-Wiener process but not an (]:tX’OO)tZO—

semimartingale.

Proposition 6.3. Let (X;)i>0 be given by X; = [¢(t — s)dWs, for t € R, where
¢ € L% (N) is non-trivial and 0 on (—00,0).

(i) (Xi)e>0 is an (F;X)is0-Markov process if and only if ¢ is given by

o(t) = ch_(t;t . teR, (6.12)

where J is an inner function satisfying J(z) = J(=%), j(a) = limy o J(a + ib) and
¢,0 > 0. In this case (Xi)p>0 is an (.7-"tX’°°)tZO—semimartmgale, and an (ffv’oo)tzo—
semimartingale if and only if J — a € ]H%_ for some o € {—1,1}.

(ii) In particular, let ¢ be given by (6.12), where J is a singular inner function, i.e. on
the form

—1 sz+1 1
J(z) = exp <E/ R > F(ds)), z€Cy, (6.13)

where F is a singular measure which integrates s +— (1 + s2)7, and assume F is
symmetric, concentrated on Z, (F({k}))ker is bounded and Y., F({k})* = oo.
Then (Xy)iso0 is an (Fi)so-Markov process, an (F;5™)>o-semimartingale and
(ftw’oo)tzo—adapted, but not an (ftw’oo)tzo—semimartmgale,
Proof. Assume (X¢)i>0 is an (FX )t>0-Markov process and let J denote the inner part
of the Hardy function induced by ¢. Note that J(2) = J(—%). Since (X;)i>o is an
L%(P)-continuous, centered Gaussian (F;¥);>o-Markov process it follows by Doob [9,
Theorem 1.1] that (X;);>0 is an Ornstein-Uhlenbeck process and hence

~ C

2
= —— -a.a. 14
B = 7=, MaateR, (6.14)

for some 0,¢ > 0. This implies that the outer part of ¢ is z — ¢/(0 — iz) and thus ¢
satisfies (6.12). Assume conversely that ¢ is given by (6.12). It is readily seen that ¢ is
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a real function which is 0 on (—oo, 0). Moreover, since |¢|* = /(0% +t2) it follows that
(X;)i>0 is an Ornstein-Uhlenbeck process and hence an (F;*);>o-Markov process and
an (.EX’OO)tZO—semimartingale. According to Proposition 6.1, (X;)¢>0 is an (fth)tZO_
semimartingale if and only if

. a+ h(t)

= -a.a. 1
o(t) e Aa.a. t €R, (6.15)

for some o € R and h € L% ()\) which is 0 on (—o0,0), which by (6.12) is equivalent to
J —a/c= H/ec, where H is the Hardy function induced by h. This completes the proof

of (i).

To prove (ii), note first that J(z) = J(—%) since F' is symmetric. Moreover,
|7 (a + ib)] = exp </ b F(ds)). (6.16)
7((s —a)? + b?)

If f: R — R is a bounded measurable function then f € L%R()\) if and only if ef — 1 ¢
L% (N). We will use this on

f(a) = / 0 _;;)2 Y F(ds), a € R. (6.17)

The function f is bounded since k — F'({k}) is bounded. Moreover, f ¢ L%R()\) since
/!f(a)!Qda = (%)2/ (]EZZ %)2@ (6.18)

/Z (J —a{]}+b2)2 B Z/ G _a{]}+ b2)2d“ (6.19)

Z/ aQEl}ﬂ B <%)2/ <ﬁ) da]%[F({j})]Q =00, (6.20)

where the first inequality follows from the fact that the terms in the sum are positive. It
follows that e/ — 1 ¢ L% ()\). Let a € {—1,1}. Then

| V

|J(a +ib) — a| > [|J(a +ib)| — 1| = ef@ —1, (6.21)
which shows that J—a ¢ H2 and hence (X;)¢>0 is not an (FV">)>0-semimartingale. [

Let (X;)i>0 denote an L?(P)-continuous centered Gaussian process. Recall that the
symmetric finite measure p satisfying

E[X:X,] = /ei(t_“)s p(ds), Vt,u e R, (6.22)

is called the spectral measure of (X;)¢>0. The proof of the next result is quite similar to
the proof of Jeulin and Yor [15, Proposition 19].

Proposition 6.4. Let (X;)i>0 be an L?(P)-continuous stationary centered Gaussian pro-
cess with spectral measure p = pg + fdX (ps is the singular part of ). Then (Xi)e>o is

an (F;5°°)s0-semimartingale if and only if [t ps(dt) < oo and
o+ h(t)?

t = ——
1) 1+¢2 7

for some o € R and some h € L% (\) which is 0 on (—00,0) when a # 0. Moreover,
(Xt)e>0 is of bounded variation if and only if o = 0.

A-a.a. t € R, (6.23)
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Proposition 6.4 extends the well-known fact that an L?(P)-continuous stationary
Gaussian process is of bounded variation if and only if [ u(dt) <

Proof of Proposition 6.4. Only if: If (X¢)i>0 is of bounded variation then [ 2 u(dt) < oo
and therefore ;o is on the stated form. Thus, we may and do assume (X;)¢>o is an
(.FtX *?)i>0-semimartingale of unbounded variation. It follows that (X;);>0 is a regular
process and hence it can be decomposed as (see e.g. Doob [10])

t
X, =V, + / o(t—s)dW,,  teR, (6.24)

where (W3)i>0 is a Wiener process which is independent of (Vi)ier and W, — W is
.EX’OO—measurable for s < r < t. The process (V;)ier is stationary Gaussian and V; is
FX measurable for all ¢ € R, where

FRe = F. (6.25)
teR

Moreover, (V;)ier respectively (X; — V;)ier has spectral measure ug respectively fdA.
For 0 < u <t we have

E[|V; — Vi|] = E[|E[V; — Vu| 7)) = E[|[E[X; — Xu|F, ][] (6.26)
< E[|E[X; — X,|FX], (6.27)

which shows that (V;);>0 is of integrable variation and hence [ 2 ys(dt) < oo. The fact
that (V3)i>0 is (]:tX "*?)¢>0-adapted and of bounded variation implies that

< / ; o(t — 5) dm)t20 (6.28)

is an (ﬂx’m)tzo—semimartingale and therefore also an (.FXV *?)i>0-semimartingale. Thus,
by Proposition 6.1 we conclude that

o ot h)P

t) = |p(t)]? = =
(1) = ooy = 12T
for some o € R and some h € L% ()) which is 0 on (—o0,0).

If: If ft2 (dt) < oo, then (X¢)i>0 is of bounded variation and hence an (f,fX’oo)tZO—
semlmartlngale Thus, we may and do assume [ #2f(t)dt = co. We show that (X;)¢>0

Aa.a. t e R, (6.29)

is an (Ex’m)tzo—semimartingale by constructing a process (Z;);>p which equals (X¢)¢>0
in distribution and such that (Z;);>o is an (]:tZ’ )e>0- semlmartlngale By Lemma 6.2
there exists a § € R and a g € L%()\) such that with ¢(t) = 8+ fo s)ds for t > 0 and
o(t) =0 for t < 0, we have |<;A5|2 = f. Define (Z;);>0 by

t
Zi =V, +/ ot —s)dW,,  teR, (6.30)

where (V;)ier is a stationary Gaussian process with spectral measure ps and (W) is
a Wiener process which is independent of (V;)ier. The processes (X;)¢>0 and (Z;)i>0 are
identical in distribution due to the fact that they are centered Gaussian processes with the
same spectral measure and hence it is enough to show that (Z;);>¢ is an (ftZ’oo)tZO—semi—
martingale. It is well-known that (V;);>0 is of bounded variation since [ 2 ys(dt) < oo
and by Knight [17, Theorem 6.5] the second term on the right-hand side of (6.30) is an
(ftw’oo)tZO—semimartingale. Thus we conclude that (Z;)¢>0 is an (ftz’m)tzo—semimartin—
gale. O
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7 The spectral measure of semimartingales with stationary
increments

Let (X;)i>0 be an L?(P)-continuous Gaussian process with stationary increments such
that Xg = 0. Then there exists a unique positive symmetric measure g on IR which
integrates ¢ — (1 + )~ and satisfies

E[X,X,] = / (e~ ”i;“” “Y ds), tueR. (7.1)

This p is called the spectral measure of (X;);>0. The spectral measure of the fractional
Brownian motion (fBm) with Hurst parameter H € (0, 1) is

w(ds) = cg|s|' "2 ds, (7.2)

where ¢y € R is a constant (see e.g. Yaglom [25]). In particular the spectral measure of
the Wiener process (H = 1/2) equals the Lebesgue measure up to a scaling constant.

Theorem 7.1. Let (X;)i>0 be an L?(P)-continuous, centered Gaussian process with sta-
tionary increments such that Xo = 0. Moreover, let i = pgs+ fdX be the spectral measure
of (Xt)i>0. Then (Xi¢)i>0 is an (Ex’m)tzo—semimartmgale if and only if ps is a finite
measure and

f=la+h?, A-a.s. (7.3)

for some o € R and some h € L%(X\) which is 0 on (—00,0) when o # 0. Moreover,
(X¢)e=0 1s of bounded variation if and only if a = 0.

Proof. Assume (X;);>0 is an (.FtX "*?)¢>0-semimartingale. Let (Y;);>0 be the stationary
centered Gaussian process given by Lemma 5.3, that is

t
Xt:Y}—Yo—i—/Y;ds, teR, (7.4)

0
and let v denote the spectral measure of (Y;):>0, that is v is a finite measure satisfying
E[Y;Y,] = / =y (da),  t,uecRR. (7.5)

By using Fubini’s Theorem it follows that

E[X:X,] = / (=) (e —1) (1+s2)v(ds), tueR. (7.6)

g2

Thus, by uniqueness of the spectral measure of (X;);>o we obtain u(ds) = (1+s%)v(ds).
Since (X¢)¢>0 is an (}}X’Oo)tzo—semimartingale (7.4) implies that (Y;);>0 is an (fg/’oo)tzo—
semimartingale and hence Proposition 6.4 shows that the singular part vy of v satisfies
[t?v(dt) < oo and the absolute continuous part is on the form

lao + h(s)*(1 + s2) " ds, (7.7)

for some o € R, and some h € L% (\) which is 0 on (—00,0) when a # 0. This completes
the only if part of the proof.
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Conversely assume that ps is a finite measure and f = |a + B|2 for an @ € R and
an h € L% (A\) which is 0 on (—oc0,0) when a # 0. Let (Y3)i>0 be a centered Gaussian
process such that
ei(t—u)af(a)

a2 da, t,u € R. (7.8)

By = [
By Proposition 6.4 it follows that (Y})¢>¢ is an (]:ty’oo)tzo—semimartingale. Thus, (Z;)ier
defined by

t
Zt::}/;—Yo—ir/}/;ds, teR, (7.9)

0
is an (F,"°°)i>0-semimartingale and therefore also an (F/"*°);>o-semimartingale. More-
over, by calculations as in (7.6) it follows that (Z;)icr is distributed as (X¢)¢>0, which
shows that (X;)¢>0 is an (.FtX *?)i>0-semimartingale. This completes the proof. O

Let (Xt)¢>0 denote a fBm with Hurst parameter H € (0,1) (recall that the spectral
measure of (X;)¢>0 is given by (7.2)). If (Xi)¢>0 is an (]:g(’oo)tzo—semimartingale then
Theorem 7.1 shows that cg|s|' 2" = |a + h(s)|, for some o € R and some h € L% ()
which is 0 on (—o0,0) when « # 0. This implies H = 1/2. It is well-known from Rogers
[22] that the fBm is not a semimartingale (even in the filtration (F;X);>¢) when H # 1/2.
However, the proof presented is new and illustrates the usefulness of the theorem. As a
consequence of the above theorem we also have:

Corollary 7.2. Let (Xi)i>0 be a Gaussian process with stationary increments. Then
(Xt)e>0 is of bounded variation if and only if (X; — Xo)ier has finite spectral measure.
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PAPER

Lévy driven moving averages and
semimartingales

Andreas Basse-O’Connor and Jan Pedersen

Abstract

The aim of the present paper is to study the semimartingale property of
continuous time moving averages driven by Lévy processes. We provide
necessary and sufficient conditions on the kernel for the moving average
to be a semimartingale in the natural filtration of the Lévy process, and
when this is the case we also provide a useful representation. Assuming
that the driving Lévy process is of unbounded variation, we show that
the moving average is a semimartingale if and only if the kernel is ab-
solutely continuous with a density satisfying an integrability condition.

Keywords: semimartingales; moving averages; Lévy processes; bounded
variation; absolutely continuity; stable processes; fractional processes
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1. Introduction

1 Introduction

The present paper is concerned with the semimartingale property of moving averages
(also known as stochastic convolutions) which are driven by Lévy processes. More pre-
cisely, let (X;);>0 be a moving average of the form

t
X, = /0 ot —s)dZ,, >0, (1.1)

where (Z;);>0 is a Lévy process and ¢: Ry — R is a deterministic function for which
the integral exists. We are interested in the question whether (X;);>q is an (F%)i>0-
semimartingale, where (FZ);>¢ denotes the natural filtration of (Z;);>0. In addition,
two-sided moving averages (see (1.6)) are studied as well.

According to Doob [13, page 533, a stationary process is a moving average if and only
if its spectral measure is absolutely continuous. Key examples of moving averages are the
Ornstein-Uhlenbeck process, the fractional Brownian motion, and their generalizations,
the Ornstein-Uhlenbeck type process (see [31]) and the linear fractional stable motion
(see [37]). Moving averages occur naturally in many different contexts, e.g. in stochastic
Volterra equations (see [26]), in stochastic delay equations (see [30]), and in turbulence
(see [1]). Moreover, to capture the long-range dependence of log-returns in financial
markets it is natural to consider the fractional Brownian motion instead of the Brownian
motion in the Black-Scholes model (see Biagini et al. |6, Part III]), and to capture also
heavy tails one is often led to more general moving averages.

It is often important that the process of interest is a semimartingale, and in particular
the following two properties are crucial: Firstly, if (X;)¢>0 models an asset price which
is locally bounded and satisfies the No Free Lunch with Vanishing Risk condition then
(X¢)i>0 has to be an (FZ);>¢-semimartingale (see Delbaen and Schachermayer [11, The-
orem 7.2]). Secondly, it is possible to define a "reasonable" stochastic integral fot H,dX;
for all locally bounded (F?Z);>¢-predictable processes (H;);>o if and only if (X;)i>o is
an (]—"Z )e>o-semimartingale due to the Bichteler-Dellacherie Theorem (see Bichteler |7,
Theorem 7.6]). In view of the numerous applications of moving averages it is thus natural
to study the semimartingale property of these processes.

Let (Z;)i>0 denote a general semimartingale, ¢: Ry — R be absolutely continuous
with a bounded density and let (X;);>¢ be given by (1.1). Then by a stochastic Fubini
result it follows that (X;);>0 is an (FZ);>o-semimartingale, see e.g. Protter [26, Theo-
rem 3.3| or Reifs et al. [30, Theorem 5.2|. In the case where (Z;)icRr is a two-sided Wiener
process, ¢ € L>(Ry, \) () denotes the Lebesgue measure) and (X¢);>0 is given by

Xt:/t ot —s)dZ,,  t>0, (1.2)

Knight [19, Theorem 6.5] shows that (X;)¢>0 is an (ff’m)tzo—semimartingale if and only
if ¢ is absolutely continuous with a square integrable density (]—"tZ’OO =0(Zs: —00 < s <
t)). Related results can be found in Cherny [10], Cheridito [9] and Basse [3]. Moreover,
results characterizing when (X)¢>¢ is an (Ex’m)tzo—semimartingale are given in Jeulin
and Yor [17| and Basse [2].

The above presented results only provide sufficient conditions on ¢ or are only con-
cerned with the Brownian case. In the present paper we study the case where (Z;);>0 is
a Lévy process and we provide necessary and sufficient conditions on ¢ for (X¢)i>0, given
by (1.1), to be an (F?);>¢-semimartingale. Assume (Z;);>o is of unbounded variation
and has characteristic triplet (7,02, r). Our main result is the following:
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(X¢)i>0 is an (FZ);>o-semimartingale if and only if ¢ is absolutely continuous on R
with a density ¢’ satisfying

t
/ / (|x¢'(s)|2 A |x¢’(s)|> v(dz)ds < oo, Vt>0, ifo? =0,  (L3)
0 Ji-11]
t
/ 16/ (s)” ds < oo, Vt >0, if 0% > 0. (1.4)
0

In the case where (Z;);>¢ is a symmetric a-stable Lévy process, (1.3) corresponds to
¢ € L*([0,t],A) for all t+ > 0 when a € (1,2) and to |¢'|log™t(|¢|) € L'([0,],)) for all
t >0 when a = 1.

Assume (Z;);>¢ is of unbounded variation. If (X;);>0 is an (FZ);>o-semimartingale
it can be decomposed as

X, = ¢(0)Z, + /Ot (/Ou & (u— s) dZS) du, t>0. (1.5)

As a corollary of (1.5) it follows that (X;);>0 is cadlag and of bounded variation if and
only if it is absolutely continuous, which is also equivalent to ¢ is absolutely continuous
on Ry with a density satisfying (1.3)—(1.4) and ¢(0) = 0.

Finally we study two-sided moving averages, i.e. where (X;)¢>¢ is given by

X, = / (6(t — 5) —¥(—5))dZs, 20, (1.6)

—00

(Zi)ter is a two-sided Lévy process and ¢,1: R — R are deterministic functions for
which the integral exists. Note that in this case (X¢);>0 has stationary increments,
and when 1 = 0 it is a stationary process. Several examples, including fractional Lévy
processes and hence also the linear fractional stable motion, are given in Section 5.

The conditions on ¢ from the one-sided case translate into necessary conditions in the
two-sided case. That is, if (Z;)¢cr is of unbounded variation and (X;)>0 is an (ftZ’oo)tZO—
semimartingale then ¢ is absolutely continuous on R with a density satisfying (1.3)—
(1.4). Moreover, Knight [19, Theorem 6.5] is extended from the Gaussian case to the
a-stable case with a € (1, 2].

The paper is organized as follows. In Section 2 we collect some preliminary results.
The main results are presented in Section 3. All proofs are given in Section 4. The
two-sided case is considered in Section 5.

2 Preliminaries

Throughout the paper (2, F, P) denotes a complete probability space. Let (Z;);>0 denote

a Lévy process with characteristic triplet (v, o2, v), that is for ¢ > 0, E[e?%] = et®9) for
all # € R, where
Kk(0) = i — 0260 /2 + / (e —1—ifslyg<iy) v(ds), O€R. (2.1)

For a general treatment of Lévy processes we refer to [38], [5] or [27]. Let f: R — R
denote a measurable function. Following Rajput and Rosiriski [28, page 460] we say
that f is Z-integrable if there exists a sequence of simple functions (fy)n>1 such that
fn = [ A-as. and lim, [, fu(s)dZ, exists in probability for all A € B([0,t]) and all
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t > 0 (recall that A denotes the Lebesgue measure). In this case we define fo s)dZ as

the limit in probability of fo fn(s)dZs. By Rajput and Rosiniski [28, Theorem 2 7], fis
Z-integrable if and only if the followmg three conditions are satisfied for all ¢ > 0:

/Ot f(s)?0?ds < oo, (2.2)
| [ [ (1er0F a1) viao) s < . 03
A‘f“x7+/5“wwﬂ§}—ngwvmwﬂds<um (2.4)

In this case fo s) dZs is infinitely divisible with characteristic triplet (Wf, 2 vy) given
by

vy = / f(s) v+ /w(l{xf(s)gl} - 1{|x|gl})’/(d$)) ds, (2.5)

o7 = /f (2.6)
)=

vi(A) = (v x N)((z,5) € R x [0,4] : af(s) € A\{0}), A€BR). (27

If f is locally square integrable it is easily shown that (2.2)—(2.4) are satisfied and hence
fo s)dZs is well-defined for all ¢ > 0. Note also that (2.4) is satisfied if (Z¢)¢>0 is
symmetrlc. Recall that (Z;);>0 is a symmetric a-stable Lévy process with a € (0, 2] if
v =02 =0 and v has density s — c[s|"'"* for some ¢ > 0 when a € (0,2), and v = 0
and v = 0 when o = 2. In this case (2.2)—(2.4) reduce to f € L*([0,t],\) for all ¢ > 0.

A function f: R4 — R is said to be of bounded variation if on each finite interval
[0,¢] the total variation of f is finite, that is

Vary(f) := supz |f(t; ti—1)] < oo, (2.8)

where the sup is taken over all partitions 0 = g < -+ < t, = ¢, n > 1 of [0,¢]. Note
that a Lévy process (Z;)i>0 is of bounded variation if and only if f[—Ll}’sl v(ds) < oo
and 02 = 0 (see e.g. Sato [38, Theorem 21.9]). Let I denote an interval and f: I — R.
Then f is said to be absolutely continuous if there exists a locally integrable function h
such that

fit)— f(u) = / h(s)ds, u,tel, u<t, (2.9)

and in this case h is called the density of f. If f: I — R and g: Ry — R, are two
measurable functions, then f is said to have locally g-moment if

/tg(]f(s)])ds<oo, u,t €1, u<t. (2.10)

If (2.10) is satisfied with g(z) = 2% for some o > 0 then f is said to have locally
a-moment.

An increasing family of o-algebras (F);>0 is called a filtration if it satisfies the usual
conditions of right-continuity and completeness. For each process (Y;)i>0 we let (F}) )i>0
denote its the natural filtration, i.e. (ﬂy)tzo is the least filtration for which (Y;);>o is
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(FY )i>o-adapted. Let (F;);>0 denote a filtration. We say that (X;)i>o is an (F)i>o0-
semimartingale if it admits the following representation

Xy = Xo+ M + Ay, t>0, (2.11)

where (M;):>0 is a cadlag local (F)i>o-martingale starting at 0 and (A)i>0 is (F)e>o-
adapted, cadlag, of bounded variation and starting at 0, and X is Fp-measurable. (Recall
that cadlag means right-continuous with left-hand limits).

We need the following standard notation: For functions f,g: R — (0,00) we write
f(z) = g(x) as x — oo if f/g is bounded above and below on some interval (K, o0),
where K > 0. Furthermore we write f(z) = o(g(x)) as  — oo if f(z)/g(z) — 0 as
x — 0o. A similar notation is used as x — 0.

Assume v has positive mass on [—1, 1]. Similar to [23] we let £: [0,00) — [0,00) be
given by

E(x) = / (]sx\Q A ]sx!) v(ds), x> 0. (2.12)
[~1,1]

Note that £ is 0 at 0, continuous and increasing and satisfies:
(i) &(z)/x — f[—Ll}’s’ v(ds) € (0,00] as x — oo,
(ii) If f[_u]]s\al/(ds) < oo for av € (1,2] then &(x) = o(z®) as © — 0.
To show (i)—(ii) let
H(x) = x/ |s| v(ds) and K(x) = x2/ s2v(ds), (2.13)
z—1<]s|<1 |s|]<z—1

and note that {(x) = H(z) + K(z) for x > 1. We have

Is| v(ds) < &(z)z ™t < / |s| v(ds), x> 1, (2.14)
1'_1S|S|S1 [_171}
where the first inequality follows from H < ¢ and the second from (2.12) since |zs|* A

|zs| < |zs|. Hence by (2.14) and monotone convergence (i) follows. To show (ii) assume
f[—l 1]|s|o‘ v(ds) < oo for some a € (1,2]. For all € > 0 we have

T—00

limsup H(z)z™* < / |s|* v(ds), (2.15)
[7676}
and
K(z)z™* < / |s|* v(ds), (2.16)

|s|<z—1

which shows {(z)x™® — 0 as x — oo and completes the proof of (ii).

Assume v is absolutely continuous in a neighborhood of zero with a density f satis-
fying f(z) ~ |z|"* " as  — 0 for some « € (0,2) (this is satisfied in the a-stable case).
An easy calculation shows:

(1) é(x) max*asx — o0 if a € (1,2),
(2) {(z) = xlog(x) asx — o0 if =1,

(3) f[—lvl}‘s’ v(ds) < oo if @ € (0,1).
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3 Main results

Let (Z;)¢>0 denote a nondeterministic Lévy process with characteristic triplet (v, 02, v)
and ¢: Ry — R be a measurable function which is Z-integrable (see (2.2)-(2.4)).
Throughout this section we let (X;);>0 be the moving average

X; = /¢t—s Zs,  t>0. (3.1)

Theorem 3.1 below is the main result of the paper. It provides a complete characterization
of when (X3)i>0 is an (F Z )e>o0-semimartingale. Recall the definition of the function ¢ in
(2.12).

Theorem 3.1. Assume (Z;)¢>0 is of unbounded variation. Then (X;)i>0 is an (FZ)i>o-
semimartingale if and only if ¢ is absolutely continuous on Ry with a density ¢' which
is locally square integrable when o? > 0 and has locally &-moment when o = 0 (that is,
¢ satisfies (1.3)—(1.4)).

Assume (Zy)i>0 is of bounded variation. Then (Xi)i>o is an (F?)i>o-semimartin-
gale if and only if it is of bounded variation which is also equivalent to ¢ is of bounded
varialion.

In particular, if 02 = 0, f[—m}ma v(dx) < oo for some « € (1,2] and ¢ is absolutely
continuous on Ry with a density having locally a-moment then it follows by (ii) on
page 79 and the above theorem that (X;):>o is an (F Z )t>o0-semimartingale. In the case
where (X;);>0 is a semimartingale the next proposition provides a useful representation
of this process.

Proposition 3.2. Assume (Z);>0 is of unbounded variation and (X;)¢>o is an (FZ)i>o-
semimartingale. Then

X, = 6(0)7 + /Ot (/Ou - s)dZ)du,  t>0, (3.2)

where ¢' denotes the density of ¢ and (fou ¢ (u— s)dZs)y>0 is chosen measurable.
Hence we obtain the following corollary.

Corollary 3.3. Assume (Z;)i>0 is of unbounded variation. Then the following four
statements are equivalent:

(a) (Xt)e>0 is cadlag and of bounded variation,

(b) (X¢)e=0 is absolutely continuous,

(¢) (Xi)i>0 is an (FZ)i>o-semimartingale and ¢(0) = 0,

(d) ¢ is absolutely continuous with a density satisfying (1.3)—(1.4) and ¢(0) =

In the symmetric a-stable case with « € (1,2) the equivalence between (b) and (d)
follows by Rosinski [32 Theorem 6.1]. [8] study, among other things, processes (Y3)¢>0
on the form Y; = fo f(t,s)dZs, where (Z;)i>0 is a symmetric Lévy process and f is a
deterministic function. Their Theorem 5.1 provides necessary and sufficient conditions
on f(t,s) for (X¢)¢>0 to be absolutely continuous. In [24] and [20] necessary and sufficient
conditions on ¢ are obtained for (X;);>o to have locally bounded or continuous sample
paths.

The next corollary follows by Theorem 3.1 and the estimates on £ given in (1)—(3)
on page 79.
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Corollary 3.4. Assume 0> =0 and v is absolutely continuous in a neighborhood of zero
with a density f satisfying f(z) ~ x|~ as 2 — 0 for some o € (0,2) (this is satisfied
in the a-stable case with o € (0,2)). Then (Xi)i>o is an (FZ)i>o-semimartingale if and
only if

(i) ¢ is absolutely continuous with a density having locally c-moment when o € (1,2),

(ii) ¢ is absolutely continuous with a density having locally xlog™ (z)-moment when
a=1,

(11i) ¢ is of bounded variation when a € (0,1).

Here log™ denotes the positive part of log, i.e. log™(x) = log(z) for # > 1 and 0
otherwise.
In the following let (X¢);>0 be the Riemann-Liouville fractional integral given by

t
Xt:/ (t—s)7dZ,, >0, (3.3)
0

where 7 is such that the integral exists. If (Z;);>¢ is a Wiener process and 7 > —1/2,
(X¢)e>0 is called a Lévy fractional Brownian motion (see Mandelbrot and Van Ness |22,
page 424]). Assume (Z;);>0 has no Brownian component (i.e. 0> = 0). Using (2.2)-
(2.4) it follows that for (X;)¢>o to be well-defined one of the following (I)—(III) must be
satisfied:

(I) 7> -1/2,

(IT) 7 = —1/2 and f[—l,u 22|logl|z|| v(dx) < oo,
(III) 7 < —1/2 and f[7171]|x|71/7 v(dr) < oo.

Condition (I) is also sufficient for (X;);>¢ to be well-defined and when (Z;);>0 is sym-
metric, the conditions (I)-(III) are both necessary and sufficient for (X;):>o to be well-
defined. When 7 =0, (X¢)i>0 = (Z¢)¢>0; thus let us assume 7 # 0. As a consequence of
Theorem 3.1 we have the following.

Corollary 3.5. Let (X¢)i>0 be given by (3.3) and assume (Z;)i>o has no Brownian
component. Then (X¢)i>0 is an (FZ)i>o-semimartingale if and only if one of the following
(1)—(3) s satisfied:

(1) 7> 1/2,
(2) T=1/2 and f[_l’l] 2?[log|z|| v(dx) < oo,
(3) 7 €(0,1/2) and f[_lvu\x]l/(l_ﬂ v(dz) < oo.

Note that 1/(1 — 7) € (1,2) when 7 € (0,1/2). Let us in particular consider
t
X, :/ (t—s)i-Yodz,  t>0, (3.4)
0

where (Z;)¢>0 is a symmetric a-stable Lévy process with a € (0,2] and H > 0 (note
that (X¢)¢>0 is well-defined). To avoid trivialities assume H # 1/a. As a consequence of
Corollary 3.5 (o € (0,2)) and Theorem 3.1 (o = 2) it follows that (X;)¢>0 is an (FZ);>0-
semimartingale if and only if H > 1 when « € [1,2] or H > 1/a when « € (0,1).

81



4. Proofs

4 Proofs

Throughout this section (X;)i>¢ is given by (3.1). We extend ¢ to a function from R
into R by setting ¢(s) = 0 for s € (—o0,0). For any function f: R — R, let A.f denote
the function s — t(f(1/t + s) — f(s)) for all t > 0. We start by the following extension
of Hardy and Littlewood [15, Theorem 24].

Lemma 4.1. Let I be either Ry or R, f: I — R be locally integrable and g: Ry — Ry
be an increasing convex function satisfying g(x)/x — oo as x — oo and let (ry)r>1 be
a sequence satisfying ri, — oo. Then f is absolutely continuous with a density having
locally g-moment if and only if (g(| Ay, f]))k>1 is bounded in L*([a,b],\) for all a,b € I
with a < b. In this case {g(|Acf]) i t > €} is bounded in L*([a,b], \) for all a,b € I with
a<bandall e > 0.

If (Z;)¢>0 is of unbounded variation the above lemma can be applied with £ playing
the role of ¢ (£ is given by (2.12)), since in this case £ satisfies all the conditions imposed
on g except £ is not convex. But h, defined by h(x) = x21{x§1} + (22 — 1)1fz51y) for all
x > 0, is convex and if we let

g(x) = / h(|zs|) v(ds), x>0, (4.1)

then ¢ satisfies all the conditions in the lemma and ¢g/2 < & < g. Thus, if f: I — R is
locally integrable then f is absolutely continuous with a density having locally £&-moment

if and only if (£(|Ar, f]))k>1 is bounded in L'([a,b], \) for all a,b € I with a < b.

Proof. Note that ¢ is continuous and z +— g(|z|) is a convex function from R into R,
since ¢ is increasing and convex. Let a,b € [ satisfying a < b be given and assume
(9(|Ar, f))k>1 is bounded in L([a,b], ). Since g(z)/x — 0o as z — oo, {A,, f k> 1}
is uniformly integrable and hence weakly sequentially compact in L!([a,b], ) (see e.g.
Dunford and Schwartz [14, Chapter IV.8, Corollary 11]). Choose a subsequence (ng)g>1
of (rk)k>1 and an h € L*([a,b], \) such that A, f — h in the weak L*([a, b], A)-topology.
For all ¢,d € [a,b] with ¢ < d we have

d d
/ Ap fdd— / hd, for k — oo. (4.2)
Moreover,
d d+1/ny d
/ Ankfd)\:nk</ fd)\—/ fd)\> (4.3)
c c+1/ny c

d+1/ny c+1/ny
:nk/ fd)\—nk/ fdX— f(d) — f(c), for k — oo, (4.4)
d c
for A x A-a.a. ¢ < d. Thus, we conclude that f is absolutely continuous with density h.
Since A, f — h in the weak L!([a,b], \)-topology we may choose a sequence (kn)n>1

of convex combinations of (A, f)g>1 such that x, — h in L'([a,b],)), see Rudin |36,
Theorem 3.13|. By convexity and continuity of g we have

b b b
[ snhax <timint [y dr<sup [Cganshar <o (49
a n—=oo  Jq k>1Ja
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which shows that h has g-moment on [a,b]. This completes the proof of the if-part.
Assume conversely that f is absolutely continuous with a density, h, having locally
g-moment. For all ¢ > ¢, we have by Jensen’s inequality that

/abg<‘t/:+1/th(u) du‘)dsg /ab <t/01/tg(|h(u+s)|)du) ds (4.6)

1/t b b+1/e
:t/o /a g(\h(u—i—s)])dsdug/ g(|h(s)])ds < o0, (4.7)

a

which shows that {g(|A¢f]) : t > €} is bounded in L!([a,b],\) and completes the proof.
U

In following we are going to use two Lévy-Itd decompositions of (Z;):>o (see e.g. Sato
[38, Theorem 19.2]).

(a) Decompose (Z;)i>0 as Zy = Z} + Z2, where (Z})1>0 and (Z2)>0 are two independent
Lévy processes with characteristic triplets (0,02,11) respectively (v,0,12), where
vi = vy and vo = vy j)e. (Z) >0 and (Z})i>0 are (FZ);>o-adapted. Moreover,
when ¢ is locally bounded we let

t t
X}:/ ot —s)dZl, and Xf:/ ot —s)dZ%,  t>0.  (4.8)
0 0

(b) Decompose (Z;)i>0 as Zy = Wy + Yy, where (Wy)¢>0 is a Wiener process with vari-
ance parameter o and (Y;);>0 is a Lévy process with characteristic triplet (v,0, ).
(Wi)i>0 and (Y;);>0 are independent and (FZ);>¢-adapted. Moreover, let

t t
XtW:/ o(t — s)dW,, and XtY:/ ot —s)dYs,  t>0. (4.9)
0 0

If 02 = 0 and (X;):>0 is cadlag it follows by Rosiiiski [33, Theorem 4] and a symmetriza-
tion argument that by modification on a set of Lebesgue measure 0, we may and do
choose ¢ cadlag.

The following lemma is closely related to Knight [19, Theorem 6.5].

Lemma 4.2. We have the following:

(i) (Xp)e>0 is an (FZ)iso-semimartingale if ¢ is absolutely continuous on Ry with a
locally square integrable density.

(i1) Assume (Zi)i>0 is a Wiener process. Then ¢ is absolutely continuous on Ry with
a locally square integrable density if (X;)i>o0 is an (FZ)i>o-semimartingale.

Proof. (i): Decompose (Z;)¢>0 and (X;)i>0 as in (a) above. Since both ¢ and (Z2);>0
are cadlag and of bounded variation, (X7);>o is cadlag and of bounded variation as well.
Hence, it is enough to show (X})¢>o is an (F?);>o-semimartingale. Since

xt = [0 =) - o)z 4607, 120 (4.10)
0

we may and do assume ¢(0) = 0. Then, ¢ is absolutely continuous on R with locally
square integrable density and hence for all 7' > 0, ||At¢HL2([—T,T},>\) < K for some
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constant K > 0 and all ¢ > 1/T by Lemma 4.1 with g(x) = 22. By letting ¢ = E[|Z] |*]
we have (recall that ¢ is zero on (—o0,0))

BI(X! ~ X1 = et =) = d(u—) 2o np < K2t -w? YO<u<t<T, (411)

which by the Kolmogorov—éentsov Theorem (see Karatzas and Shreve [18, Chapter 2,
Theorem 2.8]) shows that (X})i>o has a continuous modification (also to be denoted
(X})i>0). Moreover, for all 0 =ty < --- < t,, = T we have

n

n
B[3IX, - X! 1] < 300 - X1 ey < VEKT, (4.12)
i=1 i=1

which shows that (X} );>0 is of integrable variation and hence an (FZ);>(-semimartingale.

To show (ii) assume (Z;);>¢ is a standard Wiener process and (X;);>q is an (FZ);>o-
semimartingale. Since (X;);>0 is a Gaussian process, Stricker [39, Proposition 445|
entails that (X¢);>0 is an (FZ);>o-quasimartingale on each compact interval [0, N]. For
0 <wu <t we have

BB, X 7Z) =Bl [ (9(¢ — ) — otu - 5)) 42 (4.13)

N \/gu/ou (¢t = 5) = ¢(u—s)) dZs|l 2 py (4.14)
2 u

V([ 9ot o)as) " (415)

=2 ([ Gt —ur 9ot as) ", (1.16)

™

where the second equality follows by Gaussianity, which implies that

niN

Nn
E E(|E[Xi/n — X—1)/nl F{_1y )l = —=
i=1 V2

Since (X;)i>o0 is an (F?)i>o-quasimartingale on [0, N], the left-hand side of (4.17) is
bounded in n (see Dellacherie and Meyer [12, Chapter VI, Definition 38]), showing that

(Ap¢)n>1 is bounded in L2([0, N/2],\). By Lemma 4.1 with g(x) = 22 this shows that
¢ is absolutely continuous on R with a locally square integrable density. U

(/ON/2 (6(1/n+s) — ¢(s))* ds)m, (4.17)

Lemma 4.3. If (X;)i>0 is an (FZ)so-semimartingale then (X})iso is an (FZ )iso-
semimartingale.

Proof. Assume (X;);>0 is an (FZ);>p-semimartingale, fix 7 > 0 and let
A={AZ} =0Vt [0,T]}. (4.18)

Note that P(A) > 0 and (Z});>o is P-independent of A. Let Q“ denote the probability
measure given by Q*(B) := P(BNA)/P(A). (X;)i>0 is an (F%);>¢-semimartingale under
Q4, since Q4 is absolutely continuous with respect to P. Moreover, since (Z¢)e>0 and
(Z})i>0 are Q4-indistinguishable it follows that (X});>o is an (ffl)tzo—semimartingale
under Q4 and since A is independent of (Z});>o this is also true under P. O

In the next lemma we study the jump structure of (X)¢>o.
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Lemma 4.4. Assume 0 = 0 and (X;)i>o is cadlag. Then (AXi1gaz,20y)i=0 and
(p(0)AZ;)e>0 are indistinguishable.

Before proving the lemma we note the following:
Remark 4.5.

(a) Let (X¢)¢>0 and (Y3);>0 denote two independent cadlag processes such that P(AX; =
0) = P(AY; =0) =1 for all t > 0. Then as a consequence of Tonelli’s Theorem we
have P(AX;AY; =0, Vt > 0) = 1.

(b) If v is concentrated on [—1,1] then the mapping ¢ +— fg o(t — s)dZs is continuous
from Ry into L'(P). This follows by approximating ¢ with continuous functions.

Proof of Lemma 4.4. Since X; = fg(QS(t—s)—l) dZs+Z; we may and do assume ¢(0) # 0.
Recall from page 83 that ¢ is chosen cadlag; moreover Agp(0) = ¢(0).

First we show the lemma in the case where v is a finite measure. Let 7,, denote the
time of the nth jump of (Z¢)i>0 ((Th41 — Tn)n>1 is thus an i.i.d. sequence of exponential
distributions) and let (o,,),>1 C [0,00) denote the jump times of ¢. Note that the event

B:={3(j,k) # (", k) : 75 + o = 7 + 0w}, (4.19)

has probability zero. Since (Z;)>0 only has finitely many jumps on each compact interval
we may regard (X;)¢>0 as a pathwise Lebesgue-Stieltjes integral and hence it follows that

(AX)izo = (Yo AZ 0, A0(0))

k>1

: 4.20
=0 (4.20)

Let us show that on B¢ the series ),y AZ;_,, A¢p(o)) has at most one term which
differs from zero for all ¢ > 0. Indeed, to see this assume that AZ;_, A¢(oy) and
AZi 5, ,Ad(0y) both differ from zero, where k # k’. Then there exist n,n’ > 1 such
that 7, = t — 0} and 7, = t — o) which implies 7, + o = 7, + 0}, and hence we
have a contradiction. In particular, if AZ; # 0 then AZ;A¢p(0) # 0 and thus AX; =
AZiAG(0) = p(0)AZ;.

Now let (Z;)¢>0 be a general Lévy process for which 0% = 0. For each n > 1, decom-
pose (Zy)i>0 as Zy = Y"+U[", where (Y{");>0 and (U]"):>0 are two independent Lévy pro-
cesses with characteristic triplets (0,0, v[[_/n,1/n)) respectively (0,0, v|(_1/51/n)c). More-
over, set

t t
o _ n un _ _ n
X; = /0 o(t—s)dYy and X, /0 o(t —s)dU,. (4.21)

Since (U")i>0 has piecewise constant sample paths the second integral is a pathwise
Lebesgue-Stieltjes integral. Hence (X" )i>0 is cadlag and it follows that (X} ");>o is
cadlag as well. Set

C:= [{AX]" AU =0, vt >0}, (4.22)
n>1

D= (H{AX{ Lavpzoy = (0)AU}', Vt > 0}. (4.23)
n>1

From Remark 4.5 (b) it follows that P(AX}" = 0) = 1 for all ¢ > 0 which together
with Remark 4.5 (a) shows that C' has probability one. Moreover, from the first part
of the proof it follows that D has probability one. When AZ; # 0, choose n > 1
such that [AZ;| > 1/n. Thus, AU} # 0, and hence AX)" = 0 on C, which shows
AXy = AXY" = ¢(0)AU* = $(0)AZ; on C N D and completes the proof. O
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Lemma 4.6. Assume 02 =~ =0, v is concentrated on [—1,1] and (X;)i>0 is a special
(F?)i>0-semimartingale. Then (¢(0)Z;)i>0 is the martingale component of (Xt)i>0-

Proof. Let X; = My + A denote the canonical decomposition of (X;);>0. Since (Z;)i>0
is a Lévy process, it is quasi-left-continuous (see Jacod and Shiryaev [16, Chapter II,
Corollary 4.18]) and thus there exists a sequence of totally inaccessible stopping times
(Tn)n>1 which exhausts the jumps of (Z;);>0. On the other hand, since (A;)¢>¢ is pre-
dictable there exists a sequence of predictable times (o, ),>1 which exhausts the jumps of
(At)i>0. From the martingale representation theorem for Lévy processes (see Jacod and
Shiryaev [16, Chapter III, Theorem 4.34]) it follows that (M ):>0 is a purely discontinuous
martingale which jumps only when (Z;)¢>¢ does. Furthermore, since

P(E3n,k>1:71, =0 <00) =0, (4.24)
Lemma 4.4 shows
»(0)AZ, =AX, =AM, + AA, =AM, , P-as. on{r, <oo}Vn>1 (4.25)

Hence (AM;)>0 and (¢(0)AZ;)>¢ are indistinguishable which implies that (M;);>0 and
(¢(0)Z;)1>0 are indistinguishable since they both are purely discontinuous martingales
(see Jacod and Shiryaev [16, Chapter I, Corollary 4.19]). This completes the proof. [

The following lemma is concerned with the bounded variation case and it relies on
an inequality by Marcus and Rosinski [23].

Lemma 4.7. Assume v = 02 = 0, v is concentrated on [—1,1] and (Z;)i>0 is of un-

bounded variation. Then (X)i>o is cadlag and of bounded variation if and only if ¢ is
absolutely continuous on Ry with a density having locally &-moment and ¢(0) = 0.

Recall the definition of A;¢ on page 82 and of Var,(f) in (2.8).

Proof. Let N > 1 be given. We start by showing the following (i) and (ii) under the
assumptions stated in the lemma:

(i) If (X¢)e>0 is of bounded variation then E[Vary(X)] < oo for all N > 1.

(ii) For all N > 1,
N N/2 N/2 1/2
— Aogn Aogn 4.2
san{( [ cavanas)n ([ elarownas)} @20

E[Vark (X)] < 3N sup / £(|Agng( )ds+1} (4.27)

n>1

where for each f: Ry — R we let

2" N

Vark (f —supZ|f i/2%) — f((i —1)/2")]. (4.28)

n>1

To show (i) assume (X;)¢>¢ is of bounded variation. By Rosinski [33, Theorem 4|, ¢(-—s)
is of bounded variation for M-a.a. s € R4 ; in particular there exists an s € R4 such that
¢(- — s) is of bounded variation. Hence ¢ is of bounded variation. Let T := [0, N] N Q,
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X: Q — RT denote the canonical random element induced by (X¢)ter and let u be given
by

w(A) = (A xv)((s,x) € [0,tg) x R:xp(- —s) € A\{0}), AeB®RT). (4.29)

For all ty,...,t, € T, (Xy,, ..., Xy, ) is infinitely divisible with Lévy measure p Opt_l}...,tw
where py, 1, (f) = (f(t1),..., f(ts)) forall f € RT. For f € RT let ¢(f) denote the total
variation of f on T.. Then ¢: R — [0, 00] is clearly a lower-semicontinuous pseudonorm
on R” (see Rosinski and Samorodnitsky [35, page 998|). Since v has compact support
and ¢ is of bounded variation there exists an 79 > 0 such that u(f € RT : ¢(f) > r9) =0
and hence by Lemma 2.2 in [35], E[e“/X)] < 0o for some € > 0. In particular (X;)s>o is
of integrable variation on [0, N].
(ii): From Marcus and Rosinski [23, Corollary 1.1] we have

L/Amin(ain, ;) < B2 Xz = Xonon)l) < Bmax(ain, i) (4.30)
where
(i-1)/2"
Qi = / L S1B20( s (4.31)

By monotone convergence we have

2" N
E[Varf (X)) = SuI;Q— ZE 127 (X jan — X i1y /2m)|l; (4.32)
and hence
3 i B[2(Xiyae — X1y2)l] < BVarPy(X)]  (4.33)
2 igli 2”N/2<z<2nN i/2n (i=1)/2n )1l = arg N .
S NSup sup EHQn(XZ/Q" — X(i—l)/Z")Ha (434)

n>11<i<2n N

which by (4.30) shows (4.26).

Assume (X;);>0 is cadlag and of bounded variation and hence by (i) of integrable
variation. From (ii) it follows that (£(Agn¢)),>1 is bounded in L!([—a, a], A) for all a > 0.
Conversely, if (£(Aan¢)),>1 is bounded in L'([—a,a], \) for all @ > 0, (ii) shows that
E[Vark (X)] < oo; in particular Vark(X) < oo P-a.s. Since in addition (X;)s>q is right-
continuous in probability by Remark 4.5 (b) it has a has a cadlag modification (also to be
denoted (X¢);>0), which is of bounded variation since Vary(X) = Vark(X) < oo P-a.s.

Finally, the discussion just below Lemma 4.1 completes the proof, since (Z;)¢>¢ is of
unbounded variation. O

We have the following consequence of the Bichteler-Dellacherie Theorem.

Lemma 4.8. Let (Y;)i>0, (Ut)t>o0, (Y)t>0 and (Uy)¢>o denote four processes such that
(V)0 is (FY )iso0-adapted, (Yy)i>0 is (.FU)t>o adapted and (Y.,U.) = ( U). If (Yi)i=o
is an (FY )¢>o-semimartingale then (Y;)¢>0 has a modification which is an (.FU)t>0 -semi-
martingale.

Proof. Since (Y;)i>0, by assumption, is cadlag and (Y3)i>0 z (Yi)i>0 we may choose a

cadlag modification of (Y;);>o (also to be denoted (Y;)i>0). By the Bichteler-Dellacherie
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Theorem (see Dellacherie and Meyer [12, Theorem 80]) we must show that for all £ > 0
the set of random variables given by

{ZHt V=Y ) in>1,0<tg < <ty <t H,eFL, yﬁti\g1} (4.35)

is bounded in LO(P). Since each H, € .7-"9 satisfying |H,| < 1 is given by

= nh_)rrgo E,((U, Ju<s+1/n) P-as., (4.36)
for some F,: RI%s+1/n) 5 [—1,1] which is B(R)%**/"-measurable, our assumptions
imply that for each random variable in the above set there exist H;, € .7-}[{ satisfying
|Hy,| <1fori=0,...,n—1such that

n n

. e i
E Htifl(ni - nifl) = § Htifl(ni - }/21'71)' (4'37)
i=1 i=1

Thus since (Y3)i>0 is an (Fy )i>o-semimartingale, another application of the Bichteler-
Dellacherie Theorem shows that the set given in (4.35) is bounded in L°(P). O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. We prove the result in the following three steps (1)—(3). Recall
(a) and (b) on page 83.

(1) Let 0% > 0.

Assume (X;);>0 is an (F? )e>0-semimartingale. Let Zt — W, and X; = fo ot —
s)dZs,. We have FZ = FVVF = FFWVvF = F/ and since (X.,Z.) = Z (X.,2),
Lemma 4.8 shows that (Xt)tzo is an (F%);>o-semimartingale. Therefore (X}V)i>0 =
(X: — X1)/2)i>0 is an (F#)i>o-semimartingale and thus an (F}V);>o-semimartingale,
and by Lemma 4.2 (ii) we conclude that ¢ is absolutely continuous on R with a locally
square integrable density.

On the other hand, if ¢ is absolutely continuous with a locally square integrable
density it follows by Lemma 4.2 (i) that (X;);>0 is an (F?);>o-semimartingale.

(2) Let 02 =0 and (Z;)¢>0 be of unbounded variation.

Assume (Xy)i>0 is an (F?);>p-semimartingale. By Lemma 4.3 it follows that (X});>0
is an (F7 )tZO semimartingale. Let T = Q N [0,¢], ¢(f) = sup,er|f(s)| for all f € RT
and p be given by (4.29) with v replaced by vq. Since v; has compact support and ¢ is
locally bounded (recall from page 83 that ¢ is chosen cadlag) there exists an rg > 0 such
that u(f € RT : q(f) > ro) = 0 and hence, according to Rosinski and Samorodmtsky
35, Lemma 2.2], E[sup,cpo |X!|] < oo. This shows that (X )t>0 is a special (F7 )tZO‘

semimartingale. Let X} = M; + A; denote the canonical (F7? )tzo—decomposmon of
(X})i>0. Then Lemma 4.6 yields (M;);>0 = (¢(0)Z})i>0 and hence (A;)¢>0, given by

A = / Yt —s)dzl,  t>o0, (4.38)

where ¥(t) = ¢(t) — ¢(0) for t > 0, is of bounded variation. Thus, by Lemma 4.7 we
conclude that ¢, and hence also ¢, is absolutely continuous on R with a density having
locally £&-moment.

Assume conversely that ¢ is absolutely continuous with a density having locally &-
moment. Since ¢ and (Z?);>0 are cadlag and of bounded variation it follows that (X7?)¢>0

88



4. Proofs

is cadlag and of bounded variation as well. Let (A¢)¢>0 be given by (4.38). By Lemma 4.7
it follows that (A;);>0 is cadlag and of bounded and hence (X});>0 = (#(0)Z} + Ay)i>o is
an (FZ);>o-semimartingale and we have shown that (X;);>0 is an (F?);>0-semimartin-
gale.

(3) Let (Z¢)e=0 be of bounded variation.

Assume (X;)i>0 is an (FZ);>o-semimartingale. By arguing as in (2) it follows that
(At)i>0 given by (4.38) is of bounded variation. Hence Rosinski [33, Theorem 4] and a
symmetrization argument shows that 1, and hence also ¢, is of bounded variation.

Assume conversely that ¢ is of bounded variation. Since (Z;)¢>o is cadlag and of
bounded variation it follows that (X¢):>o is cadlag and of bounded variation and hence
an (F%);>o-semimartingale. O

To show Proposition 3.2 we need the following Fubini type result.

Lemma 4.9. Let T > 0, p denote a finite measure on Ry and let f: Ri — R be a
measurable function such that either (1) or (i) are satisfied, where

(i) o* =0, &(|f(t,-)]) € L([0,T],A) for allt >0 and &(|f|) € L' (R4 x [0, T], pu x A).
(ii) 0% >0, f(t,-) € L*>([0,T],)) for allt >0, and f € L*>(Ry x [0,T], 1 x A).

Then ( fo f(t,s)dZ )t>0 can be chosen measurable and in this case

//ftst) (dt) = / /fts (a))dz,  P-as (4.39)

Proof. Assume (i) is satisfied. To show (4.39) we may and do assume that (Z;);>0 has
characteristic triplet (0,0, ) where v is concentrated on [—1,1]. Let g be given by (4.1).
Since g is 0 at 0, symmetric, increasing, convex, lim, ,~ g(z) = co and g(2z) < 4g(z)
for all > 0, g is a Young function satisfying the Ag-condition (see Rao and Ren [29,
page 5+22|). Let LI([0, T, ) denote the Orlicz space of measurable functions with finite
g-moment on [0, 7] equipped with the norm

T
A, = inf{c > 0 /0 g(c h(s)) ds < 1. (4.40)

According to Chapter 3.3, Theorem 10, and Chapter 3.5, Theorem 1, in [29], LI([0,T], \)
is a separable Banach space. Let f; := f(¢,-) for all t > 0. Since &(|f:]) € LY([0,T], \)
for all ¢ > 0, it is easy to check that f; satisfies (2.2)(2.4) and hence Y; := fOT fi(s)dZ
is well-defined for all £t > 0. We show that (Y;);>0 has a measurable modification. Since
LI([0,T], A) is separable and t — || fy—hl|; is measurable for all h € L9([0,T7, A) it follows
that ¢ — f; is a measurable mapping from Ry into L9([0,7],A). Furthermore, since
L9([0,T1],\) is separable there exists (h})nr>1 € L9([0,7],\) and disjoint measurable
sets (A} )g>1 for all n > 1 such that with

= > hi(s)lag( (4.41)

k>1

we have || fy — f'[|, < 27" for allt > 0. Set Y;" =37, fo hy(s) dZs1ap(t) for all t >0
and n > 1. Then (Y;e )t>0 is a measurable process and by Marcus and Rosiriski [23,
Theorem 2.1] it follows that

IV = Yill ey <3IS7 — fil, <3%x 27" ¥E>0,Vn> 1. (4.42)
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5. The two-sided case

For all t > 0 and w € Q let Y;(w) = lim, ¥;"(w) when the limit exists in R and zero
otherwise. Then (fft)tzo is measurable and for all t € R, Y; = Y; P-a.s. by (4.42). Thus
we have constructed a measurable modification of (¥3)¢>o.

Let us show that both sides of (4.39) are well-defined. Since g/2 < ¢ < g and
£(ax) < (a+1)%¢(x) for all z,a > 0, it follows by Jensen’s inequality that

/ /]fts],udt))ds< 2(p(R) +1)° +1 //{]fts p(dt)ds < oo, (4.43)

uw(R

Thus, the right-hand side of (4.39) is well-defined. The left-hand side is well-defined as
well since

e[ [

< 3/ / E(|fe(s) ds / E(| fe(s) ds (dt) < 00, (4.45)

u(dt)] (4.44)

where the first inequality follows by Marcus and Rosinski [23, Corollary 1.1]. Further-
more, (4.39) is obviously true for simple f on the form

5) = Z @ilis, 1 s (O, 1 (8)- (4.46)
i=1

If f is a given function satisfying (i) we can choose a sequence of simple ( f,,),>1 converging
to f and satisfying |f,| < |f|. We have

[([ smoazuas = [ ([ ntwsu@a)az, @

and by estimates as above it follows that we can go to the limit in L!(P) in (4.47), which
shows (4.39).

The case (ii) follows by a similar argument. In this case we have to work in L2([0, T, \)
instead of LI([0,T], \). O

Proposition 3.2 is an immediate consequence of Theorem 3.1 and Lemma 4.9, since
t—s

ot —s)=o¢(0) + @' (u) du = ¢(0) + /0 1{s§u}¢'(u —5)du, s €[0,t]. (4.48)

0

5 The two-sided case

Let (X¢)i>0 be given by

t
X = / (p(t —s) —b(=s))dZs,  t>0, (5.1)
—00
where (Z;)icr is a (two-sided) nondeterministic Lévy process with characteristic triplet
(7,02,v) and ¢,7: R — R are measurable functions for which the integral exists (still
in the sense of Rajput and Rosiriski [28, page 460]). Also assume that ¢ and v are 0 on
(—00,0) and let (F7*)y>0 denote the least filtration for which o(Z, : —0o < s < t) C
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5. The two-sided case

]:tZ’OO for all ¢ > 0. From Rajput and Rosiniski [28, Theorem 2.8| it follows that (X¢):>0
is well-defined if and only if

0

thz/o p(t — s)dZ,, and Xf:/ (p(t — 5) — p(—s))dZs, (5.2)

are well-defined. Similar to Lemma 4.8 we have the following.

Lemma 5.1. Let (Y3)i>0, (Ut)ier, (f/t)tzo and (Ut)te]R denote four processes such that
(YDizo is (F™)zo-adapted, (V)0 is (F, ™ )izo-adapted and (Y.,U.) Z (V. 0.). If
(Yi)i>0 is an (ffj’oo)tzo—semimartmgale then (Yi)i>o0 has a modification which is an

(ftU’oo)tZO -semimartingale.

Lemma 5.2. Assume (Z;)icr is symmetric. Then (Xi)i>o ts an (ftz’m)tzo—semimartm—
gale if and only if (X})i>0 is an (F?)i>o-semimartingale and (X?)i>o is cadlag and of
bounded variation.

Proof. The if-part is trivial. To show the only if-part assume (X¢);>0 is an (ftZ’oo)tZO—
semimartingale. Let X; = th — Xt2 and leto Iy = ~Zt for t > 0 and Z; = —Z; when
t < 0. Since (Zt)er is symmetric (X., Z.) z (X.,Z.) and from Lemma 5.1 it follows

that (Xt)tzo is an (Ez’w)tzo—semimartingale and hence an (.FtZ "*?)¢>0-semimartingale

since (F) 0 = (FZ)i=0. Thus, (X0 = (X + X1)/2)es0 is an (F7™)y>0-semi-
martingale and hence an (FZ);>-semimartingale. Moreover, (X?);>¢ is an (ftZ’oo)tZO—
semimartingale and hence cadlag and of bounded variation since X7 is .7-"02 "*“_measurable
for all t > 0. Ol

We have the following consequence of Lemma 5.2 and Theorem 3.1.

Proposition 5.3. Let (X;);>0 be given by (5.1) and assume it is an (F7™)>0-semi-
martingale.

If (Z)ter is of unbounded variation then ¢ is absolutely continuous on Ry with a
density ¢’ satisfying (1.3)—(1.4).

If (Zi)ier is of bounded variation then (Xi)i>o is of bounded variation and ¢ is of
bounded variation as well.

Proof. Let Z; = Z;— Z, where (Z)ier is an independent copy of (Z;)ier and let (X});>0
be given by

t

Xi= [ -9 -vi-)azi =0 5:3)

—00
By Lemma 5.1, (X/)>0 is an (]:tZ,’Oo)tzo—semimartingale, which by independence of fil-
trations shows that (Xt)tZO = ~(Xt_XtI)t20 is a semimartingale in the (ff’mvﬂzl’w)tzo—
filtration and hence in the (.7’-",5Z~ *)i>o-filtration. Since (Zt)te]R is symmetric Lemma 5.2
shows that (X});>o is an (F#)i>o-semimartingale and since (Z;);>o has characteris-
tic triplet (0,202,7) where 7(A) = v(A) + v(—A), the proposition follows by Theo-
rem 3.1. O

Let (X);>0 denote a fractional Lévy motion, that is

X, :/ (t—s) = (=s)7)dZ,,  t>0, (5.4)

—00
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where 7 is such that the integral exists and x4 := 2 V 0 for all x € R. In the following
let us assume (Z;)¢er has no Brownian component. Recall the definition of X7 in (5.2).
From Rajput and Rosiiiski 28, Theorem 2.8] it follows that it is necessary (and sufficient
when (Z;)>0 is symmetric) that

/ / lz((t+5)" —sT)[2A 1) v(dx)ds < oo (5.5)

for X? to be well-defined. A simple calculation shows that (5.5) is satisfied if and only if
T<1/2 and / 2|7 p(dz) < co. (5.6)
[_171}‘:

Thus it is necessary that (5.6) and (I)~(III) on page 81 are satisfied for (X;);>¢ to be well-
defined, and when (Z;)cr is symmetric these conditions are also sufficient. [25] studies
processes of the form (5.4) under the assumptions that o2 = 0, f[7171]0|x|2 v(dr) < oo,
- f[fl,l}c zv(dz) and 0 < 7 < 1/2. See also [4] for a study of the well-balanced case.
To avoid trivialities assume 7 % 0. As an application of Proposition 5.3 and Corol-
lary 3.5 we have the following.

Corollary 5.4. Assume (Z;)ier has no Brownian component and let (X¢)i>o0 be an
(FF°)s0-semimartingale given by (5.4). Then f 11]]38\1/ 1=7) y(dz) < oo and T €
(0,1/2).

In particular let (X¢)¢>0 denote a linear fractional stable motion with indexes o €
(0,2] and H € (0,1), that is

t
X, = / <(t — ) _ (—s)f‘l/“) dZ,,  t>0, (5.7)
—00

where (Z;)icr is a symmetric a-stable Lévy process (see Samorodnitsky and Taqqu [37,
Definition 7.4.1]). For av = 2, (X});>0 is a fractional Brownian motion (fBm) with Hurst
parameter H (up to a scaling constant). From Corollary 5.4 it follows that (X;);>0 is an
(]:tZ’OO)tzo—semimartingale if and only if H =1/a.

* * *
Let (X¢)i>0 be given by (5.1) and assume (Z;)ier is a symmetric a-stable Lévy process
with a € (1,2]. If (X¢)i>0 is an (]:tZ’OO)tZO—semimartingale it follows by Proposition 5.3
and (1) on page 79 that ¢ is absolutely continuous on Ry with a density having locally
a-moment. The next result shows that this condition is actually necessary and sufficient
for (X¢)i>0 to be an (Ez’m)tzo—semimartingale if we delete “locall”. Thus, extending
Knight [19, Theorem 6.5] from o = 2 to o € (1, 2] we have the following.

Proposition 5.5. Let (X¢)i>0 be given by (5.1) and assume (Zi)icr is a symmetric
a-stable Lévy process with o € (1,2]. Then (X¢)i>0 is an (ftZ’oo)tZO—semimartmgale if
and only if ¢ is absolutely continuous on Ry with a density in L*(R4, \).

Let B denote a Banach space (not necessarily separable) and assume there exists a
countable subset D of the unit ball of B’ (the topological dual space of B) such that

||z|| = sup|F(z)], Vx € B. (5.8)

FeD
Following Ledoux and Talagrand [21, page 133], a B-valued random element X is called -
stable if 7" | a;F;(X) is areal-valued a-stable random variable for alln > 1, Fy, ..., F, €

D and ay,...,a, € R.
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Let T denote an interval in R, and let B denote the subspace of R” containing all
functions which are cadlag and of bounded variation. Then B is a Banach space in the
total variation norm (but not separable) and since the unit ball of B’ consists of F of

the form
n

F(f) =Y ai(f(t:) = f(ti1)),  f€B, (5.9)
i=1
where (a;)_; C [-1,1] and (#;)]_, is an increasing sequence in T, it follows that B
satisfies (5.8).

Proof of Proposition 5.5. For a = 2 the result follows by Cherny [10, Theorem 3.1]; thus
let us assume « € (1,2).

Assume (X;)i>0 is an (F7™);>o-semimartingale. According to Lemma 5.2 (X2)1>0
is cadlag and of bounded variation. Consider (X7?)i>0 as an a-stable random element
with values in the Banach space consisting of functions which are cadlag and of bounded
variation equipped with the total variation norm. Hence from Ledoux and Talagrand
[21, Proposition 5.6] it follows that (X7):>o is of integrable variation on each compact
interval. Moreover, by Marcus and Rosinski |23, Corollary 1.1] we have

E(ln(X7, = X 1l = 1 (@i A/@in), — in>1, (5.10)

where

Qi = /(°° E(Anp(s))ds, and () = /<|xs|2A|xs|>u<ds>. (5.11)

i—1)/n
Since ¢ — a; y, is decreasing it follows that

n

1
E[Var;(X?)] > sup Z EHXZ.Q/” - X(Qi—l)/nH > Slilf 1 (ann A \/ann) - (5.12)

nzly_y

By (5.12) we conclude that (ayn)n>1 is bounded and hence (£(]An@|))n>1 is bounded
in L'([1,00),\). A straightforward calculation shows &(x) = ¢z for all > 0 for
some constant ¢; > 0, which implies that (A, ¢),>1 is bounded in L%([1,00),A). Since
a > 1, a sequence in L%([1,00),A) is bounded if and only if it is weakly sequentially
compact (see Dunford and Schwartz |14, Chapter IV.8, Corollary 4|). Thus, by arguing
as in Lemma 4.1 it follows that ¢ is absolutely continuous with a density in L*([1, 00), A).
Furthermore, since (X} )i>o is an (FZ)¢>o-semimartingale it follows by Corollary 3.4 that
¢ is absolutely continuous on R4 with a density locally in L*(IR4,A). This shows the
only if -part.

Assume conversely ¢ is absolutely continuous on Ry with a density in L*(R., A).
By Corollary 3.4 (X});>0 is an (F%);>0-semimartingale. Thus it is enough to show that
(th)tzo is cadlag and of bounded variation. Since ¢ is absolutely continuous on R with
a density in L*(R4, ) it follows by arguing as in Lemma 4.1 that [[¢(t — ) — ¢(u —
M re(—o,0)n < ¢t —u) for some ¢ > 0 and all 0 < w < ¢. For all p € [1,a) and all
u,t > 0 we have

X7 — XZHLP P) = Kpallo(t =) — d(u =)l 1« Cso0) ) S Kp,aclt —ul, (5.13)
( ((

for some constant K, , > 0 only depending on p and «. By letting p € (1, ), (5.13)
and the Kolmogorov-Centsov Theorem show that (X?)i>0 has a continuous modification.
Moreover, by letting p = 1 (5.13) shows that this modification is of integrable variation
on each compact interval. This completes the proof. O
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Motivated by Lemma 5.2 we study in the following proposition infinitely divisible
processes (X¢)¢>0 of bounded variation, where (X¢)¢>0 is on the form X; = f]R ft,s)dZs.
Assume (X¢)¢>0 is cadlag and of bounded variation. Rosinski [33, Theorem 4| shows that
t — f(t,s) is of bounded variation for A-a.a. s € R. Extending this we show that the
total variation of f(-,s) must satisfy an integrability condition which is equivalent to
the existence of [ Var,(f(-,s))dZ, for all t > 0 when (Z;);cr is symmetric and has no
Brownian component.

Proposition 5.6. Let f: Ry x R — R denote a measurable function such that X; =
fIR f(t,s)dZy is well-defined for all t > 0. If (X{)i>0 is cadlag and of bounded variation
then

// (1 A \xVart(f(-,s))\Q) v(dz)ds < oo, Vvt > 0. (5.14)

Let (€;)i>1 denote a Rademacher sequence, i.e. (¢;);>1 is an i.i.d. sequence such that
P(e; = —1) = P(e; = 1) = 1/2. It is well-known that if (o;);>1 € R then Y 2, €y
converges P-a.s. if and only if ) -2, a? < oo. Let B denote a Banach space satisfy-
ing (5.8). Following Ledoux and Talagrand [21, page 99|, a B-valued random element
X is called a vector-valued Rademacher series if there exists a sequence (x;);>1 in B
such that Y% F?(z;) < oo for all F € D, and for all n > 1 and all Fy,...,F, € D

(F1(X),...,Fo (X)), and 32 €iFi(x4),. .., > ioq €L () has the same distribution.

Proof of Proposition 5.6. By a symmetrization argument we may and do assume that
02 =0 and (Z;)er is symmetric. Define

[e.9]

Y, =Y Cif(t,U;),  t>0, (5.15)
j=1

where (€;);>1 is a Rademacher sequence, (7;);>1 are the partial sums of i.i.d. standard
exponential random variables and (Uj);>1 are ii.d. standard normal random variables
with density p, and (€;)j>1, (75)j>1 and (Uj);>1 are independent. Let v : Ry — Ry
denote the right-continuous inverse of the mapping = — v((z,00)), that is, v (s) =
inf{z > 0 : v((xz,00)) < s}, and let C; := v (7;p(U;)) for all j > 1. By Rosiniski
[33, Proposition 2|, the series (5.15) converges P-a.s. and (Y;);>0 has the same finite
dimensional distributions as (X;);>0. Thus, (Y;):>0 has a cadlag modification of locally
bounded variation. Hence we may and do assume (X;);>0 is given by (5.15). Moreover we
may define (€;);>1 on a probability space (', 7', P’), (7;)j>1 and (U;);j>1 on a probability
space (Q", F",P") and (X;);>0 on the product space. Let T" = [0,¢] denote a compact
interval in R and let B denote the subspace of R’ consisting of functions which are
cadlag and of bounded variation. Inspired by [24] let us fix w” € Q" and consider
X = (Xt)ter as a B-valued Rademacher series under P’. From Ledoux and Talagrand
[21, Theorem 4.8] it follows that E’[e“”iHQ] < oo for all @ > 0, which in particular
shows that (X;)ier is of P’-integrable variation. By Khinchine’s inequality there exists
a constant ¢ > 0 such that E'[| Xy — X,|] > ¢||X; — Xullg2(pry for all u,t > 0. Together

with the triangle inequality in {? this shows that

E'[ip{t - Xil| > 2(202 (t:,U;) f(“,Uj))Q)l/2 (5.16)

i=1 =1 j=1
2\ 1/2

> (Z(Zrc (t:.Uy) = It U))])) (5.17)

Jj=1
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n

(3 (101 10 - t.vpl)) (515)

j=1 i=1

Thus, by monotone convergence we conclude
, > o\ 1/2
B/[Var (X)) > o 3 (CVan(£(,U;0)*) (5.19)
j=1

and in particular (C;Vary(f(-,U;));>1 € (2. Hence, > 521 €50 Vary(f(-,Uj)) converges
P-a.s. and from Theorem 2.4 and Proposition 2.7 in [34] it follows that

/000/ (1A H(u,v)?) p(v) dvdu < oo, (5.20)

where H(u,v) = v (up(v))Vary(f(-,v)). Furthermore, (5.20) equals

// 1A (v (u)Var(F(-,0))? )p(v) wp(v) dv (5.21)

// (LA (uVary(f(-,v))?) v(du (5.22)

which shows (5.14). O
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The present paper characterizes various properties of chaos processes
which in particular includes processes where all time variables admit a
Wiener chaos expansion of a fixed finite order. The main focus is on
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1. Introduction

1 Introduction

The present paper is concerned with various properties of chaos processes. Chaos pro-
cesses includes processes for which all coordinates belongs to a Wiener chaos of a fixed
finite order, infinitely divisible processes, Rademacher processes, linear processes and
more general processes which are limits of tetrahedral polynomials; see Section 2 for
more details. In Rosinski et al. [29] continuity and zero-one laws are derived for some
classes of chaos processes. Houdré and Pérez-Abreu [11] and Janson [16] provides good
surveys on various aspects of chaos processes.

In the first part we extend important results for Gaussian to chaos processes. In
particular that of Jain and Monrad [15] saying that if a separable Gaussian process is of
bounded variation then the L2-expansion converge in total variation norm to the process.
Together with the observation by Jeulin [17]| that the process in this case is absolutely
continuous with respect to a deterministic measure. Likewise the characterization of a
stationary Gaussian processes of bounded variation, Ibragimov [12], and the canonical
decomposition of a Gaussian quasimartingale, Jain and Monrad [15], together with the
extension to Gaussian semimartingales, Stricker [30], are generalized. Extensions of the
result on Gaussian Dirichlet processes obtained by Stricker [31] are also given. Further-
more we prove that chaos processes admitting a p-variation for some p > 1 are almost
surely continuous except on an at most countable set, generalizing a result of It6 and
Nisio [13].

In the second part we study moving averages X = ¢ * Y also known as stochastic
convolutions. When Y is a Brownian motion, Knight [19] has characterized those kernels
¢ for which X is an FY -semimartingale, and Jeulin and Yor [18] and Basse [2] those ¢ for
which X is an F¥-semimartingale. Basse and Pedersen [4] have characterized those ¢ for
which X is an FY-semimartingale in the case where Y is Lévy process. Moreover, Basse
[1] extends Knight’s result to the spectral representation of general Gaussian processes.
Using the obtained decomposition results we provide necessary and sufficient conditions
on ¢ for X to be an FY -semimartingale. This result covers in particular the case where
dY; = 0, dW; and o is Gaussian chaos process associated with the Brownian motion W.

2 Preliminaries

Let (€2, B, P) denote a complete probability space equipped with a filtration F = (F;)e[o,7)
satisfying the usual conditions. 7" > 0 is here a fixed positive number. A cadlag F-
adapted process X = (Xt)te[O,T} is called an F-semimartingale if it admits a representa-
tion

Xy = Xo + Ay + My, t€10,7], (2.1)

where M is a cadlag F-local martingale starting at 0 and A is a cadlag process of bounded
variation starting at 0. Furthermore, X is called a special F-semimartingale if A in (2.1)
can be chosen predictable and in this case the decomposition is unique. A special F-
semimartingale X with canonical decomposition X = Xy + M + A, is said to belong to
H? for p > 1 if E[[M]J;/2 + V4(T)P] < oo. Va(t) denotes the total variation of s — A
on [0,¢] and [M]; the quadratic variation of M on [0,t]. For each cadlag process X set
Dx ={t€[0,7]: P(X; = X;—) < 1}. Then as it is well-known Dx is at most countable
and Dx is empty if and only if X is continuous in probability.
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2. Preliminaries

Variation of processes will be important. To simplify the notation we set for each
p>1, X = (Xt)te[O,T} andT:{O§t0< e <ty ST}
n
7l = max|ti —tia|  and VY= 2|Xt¢ =X, " (2.2)
P
We say that X admits a p-variation if there exists a right-continuous process [X]®)
such that for all t € [0,T] V§" — [X]Ep) in probability as |r| — 0, where 7 runs
through all subdivisions of [0,¢]. Furthermore, X is said to be of bounded p-variation if
{VET : 7 subdivision of [0, T]} is bounded in L°. If p = 2 we use the short-hand notation
[X] for the quadratic variation of X, that is [X] = [X]®). Observe that Vx(t) = [X]El),
if Vx(T') < oo aus.
If X admits a p-variation then it is also of bounded p-variation. Likewise if X is
of bounded p-variation it is also of bounded ¢-th variation for all ¢ > p since p —

(31 |aiP)Y/P is decreasing. If X is cadlag and 7, are subdivisions of [0, 7] such that
|7n| — 0 then

N PsTn p
hnnigéf Ve > Z |AX|P, a.s. (2.3)
0<s<T
Thus using
P(liminf VE™ > z) < supP(VEZ™ > z), for all z > 0, (2.4)
n—oo n>1

we have that ). |AX[” < co as. if X is of bounded p-variation.

Throughout the following I denotes a set and for all ¢ € I, H,; is a family of indepen-
dent random variables. Set H = {#,;};cs. For each Banach space F' and i € I let 7’%,- (F)
denote the set of variables p(Z1,...,Z,) where n > 1, Zy,...,Z, different elements in
H; and p is an F-valued tetrahedral polynomial of order d. Recall that p: R™ — F is
called an F-valued tetrahedral polynomial of order d if there exist xg,x;, . ;. € F such
that

k

d
p(z1,.. .y 2n) =20+ Z Z Tiy, g H Zije (2.5)

k=11<i1 << <n 7j=1

Let f;l{(F) denote the closure in distribution of Uz'eﬂ’%i (F), that is, ﬁi (F) is the set of
all F-valued random elements X for which there exists a sequence (Xj)r>1 € Use 177%2, (F)
converging weakly to X.

The following two conditions on H will be important:

(a) For g € (0,00) there exists 31, 82 > 0 such that for all Z € U;c;H; there exists ¢z > 0
satisfying

P(|Z| > ¢cz) > B1 and E[|Z|7|Z| > s] < 528'P(|Z] > s) s> cy. (2.6)

|1Z - E[Z]|
b H; C L and sup sup (———-2) = (3 < . 2.7
o U w s (z—wizy) = =0

Notation, chaos processes. A real-valued stochastic process X = (Xy)wev is said to be
a chaos process of order d if (Xy¢y,...,Xy,) € f;l_l(IR”) foralln > 1 and ty,...,t, € U.
Furthermore X is said to be a chaos process if it is a chaos process of order d for some
d > 1. A chaos process X is said to satisfy Cy for 0 < q < 0o, if the associated H satisfies
(a) for the given q and if d > 2 all Z € UjerH; are symmetric. Moreover, X is said to
satisfy Coo if H satisfies (b).
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2. Preliminaries

Following Fernique [9] a mapping N, from a vector space V into [0, 00], is called a
pseudo-seminorm if for all § € R and x,y € V we have

N(0z) = |0|N(z) and  N(z+y) < N(z)+ N(y). (2.8)

The following result, which is taken from Basse [3, Theorem 2.7], is crucial for this paper.
Here d > 1 and ¢ > 0 are given numbers.

Theorem 2.1. Let U denote a countable set, X = (X¢)iery a chaos process of order d
satisfying Cyq and N a lower semi-continuous pseudo-seminorm on RY equipped with the
product topology such that N(X) < oo a.s. Then for all finite p < q there exists a real
constant ky, 4 4.8, only depending on p,q,d and the B’s from (a) and (b), such that

IN(XN < FpgasllNX), < oo (2.9)

Three important examples of chaos processes satisfying C, are given as follows:

(1): Let G denote a vector space of Gaussian random variables, and for d > 1 fcgl
be the closure in probability of all random variables of the form p(Zi,...,Z,), where
n>1 Zy,...,Z, € Gand p: R® — R is a polynomial of degree at most d (not
necessarily tetrahedral). X = (Xy)ep satisfying {X; : ¢t € U} C ﬁdg is then called a
Gaussian chaos process of order d, and it is in particular a chaos process satisfying Coo
(see Basse [3]); in fact we may chose I = {0} and H to be a Rademacher sequence.
Recall that a Rademacher sequence is an independent, identically distributed sequence
(Zy)n>1 such that P(Z; = £1) = % The key example of a Gaussian vector space G is

G= {/Oooh(s)dWs:heLQ(R+,)\)}, (2.10)

where W is a Brownian motion and A is the Lebesgue measure. In this case X is a
Gaussian chaos process of order d if and only if it has the following representation in
terms of multiple Wiener-It6 integrals

d
X = Z/k fk,t(sla .. .,Sk) dVVS1 c dWsk’ tel, (211)
k=07 R

where f;; € L*(RE). Processes of the form (2.11) appear as weak limits of U-statistics,
see Janson [16, Chapter 11] and de la Pefia and Giné [7]. For a detailed survey on
Gaussian chaos processes and expansions, see Janson [16], Nualart [25] and Houdré and
Pérez-Abreu [11].

(2): Let X = (Xy)iev be given by

Xt:/f(t,s)A(ds), tev, (2.12)
S

where A is an independently scattered infinitely divisible random measure (or random
measure for short) on some non-empty space S equipped with a d-ring S, and s — f(¢, s)
are A-integrable deterministic functions in the sense of Rajput and Rosinski [28|. The
associated H = {H,;}ier is here described by

H; = {A(A1),..., A4}, iel, (2.13)

for I denoting the set of all finite collections {Ay,..., A, } where Ay,..., A, are disjoint
sets in §. In this case X is a chaos process of order 1. For example if X is a symmetric
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3. Path properties

a-stable process separable in L?, then X has a representation of the form (2.12) and
hence it follows that it is a chaos process of order 1 satisfying C, for all ¢ < «a. For
further examples of random measures A for which X given by (2.12) satisfies C; see
Basse [3].

(3): Assume that (Z,),>1 is a sequence of independent, identically distributed ran-
dom variables and z(t), z;, .. 4, (t) € R are real numbers such that

d k
j=1

k=11<i1 <-<ip<oco

exists in probability for all t € U, then X = (X;)tcp is a chaos process of order d
associated to I = {0} and Ho = {Z,, : n > 1}. If for some a > 0, x — P(|Z1| > z)
is regularly varying with index —« then H satisfies (a) for all ¢ € (0, a); see Bingham
et al. [5, Theorem 1.5.11|. In particular, if Z; follows a symmetric a-stable distribution
for some « € (0,2) then H satisfies (a) for all ¢ € (0,«). If the common distribution is
Poisson, exponential, gamma or Gaussian then H satisfies (a) for all ¢ > 0. Finally, H
satisfies (b) if and only if Z; is a.s. bounded.

3 Path properties

For all p > 0 and all subset A of LP denote by span;, A the LP-closure of the linear span
of A. Let X = (X);c(o,r) be a square-integrable process for which span . {X; : t € [0, 7]}

is a separable Hilbert space with orthonormal basis (U;);>1. Let Xt(n) denote the n-th
order L?-expansion of X; given by

X" =N f0u;. (3.1)
j=1

where f;(t) = E[U;X] for j > 1. Note that for ¢t € [0,7], lim,, Xt(n) = X; in L?. The
above separability assumption is always satisfied if X is a cadlag process satisfying C,
for some ¢ € [2, 00].

If X is cadlag and of integrable variation ux denotes the Lebesgue—Stieltjes measure
on [0, 7] induced by t — E[Vx(t)]. In this context we have the following extension of Jain
and Monrad [15, Theorem 1.2] and Jeulin [17] in the Gaussian case. Here BV ([0,T1)
denotes the Banach space {f € RI%T] : f cadlag and Vi(T) < oo} equipped with the

norm || f| gy = V¢(T) + | f(0)].

Theorem 3.1. Let X = (Xt)te[o,T] denote a cadlag process of bounded variation satis-

fying Cy for some q € [2,00]. Then there exists a subsequence (ny)g>1 such that X ()
converges a.s. to X in BV ([0,T]) and X is a.s. absolutely continuous with respect to px.

For an a-stable process X of the form (2.12) with 1 < @ < 2, it is shown in Pérez-Abreu
and Rocha-Arteaga |26, Theorem 4(b)| that if X is of bounded variation and satisfies
some additional assumption then it is absolutely continuous with respect to px. This
situation is not covered by Theorem 3.1 since for such processes only C, for ¢ € (0, ) is
satisfied. If the sample paths of X are contained in a separable subspace of BV ([0,T7)
Theorem 3.1 follows by Basse [3, Corollary 2.11]. On the other hand, Theorem 3.1 insures
that almost all sample paths of X do belong to a separable subspace of BV ([0,77]), more
precisely to the space of functions which are absolutely continuous with respect to px.

Theorem 3.1 is a direct consequence of Theorem 2.1 and the following lemma, in
which X, X and fj are as above.
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3. Path properties

Lemma 3.2. Assume that X = (Xy)iepo,1] is a cadlag process of integrable variation
such that || Xs — Xylly < | Xs — Xylly for all0 < s <u <T and some ¢ > 0. Then each
fj is absolutely continuous with respect to px and lim, E[Vy_ ) (T)] = 0.

Proof. For j > 1and 0 < s <u <T we have
1 £i(8) = fi()]| < |UjlIo1 Xs = Xully < ellXs — Xully, (3.2)

which shows that each f; is absolutely continuous with respect to px. Let 1; denote the
density of f; with respect to pux. We have

BVy_xon (T <sup§j( S e - s ) (33)

j=n+1

where 7, = {0 =th < -+ < t’;k = T'} are nested subdivisions of [0, T] satisfying || — 0.
By Jeulin [17, Lemme 3] the right-hand side of (3.3) equals

[ (% 7)), (3.4

Another application of Jeulin [17, Lemme 3| yields

[ (S w2) nxtas (33

j=1
=S (05 - St )?) < BT <x 66)
j=1

Thus by Lebesgue’s dominated convergence theorem, lim, E[Vy m (T)] = 0. This
completes the proof. O

The equivalence of the L'- and L?-norms of the increments of X is crucial for
Lemma 3.2 to be true. For example if X is a Poisson process with parameter A > 0
then px is proportional to the Lebesgue measure but all paths are step functions.

Corollary 3.3. Let X = (X;)ic[o,1] be as in Theorem 3.1. Then for every Radon measure
w on [0,T] there exists a unique decomposition Xy = Yy + Ay of X, where Y and A are
cadlag processes of bounded variation such that Y is absolutely continuous with respect
to i and A is singular to p and {Yy, Ay - t € [0,T]} Cspanjo{X;:t € [0,T]}.

Proof. Let Sy = spanjo{X; : t € [0,7]}. Since Sy is L?-closed the U,,’s in (3.1) belong
to Sp. For each j > 1, decompose f; in (3.1) as f; = g; + hj, where g;, h; are cadlag
functions of bounded variation, g; being absolutely continuous with respect to p and h;
singular to p. Set

v\ =3 "gitU; and A =" hi1)U;,  te0,T). (3.7)
j=1 j=1

For all n,k > 1,

Vi _xw (T) = Vi _yoy (T) + Vam)_ao (T). (3.8)
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3. Path properties

By Theorem 3.1 there exists a subsequence (ny)r>1 such that limy X™k) = X in the
total variation norm on [0,77] and so by completeness (3.8) implies that limj Y ) and
limy, A(™*) exist in total variation norm a.s. Calling these limit processes Y and A we
have for all ¢ € [0, T

lim V;"™ =V, and  lim A™ =4,  as, (3.9)

k—o0 k—00
showing that Y;, Ay € Sy. Moreover since the sets of functions which are absolutely

continuous with respect to p respectively singular to p are closed in BV ([0, T]) the proof
of the corollary is complete. O

Lemma 3.4. Let X denote a cadlag process process of bounded p-th variation. Then X
admits an g-variation for all ¢ > p and

X)) = S AX[T <00, 0<t<T. (3.10)
0<s<t
Proof. Fixed ¢ > p and set for 0 <t <T and n > 1
Xy = Z AXslax,>1/n}s St = Z |AX|2. (3.11)
0<s<t 0<s<t

Recall that S; < oo a.s. since X is of bounded g-variation. For all n > 1 X™ has piecewise
constant sample paths and so X™ admits a g-variation and

(X" = > IAX T ax. s 1/m) —— S as, te[0,T]. (3.12)
0<s<t

Therefore it reduces to show

1 1 q,T _ q,T —
nh_)rrgo hlmsup PV —VEl|>e) =0 for all € > 0. (3.13)
T|—0
Writing X}* for X; — X}* we have for all n > 1,¢ € [0, 7] and subdivisions 7 = {0 = to <
k k ~ ~
V" VL] < 371 — X1 — X0~ X 7] < 0 3R - R, (51
i=1 i=1

for some Cj’s between |X{ — X;, | and \X{f — X;._,|, and hence by Hélder’s inequality

q,7T q,T : q (a=1)/a : 7 Yo |4 La
|VX’ _VX%‘ Sq(ZQ) <Z|Xti - Xi | > (3.15)
i=1 i=1
< q(VX’T + Vq’;)(q_l)/q<1r2?<xk|)~(g - X371|HV§Z>1/Q (3.16)

(a-1)/ 1/ L
< g2/ (V)‘?T + VET ) o <V§’T + VBT ) ! max | Xjt — XJ; | (@=p)/a_ (3.17)

Using that maX1§i§k|)~(£ - XZLJ < 2n~ ! for |7| sufficiently small we have

limsup P(|VE™ — VT | > ¢) (3.18)
|7|—0
< limsupP (q2p/q(V§’T + Sy)la=D/aypT 4 Sf/q)l/QQn_l > %) , (3.19)
|T|—0
which implies (3.13) since {VE" : 7} is bounded in LY. O
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3. Path properties

Proposition 3.5. Let X denote a cadlag process. Assume that it admits a p-variation
and satisfies Cy for some q € [2p,00] or that it is of bounded p-variation and satisfies C,
for some q € (2p,o0]. Then a.s. X is discontinuous only on Dx, and hence X is a.s.
continuous if and only if it is continuous in probability.

In the proof we need the following two remarks concerning any cadlag process X:
(i) If X is of integrable variation then px({t}) > 0 if and only if ¢t € Dx.
(ii) If X admits a p-variation then A[X]®) = |AX|P.

To prove (i) let ¢ > 0 and choose (¢,)n>1 C [0,t) such that ¢, T ¢t. By Lebesgue’s
dominated convergence theorem we have
px({8)) = lim E[Vx(t) — Vx(ta)] = B[ lim (Vic(t) — Vi (ta))] = E[AXL]),  (320)

which shows (i). For p = 2 (ii) follows by Jacod [14, Lemme 3.11]. The general case can
be proved by imitating Jacod’s proof.

Proof of Proposition 3.5. We may assume that X admits a p-variation. Indeed, if X is of
bounded p-variation and satisfies C;, for some ¢ € (2p, oo} then according to Lemma 3.4
it admits a Z-variation.

Assume therefore that X admits a p-variation and satisfies C;, for a ¢ € [2p, oo]. Let

0 <wu <t <T and choose subdivisions 7, of [u,t] such that

lim V™ = [X]gp) —[x]®) almost surely. (3.21)
n—o0
For f € RO let
N(f) = limsup (Vf’T")l/p. (3.22)
n—oo
Then N is a lower semicontinuous pseudo-seminorm, and since ([X ]gp ) [X]z(f) ))1/ P =
N(X) a.s. it follows by Theorem 2.1 that

X1 = [(X]P ), = IN(X)[15, < k2

2 olINCOIE = B2, [IIX)P — [X] P, < co. (3.23)

u

For u = 0 this gives that [X]®) is integrable and since it is increasing it is also of integrable
variation. Hence by Lemma 3.2 [X] (P) is a.s. absolutely continuous with respect to L)

and so by (i) [X]®) is continuous on D¢ Finally, by applying (ii) it follows that X

(X))
is continuous on DS . Therefore, X has continuous sample paths if and only if Dx is
empty, that is if X is continuous in probability. O

For f: R — R, let Wg: R — [0, 00] denote its oscillation function given by

Wi(t) = lim sup |f(s) — f(u)], t € R. (3.24)

N=00 4, selt—1/n,t+1/n]

It6 and Nisio [13, Theorem 1| show that each separable Gaussian process which is con-
tinuous in probability has a deterministic oscillation function. By Marcus and Rosen
[22, Theorem 5.3.7] this is also true for Rademacher processes. Furthermore, Camba-
nis et al. [6] show that a very large class of infinitely divisible processes also have this
property. Thus for such processes Proposition 3.5 holds even without the assumption
of being of bounded p-variation. On the other hand the following example shows that
Gaussian chaos processes do not in general have deterministic oscillation functions. Let
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3. Path properties

(Y2)¢>0 denote a Gaussian process which is continuous in probability and has oscillation
function t — «(t) € (0,00) and such that Y is non-deterministic. Then X, given by
X = YyY;, is a separable second-order Gaussian chaos process continuous in probability
with oscillation function ¢ — |Yp|a(t).

3.1 The stationary increment case

According to e.g. Doob [8], a centered and L2-continuous process X = (X;)ier with
stationary increments has a spectral measure mx, which is the unique symmetric measure
integrating s +— (1 + s%)~! and satisfying

Ty (t,u) = E[(X; — Xo)(Xu — Xo)] = / (eits _ 1)(671'“3 —1)

5 mx(ds). (3.25)
R s

Furthermore set vx (t) = I'x(¢,t), and if X is stationary denote by Ry its auto covariance
function, and by nyx the unique finite and symmetric measure satisfying

Rx(t) = E[X,Xo] = /R e nx(ds), teR. (3.26)

Proposition 3.6. Assume that X is an L?-continuous process with stationary increments
satisfying condition Cy for some q € [2,00]. Then the following five conditions are
equivalent:

(i) X has a.s. cadlag paths of bounded variation,
(ii) X has a.s. absolutely continuous paths,
(i) mx(R) < oo, (iv) Tx € C*(R%R), (v) vx € C2(R;R).
If X is stationary then (i)-(v) are also equivalent to [, t* nx(dt) < oo or Rx € C*(R;R).

The Gaussian case is covered by Ibragimov |12, Theorem 12|. See also Doob |8, page 536]
for general results about mean-square differentiability. A Hermite process X with pa-
rameter (d,H) € N x (%, 1) is a Gaussian chaos process of order d with stationary
increments and the same covariance function as the fractional Brownian motion with
Hurst parameter H; see Maejima and Tudor [21] for a precise definition. The corre-
. . 1—-2H . .
sponding spectral measure is mx(ds) = cg|s| ds, that is a non-finite measure, and
so by Proposition 3.6 X is not of bounded variation.

Proof. Assume (i), that is X has cadlag paths of bounded variation. The stationary
increments implies that py equals the Lebesgue measure up to a scaling constant. Thus
(i)=(ii) since by Theorem 3.1 X is absolutely continuous with respect to px. (ii)=-(i)
is obvious. Furthermore if X is cadlag and of bounded variation then by Proposition 3.7
below we have

00 > sup (n2vx(1/n)> > Sup/]R (M>2mx(ds). (3.27)

n>1 n>1 s/n
Hence by Fatou’s lemma mx (R) < oo and so (i)=-(iii). (iii)=(iv)=-(v) are easy. To see
that (v) implies (i) assume vy € C?(R;R). Since vy is symmetric and vy (0) = 0 we have
v (0) = 0. Thus vx(t) = O(t?) as t — 0 and hence by Proposition 3.7 X is of bounded

1-variation. To show that a.a. sample paths of X are cadlag and of bounded variation let
Tn, be nested subdivisions of [a, b] such that |7,| — 0. Using that an increasing sequence
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4. Semimartingales

which is bounded in L° is a.s. bounded, sup,~; V)I(’T” < oo a.s. Since X has sample
paths of bounded variation through U,>17, and is L?-continuous we may choose a right-
continuous modification of X. This modification will then have cadlag paths of bounded
variation, showing (i). The stationary case follows by similarly arguments. O

Proposition 3.7. Let p > 1 and assume that X is an L?-continuous process with station-
ary increments and satisfies Cy for some q € [p,00]. Then X is of bounded p-variation
if and only if vx(t) = O(t?/P) as t — 0. Furthermore, X admits a p-variation zero, i.e.

[X],ﬁ”’ =0, if and only if vx(t) = 0(t2/p) ast — 0.

Proof. Assume that X is of bounded p-variation. For all r < v < ¢ there exists, according
to Theorem 2.1, a constant k;, such that for all subdivisions 7

IOVED Y2l < kg (VT VP, < o0 (3.28)

Since {(VET)/P : 7} is bounded in L, (3.28) and Krakowiak and Szulga [20, Corol-
lary 1.4] shows that sup.||(VE")'/P||, < cc. In particular for v = p

k
0o > supE[VET] =sup Y E [|th, — X, 7|, (3.29)
T T Z:l
where 7 = {0 = tg < --- < ty = T}. Using the equivalence of moments of X, see

Theorem 2.1, it now follows that X is of bounded p-variation if and only if

k
suvaX(ti —#_1)P? < 0. (3.30)

T =1

This proves the first part of the statement since (3.30) is equivalent to vx (t) = O(t*/).
Similar arguments show that X admits a p-variation zero if and only if

lim Y " ox(t; — ti1)"? = 0. (3.31)

Thus by observing that (3.31) is satisfied if and only if vy (t) = o(t*?) the proof is
complete. O

By definition vy (t) = t?! for a Hermite process X with parameters (d, H). Thus by
Proposition 3.7 X is of bounded p-variation if and only if p > % Moreover, X has
p-variation zero if and only if p > % If X is Gaussian such that vy is concave and
o = limy_,o vy (t)/t*/P exists in R for some p > 2 it is possible to show that X admits a p-
variation; see Marcus and Rosen [22, Theorem 10.2.3]. The special case o = 0 is included
in the above Proposition 3.7, however a generalization to « > 0 is not straightforward
since the proof here relies on Borell’s isoperimetric inequality in which the Gaussian

assumption is crucial.

4 Semimartingales

In this section we characterize the canonical decomposition of chaos semimartingales,
and in the next section this characterization is used to study when a moving average is
a semimartingale.
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4. Semimartingales

The canonical decomposition of Gaussian quasimartingales are characterized in Jain
and Monrad [15] and their result is extended to Gaussian semimartingales in Stricker [30].
Theorem 2.1 allows us to generalize this to a much larger setting. The proof by Stricker
[30] relies on the fact that a cadlag Gaussian process X, and in particular Gaussian
semimartingales, only has jumps on Dx. If X is a chaos process satisfying C, for some
q € [4, 0] admitting a quadratic variation we know by Proposition 3.5 that X has only
jumps on Dy, allowing us to proceed as in Stricker [30]. However, in the case ¢ € [1,4)
we need a result by Meyer [23].

We shall need the following notation: Given a filtration F, a process X is said to
be (F,q)-stable if (E[X;|Fs])s (o) 18 a chaos process satisfying C,. In this case set
PC =spanjo{E[X|Fs] : s,t € [0,T]}.

Theorem 4.1. Let X = (Xi)ejo,r) denote an (F,q)-stable chaos process for some q €
[1,00]. If X is an F-semimartingale then X € HP for all finite p € [1,q] and {Ay, My :
t € 10,7} € PC, where X = Xo+ M + A is the F-canonical decomposition of X. In
particular A and M are chaos processes satisfying C,.

Let M¢ and M¢ denote, respectively, the purely discontinuous and continuous martin-
gale component of M and A, A%¢ and A% the absolutely continuous, singular continuous
respectively discrete component of A. If ¢ € [4,00] then X has a.s. only jumps on Dx and
has therefore a.s. continuous paths if and only if it is continuous in probability. Moreover,
{Mg, M9, AS A% AL+ € [0,T]} € PC, and for each t € [0,T] we have

Mi= > AM, and Af= > AA, (4.1)
s€(0,tjNDx s€(0,tjNDx

where both sums converge in LP for all finite p < q and the second converges also abso-
lutely a.s.

Proof. Consider subdivisions 7, = {0 = tj < --- < t§, = T} where ' = T427" for
1=0,...,2". By passing to a subsequence we may assume that lim, V)Z(’T”

For f:]0,7]NQ — R define

exists a.s.

O(f) :=sup VT (4.2)
n>1

Then ® is a lower semicontinuous pseudo-seminorm on RI%TINR and &(X) < oo a.s.
Since X is a chaos process satisfying C; Theorem 2.1 shows that E[®(X)P] < oo for all
finite p < ¢. In particular ®(X) is integrable and hence by Meyer [23] X is a special
F-semimartingale. Denoting by A its bounded variation component Meyer [23]| shows

moreover that

gn

Sy = E[Xy, - Xy,_,|Fi,_,] —— Az in the weak L'-topology. (4.3)
Since PC is L'-closed, (4.3) shows that A7 € PC. Similar arguments show that {Aj :
s € [0,T]} € PC and hence also {M; : s € [0,T]} C PC. Since X is (F, q)-stable this
shows that A and M are chaos processes satisfying Cj;. Thus by arguing as above we

have E[[M]Ir}p] < oo for all finite p < gq. Moreover define for f: [0,7]NQ — R
U(f) :=sup V™, (4.4)

n>1

Then ¥ is a lower semicontinuous pseudo-seminorm on RITINR and ¥(A4) < oo as..
Hence by Theorem 2.1, E[V4(T')P] < oo for all finite p < ¢ implying that X € H? for all
finite p < gq.
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4. Semimartingales

To prove the second part assume ¢ > 4. By Corollary 3.3, A¢, A%¢, A% C PC, since
A C PC. We claim that Dy C Dx. Assume on the contrary there exists a number
t € Dy \ Dx. Then

AAt == E[AAH]‘},] == —E[AMA]‘},] == 0, a.s. (45)

contradicting the assumption that ¢t € D4. Hence D4 and therefore also Djy; are con-
tained in Dx. By Proposition 3.5, A and M are continuous on D¢ respectively Dj,,
implying that they are continuous on D$. This shows that A is of the form (4.1). Set

¢ ¢
(Yo)eeo,r) = </ 1pe (s) dMs> and  (Ut)ieo,r) = (/ 1py(s) dMs) .
0 t€[0,T) 0 te[0,T)

(4.6)
Since (AY?)sejo,7] = (1pg (£)AMy)iejo,r) and M is continuous on DS, Y is a continuous
martingale. On the other hand for every continuous bounded martingale N we have

<U,N>t:/0t1DX(s)d(M,N>S:0, (4.7)

since (M, N) is continuous and Dx is countable. Thus U is a purely discontinuous
martingale, and so U and Y are the purely discontinuous respectively the continuous
martingale component of M. Finally, since Dx is countable,

U= Y AM, (4.8)
s€(0,(NDx

where the sum converges in probability and therefore also in LP for all finite p < ¢
according to Theorem 2.1. O

Essentially due to Follmer [10] a process X is called an F-Dirichlet processes if it can
be decomposed as
X=Y+4+A, (4.9)

where Y is an F-semimartingale and A is F-adapted, continuous and has quadratic
variation zero. A Dirichlet process X is said to be special if it has a decomposition X =
Y + A where Y is a special semimartingale. In this case X has a unique decomposition

X =X+ M+ A° + A4, (4.10)

where M is a local martingale, A? is a predictable pure jump process of bounded varia-
tion and A€ is a continuous process of quadratic variation zero. We have the following
extension of Stricker [31, Theorem 1]:

Proposition 4.2. Let X denote an (F,q)-stable chaos process for some q € [4,00]. If
X is an F-Dirichlet process then it is special, has almost surely only jumps on Dx and
My, A}, A¢ € PC for all t € [0,T]. Furthermore, M is a true martingale belonging to HP
for all finite p < q and A% is a pure jump process of integrable variation having almost
surely only jumps on Dx. Finally, A° is of zero energy, that is limw_,OE[ij] =0.

Proof. Let ® be given as in (4.2). Arguing as in Theorem 4.1 it follows that E[®(X)P] <
oo for all finite p < q. Hence by Stricker [31, Theorem 1] X is special and S;X — Ar in
the weak L!'-topology, where A; = A%+ A¢. Since PC is L'-closed we have A7 € PC and
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similar My, Ay € PC for all ¢t € [0, T]. Assume there exists t € D4\ Dx. Due to the fact
that A is F-predictable we have

AAt == E[AAH]‘},] == —E[AMA]‘},] == 0, a.s. (411)

which contradicts ¢ € Dy and so D4 € Dx. Furthermore, since A admits a quadratic
variation, Proposition 3.5 implies that A has a.s. only jumps on the countable set D4 C
Dyx. Using moreover that A? is a pure jump process of bounded variation and A° is
continuous we have that

Af= 3" AAl= D" AA, = ) AA, (4.12)

0<s<t 0<s<t s€DxN(0,t]

and we conclude that A¢ € PC. The rest of the proof is now a straightforward conse-
quence of Theorem 2.1. O

Remark 4.3.
(i) X is (F,q)-stable if

T
Xt:/o Ft,s)dM,,  telo,T], (4.13)

where M is a cadlag F-martingale being also a chaos process satisfying C,, for some
q € [1,00], and f(t,-) are deterministic functions for which the integrals exist. The
(F, q)-stability follows easily since for u,t € [0, 7]

E[X:|F.] = /Ou f(t,s)dM € spanjo {Ms:s € [0,T]}. (4.14)

(ii) The (F, q)-stability of X is not automatic even when X is a Gaussian chaos process
of order d. However, if G is given by (2.10) then X is (F"W,oo)-stable and more
generally this is true if each F; is generated by elements in G; see Nualart et al. [24]
for related results. Thus for d = 1 X is always (FX,o0)-stable, but when d > 2
this may fail as the following example shows.

Example 4.4. Assume G is given by (2.10) for some Wiener process (W;)icp,3. Let
X = (Xi)ie[o,3) be the second-order Gaussian chaos process

Xi = (Wi + Wi)lyg)(t) + Walpg(t), t €10,3]. (4.15)

Then (E[X;|F;])ste0,3 is not a Gaussian chaos process. In fact, X is a special FX-
semimartingale but the FX-bounded variation component of X is not a Gaussian chaos
process.

To see this, note that X is a special F~-semimartingale since it is of integrable
variation. Moreover, the FX-bounded variation component of X is

Ay = E[AX1|FX )1 5(t) + E[A X2 F5 1.5 (t) (4.16)
= 1p5(8) + (WE+ Wi — E[W1 [ W + W3] 11 (2). (4.17)

So to show that A is not a Gaussian chaos process it is enough to show Y := E[W;|W2 +

Wil ¢ Uzozlﬁcgl. For each integrable random variable U, which is absolutely continuous
with density f > 0, we have

(U]) = f(=1U])
(U + f(=1U1)

B[U||U]] = ywﬁ (4.18)
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5. The semimartingale property of moving averages

Applying (4.18) with U = Wy + 1/2, we get

Y = —1/2+E[W1 + 1/2||W; +1/2]] (4.19)
= —1/2+|W1 +1/2| tanh (|W1 + 1/2|/2), (4.20)

where tanh(z) = (e” — e™®)/(e” + e~*). Since z — e* /4 is convex we have
Ele"/4] < E[E["VT/4 W2 + W1]] = E[e"/4] < 0. (4.21)

For contradiction assume Y € Uﬁ‘;lﬁg. By (4.21) and Janson [16, Theorem 6.12] this
implies Y € fé = G + R. Moreover, (4.20) shows that ¥ > —1/2 and hence Y is
constant. This contradict (4.20) and gives Y ¢ Uzilfcgl. O

5 The semimartingale property of moving averages

This section is concerned with the semimartingale property of moving averages (also
known as stochastic convolutions). In Subsection 5.1 we treat the one-sided case and in
Subsection 5.2 the two-sided case is considered.

5.1 The one-sided case

In this subsection (F;);>0 denotes a filtration and (M;);>0 a square-integrable cadlag
(Fi)i>o-martingale. Set vp/(t) = E[M?] for t > 0 and note that vy, is cadlag and
increasing and hence v}, exists Lebesgue a.s. Let X = (X;)¢>¢ be given by

Xt:/tQS(t—s)dMs, t>0, (5.1)
0

where ¢ is a measurable deterministic function for which all the integrals exist, i.e.
é(t — ) € L?(ypy) for all t > 0. In this set up we have the following theorem where all
locally integrability conditions are with respect to the Lebesgue measure A.

Theorem 5.1. Assume that M is a chaos process satisfying Cy for some q € [2,00] such
that ~); is bounded away from zero on some non-empty open interval. Then X defined
by (5.1) is an F-semimartingale if and only if ¢ is absolutely continuous on Ry with a
locally square-integrable density.

Extensions to ¢ < 2 is not possible. To see this let M denote an a-stable motion with
a € (1,2). Then M is an FM-martingale satisfying Cy for all ¢ < a, but Basse and
Pedersen [4, Theorem 3.1] yields that X given by (5.1) is an FM-semimartingale if and
only if ¢ is absolutely continuous with an a-integrable density.

The proof of Theorem 5.1 relies on two lemmas. Here for each f: R — R and A > 0
Ap f denotes the function ¢ — (f(t + h) — f(t))/h.

Lemma 5.2 (Hardy and Littlewood). Let f: R — R denote a locally integrable function.
Then (A1 f)p>1 is bounded in L*([a,b],\) for all 0 < a < b if and only if f is absolutely
continuous on Ry with a locally square-integrable density.

For every a > 0 (A1 f)u>1 is bounded in L*([a,o0),\) if and only if f is absolutely

continuous on |a,00) with a square-integrable density.
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5. The semimartingale property of moving averages

Lemma 5.3. Let F denote a filtration, Y an F-semimartingale and X be given by

t
X, = / ot —5)dYs, >0, (5.2)
0
where ¢ is absolutely continuous on Ry with a locally square-integrable density. Then X

1s an F-semimartingale.

Proof. For fixed t > 0 we have

t—s

X = o0+ | K st au) av. (53)

= o0t [ ([ gt sau)ay. (5.4)

Since

R, 55 \// ¢/(u— 8)> du = \//0 716 ()] du (5.5)

is locally bounded, Protter [27, Chapter IV, Theorem 65| shows that

t t
X = ¢(0)Y; + / (/ s (u)¢' (u — s) dYs) du (5.6)
0 0
t u
= ¢(0)Y: + / (/ ¢ (u—s) dYQ) du, a.s. (5.7)
0 0
Thus X has a modification which is an F-semimartingale. O

Proof of Theorem 5.1. Assume X is an F-semimartingale. By assumption there exists an
interval (a,b) C Ry and an € > 0 such that 7}, > € A-a.s. on (a,b). By Remark 4.3(i) X
is (F, q)-stable and since ¢ > 1 it follows by Theorem 4.1 that X is an F-quasimartingale
on each compact interval and in particular

supZE [E[Xi/n — X(i—1) /| Fi—1)/mll] < 00, for all N > 1. (5.8)

n>1

By Theorem 2.1 there exists a constant C' > 0 such that C||U|, < [|U|; < oo for all
U € PC. Moreover, for all a < u <t we have

B[[E[X; — Xu|F][ ‘/ Bt — 5) — d(u— 5)) ] (5.9)
>cf [ “<¢<t—s>—¢<u—s>> (5.10)
_C/u t—s (u—s))" yam(ds) (5.11)
> c/ B(t — 5) — du — ))>Yhy(s) ds (5.12)
= /0 (Pt —u+s) — ¢(s))” Yar(u—s)ds (5.13)
> Ce /(:; Gt —u+s)—p(s))’ ds (5.14)
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5. The semimartingale property of moving averages

Put 6 = (b—a)/4 and set [, =z + (b+ 3a)/4 and r, = x + (5b — a)/4 for z > 0. By
(5.8) and (5.14) we have

[ren]+1 10
sup \// (p(1/n +s) — ¢(s))*ds < oo, (5.15)

showing that

x40
sup n\// (p(1/n + s) — ¢(s))?ds < oc. (5.16)
(

n>1 z—5)VO0

Thus {A1¢:n > 1} is bounded in L?([(x — 6) V 0,2 + 6], A) and so by Lemma 5.2 we

need onlynshow that ¢ is locally integrable. But this follows immediately from ¢(t — ) €
L2([0,t],var) for all t > 0 and 74, > € A-a.s. on (a,b). The reverse implication follows
by Lemma 5.3. O

Let us rewrite Theorem 5.1 in the Gaussian chaos case. Define G by

G = {/Oooh(s)dWs:heLQ(R+,)\)}, (5.17)

for some Wiener process W and let X be given by
t
X = / o(t — s)os AWy, t>0, (5.18)
0

where o is FW -progressively measurable and not the zero-process, and ¢ is a measurable
deterministic function such that all the integrals exist. We have the following corollary
to Theorem 5.1:

Corollary 5.4. Let X be given by (5.18), where o is a Gaussian chaos process which is
right- or left-continuous in probability. Then X is an F"W -semimartingale if and only if
¢ s absolutely continuous on Ry with a locally square-integrable density.

5.2 Two-sided case

Let now M = (M;)icr denote a two-sided square-integrable F-martingale, in the sense
that F = (F¢)ter is an increasing family of o-algebras, M is a square-integrable cadlag
process such that for all —co < u < t we have E[M; — M,|F,] = 0 and My — M, is
Fi-measurable. Let vy (t) = sign(t)E[(M; — Mp)?] for all £ € R and note that vy is
increasing and cadlag. Let X be given by

X, = / (ot — s) — ¥(—s)) dMj, t>0, (5.19)

where ¢ and v are deterministic functions for which all the integrals are well-defined,
that is ¢(t — -) — ¥ (—) is square-integrable with respect to the measure vy;. Assume
there exists an interval (—oo, ¢) on which 7, is absolutely continuous with

0 < liminf~},(t) <limsup~j,(t) < oo and  inf ~4,(t) >0, (5.20)
l——o0 t——00 te(a,b)

for some 0 < a < b. Note that when M has stationary increments, and therefore
v (t) = kt for some k > 0, the conditions are trivially satisfied.
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5. The semimartingale property of moving averages

Theorem 5.5. Let the setting be as just described and assume that M is a chaos process
satisfying Cy for some q € [2,00]. Then X given by (5.19) is an F-semimartingale if
and only if ¢ is absolutely continuous on Ry with a square-integrable density.

Proof. Assume that X is an F-semimartingale. Since 7/, is bounded away from 0 on
some interval of R, it follows (just as in the proof of Theorem 5.1) that ¢ is absolutely
continuous on R with a locally square-integrable density. Choose ¢ > 0 and ¢ < 0 such
that € < 4}, on (—o0,¢]. As in the proof of Theorem 5.1 {A1¢ : n > 1} is bounded

in L?([~¢ + 1,00),A) which by Lemma 5.2 implies that ¢ is absolutely continuous on
[-¢ 4 1,00) with a square-integrable density. This completes the proof of the only if-
implication.

Assume now ¢ is absolutely continuous on R, with a square-integrable density and
choose C'> 0 and ¢ < 0 such that vj, < C on (—o0,¢]. Let

Y, = [(¢(t L) —p(—s))dMs, >0, (5.21)

By the same argument as in Lemma 5.3 it follows that Y is an F-semimartingale. Thus
it is enough to show that

Uy = / (Gt — 8) — b(—s))dMs, >0, (5.22)

—00

is of bounded variation. For 0 < u < ¢ we have

C

B0 - O} < 10~ Ul = ([ 00=9) = ot —s)Pomrtas) " 29

—00

(e 9]

< C(/_coo(gb(t —5) — p(u — s))? d5)1/2 _ C(/_H_u(gb(t Cuts) — B(s))? dS>1/2‘
(5.24)

According to Lemma 5.2 this shows that U is of integrable variation on each compact
interval and the proof is complete. O

Again we rewrite the result in a Gaussian the setting. More precisely consider the
following: Let G = { [ h(s)dW; : h € L*(R, A}, where W = (Wy)er is a two-sided
Wiener process with Wy = 0. Let

Ws:s € (—o0o,t t>0
]:tW _ U( s+ 8 ( 0, ]) = (525)
oWy —Ws:s € (—oo,t]) t<O.
Consider a process X of the form
t
Xi= [ (0-9) - v(-9)osaws, 120 (5.26)
— 0o
where o is (F;)wer-progressively measurable Gaussian chaos process satisfying
0 < liminf E[o?] < limsupE[0?] < 0o and  inf E[o?] >0, (5.27)

t——00 t——00 te(a,b)
for some 0 < a < b. Theorem 5.5 now gives the following corollary:

Theorem 5.6. X is an F"W -semimartingale if and only if ¢ is absolutely continuous on
R with a square-integrable density.
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Integrability of seminorms

Andreas Basse-O’Connor

Abstract

We study integrability and equivalence of LP-norms of polynomial chaos
elements. Relying on known results for Banach space valued polyno-
mials, a simple technique is presented to obtain integrability results for
random elements that are not necessarily limits of Banach space valued
polynomials. This enables us to prove integrability results for a large
class of seminorms of stochastic processes and to answer, partially, a
question raised by C. Borell (1979, Séminaire de Probabilités, XIII,
1-3).
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1. Introduction

1 Introduction

Let T denote a countable set, X = (X;)ier a stochastic process and N a seminorm on
R”. This paper focuses on integrability and equivalence of LP-norms of N(X) in the
case where X is a weak chaos process; see Definition 1.1. Of particular interest is the
supremum and the p-variation norm given by

kn P
N(f) =suplf)] and N(H)=sup (S - o) =1 )
1

teT n>1

for f € RT. In the p-th variation case we assume moreover 7' = [0,1]NQ and 7, = {0 =
ty <--- <tp =1} are nested subdivisions of T" satisfying U2 ;m, = T'. Note that if N
is given by (1.1), B = {z € RT : N(2) < oo} and ||z|| = N(z) for # € B, then (B, |- ||)
is a non-separable Banach space when 7T is infinite.

Our results partly unify and partly extend known results in this area. For relations
to the literature see Subsection 1.2. We note, however, that in the setting of the present
paper we are able to treat Rademacher chaos processes of arbitrary order as well as
infinitely divisible integral processes as in (1.4) below.

1.1 Chaos Processes and Condition C,

Let (€2, F,P) denote a probability space. When F' is a topological space, a Borel mea-
surable mapping X: Q — F' is called an F-valued random element, however when
F = R, X is, as usual, called a random variable. For each p > 0 and random vari-
able X we let [|X|[, := E[|X[P]'/?, which defines a norm when p > 1; moreover, let
| X, :=inf{t > 0: P(|X| <t) =1}. When F is a Banach space, LP(P; F') denotes
the space of all F-valued random elements, X, satisfying ||XHLP(P;F) = E[| X||"]/P < .
Throughout the paper I denotes a set and for all { € I, H¢ is a family of independent
random variables. Set H = {H¢ : £ € I}. Furthermore, d > 1 is a natural number and
F is a locally convex Hausdorff topological vector space (1.c.TVS) with dual space F™*.
Following Fernique [11]|, a map N from F into [0, 0] is called a pseudo-seminorm if for
all z,y € F and )\ € R, we have

N(A\z) = |A\|N(x) and  N(z+y) < N(z)+ N(y). (1.2)

For & € I let P%E(F) denote the set of p(Z1,...,7,) where n > 1, Zy,...,Z, are
different elements in H¢ and p is an F-valued tetrahedral polynomial of order d. Recall
that p: R™ — F' is called an F-valued tetrahedral polynomial of order d if there exist
x0, Tiy .5, € F such that

d k
(21,0, 20) = T0 + Z Z Lig,oin H g (1.3)
j=1

k=11<i1<-<ip<n

Moreover, let f;l_[(F) denote the closure in distribution of Ugeﬂ?glg (F), that is, ﬁi (F) is
the set of all F-valued random elements X for which there exists a sequence (Xj)r>1 C
Uee 1737‘?[§(F ) converging weakly to X. Inspired by Ledoux and Talagrand [19] we intro-
duce the following definition:

Definition 1.1. An F-valued random element X is said to be a weak chaos ele-
ment of order d associated with #H if for all n > 1 and all (2})?; C F* we have
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1. Introduction

(3 (X),...,x(X)) € f(;{(IR”), and in this case we write X € weak—fi(F). Simi-

r
larly, a real-valued stochastic process (X¢)ier is said to be a weak chaos process of order

d associated with # if for all n > 1 and (¢;)"_; € T we have (X,,...,Xs,) € f;l_l(R”).

An important example of a weak chaos process of order one is (X;)¢er of the form

Xt:/f(t,s)A(ds), teT, (1.4)
S

where A is an independently scattered infinitely divisible random measure (or random
measure for short) on some non-empty space S equipped with a é-ring PC, and s — f(t, s)
are A-integrable deterministic functions in the sense of [23]. To obtain the associated
H let I be the set of all £ given by £ = {44,...,A,} for some n > 1 and disjoint sets
Aq,..., A, in PC, and let

He = {A(A1),...,A(A4,)}  and  H = {He}eer. (1.5)

Then, by definition of the stochastic integral (1.4) as the limit of integrals of simple
functions, (X;)ier is a weak chaos process of order one associated with .

Another example is where (Z,,),>1 is sequence of independent random variables and
x(t), xi, i (t) € R are real numbers for which

d k
Xp=z®)+Y . > w @] % (1.6)
j=1

k=11<i1<---<ip<oo

exists in probability for all t € T; then X = (X;);er is a weak chaos process of order d
associated with I = {0}, Ho = {Z, : n > 1} and H = {Ho}.

In what follows we shall need the next conditions:
Notation, Condition C,

e For g € (0,00), H is said to satisfy C, if there exists 81,82 > 0 such that for all
Z € UgerHe there exists ¢z > 0 with P(|Z| > ¢z) > 1 and

E[|Z|%|Z] > s] < B2sTP(|Z] > s), s> cg. (1.7)

e H is said to satisfy C if UgerHe C L' and

(HZ—E[ZHIOO
12 = E[Z]ll,

sup sup
€l ZeH,

> = B3 < 0. (1.8)

Remark 1.2. If H satisfies C, for some g < oo then for all p € (0,¢) we have

121l < (B v 1)VIB7P < oo, (1.9)

sup sup
el ZeH, HZHp

This follows by the next two estimates:

E[|Z]"] = E[|Z],|Z] > cz] + E[|2]%, | Z] < cz] (1.10)
< BoclP(1Z] > cz) + LP(1Z] < cz) < (B2 V1)), (1.11)

and
B < GP(|Z] = cz) < E[|Z]7]. (1.12)
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1. Introduction

For example, when all Z € UgcH¢ have the same distribution, H satisfies C; for all
g € (0,a) for @« > 0 if x — P(|Z| > =) is regularly varying with index —«, by Kara-
mata’s Theorem; see Bingham et al. [4, Theorem 1.5.11]. In particular, if the common
distribution is symmetric a-stable for some a € (0, 2) then H satisfies C for all ¢ € (0, cv).
If the common distribution is Poisson, exponential, Gamma or Gaussian then Cy is sat-
isfied for all ¢ > 0. Finally H satisfies C' if and only if the common distribution has
compact support.

As we shall see in Section 2, C; is crucial in order to obtain integrability results and
equivalence of LP-norms, so let us consider some cases where the important example (1.4)
does or does not satisfy C;. For this purpose let us introduce the following distributions:
The inverse Gaussian distribution 1G(u, \) with g, A > 0 is the distribution on R4 with
density

RS 2 (0,02
flzp, N) = [27“3] e~ MEmw)?/(2ute) x> 0. (1.13)

Moreover, the normal inverse Gaussian distribution NIG(«, 3, u,6) with p € R, 6 > 0,
and 0 < 8 < @, is symmetric if and only if § = p = 0, and in this case it has the following
density

aeéa

Tya,0) = ——————
A ) V1 + 2262
where K is the modified Bessel function of the third kind and index 1 given by K;(z) =
I e=#Wry™)/2 dy for z > 0.

For each finite number ty > 0, a random measure A is said to be induced by a Lévy

process Y = (Yi)ejo4] if S = [0, t0], PC = B([0,t0]) and A(A) = [, dY for all A € PC.

K1 (5a(1 + x25f2)1/2) . z€R, (1.14)

Proposition 1.3. Let tg > 1 be a finite number, A a random measure induced by a Lévy
process Y = (Yi)icpo,4,] and H be given by (1.5).

(i) If Y1 has an IG-distribution, then H satisfies Cy if and only if g € (0, %)
(i1) If Y1 has a symmetric NIG-distribution, then H satisfies Cy if and only if g € (0,1).

(i1i) IfY is non-deterministic and has no Gaussian component, then H does not satisfy
Cqy for any q > 2. In fact, for all square-integrable non-deterministic Lévy processes
Y with no Gaussian component we have that limy_,o||Yy||o/||Y2|l; = o0.

By the scaling property it is not difficult to show that if A is a symmetric a-stable random
measure with o € (0,2], then #H satisfies C;, for all ¢ > 0 when o = 2 and for all ¢ < «
when a < 2. For a < 2 we have the following minor extension: Assume A is induced by
a Lévy process Y with Lévy measure v(dx) = f(z)dz where f is a symmetric function
satisfying ¢;]z| 17 < f(z) < ealz| 17 for some ¢1, ¢y > 0, then H satisfies C, if and
only if ¢ < a. Proposition 1.3 gives some insight about when C, is satisfied; however,
it would be interesting to develop more general conditions. We postpone the proof of
Proposition 1.3 to Section 3.

1.2 Results on Integrability of Seminorms

Let T denote a countable set, X = (X;)ier a real-valued stochastic process and N a
measurable pseudo-seminorm on R” such that N(X) < oo a.s. For X Gaussian [10]
shows that e<V(¥)? is integrable for some € > 0. This result is extended to Gaussian
chaos processes by Borell [5, Theorem 4.1]. Moreover, if X is a-stable for some « € (0, 2),
de Acosta |8, Theorem 3.2| shows that N(X)P is integrable for all p < a. When X is
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2. Main results

infinitely divisible [25] provide conditions on the Lévy measure ensuring integrability of
N(X). See also Hoffmann-Jgrgensen [12] for further results.

Given a sequence (Z,)p>1 of independent random variables, Borell [7] studies, under
the condition

1Zn — E[Z,]]],
SUp —=—————=—— < 00, q € (2,00, 1.15
"z, ~EZ]l, (2o —

integrability of Banach space valued random elements which are limits in probability of
tetrahedral polynomials associated with (Z,,),>1. For ¢ = oo, (1.15) is Cs but when
q < oo (1.15) is weaker than C, at least when (Z,,),>1 are centered random variables.
As shown in Borell [7], (1.15) implies equivalence of LP-norms for Hilbert space valued
tetrahedral polynomials for p < ¢, but not for Banach space valued tetrahedral polynomi-
als except in the case ¢ = co. Under the assumption that (Z,,),>1 are symmetric random
variables satisfying C,, Kwapien and Woyczytiski [18, Theorem 6.6.2] show that we have
equivalence of LP-norms in the above setting. Contrary to Borell [7], [18] and others, we
consider random elements which are not necessarily limits of tetrahedral polynomials,
and also more general spaces are considered. This enables us to obtain our integrability
results for seminorms of stochastic processes.

Weak chaos processes appear in the context of multiple integral processes; see e.g.
Krakowiak and Szulga [17] for the a-stable case. Rademacher chaos processes are applied
repeatedly when studying U-statistics; see de la Pena and Giné [9]. They are also used
to study infinitely divisible chaos processes; see Marcus and Rosiniski [20], Rosinski and
Samorodnitsky [26], Basse and Pedersen [3] and others. Using the results of the present
paper, [2| extend some results on Gaussian semimartingales (e.g. Jain and Monrad [14]
and Stricker [28]) to a large class of chaos processes.

2 Main results

The next lemma, which is a combination of several results, is crucial for this paper.

Lemma 2.1. Let F' denote a Banach space and X an F-valued tetrahedral polynomial of
order d in the independent random variables Z, . .., Z,. Assume that H = {Ho} satisfies

Cy for some q € (0,00], where Ho ={Z1,...,Zy}; if d > 2 and q < 0o assume moreover
that Zy, ..., Zy, are symmetric. Then for all 0 < p < r < q with r < oo we have that
1 Xz ps7y < Eprasll X e e;ry < 00, (2.1)

where ky, . q 5 depends only on p,q,d and the 3’s from Cy. If ¢ = 0o and p > 2 we may
choose kp,r,d,ﬁ = AdBerd/Q with Ad — 2d2/2+2d.

For ¢ < oo and d = 1, Lemma 2.1 is a consequence of Kwapien and Woyczynski |18,
Corollary 2.2.4]. Furthermore, for ¢ € (1,00) and d > 2 it is taken from the proof of 18,
Theorem 6.6.2] and using |18, Remark 6.9.1] the result is seen to hold also for g € (0, 1].
For ¢ = oo, Lemma 2.1 is a consequence of Borell [7, Theorem 4.1]. In [7] the result is
only stated for 2 < p < r, however, a standard application of Holder’s inequality shows
that it is valid for all 0 < p < r; see e.g. Pisier 21, Lemme 1.1]. Finally, in [7] there
are no explicit expression for Ag; this can, however, be obtained by applying the next
Lemma 2.2 in the proof of [7, Theorem 4.1].
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2. Main results

Lemma 2.2. Let V denote a vector space, N a seminorm onV, € € (0,1) and xg, ..., x4 €
V.
d d 5
]fN< Z)\k$k> <1 for all X\ € [—€,€] then N<Zxk> < od7/2+de—d, (2.2)
k=0 k=0

The proof of Lemma 2.2 is postponed to Section 3.
An F-valued random element X is said to be a.s. separably valued if P(X € A) =1
for some separable closed subset A of F'. We have the following result:

Theorem 2.3. Let F' denote a metrizable l.c.TVS, X € weak—ﬁi{(F) an a.s. separably
valued random element and N a lower semicontinuous pseudo-seminorm on F such that
N(X) < 00 a.s. Assume that H satisfies Cy for some q € (0,00] and if ¢ < oo and d > 2
that all elements in UeerHe are symmetric. Then for all finite 0 < p <r < q we have

N, < kprapllN (X, < oo, (2.3)

where ky, . 4.3 depends only on p, q,d and the B’s from C,. Furthermore, in the case ¢ = oo
we have that E[eeN(X)2/d] < oo for all € < d/(€2d+5ﬂ§HN(X)H§/d).

For ¢ = 0o, Theorem 2.3 answers in the case where the pseudo-seminorm is lower semi-
continuous a question raised by Borell [6] concerning integrability of pseudo-seminorms
of Rademacher chaos elements. This additional assumption is satisfied in most examples,
in particular in the examples in (1.1). Using the equivalence of norms in Theorem 2.3
we have by Krakowiak and Szulga [16, Corollary 1.4] the following corollary:

Corollary 2.4. Let F and H be as in Theorem 2.3 and N be a continuous seminorm on
F. Then given (Xy)n>1 C weak—f‘j_[(F) all a.s. separably valued such that lim, X,, = 0
in probability we have |[N(X,)||, = 0 for all finite p € (0,q].

Theorem 2.3 relies on the following two lemmas together with an application of
Lemma 2.1 on the Banach space [7,, that is R" equipped with the sup norm. First,
arguing as in Fernique [11, Lemme 1.2.2] we have:

Lemma 2.5. Assume F is a strongly Lindeldf l.c. TVS. Then a pseudo-seminorm N on
F' is lower semicontinuous if and only if there exists (z},)p,>1 C F* such that N(x) =
sup,,>1|zy, (x)| for all v € F.

Proof. The if-implication is trivial. To show the only if-implication let A := {x € F :
N(z) < 1}. Then A is convex and balanced since N is a pseudo-seminorm and closed
since N is lower semicontinuous. Thus by the Hahn-Banach theorem, see Rudin [27,
Theorem 3.7|, for all = ¢ A there exists * € F* such that |z*(y)| < 1 for all y € A and
x*(y) > 1, showing that

A= | J{y e F:la*(y)| > 1}. (2.4)
rEAC

Since F is strongly Lindelof, there exists (xy,)n>1 C A° such that
[ee]
A= | J{y e F: | (y)| > 13, (2.5)
n=1

implying that A = {y € F : sup,>|z},(y)| < 1}. Thus by homogeneity we have N(y) =
sup,,>1|7;, (y)| for all y € F. O
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Lemma 2.6. Letn>1, 0 <p < q and C > 0 be given such that

XN apan) < ClIX|o@an) < oo, X €Pf,, E€1. (2.6)

Then, for all (X1,...,X,) € ﬁi(R") we have that

< . .
le§n]?§Xn|Xk|Hq < C\Ilglgganklllp <00 (2.7)

Proof. Let X € f;l{(R”) and choose (§;)k>1 C I and X, € P%Ek (R™) for k > 1 such that

Xi 4 X. Moreover, let Uy, = | Xkl and U = || X||;n . Then, Uy LU showing that
(Ug)k>1 is bounded in L% and by (2.6) and Krakowiak and Szulga [16, Corollary 1.4],
{U? : k > 1} is uniformly integrable. This shows that

U], < lim inf| U4, < Climinf|[U], = U], < oc, (23)

and the proof is complete. O

Proof of Theorem 2.3. Since X is a.s. separably valued we may and will assume that F
is separable. Hence according to Lemma 2.5 there exists (z}),>1 € F™* such that N(z) =
sup,,>i |2y (x)| for all z € F. For n > 1, let X,, := 2} (X) and U,, = sup;<j<,|Xk|.- Then
(Up)n>1 converges almost surely to N(X). For finite 0 < p < 7 < g let C = ky,.q5.
Combining Lemmas 2.1 and 2.6 show [|Uy||, < C||Uy|[,, < oo for all n > 1. This implies
that {U} : n > 1} is uniformly integrable and hence we have that

INCOI|, < liminf| U], < Clim infl[T, ], = CN(X)]], < . (2.9)

Finally, the exponential integrability under C4 follows by the last part of Lemma 2.1
since

d o) k
CN(X)2/d 2% /d 2/d ; \kK
BV <14 Y TINDO g+ D (@FIN@O ) 5 (210
k=1 k=d+1
This completes the proof. ]

Let T denote a countable set and F = R” equipped with the product topology. F
is then a separable and locally convex Fréchet space and all z* € F* are of the form
z = Yy ox(t), for some n > 1, ty,...,t, € T and o,...,0, € R. Thus for

X = (X¢)ter we have that X € weak—f;l{ (F) if and only if X is a weak chaos process of
order d. Rewriting Theorem 2.3 in the case F' = R’ we obtain the following result:

Theorem 2.7. Assume H satisfies Cy for some q € (0,00] and if ¢ < 0o and d > 2 that
all elements in UeerHe are symmetric. Let T denote a countable set, (Xi)ier a weak
chaos process of order d and N a lower semicontinuous pseudo-seminorm on RT such
that N(X) < oo a.s. Then for all finite 0 < p < r < q we have

N, < kprapllN X)), < oo, (2.11)

and in the case ¢ = oo that E[eeN(X)2/d] < oo for all € < d/(62d+55§HN(X)H§/d).
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For example, let 7' = [0,1] N Q, (X;)ter be of the form X; = fl f(t,s)dYs where Y is
a symmetric normal inverse Gaussian Lévy process, and N: IR% — [0,00] is given by
(1.1). Then, N is a lower semicontinuous pseudo-seminorm and X is weak chaos process
of order one satisfying C, for all ¢ < 1 according to Proposition 1.3. Thus, if N(X) < oo
a.s. then E[N(X)P] < oo for all p < 1, according to Theorem 2.7.

Let G denote a vector space of Gaussian random variables and ﬁé(lR) be the closure
in probability of the random variables p(Z1,...,Z,), where n > 1, Z;,...,Z, € G and

p: R™ — R is a polynomial of degree at most d (not necessary tetrahedral).

Lemma 2.8. Let F be a l.c.TVS and X an F-valued random element such that z*(X) €
ﬁé(R) forallx* € F*; then X € weak—f;l{(F) where H = {Ho} and Hy is a Rademacher

sequence.

Recall that a sequence of independent, identically distributed random variables (Z),)n>1
such that P(Z; = £1) = 1/2 is called a Rademacher sequence.

Proof. Let n > 1, zi,...,z} € F* and W = (27(X), ...,z (X)). We need to show that

s bm
W e ﬁ;l_l(lR"). For all & > 1 we may choose polynomials p;: R¥ — R™ of degree at
most d and Y7 i, ..., Y} independent standard normal random variables such that with
Y = Yik,...,Yg ) we have limy pg(Yy) = W in probability. Hence it suffices to show

pr(Yy) € f;l_l(IR”) for all K > 1. Fix k > 1 and let us write p and Y for p; and Y.

Reenumerate Hg as k independent Rademacher sequences (Z;,,)i>1 m = 1,...,k and
set
1 J
Ui=—=)> (Ziir--+Zk,), j>1. (2.12)
] \/3 ; 1 (2

Then, by the central limit theorem Uj 2y and hence p(Uj) 4 p(Y). Due to the fact
that all Z; ,, only takes on the values +£1, p(U;) € 73%0 (R™) for all j > 1, showing that

p(Y) € Py, (R™). 0

The H in Lemma 2.8 trivially satisfies C, with §3 = 1 and hence a combination of
Theorem 2.3 and Lemma 2.8 shows:

Proposition 2.9. Let F be a l.c.TVS and X an a.s. separably valued random element

in F such that z*(X) € ﬁé(lR) for all x* € F*. Then, for all lower semicontinuous
pseudo-seminorms N on F satisfying N(X) < oo a.s. we have

r—1

IN(X)], < 22/2+ (
p—1

/2
> ||N(X)Hp < 0, (2.13)

and EleN ™) < 00 for all e < /(25| N (X)),

The integrability of eV (X )% for some € > 0 is a consequence of the seminal work Borell

[5, Theorem 4.1]. However, the above provides a very simple proof of this result and
gives also equivalence of LP-norms and explicit constants. When F = R7T for some
countable set T', Proposition 2.9 covers processes X = (X;);er, where all time variables
have the following representation in terms of multiple Wiener-It6 integrals with respect
to a Brownian motion W,

d
Xt:Z/ f(t’k;sl""’sk)dwsl“‘dWsk, teT. (214)
k=0 RY
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The next result is known from Arcones and Giné |1, Theorem 3.1] for general Gaussian
polynomials.

Proposition 2.10. Assume that H = {Ho} satisfies Cy for some q € [2,00] and Ho
consists of symmetric random variables. Let F denote a Banach space and X an a.s.

separably valued random element in F with x*(X) € ﬁi(R) for all z* € F*. Then there
exists xo, Ty, 4, € F and {Z, :n > 1} C Hy such that for all finite p < q

d k
X = nangO (xo + Z Z Tiy ... g 1_[1 ZZ-].) a.s. and in LP(P; F). (2.15)
]:

k=11<i1<-<ip<n

Proof. We follow Arcones and Giné [1, Lemma 3.4]. Since X is a.s. separably valued
we may and do assume F' is separable, which implies that F}" := {z* € F* : ||z*| < 1}
is metrizable and compact in the weak™-topology by the Banach-Alaoglu theorem; see
Rudin [27, Theorem 3.15+3.16]. Moreover, the map z* — z*(X) from F} into L° is
trivially weak*-continuous and thus a weak*-continuous map into L? by Corollary 2.4.
This shows that {z*(X) : #* € F}'} is compact in L? and hence separable. By definition

of ﬁi (R), this implies that there exists a countable set {Z,, : n > 1} C H; such that

(X)= > a(A2")Z4, in L% (2.16)
AEN,

for some a(A,z*) € R, where Ng = {A C N : |A| < d} and Z4 = [[;c4 Z; for A € Ny.
For A € Ny, the map z* — a(A, z*) from F* into R is linear and weak*-continuous and
hence there exists 4 € F' such that a(A,z*) = 2*(x4), showing that

2*(X) = lim x*( Z ﬂ:AZA), in L?, (2.17)

n—oo
AeNy

where N} = {A € Ny: AC{l,...,n}}. Since F is separable, (2.17) and Kwapieri and
Woyczyniski [18, Theorem 6.6.1] show that

JLH;O Z xaZs=X a.s. (2.18)
AEN?

By Corollary 2.4 the convergence also takes place in LP(P; F') for all finite p < ¢, which
completes the proof. O

The above proposition gives rise to the following corollary:

Corollary 2.11. Assume that H = {Ho} satisfies Cy for some q € [2,00] and Ho consists
of symmetric random variables. Let T denote a set, V(T) C RT a separable Banach space
where the map f — f(t) from V(T) into R is continuous for allt € T, and X = (X)er

a stochastic process with sample paths in V(T) satisfying X; € ﬁi(R) forallt € T.
Then there exists xo, i, ., € V(T) and {Z,, : n > 1} C Hg such that

d k
X=tig (ot ¥ sa]]%) 219

k=11<iy<-<ip<n

a.s. in V(T') and in LP(P;V(T)) for all finite p < q.
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Proof. Fort € T, let 6;: V(T') — R denote the map f — f(t). Since V(T') is a separable
Banach space and {0, : t € T} C V(T')* separate points in V(T') we have

(i) the Borel o-field on V(T') equals the cylindrical o-field o(d; : t € T),
(i) {d7, idy, ta; € R, t; € T, n > 1} is sequentially weak*-dense in V(T')*,

see e.g. Rosinski [24, page 287|. By (i) we may regard X as a random element in V(T

and by (ii) it follows that z*(X) € ﬁi(R) for all z* € V(T')*. Hence the result is a
consequence of Proposition 2.10. O

Borell |7, Theorem 5.1] shows Corollary 2.11 assuming (1.15), 7" is a compact metric
space, V(T') = C(T) and X € LY(P;V(T)). By assuming C, instead of the weaker
condition (1.15) we can omit the assumption X € L9(P;V(T")). Note also that by The-
orem 2.7 the last assumption is satisfied under C,. When H consists of symmetric
a-stable random variables and d = 1, Corollary 2.11 is known from Rosinski [24, Corol-
lary 5.2]. The separability assumption on V(T in Corollary 2.11 is crucial. Indeed, for
all p > 1, Jain and Monrad [15, Proposition 4.5| construct a separable centered Gaus-
sian process X = (Xt)te[OJ} with sample paths in the non-separable Banach space B,
of functions of finite p-variation on [0, 1] such that the range of X is a non-separable
subset of B, and hence the conclusion in Corollary 2.11 can not be true. However, for
the non-separable Banach space By a result similar to Corollary 2.11 is shown in [14] for
Gaussian processes, and extended to weak chaos processes in [2].

3 Two proofs

Let us start by proving Proposition 1.3.

Proof of Proposition 1.3. Assume that A is a random measure induced by a Lévy process
Y = (Yi)sepo,7)- For arbitrary A € PC let Z = A(A).

To prove the if-implication of (i) let ¢ € (0, 1) and assume that Y; Z IG(y A).
Then Z Z IG(m(A)u,m(A)2)), where m is the Lebesgue measure, and hence with
cz = m(A)?\ we have that Z/cy z IG(u/(Am(A)),1), which has a density which on
[1,00) is bounded from below and above by constants (not depending on x) times gz(z),
where

92: Ry = Ry, x> P expl—z(Am(A))?/(217)]. (3.1)
Thus there exists a constant ¢ > 0, not depending on A or s, such that

q 0 q—-3/2 ,—x
E[|Z/cz|",|Z/cz| > $] < Ju @ e *dz ) s> 1. (3.2)

<csu
siP(|Z/cz| >s) — u>18 ud [ x=32e=* da

Using e.g. ’'Hopital’s rule it is easily seen that (3.2) is finite, showing (1.7). Therefore
C, follows by the inequality

o—1/2

P(zfes 2 1) > / " Y2 expl_a(NT)(242%)] (3.3)

To show the only if-implication of (i) note that nQYl/n A X asn — oo, where X follows
a %—stable distribution on Ry . Assume that H satisfies C, for some ¢ > 1/2. Then, by
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Remark 1.2 there exists ¢ > 0 such that [[Y¢|l, 5 < ¢[[Y],/4 for all ¢ € [0,1], and since

{nQYl/n :n > 1} is bounded in L° it is also bounded in L'/2. But this contradicts
0o = HXH1/2 < hnrgigf”n?YUn”Uza (3.4)
and shows that H does not satisfy Cj,.

To show the if-implication of (ii) assume that Y Z NIG(e,0,0,6). Then, Z Z
NIG(e,0,0,m(A)d) and with ¢z = m(A)d we have that Z/cz Z eU;/z, where Uz and €
are independent, Uy z IG(1/(m(A)dcr),1) and € Z N(0,1). For g € (0,1),

Bl|Z/es|",|Z/cz| > 8] = V2r 1 ( / EllaUy/ %[, |0U)/?| > sle="/? da (3.5)

0
F EleU Y2 U2 /2
+ EllzU,/ 7|9, |2U;/ 7| > sle dx). (3.6)
Using the above (i) on Uz and ¢/2, there exists a constant ¢; > 0 such that
/ E[\xUé/qu, ]wU;/Q\ > S]€_$2/2 dz < clsq/ P(U; > (55/36)2)6_9”2/2 dz (3.7)
0 0

< clsq/ P(ﬂ:Ué/2 > 5)6_$2/2 de = e, Vr2=1sIP(|Z/cz| > s). (3.8)
0

Furthermore, it well known that there exists a constant ¢ > 0 such that for all s > 1

/ EeUY2[7, |oUY?| > s/ da (3.9)
< B[UY?] / 2% "2 dx < s BUY? / e "2z, (3.10)

Since Uz has a density given by (1.13) it is easily seen that
1 o0
EUY% <1+ —/ 29/273/2 4. 3.11
[ Z ] — \/ﬂ 1 ( )

Moreover, using that Z/cy Z NIG(m(A)ad,0,0,1) and that K;(z) > e */z for all z > 0,
it is not difficult to show that there exists a constant c3, not depending on s and A, such
that

o0
/ e~ /2 qp < e3P(|Z/)cz| > s), for all s > 1. (3.12)
S

By combining the above we obtain (1.7) and by (3.12) applied on s = 1, C;, follows. The
only if-implication of (ii) follows similar to the one of (i), now using that (n='Y} /,)n>1
converge weakly to a symmetric 1-stable distribution. (iii) is a consequence of the next
lemma. O

The following lemma is concerned with the dynamics of the first and second moments
of Lévy processes, and it has Proposition 1.3 (iii) as a direct consequence.

Lemma 3.1. Let Y denote a non-deterministic and square-integrable Lévy process with
no Gaussian component. Then ||Yi|l, = o(t'/?) and |Yi||l, ~ t'/2\/E[(Y1 — E[V1])?] as
t— 0.
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Proof. We have
E[Y?] = Var(V;) + E[Y;]? = Var(Y1)t + E[Y1]?#2, (3.13)

which shows that ||Y;||, ~ t'/2Var(Y1)'/? as t — 0.

To show that ||Y;||, = o(t'/?) as t — 0 we may assume that Y is symmetric. Indeed
let = E[Y1], Y’ an independent copy of Y and Y; = Y; — Y/. Then Y is a symmetric
square-integrable Lévy process and

IYally < 1Yz = ptlly + |ul < Yz = pt = (Y = pt)lly + |ult = | Velly + [ult. (3.14)

Hence assume that Y is symmetric. Recall, e.g. from Hoffmann-Jgrgensen [13, Exer-
cise 5.7], that for any random variable U we have

1 1-%
e (3.15)
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where ¢p denotes the characteristic function of U. Using the inequalities 1 —e ™ < 1 Ax
and 1 — cos(z) < 4(1 A 2?) for all & > 0 it follows that with 1(s) :==4 [(1 A |sz|?) v(dz)

we have o)
1 [1—e™0 1 [ |tg(s)| A1
Hy;ful S ; / T ds S % / T ds. (3.16)
Note that 1 (s) < oo since Y is square-integrable. By substitution we get
t Al % |tp(t=1/2s)| A1
/7‘ LAOTE ¥ 2751/2/ DA g (3.17)
S 0 S

Hence to complete the proof we need only to show that

< tp(t12s)| A 1

li =0. 1
lim ; 2 ds=0 (3.18)
Setting ¢ = 4 [ 2% v(dx) we have for all € > 0
o tap(t~2s)| A 1
limsup/ [t 25)| ds (3.19)
t—0 0 S
/e tp(t2s)| A 1 > [tp(t2s)| A 1
< limsup/ [t 28)‘ ds —|—limsup/ [t 28)’ ds. (3.20)
t—0 Jo S t—0 Je/c S
Using that (z) < cx? for x > 0 we get
E/C t t71/2 /\ 1
limsup/ il 28)‘ ds <e. (3.21)
t=0 Jo S
On the other hand, Lebesgue’s dominated convergence theorem shows that
Y(x)z ™2 = 4/(1‘2 A 8% v(dz) — 0, (3.22)
T—>r00

implying that ti/)(t_l/ 25) =+ 0 ast — 0 for all s > 0. Thus another application of
Lebesgue’s dominated convergence theorem yields

limsup/ [t 25)| h ds =0, (3.23)
t—0 e/c S
which by (3.20) and (3.21) shows (3.18). O
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Let us proceed with the proof of Lemma 2.2.
Proof of Lemma 2.2. Assume first that xg,...,xq € R. By induction in d, let us show:
d d ,
If ‘ 3 Akxk( <1forall A € [—€¢ then ‘ ka‘ < o /24d —d (3.24)
k=0 k=0

For d = 1,2 (3.24) follows by a straightforward argument, so assume d > 3, (3.24) holds
for d — 1 and that the left-hand side of (3.24) holds for d. We have

‘Z)\k(ekmk)‘ <1, forall e [-1,1], (3.25)

which by Polya and Szegd [22, Aufgabe 77| shows that |z4¢?| < 2% and hence |z4| < 29~
For \ € [—¢, €], the triangle inequality yields

d—1 d—1
k d k_ Tk
‘kg_o)\ xk‘ <1+2% and hence ‘kg_o)\ = Qd‘ <1 (3.26)

The induction hypothesis implies
d—1
|| s @A ), (3.27)
k=0
and hence another application of the triangle inequality shows that

d
‘Zxk‘ < ol 4 6—(d—1)2(d—1)2/2+(d—1)(1 +29) (3.28)
k=0

< —dod?/2+d <2_d2/z L 9-1/2—d | 2—1/2), (3.29)

which is less than or equal to ¢~424°/2+d gince d > 3. This completes the proof of (3.24).
Now let xq,...,xq4 € V. Since N is a seminorm, Hahn-Banach theorem (see Rudin
[27, Theorem 3.2]) shows that there exists a family A of linear functionals on V such that

N(z) = sup |F(x)], foralzelV. (3.30)

Assuming that the left-hand side of (2.2) is satisfied we have
d
‘ Z )\kF(xk)‘ <1, for all A € [—€,¢] and all F' € A, (3.31)
k=0

which by (3.24) shows

d d
‘F(ka)‘ - ‘ ZF(xk)‘ <odd=De=d o all Fe A (3.32)
k=0 k=0
This completes the proof. O

129



References

References

1
2]
13l

4]

1]

[6]

7]

18]
19]

[10]

[11]

12]
13]
14
15]
16]
17]

[18]

[19]

[20]

Miguel A. Arcones and Evarist Giné. On decoupling, series expansions, and tail behavior
of chaos processes. J. Theoret. Probab., 6(1):101-122, 1993. ISSN 0894-9840.

Andreas Basse and Svend-Erik Graversen. Path and semimartingale properties of chaos
processes. Stochastic process. Appl., 2009. Accepted for publication.

Andreas Basse and Jan Pedersen. Lévy driven moving averages and semimartingales.
Stochastic process. Appl., 119(9):2970-2991, 2009.

N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular variation, volume 27 of Encyclo-
pedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 1989.
ISBN 0-521-37943-1.

Christer Borell. Tail probabilities in Gauss space. In Vector space measures and applications
(Proc. Conf., Univ. Dublin, Dublin, 1977), II, volume 77 of Lecture Notes in Phys., pages
73-82. Springer, Berlin, 1978.

Christer Borell. On the integrability of Banach space valued Walsh polynomials. In Sémi-
naire de Probabilités, XIII (Univ. Strasbourg, Strasbourg, 1977/78), volume 721 of Lecture
Notes in Math., pages 1-3. Springer, Berlin, 1979.

Christer Borell. On polynomial chaos and integrability. Probab. Math. Statist., 3(2):191—
203, 1984. ISSN 0208-4147.

Alejandro de Acosta. Stable measures and seminorms. Ann. Probability, 3(5):865-875, 1975.

Victor H. de la Pena and Evarist Giné. Decoupling. Probability and its Applications
(New York). Springer-Verlag, New York, 1999. ISBN 0-387-98616-2. From dependence to
independence, Randomly stopped processes. U-statistics and processes. Martingales and
beyond.

Xavier Fernique. Intégrabilité des vecteurs gaussiens. C. R. Acad. Sci. Paris Sér. A-B, 270:
A1698-A1699, 1970.

Xavier Fernique. Fonctions Aléatoires Gaussiennes, Vecteurs Aléatoires Gaussiens. Uni-
versité de Montréal Centre de Recherches Mathématiques, Montreal, QC, 1997. ISBN
2-921120-28-3.

J. Hoffmann-Jgrgensen. Integrability of seminorms, the 0 — 1 law and the affine kernel for
product measures. Studia Math., 61(2):137-159, 1977. ISSN 0039-3223.

J. Hoffmann-Jgrgensen. Probability with a view toward statistics. Vol. I. Chapman & Hall
Probability Series. Chapman & Hall, New York, 1994. ISBN 0-412-05221-0.

Naresh C. Jain and Ditlev Monrad. Gaussian quasimartingales. Z. Wahrsch. Verw. Gebiete,
59(2):139-159, 1982. ISSN 0044-3719.

Naresh C. Jain and Ditlev Monrad. Gaussian measures in B,,. Ann. Probab., 11(1):46-57,
1983. ISSN 0091-1798.

Wiestaw Krakowiak and Jerzy Szulga. Random multilinear forms. Ann. Probab., 14(3):
955-973, 1986. ISSN 0091-1798.

Wiestaw Krakowiak and Jerzy Szulga. A multiple stochastic integral with respect to a
strictly p-stable random measure. Ann. Probab., 16(2):764—777, 1988. ISSN 0091-1798.

Stanistaw Kwapienn and Wojbor A. Woyczynski. Random series and stochastic integrals:
single and multiple. Probability and its Applications. Birkhduser Boston Inc., Boston, MA,
1992. ISBN 0-8176-3572-6.

Michel Ledoux and Michel Talagrand. Probability in Banach Spaces, volume 23 of Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)].
Springer-Verlag, Berlin, 1991. ISBN 3-540-52013-9. Isoperimetry and processes.

Michael B. Marcus and Jan Rosinski. Sufficient conditions for boundedness of moving
average processes. In Stochastic inequalities and applications, volume 56 of Progr. Probab.,
pages 113-128. Birkh&user, Basel, 2003.

130



References

21]

22]

23]

[24]

[25]

[26]

27]

28]

G. Pisier. Les inégalités de Khintchine-Kahane, d’aprés C. Borell. In Séminaire sur la
Géométrie des Espaces de Banach (1977-1978), pages Exp. No. 7, 14. Ecole Polytech.,
Palaiseau, 1978.

G. Polya and G. Szegd. Aufgaben und Lehrsitze aus der Analysis. Zweiter Band. Funk-
tionentheorie, Nullstellen, Polynome, Determinanten, Zahlentheorie. Die Grundlehren der
mathematischen Wissenschaften in Einzeldarstellungen mit besonderer Beriicksichtigung
der Anwendungsgebiete. Bd XX. Springer-Verlag, Berlin, 1954. 2te Aufl.

Balram S. Rajput and Jan Rosiniski. Spectral representations of infinitely divisible processes.
Probab. Theory Related Fields, 82(3):451-487, 1989. ISSN 0178-8051.

Jan Rosinski. On stochastic integral representation of stable processes with sample paths
in Banach spaces. J. Multivariate Anal., 20(2):277-302, 1986. ISSN 0047-259X.

Jan Rosinski and Gennady Samorodnitsky. Distributions of subadditive functionals of sam-
ple paths of infinitely divisible processes. Ann. Probab., 21(2):996-1014, 1993. ISSN 0091-
1798.

Jan Rosinski and Gennady Samorodnitsky. Symmetrization and concentration inequalities
for multilinear forms with applications to zero-one laws for Lévy chaos. Ann. Probab., 24
(1):422-437, 1996. ISSN 0091-1798.

Walter Rudin. Functional analysis. International Series in Pure and Applied Mathematics.
McGraw-Hill Inc., New York, second edition, 1991. ISBN 0-07-054236-8.

C. Stricker. Semimartingales gaussiennes—application au probléme de l'innovation. Z.
Wahrsch. Verw. Gebiete, 64(3):303-312, 1983. ISSN 0044-3719.

131



PAPER

Martingale-type processes indexed

by R

Andreas Basse-O’Connor, Svend-Erik Graversen and
Jan Pedersen

Abstract

Some classes of increment martingales, and the corresponding localised
classes, are studied. An increment martingale is indexed by R and its
increment processes are martingales. We focus primarily on the behav-
ior as time goes to —oo in relation to the quadratic variation or the
predictable quadratic variation, and we relate the limiting behaviour to
the martingale property. Finally, integration with respect to an incre-
ment martingale is studied.
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1. Introduction

1 Introduction

Stationary processes are widely used in many areas, and the key example is a moving
average, that is, a process X of the form

t
Xt:/ Ot —s)dM,,  teR, (1.1)

where M = (M;)ier is a process with stationary increments. A particular example is a
stationary Ornstein-Uhlenbeck process which corresponds to the case ¢ (t) = e*’\tl[o,oo) (t)
and M is a Brownian motion indexed by R. See [6] for second order properties of moving
averages and [1] for applications of them in turbulence.

Integration with respect to a local martingale indexed by R is well-developed and
in this case one can even allow the integrand to be random. However, when trying to
define a stochastic integral from —oo as in (1.1) with random integrands, the class of
local martingales indexed by R does not provide the right framework for M = (My)eR;
indeed, in simple cases, such as when M is a Brownian motion, M is not a martingale
in any filtration. Rather, it seems better to think of M as a process for which the
increment (Myys — My)i>0 is a martingale for all s € R. It is natural to call such a
process an increment martingale. Another interesting example within this framework is
a diffusion on natural scale started in oo (cf. Example 3.17); indeed, if oo is an entrance
boundary then all increments are local martingales but the diffusion itself is not. Thus,
the class of increment (local) martingales indexed by R is strictly larger than the class
of (local) martingales indexed by R and it contains several interesting examples. We
refer to Subsection 1.1 for a discussion of the relations to other kinds of martingale-type
processes indexed by R.

In the present paper we introduce and study basic properties of some classes of
increment martingales M = (My)icr and the corresponding localised classes. Some of
the problems studied are the following. Necessary and sufficient conditions for M to be
a local martingale up to addition of a random variable will be given when M is either
an increment martingale or an increment square integrable martingale. In addition, we
give various necessary and sufficient conditions for M_ ., = lim;_,_ o, M; to exist P-a.s.
and M — M_,, to be a local martingale expressed in terms of either the predictable
quadratic variation (M) or the quadratic variation [M] for M, where the latter two
quantities will be defined below for increment martingales. These conditions rely on a
convenient decomposition of increment martingales, and are particularly simple when M
is continuous. We define two kinds of integrals with respect to M the first of these is
an increment integral ¢ e M, which we can think of as process satisfying ¢ oM, —¢e
M = [ (5.1 ¢y dM,; i.e. increments in ¢ e M correspond to integrals over finite intervals.
The second integral, ¢ @ M, is a usual stochastic integral with respect to M which we can
think of as an integral from —oo. The integral ¢ e M exists if and only if the increment
integral ¢ @ M has an a.s. limit, ¢ o M_ o, at —oo and ¢ @ M — ¢ e M_., is a local
martingale. Thus, ¢ e M_.. may exists without ¢ e M being defined and in this case we
may think of ¢ & M_ as an improper integral. In special cases we give necessary and
sufficient conditions for ¢ e M_. to exist.

The present paper relies only on standard martingale results and martingale integra-
tion as developed in many textbooks, see e.g. [8] and [7]. While we focus primarily on
the behaviour at —oo, it is also of interest to consider the behaviour at oo; we refer to
[5], and references therein, for a study of this case for semimartingales, and to [12], and
references therein, for a study of improper integrals with respect to Lévy processes when
the integrand is deterministic.
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1.1 Relations to other martingale-type processes

Let us briefly discuss how to define processes with some kind of martingale structure
when processes are indexed by R. There are at least three natural definitions:

(i) E[M;|FM) = M for all s <t, where FM = o(M, : u € (o0, s]).

(i) B[M; — M| FM]) = My — M, for all u < v < s < t, where FM = (M, — M, : v <
u<t<s).

(iii) E[M; — M| FIM]) =0 for all s < t, where FIM = g(My — M, :u <t < s).

(The first definition is the usual martingale definition and the third one corresponds to
increment martingales). Both (i) and (iii) generalise the usual notion of martingales
indexed by Ry, in the sense that if (M;)icr is a process with M; = 0 for ¢ € (—o0, 0],
then (M;);>0 is a martingale (in the usually sense) if and only if (M;)er is a martingale
in the sense of (i), or equivalently in the sense of (iii). Definition (ii) does not generalise
martingales indexed by R4 in this manner. Note moreover that a centered Lévy process
indexed by R (cf. Example 3.3) is a martingale in the sense of (ii) and (iii) but not in the
sense of (1). Thus, (iii) is the only one of the above definitions which generalise the usual
notion of martingales on Ry and is general enough to allow centered Lévy processes to
be martingales. Note also that both (i) and (ii) imply (iii).

The general theory of martingales indexed by partially ordered sets (for short, posets)
does not seem to give us much insight about increment martingales since the research
in this field mainly has a different focus; indeed, one of the main problems has been to
study martingales M = (M;)es in the case where I = [0,1]%; see e.g. [4, 3]. However,
below we recall some of the basic definitions and relate them to the above (i)—(iii).

Consider a poset (I, <) and a filtration F = (F;)ser, that is, for all s,¢ € I with s <t
we have that Fs C F;. Then, (My)ier is called a martingale with respect to < and F,
if for all s,¢ € I with s <t we have that E[M;|Fs] = M,. Let M = (M;)icr denote a
stochastic process. Then, definition (i) corresponds to I = R with the usually order. To
cover (ii) and (iii) let I = {(a1,a2] : a1,a2,€ R, a1 < ag}, and for A = (ay,as] € I let
Mp =My, —M,,, FM =c(Mp: B €I, BC A). Furthermore, for all A = (a1, az], B =
(b1,bo] € I we will write A <9B if AC B, and A <3B if a; = by and as < by. Clearly,
<9 and <3 are two partial orders on I. Moreover, it is easily seen that (M;)er satisfies
(ii)/(iii) if and only if (M4)aer is a martingale with respect to <o/<3 and FM. Recall
that a poset (I, <) is called directed if for all s,¢ € I there exists an element u € I such
that s <w and t < u. Note that (I, <s) is directed, but (I, <3) is not; and in particular
(I,<3) is not a lattice. We refer to [9] for some nice considerations about martingales
indexed by directed posets.

2 Preliminaries

Let (2, F,P) denote a complete probability space on which all random variables ap-
pearing in the following are defined. Let F. = (F;)ier denote a filtration in F, ie. a
right-continuous increasing family of sub c-algebras in F satisfying N' C F; for all ¢,
where N is the collection of all P-null sets. Set F_o, := MierFr and Foo := UserFy.
The notation 2 will be used to denote identity in distribution. Similarly, L will de-
note equality up to P-indistinguishability of stochastic processes. When X = (X})ier
is a real-valued stochastic process we say that lim, , ., X, exists P-a.s. if X converges
almost surely as s — —oo, to a finite limit.
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Definition 2.1. A stopping time o is a mapping o : Q — (—o0, 00| satisfying {o < t} €
Fi for all t € R. A localising sequence (oy,)n>1 is a sequence of stopping times satisfying
o1(w) < o9(w) < -+ for all w, and o, — oo P-a.s.

Let P(F.) denote the predictable o-algebra on R x 2. That is, the o-algebra generated
by the set of simple predictable sets, where a subset of R x € is said to be simple
predictable if it is of the form B x C where, for some t € R, C' is in F; and B is a
bounded Borel set in |¢,00[. Note that the set of simple predictable sets is closed under
finite intersections.

Any left-continuous and adapted process is predictable. Moreover, the set of pre-
dictable processes is stable under stopping in the sense that whenever o = ()R is
predictable and o is a stopping time, the stopped process a’ = (aupq)ter is also pre-
dictable.

By an increasing process we mean a process V = (V;)ier (not necessarily adapted)
for which ¢ — V;(w) is nondecreasing for all w € Q. Similarly, a process V is said to be
cadlag if ¢ — Vi(w) is right-continuous and has left limits in R for all w € Q.

In what follows increments of processes play an important role. Whenever X =
(Xt)ter is a process and s,t € R define the increment of X over the interval (s,t], to be
denoted ®X;, as

0 ift<s

X, = X, — Xype = 2.1
K bt {Xt—XS ift>s. 2.1)

Set furthermore *X = (*X});er. Note that
(°X)? =%X?) for s € R and o a stopping time. (2.2)

Moreover, for s <t < u we have

15X, = 'X,. (2.3)

Definition 2.2. Let A(F.) denote the class of increasing adapted cadlag processes.

Let A!(F.) denote the subclass of A(F.) consisting of integrable increasing cadlag
adapted processes; LA (F.) denotes the subclass of A(F.) consisting of cadlag increasing
adapted processes V' = (V;)ier for which there exists a localising sequence (0y,),>1 such
that Vor € AY(F) for all n.

Let Ay(F.) denote the subclass of A(F.) consisting of increasing cadlag adapted
processes V = (V;)er for which lim; o V; = 0 P-a.s. Set AJ(F) := Ao(F.) N AN (F)
and LA(F) := Ao(F.) N LAY (F).

Let TA(F.) (resp. ZAY(F.), ZLA(F.)) denote the class of cadlag increasing processes
V for which *V € A(F)) (resp. *V € AY(F.), *V € LAY (F)) for all s € R. We emphasize
that V is not assumed adapted.

Motivated by our interest in increments we say that two cadlag processes X = (X¢)ier
and Y = (Y )er have identical increments, and write X 2V, if 5X = 5Y for all s € R.
In this case also X? = Y? whenever ¢ is a stopping time.

Remark 2.3. Assume X and Y are cadlag processes with X Z Y. Then by definition
Xy — Xy =Y, =Y, for all s <t P-a.s. for all £ and so by the cadlag property X; — X =
Y, — Y, for all s,t € R P-a.s. This shows that there exists a random variable Z such that
Xy =Y+ Z for all t € R P-a.s., and thus °X; = 9Y; for all s,t € R P-a.s.

For any stochastic process X = (X;)er we have

5X, 4+ X, = °X,, for s <t <u. (2.4)
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3. Martingales and increment martingales

This leads us to consider increment processes, defined as follows. Let I = {’]},cr with
I = (*It)icr be a family of stochastic processes. We say that I is a consistent family of
wncrement processes if the following three conditions are satisfied:

(1) °I is an adapted process for all s € R, and *I; = 0 P-a.s. for all ¢ < s.
(2) For all s € R and w € §2 the mapping ¢ — *[;(w) is cadlag.
(3) For all s <t < u we have *I, + I, = °I, P-as.

Whenever X is a cadlag process such that “X is adapted for all s € R, the family
{*X}ser of increment processes is then consistent by equation (2.4). Conversely, let I
be a consistent family of increment processes. A cadlag process X = (X;)er is said to
be associated with I if X = I for all s € R. It is easily seen that there exists such a
process; for example, let

07, fort >0
Xe =< -y fort=-1,-2,...,
X+ forte(—n,—n+1)andn=1,2,...

Thus, consistent families of increment processes correspond to increments in cadlag pro-
cesses with adapted increments. If X = (X;)ier and Y = (Y})er are cadlag processes
associated with I then X 2 Y and hence by Remark 2.3 there is a random variable Z
such that X; = Y; + Z for all t P-a.s.

Remark 2.4. Let I be a consistent family of increment processes, and assume X is
a cadlag process associated with [ such that X_,, = lim;_,_, X; exists in probabil-
ity. Then, (X; — X_)ter is adapted and associated with I. Indeed, X; — X o, =
lim,_, _~ *X; in probability for ¢ € R and since *X; = °I; (P-a.s.) is F;-measurable, it
follows that Xy — X_ is Fy-measurable. In this case, (X; — X_oo)ter is the unique
(up to P-indistinguishability) cadlag process associated with I which converges to 0 in
probability as time goes to —oo. If, in addition, °[ is predictable for all s € R then
(Xt — X_o)ter is also predictable. To see this, choose a P-null set N and a sequence
(Sn)n>1 decreasing to —oo such that X, (w) - X_(w) as n — oo for all w € N¢. For
w € N¢and t € R we then have X;(w) — X_ o (w) = lim,,_, o0 ** Xy (w), implying the result
due to inheritance of predictability under pointwise limits.

3 Martingales and increment martingales

Let us now introduce the classes of (square integrable) martingales and the corresponding
localised classes.

Definition 3.1. Let M = (M;)cr denote a cadlag adapted process.

We call M an F.-martingale if it is integrable and for all s < ¢, E[M|Fs] = Ms P-a.s.
If in addition M; is square integrable for all ¢ € R then M is called a square integrable
martingale. Let M(F.) resp. M?(F.) denote the class of F.-martingales resp. square
integrable F.-martingales. Note that these classes are both stable under stopping.

We call M a local F.-martingale if there exists a localising sequence (oy,)p>1 such
that M € M(F.) for all n. The definition of a locally square integrable martingale is
similar. Let LM (F.) resp. LM?(F.) denote the class of local martingales resp. locally
square integrable martingales. These classes are stable under stopping.
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3. Martingales and increment martingales

Remark 3.2. (1) The backward martingale convergence theorem shows that if M €
M(F.) then M; converges P-a.s. and in L'(P) to an F_,.-measurable integrable random
variable M_,, as t — —oo (cf. Chapter II, Theorem 2.3 in [6]). In this case we may
consider (M¢)e|—00,00) @8 a martingale with respect to the filtration (F)ic(—oo,00)- If
M € M?(F.) then M; converges in L*(P) to M_.

(2) Let M € LM(F.) and choose a localising sequence (o,,),>1 such that Mo €
M(F.) for all n. From (1) follows that there exists an F_.,-measurable integrable random
variable M_ ., (which does not depend on n) such that for all n we have M/" — M_
P-as. and in L}(P) as t — —oo, and My — M_,, P-a.s. Thus, defining M7"_ = M_,
it follows that for all n the process (Mt)fg[—m,w)
respect t0 (Ft)ie[—oo,00), and consequently (M;)ic(—oo,00) IS @ local martingale. (Note,
though, that o, is not allowed to take on the value —00.) In the case M € LM?(F)
assume (0p,)n>1 is chosen such that M € M?(F.) for all n; then M — M_. in
L?(P).

(3) The preceding shows that a local martingale indexed by R can also be regarded
as a local martingale indexed by [—o00, 00), where localising stopping times, however, are
not allowed to take on the value —oo. Let us argue that the latter restriction is of minor
importance. Thus, call o : Q — [~00,00] an R-valued stopping time if {oc < t} € F
for all t € [~o00,00), and call a sequence of nondecreasing R-valued stopping times
o1 < 09 < --- an R-valued localising sequence if o, — oo P-a.s. as n — oo. Then we
claim that a cadlag adapted process M = (My)icr is a local martingale if and only if
M_ = lim,_,_o, M, exists P-a.s and there is an R-valued localising sequence (On)n>1
such that (M{™)ic[—oo,00) is @ martingale. We emphasize that the latter characterisation
is the most natural one when considering the index set [—o0,00), while the former is
better when considering R. Note that the only if part follows from (2). Conversely,
assume M_o, := lims,_ My exists P-a.s and let (0y,),>1 be an R-valued localising
sequence such that (M " )te[—oo,00) 18 @ martingale, and let us prove the existence of
a localising sequence (7,),>1 such that M™ is a martingale for all n. Since M_ is
integrable it suffices to consider M; — M_, instead of M;; consequently we may and do
assume M_., = 0. In this case, (7,)p>1 = (T Voy)n>1 will do if 7 is a stopping time such
that M7 is a martingale. To construct this 7 set Z}' = E[|M/"||F_] for t € [—00, c0).
Then Z" is F_,-measurable and can be chosen non-decreasing, cadlag and 0 at —oo.
Therefore

can be considered a martingale with

pp=inf{t e R:Z¥ > 1} AO
2
is real-valued, F_-measurable and Z; < 1. Define
T=ppNo,on A, ={oy=-=0,_1 =—0 and o, > —00}

and set 7 =0 on (U,>14,)°. Then 7 is a stopping time since the A,,’s are disjoint and
F_oo-measurable. Furthermore, U,>14,, = Q P-a.s. Thus, for all t > —o0,

[ee] [e.e]
E(|Minrl] = D EllMo,ppuntlla,) = D ElNZp ponilla ] < 1,
n=1 n=1
implying

oo oo
E[M’rl\t‘fs] - ZE[MO'n/\pn/\t‘fS]lAn — ZMan/\Tn/\slAn — MT/\S

n=1 n=1

for all —oo < s < t; thus, M7 is a martingale.
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3. Martingales and increment martingales

Example 3.3. A cadlag process X = (Xy)ier is called a Lévy process indexed by R if it
has stationary independent increments; that is, whenever n > 1 aond to <t < - <tp,
the increments X, %X, ..., '-1X; are independent and *X; = “X, whenever s < t
and v < v satisfy t —s = v — u. In this case (*Xs;¢)i>0 is an ordinary Lévy process
indexed by R4 for all s € R.

Let X be a Lévy process indexed by R. There is a unique infinitely divisible dis-
tribution p on R associated with X in the sense that for all s < ¢, °X; z w5, When
= N(0,1), the standard normal distribution, X is called a (standard) Brownian motion
indexed by R. If Y is a cadlag process with X e Y, it is a Lévy process as well and u
is also associated with Y'; that is, Lévy processes indexed by R are determined by the
infinitely divisible g only up to addition of a random variable.

Note that (X(_y_)ier (Where, for s € R, Xy denotes the left limit at s) is again
a Lévy process indexed by R and the distribution associated with it is g~ given by
uw=(B) := pu(—B) for B € B(R). Since this process appears by time reversion of X, the
behaviour of X at —oo corresponds to the behaviour of (X(_t)_)te]R at oo, which is well
understood, cf. e.g. [11]; in particular, lims_, o, X5 does not exist (in any reasonable
sense) except when X is constant. Thus, except in nontrivial cases X is not a local
martingale in any filtration.

This example clearly indicates that we need to generalise the concept of a martingale.

Definition 3.4. Let M = (M;)er denote a cadlag process, in general not assumed
adapted.

We say that M is an increment martingale if for all s € R, M € M(F.). This
is equivalent to saying that for all s < t, M, is F;-measurable, integrable and satisfies
E[*M;|Fs] = 0 P-a.s. If in addition all increments are square integrable, then M is
called a increment square integrable martingale. Let ZM(F.) and ZM?(F.) denote the
corresponding classes.

M is called an increment local martingale if for all s, M is an adapted process and
there exists a localising sequence (0y,)p>1 (Which may depend on s) such that (*M)7 €
M(F.) for all n. Define an increment locally square integrable martingale in the obvious
way. Denote the corresponding classes by ZLM(F.) and ZLM?(F).

Obviously the four classes of increment processes are = _stable and by (2.2) stable
under stopping. Moreover, M(F.) € ZM(F.) and M?(F.) C ZM?(F.) with the following

characterizations

M(F) ={M = (M)ter € ZM(F.) : M is adapted and integrable} (3.1)
M2(F) ={M € ITM*(F) : M is adapted and square integrable}. (3.2)

Likewise, LM(F.) € ILM(F.) and LM*(F.) C ZLM*(F.). But no similar simple
characterizations as in (3.1)—(3.2) of the localised classes seem to be valid. Note that
LIM(F.) C ILM(F.), where the former is the set of local increment martingales, i.e.
the localising sequence can be chosen independent of s. A similar statement holds for
ILM?(F).

When 7 is a stopping time, we define "M in the obvious way as "My = M; — M, for
teR.

Proposition 3.5. Let M = (My)ier € ZM(F.) and T be a stopping time. Then "M €
M(F) if {My — Moy(—pyno i1 2 1} is uniformly integrable.

If 7 is bounded from below then the above set is always uniformly integrable.
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3. Martingales and increment martingales

Proof. Assume first that 7 is bounded from below, that is, there exists an sy € (0, —00)
such that 7 > so. Then, since ("My)ier = (*°M; — M pt)ter, ™M is a sum of two
martingales and hence a martingale. Assume now that {MO — M y—myno i 2> 1} is
uniformly integrable. Then, with 7,, = 7V (—n) we have

{™M; :n > 1} is uniformly integrable for all ¢ € R. (3.3)

Moreover, ™M; — "My a.s. and hence in L' (P) by (3.3). For alln > 1, 7, is bounded from
below and hence ™M is a martingale, implying that "M is an L'(P)-limit of martingales
and hence a martingale. O

Example 3.6. Let X = (X;)ier denote a Lévy process indexed by R. The filtration
generated by the increments of X is FZX = (FFX)ier, where

FIX =0(X; s <t) VN =0(°Xy,:s <u<t)VN, forteR,

and we recall that NV is the set of P-null sets. Using a standard technique it can be verified
that FZX is a filtration. Indeed, we only have to verify right-continuity of FZX. For
this, fix t € R and consider random variables Z; and Zs where Z; is bounded and f,sz -
measurable, and Z, is bounded and measurable with respect to o(°X,, : t + € < s < u)
for some € > 0. Then

E[Z12:|FEX) = Z1E[Zs) = B[Z1 25| F¥]  P-as.

by independence of Zs and .7-"£X. Applying the monotone class lemma it follows that
whenever Z is bounded and measurable with respect to FZX we have E[Z|FLY] =
E[Z|F£X] P-a.s., which in turn implies right-continuity of FZX. It is readily seen that
X € IM(FEX) if X has integrable centered increments.

Increment martingales are not necessarily integrable. But for M = (M;)ier €
IM(F), My € L*(P) for all t € R if and only if M; € L'(P) for some ¢t € R. Likewise
(Mjs)s<¢ is uniformly integrable for all ¢ if and only if (M;)s<; is uniformly integrable
for some ¢. Similarly, for M € ZM?(F.) we have M; € L*(P) for all t € R if and only
if My € L*(P) for some t € R, and (M;)s<; is L?(P)-bounded for some ¢ if and only if
(My)s<t is L?(P)-bounded for some t. For integrable elements of ZM(F.) we have the
following decomposition.

Proposition 3.7. Let M = (M;)ier € ZM(F.) be integrable. Then M can be decom-
posed uniquely up to P-indistinguishability as M = K + N where K = (K¢)er € M(F.)
and N = (Ny)ier € ZM(F.) is an integrable process satisfying

E[N:|Fi] =0 foralit € R and  lim Ny =0 P-a.s. and in LY(P). (3.4)

If M is square integrable then so are K and N, and E[KyN;] = 0 for all t € R. Thus
E[M?] = E[K?] + E[N?] for all t and moreover t — E[N?] is decreasing.

Proof. The uniqueness is evident. To get the existence set K; = E[M;|F;]. Then K is
integrable and adapted and for s < ¢ we have

E[K|Fs] = E[My|Fs] = E[M;|Fs] + E[*M;|Fs] = K.

Thus, K € M(F.) and therefore N := M — K € ZM(F.). Clearly, N is integrable and
E[N:|Fi] =0 for all ¢ € R. Take s <. Then *N; = E[*N¢|F], giving

SNy = E[N, — N,|Fi] = —E[N,|F], (3.5)
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3. Martingales and increment martingales

that is Ny = N, — E[N4|F;], proving that lim; ,oo Ny = 0 P-a.s. and in L'(P). If M is
square integrable then so are K and N and they are orthogonal. Furthermore for s <t
E[NS(Nt - NS)] = E[(Nt - NS)E[NS‘-FtH
— B[(N; — No)EI(N, — No)| )] = —E[(N; = N,)?]
implying
E[N{] = E[N7] - E[(N: — N,)?]. (3.6)
O

As a corollary we may deduce the following convergence result for integrable increment
martingales.

Corollary 3.8. Let M = (M;)ier € ZM(F.) be integrable.

(a) If (Ms)s<o is uniformly integrable then M_.o = limg_,_o My exists P-a.s. and in
LY(P) and (M; — M_ )R is in M(F.).
(

(b) If (Ms)s<o is bounded in L?(P) then M_o := lim,_, o My exists P-a.s. and in
L2(P) and (M; — M_ 0 )ser is in M?(F.).

Proof. Write M = K + N as in Proposition 3.7. As noticed in Remark 3.2 the conclusion
holds for K. Furthermore (Ny)s<o is uniformly integrable when this is true for M so we
may and will assume M = N. That is, M satisfies (3.4). By uniform integrability we
can find a sequence s, decreasing to —oo and an M € L'(P) such that M, — M in
o(L', L>). For all t we have by (3.5)

M, = M, — E[M,, |Fi] for s, <t

and thus . .
M, =M — E[M|F,] forall t,

proving part (a). In (b) the martingale part K again has the right behaviour at —oc.
Likewise, (Ns)s<o is bounded in L?(P) if this is true for M. Thus we may assume that M
satisfies (3.4). The a.s. convergence is already proved and the L?(P)-convergence follows
from (3.6) since ¢ — E[M;] is decreasing and sup,_ E[M2] < cc. O

Observe that (M; — M, )ier is in ZM(F.) and is integrable for every ¢ty € R and
every M € ZM(F.). Since a similar result holds in the square integrable case, Corollary
3.8 implies the following result relating convergence of an increment martingale to the
martingale property.

Proposition 3.9. Let M = (M;)ier be a given cadlag process. The following are equiv-
alent:

(a) M_oo :=limg,_ oo My exists P-a.s. and (My — M_)er is in M(F.).
(b) M € ZM(F.) and (*My)s<o is uniformly integrable.

Likewise, the following are equivalent:
(c) M_o :=lim,_, oo My exists P-a.s. and (My — M_oo)ter is in M2(F.)

(d) M € IM?(F.) and sup,,,<o E[(*Mp)?] < oc.
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Proof. Assuming M € ITM(F)/ZM?(F), (b) = (a) and (d) = (c) follow by using
Corollary 3.8 on (M; — My)ier. The remaining two implications follow from standard
martingale theory and the identity My = (Mo — M_~) — (Ms — M_). O

Let M € LM(F.) with M_, = 0. It is well-known that there exists a unique (up
to P-indistinguishability) process [M] called the quadratic variation for M satisfying
[M] € Ao(F), (AM)? = A[M]; for all t € R P-a.s., and M? — [M] € LM(F.). We have

S[M] = [*M] for s € R and [M]° = [M°] when o is a stopping time. (3.7)

If, in addition, M € LM?(F.), there is a unique predictable process (M) € LA}(F)
satisfying M? — (M) € LM(F.), and we shall call this process the predictable quadratic
variation for M. In this case,

M) = (*M) for s € R and (M)° = (M°) when o is a stopping time. (3.8)

Definition 3.10. Let M € ZLM(F.). We say that an increasing process V = (V})er
is a generalised quadratic variation for M if

V eTA(F) (3.9)
(AM)? = AV, forallt € R, P-as. (3.10)
(*M)* =V € LM(F) for all s € R. (3.11)

We say that V' is quadratic variation for M if, instead of (3.9), V' € Ag(F.).
Let M € ZE.MZ(}".). We say that an increasing process V = (V;)icr is a generalised
predictable quadratic variation for M if

V e ILAY(F) (3.12)
*V is predictable for all s € R (3.13)
(*M)? —*V € LM(F.) for all s € R. (3.14)

We say that V is a predictable quadratic variation for V if, instead of (3.12), V € LA (F)).

Remark 3.11. (1) Let M € ZLM(F.) and V denote a generalised quadratic variation
for M such that V_,, = limg_,_o Vi exists P-a.s. From Remark 2.4 it follows that
(Vi = V_oo)ter is a quadratic variation for M.

Similarly, let M € TLM?(F.) and V denote a generalised predictable quadratic
variation for M such that V_,, = lims_,_ Vs exists P-a.s. Then (V; — V_y)er is a
predictable quadratic variation for M. Indeed, by [8], Lemma 1.3.10, (V; — V_o)icr is a
predictable process in LA} (F.). (Strictly speaking, this lemma only ensures the existence
of an R-value localising sequence (0y,),>1 (cf. Remark 3.2 (3)) such that (V; — V_, )
is in A} (F.); this problem can, however, be dealt with as described in Remark 3.2).

(2) If M € LM(F.) with M_o, = 0 then the usual quadratic variation [M] for M
is, by (3.7), also a quadratic variation in the sense of Definition 3.10, and similarly,
if M € LM?(F) then the usual predictable quadratic variation (M) is a predictable
quadratic variation also in the sense defined above.

(3) (Existence of generalised quadratic variation). Let M € ZLM(F.). Then V is
a generalised quadratic variation for M if and only if we have (3.9)-(3.10) and V is
associated with the family {[*M]}scr. By Section 2, existence and uniqueness (up to
addition of random variables) of the generalised quadratic variation is thus ensured once
we have shown that the latter family is consistent. In other words, we must show for
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s < t < wu that [*M], = [*M]; + ['M], P-a.s. Equivalently, {([*M]), = ['M], P-a.s. This
follows, however, from (3.7) and (2.2).

(4) (Existence of generalised predictable quadratic variation). Similarly, let M €
TLM?(F). Then V is a generalised predictable quadratic variation for M if and only if
we have (3.12)—(3.13) and V is associated with {(°*M)}scr. Moreover, the latter family
is consistent, ensuring existence and uniqueness of the generalised predictable quadratic
variation up to addition of random variables.

(5) By Remark 2.4, the quadratic variation and the predictable quadratic variation
are unique up to P-indistinguishability when they exist.

(6) Generalised compensators and predictable compensators are 2 invariant, ie. if
for example M, N € ZM(F.) with M Z N then V is a generalised compensator for M if
and only if it is a generalised compensator for N.

When M € ZLM(F.) we use [M]2 to denote a generalised quadratic variation for M,
and [M] denotes the quadratic variation when it exists. For M € ZLM?(F.), (M)& de-
notes a generalised quadratic variation for M, and (M) denotes the predictable quadratic
variation when it exists. Generalising (3.7)—(3.8) we have the following.

Lemma 3.12. Let o denote a stopping time and s € R. If M € ZLM(F.) then
([M]8)7 = [M°]F and Y([M]?) = [M]. (3.15)
If M € TZLM*(F.) then
((M)®)7 = (M?)®  and S(M)®) = (°M).

Proof. We only prove the part concerning the quadratic variation. As seen above, [M]8
is associated with {[*M]}ser, which implies the second statement in (3.15).

To prove the first statement in (3.15) it suffices to show that ([M]®)? is associated
with {[*M?]}ser. Note that, by (2.2) and (3.7),

(((M]E)7) £ M) £ (M) 2 e,
]

Example 3.13. Let 71 and 7 denote independent absolutely continuous random vari-
ables with densities f; and fy and distribution functions F; and Fj satisfying F;(t) < 1
for all £ and 7 = 1,2. Set

tAT; fz (u)

Nf = Lz 00) (1), Al = / 1—7F(u) du, Ny = (N}, N} and Fy = o(Ns: s <t) VN

—00

for t € R. From [2], A2 T26, follows that (F;)ier is right-continuous and hence a
filtration in the sense defined in the present paper. It is well-known that M? defined
by M} = N} — Al is a square integrable martingale with (M%), = A!, and M*M? is a
martingale. Assume, in addition,

— = — f 11 .
/ool—Fi(u)du o forallteR

(This is satisfied if, for example, Fj(s) equals a constant times (1 + |s|log(|s|))~! when
s is small.) Let B' € ZA'(F.) satisfy

i . tAT; .
SB,?:/ udAfL:/ mdu
(s:t] SAT; 1 - Fl(u)
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for s < t and set X} = 7;Nf — B}. Then

lim X!=— lim B!=o00 pointwise,
S——00 S§——00

implying that X is not a local martingale. However, since for s < t,

X} = / udM.
(5,1

it follows that *X? is a square integrable martingale. That is, X* € ZLM?(F.).

The quadratic variations, [X?] resp. [X! — X?], of X? resp. X! — X2 do exist and
are [X'; = (73)2N} resp. [X' — X?]; = (11)2N} + (m2)2N?. Moreover, up to addition of
random variables,

0
s T w2\ oy 2 ply 1o fZ(U)_fl(u)
b inf (X} — X7) = mind (5 — B) = timant [ ol PRy - TR a
0
I X!~ X2) = liminf(B? — BY) =i / L) AW g,
imsup(X, — X;) = liminf(B; — B;) = lim sup i “(1—F2(u) 1—F1(u)) u

If 71 and 7 are identically distributed then X! — X? converges pointwise. In other cases
we may have limsup,_, (X! — X2) = —liminf, , (X! — X2) = oo pointwise.

To sum up, we have seen that even if the quadratic variation exists, the process may
or may not converge as time goes to —oo.

The next result shows in particular that for increment local martingales with bounded
jumps, a.s. convergence at —oo is closely related to the local martingale property.

Theorem 3.14. Let M € TLM?(F.). The following are equivalent.
(a) There is a predictable quadratic variation (M) for M.
(b) M_o =limg_,_oo M, exists P-a.s. and (My — M_o.)er € LM?*(F).

Remark 3.15. Let M in ZLM(F.) have bounded jumps; then, M € ZLM?(F.) as well.
In this case (b) is satisfied if and only if M_ := limgs_,_o, M exists P-a.s. Indeed, if
the limit exists we define

o, =inf{t e R: |My — M_o| > n}.

Then (M{" — M_x)ier is a bounded and adapted process in ZLM(F.) and hence in
TM?(F). By Proposition 3.9, (M — M_)er is in M?(F).

Proof. (a) implies (b): Choose a localising sequence (0y,),>1 such that
E[(M){"] < oo, forallt € R andalln> 1.
Since (M) = (*M "), it follows in particular that
B[(M7"),] < B[(M)]"] < oo
for all s < ¢ and n. Therefore, for all s and n we have M € M?(F.), and

E[(*M{")?] < E[(M){"] < o0
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for all s <t. Using Proposition 3.9 on M it follows that M_,, := lims_,_ o MJ™ exists
P-a.s. (this limit does not depend on n) and (M;™ — M_x)ier is a square integrable
martingale.

(b) implies (a): Let (M — M_..) denote the predictable quadratic variation for (M; —
M_ . )ter which exists since this process is a locally square integrable martingale. Since
M2 (My — M_oo)ter, (M — M_) is a predictable quadratic variation for M as well.

O

We have seen that a continuous increment local martingale is a local martingale if it
converges almost surely as time goes to —oo. A main purpose of the next examples is to
study the behaviour at —oo when this is not the case.

Example 3.16. In (2) below we give an example of a continuous increment local mar-
tingale which converges to zero in probability as time goes to —oo without being a local
martingale. As a building block for this construction we first consider a simple example
of a continuous local martingale which is nonzero only on a finite interval.

(1) Let B = (B¢)t>0 denote a standard Brownian motion and 7 be the first visit to
zero after a visit to k, i.e.

7 =inf{t > 0: B; = 0 and there is an s < t such that Bs; > k}, (3.16)

where k > 0 is some fixed level. Then 7 is finite with probability one, the stopped process
(Biar)t>0 is a square integrable martingale, and Bin, = 0 when ¢t > 7. Let a < b be
real numbers and ¢ : [a,b) — [0,00) be a surjective, continuous and strictly increasing
mapping and define Y = (Y})icr as

0 ift<a
Y = B¢(t)AT ift € [a, b) (317)
0 itt>0.

Note that ¢ — Y} is continuous P-a.s. and that with probability one Y; = 0 for ¢ ¢ [a, b].
Define, with N denoting the P-null sets,

Fir=0(By:u<o(t) VN  forteR, (3.18)

where we let ¢(t) = 0 for ¢t < a and ¢(t) = oo for t > b. Interestingly, Y is a local
martingale. To see this, define the “canonical” localising sequence (o,)p>1 as o, = inf{t €
R : [Y;] > n}. Since (Y;"")icap) is a deterministic time change of (Biar)i>0 stopped at
on, it is a bounded, and hence uniformly integrable, martingale. By continuity of the
paths and the property Y,”" = Y,”" for ¢ > b it thus follows that (Y,”");cr is a bounded
martingale.

(2) For n = 1,2,... let B" = (B}")t>0 denote independent standard Brownian mo-
tions, and define Y = (Y")icr as in (3.17) with a = —n and b = —n+ 1, and YV
resp. B replaced by Y™ resp. B™. Let (F}")ier be the corresponding filtration defined
as in (3.18), and (6,,)n>1 denote a sequence of independent Bernoulli variables that are
independent of the Brownian motions as well and satisfy P(6,, =1) =1-P(f, =0) = 1
for all n. Let X* =6,Y;" fort € R.

Define X; = 2, X" for t € R, which is well-defined since X' = 0 for ¢t & [—n, —n+
1], and set F; = Voo (F* V a(b,)) for t € R. For s € [-n,—n+ 1] and n = 1,2,...,
Xy = > o1 °X{™, and since it is easily seen that each (X]")icr is a local martingale
with respect to (Fi)ier, it follows that X is a local martingale as well; that is, X
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is an increment local martingale. By Borel-Cantelli, infinitely many of the 6,,’s are 1
P-a.s., implying that X, does not converge P-a.s. as s — —oo. On the other hand,
P(X, = 0) > ™1 for t € [-n,—n + 1], which means that X, — 0 in probability as
5§ — —00.

From (3.1) it follows that if a process in ZM(F.) is adapted and integrable then it is
in M(F.). By the above there is no such result for ZLM(F.); indeed, X is both adapted
and p-integrable for all p > 0 but it is not in LM (F.).

Example 3.17. Let X = (X;);>0 denote the inverse of BES(3), the three-dimensional
Bessel process. It is well-known (see e.g. [10]) that X is a diffusion on natural scale and
hence for all s > 0 the increment process (°X;);>0 is a local martingale. That is, we may
consider X as an increment martingale indexed by [0,00). By [10], co is an entrance
boundary, which means that if the process is started in oo, it immediately leaves this
state and never returns. Since we can obviously stretch (0,00) into R, this shows that
there are interesting examples of continuous increment local martingales (X;)icr for
which lim;_, - Xy = £00 almost surely.

Using the Dambis-Dubins-Schwartz theorem it follows easily that any continuous
local martingale indexed by R is a time change of a Brownian motion indexed by R. It
is not clear to us whether there is some analogue of this result for continuous increment
local martingales but there are indications that this it not the case; indeed, above we saw
that a continuous increment local martingale may converge to co as time goes to —oo; in
particular this limiting behaviour does not resemble that of a Brownian motion indexed
by R4 as time goes to 0 or of a Brownian motion indexed by R as time goes to —oco.

Let M € LM(F.). It is well-known that M can be decomposed uniquely up to P-
indistinguishability as My = M_ o + M{ + M{ where M¢ = (Mf);cr, the continuous part
of M, is a continuous local martingale with M_., = 0, and M9, the purely discontinuous
part of M, is a purely discontinuous local martingale with Mfoo = 0, which means that
M?N is a local martingale for all continuous local martingales N. Note that for s € R,

(M) =5M°) and (M) = (M. (3.19)

We need a further decomposition of M? so let p™ = {uM (w;dt,dz) : w € Q} denote the
random measure on R x (R \ {0}) induced by the jumps of M; that is,

,U,M (w; dt, d.%') = Z 5(3,AMs(w)) (dt, d.%'),
seR

and let vM = {vM(w;dt,dz) : w € Q} denote the compensator of x* in the sense of [8],
I1.1.8. From Proposition I1.2.29 and Corollary 11.2.38 in [8] it follows that (|z| A |x|?) *
vM e LAN(F) and M4 = g 5 (u™ — ™), implying that for arbitrary e > 0, M can be
decomposed as

M; = M_oo 4+ Mf 4+ M = M_oo + M + x + (™ — M),
= M_oo + M{ + (21qg1<ep) * (B = M)+ (@1ja50) * 1 = (@1fjz5a) * v

Recall that when M is quasi-left continuous we have
vM({t} x (R\ {0})) =0 forall t € R P-a.s. (3.20)
Finally, for s € R, p™(-;dt,dz) = 1(8700)(dt)uM(-; dt,dz) and thus

vM (. dt,de) = 1(5700)(dt)VM(-;dt,d$). (3.21)
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Now consider the case M € ZLM(F.). Denote the continuous resp. purely discon-
tinuous part of M by *M¢ resp. *M<. By (3.19), {*M¢},cr and {M?},cRr are consistent
families of increment processes, and M is associated with {*M¢ + M9} ,cr. Thus, there
exist two processes, which we call the continuous resp. purely discontinuous part of M,

and denote M and M?, such that M is associated with {*M¢}scr and M? is asso-
ciated with {*M%} R, and

M; = M + M forallt € R, P-as. (3.22)

Once again these processes are unique only up to addition of random variables. In view
of (3.21) we define the compensator of ™, to be denoted {v™(w;dt,dz) : w € Q}, as
the random measure on R x (R \ {0}) satisfying that for all s € R,

15 00 (dE)v(w; dt, dz) = v™ (w; dt, dx),

where, noticing that *M is a local martingale, the right-hand side is the compensator of
™ in the sense of [8], I1.1.8.

Theorem 3.18. Let M € ZLM(F.).

(1) The quadratic variation [M] for M exists if and only if there is a continuous mar-
tingale component M® with M¢ € LM(F.) and M_ = 0, and for all t € R,
ngt(AMS)2 < 00 P-a.s. In this case

[M], = (M), + ) (AM)*.

s<t

(2) We have that M_, = limg_,_ oo My exists P-a.s. and (My — M_)ier € LM(F.)
if and only if the quadratic variation [M)] for M exists and [M]% € LAN(F).

(3) Assume (3.20) is satisfied and there is an € > 0 such that

lim/ / M (- du, dz) (3.23)
57700 J(5,0] J|z|>e

exists P-a.s. Then, limg_, o My exists P-a.s. if and only if [M] exists.

Note that the conditions in (3) are satisfied if ™ can be decomposed as vM (-;dt x
dz) = F(-;t,dz) p(dt) where F(-;t,dx) is a symmetric measure for all t € R and p does
not have positive point masses.

Proof. (1) For s <t we have

M=M= Y (AM,)® + (M),

us<u<t

= D (AM)+ (M),

uis<u<t

= X (AM

uis<u<t

= >0 (AM) + (ME)E — (M#)%, (3.24)

us<u<t
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where the first equality is due to the fact that [M]® is associated with {[*M]}scr, the
second is a well-known decomposition of the quadratic variation of a local martingale,
the third equality is due to M being associated with {*M¢},cr and the fourth is
due to (M€)2 being associated with {(*M“¢)},cr. By Remark 3.11 (1), the quadratic
variation [M] exists if and only if [M]% converges P-a.s. as s — —oo, which, by the above,
is equivalent to convergence almost surely of both terms in (3.24). By Theorem 3.14,
(M<8)§ converges P-a.s. as s — —oo if and only if M _ exists P-a.s. and (M;®— M _)icr
is a continuous local martingale. If the quadratic variation exists, we may replace M
by (M — M®%_)er and M by (Z\@dg + M )ieRr, thus obtaining a continuous part
of M which starts at 0.

(2) First assume that M_., exists and (M; — M_oo)ier € LM(F.). Since M =
(M — M_)ter, the quadratic variation for M exists and equals the quadratic variation
for (My — M_)ter. It is well-known that since the latter is a local martingale, [M]% €
LAN(F).

Conversely assume that [M] exists and [M ]% € LAY(F)). Choose alocalising sequence
(0n)n>1 such that [M""]% € A}(F). Since [Mo"]q < [M°"]y if follows from Davis’
inequality that for some constant ¢ > 0,

1
E[ sup [|°Mg"|] < cE[[M"]§] < oo
u:s<u<0

for all s < 0, implying that (*MJ")s<o is uniformly integrable. The result now follows
from Proposition 3.9.

(3) By (3.21), the three families of increment processes {(x1¢,<¢) * (1™

- VSM}SE]Ra
{(21{z)ep) x 1™ Yser and {(z1jz)=e)) ¥ ™ }ser are all consistent. Choose X = (X;)ser,
Y = (Yi)ter and Z = (Z;)ier associated with these families such that X; +Y; — Z; =
Mtd €. in particular we then have M = M + X +Y — Z. Since Z is associated with
{(@1gz)>e) * v"M} cr we have

0
Zy— Ls = / / T VM(-; du,dz) for all s € R with probability one,
s Jz|>e

implying that s — Z is continuous by (3.20) and lim,_, ., Z, exists P-a.s. by (3.23).
By (3.20) it also follows that (AX,)ser = (AM1ganr,|<ey)ser, implying that X is an
increment local martingale with jumps bounded by ¢ in absolute value and

Z (AM,)? = Z (AX,)? + Z (AY;)?  for all t € R with probability one. (3.25)

s:5<t s:5<t s:5<t

If [M] exists then by (1) M exists P-a.s. and (3.25) is finite for all ¢ with probability
one. Since Y is piecewise constant with jumps of magnitude at least e, it follows that
Y is constant when s is small enough almost surely. In addition, since the quadratic
variation of the increment local martingale X exists and X has bounded jumps it follows
from (2) that, up to addition of a random variable, X is a local martingale and thus
limg_, o X exists as well; that is, lims_, o, M, exists P-a.s.

If, conversely, lim,_, ., M exists P-a.s., there are no jumps of magnitude at least ¢
in M when s is small enough; thus there are no jumps in Ys; when s is sufficiently small
P-a.s., implying that lim, , o (Ms® + X;) exists P-a.s. Combining Theorem 3.14, (3.25)
and (1) it follows that [M] exists. O
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4 Stochastic integration

In the following we define a stochastic integral with respect to an increment local mar-
tingale. Let M € LM(F.) and set

LLY(M)

:={¢ = (Pt)ter : ¢ is predictable and <(/

(700725]

SaM.)?) e LAYF)).

te
Since in this case the index set set can be taken to be [—o00,0), it is well-known, e.g.
from [7], that the stochastic integral of ¢ € LL'(M) with respect to M, which we denote
(f(_ooﬂ ¢s dM)icr or ¢ @ M = (P @ My)er, does exist. All fundamental properties of
the integral are well-known so let us just explicitly mention the following two results that
we are going to use in the following: For o a stopping time, s € R and ¢ € LLY(M) we

have
(o M) = (¢l(_o0]) @ M = o (M) (4.1)

and

(o M) = po(M)= ($ls00) @ M. (4.2)

Next we define and study a stochastic increment integral with respect an increment
local martingale. For M € ZLM(F.) set

LLY(M) :={¢: ¢ is predictable and <(/ P> d[M]%)%)te]R e LANF)}

(700725]

ZLLNM) = {¢: ¢ € LL'(*M) for all s € R}.

As an example, if M € ZLM?(F.) then a predictable ¢ is in LL' (M) resp. in ZLL' (M) if
(but in general not only if) f(—oo q 2 d(M)§ < oo forallt € R P-a.s. resp. f(s q 2 d(M)§ <
oo for all s <t P-a.s. If M € ZLM?(F.) is continuous then

¢2d(M)& < oo P-a.s. for all t}

S

LLY(M) = {¢ : ¢ is predictable and /

(_Oovt]

TLLY (M) = {¢ : ¢ is predictable and » ¢ d(M)E < oo P-a.s. for all s < t}.
s,t

Let M € ZLM(F.). The stochastic integral ¢ e (M) of ¢ in ZLL' (M) exists for all
s € R; in addition, {¢ e (°M)}scr is a consistent family of increment processes. Indeed,
for s <t < wu we must verify

(po(*M))y = (oo (°M));+ (¢ o ('M)),, P-as.

or equivalently Upe(*M))y = (po('M)), P-as.,

which follows from (2.3) and (4.2). Based on this, we define the stochastic increment
integral of ¢ with respect to M, to be denoted ¢ e M, as a cadlag process associated
with the the family {¢ e (M)}scr. Note that the increment integral ¢ e M is uniquely
determined only up to addition of a random variable and it is an increment local mar-
tingale. For s < t and ¢ € ZLL'(M) we think of ¢ e M; — ¢ @ M, as the integral of ¢
with respect to M over the interval (s,¢] and hence use the notation

budM, = e M, — e My fors<t. (4.3)
(s,1]
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When ¢ . M_o = limg_,_ ¢ . My exists P-a.s. we define the improper integral of ¢
with respect to M from —oo to t for t € R as

/ by dM,:=d e M, — ¢ M_. (4.4)
(700725]

Put differently, the improper integral ([ (—oot] by AMy,)ter s, when it exists, the unique,
up to P-indistinguishability, increment integral of ¢ with respect to M which is 0 in —oo.
Moreover, it is an adapted process.

The following summarises some fundamental properties.

Theorem 4.1. Let M € ZLM(F)).
(1) Whenever ¢ € TLLY (M) and s < t we have (¢  M); = (¢ ® (°M)); P-a.s.
(2) ¢ o M € TLM(F) for all ¢ € TLL (M)
(3) If g, € TLL (M) and a,b € R then (ag + bib) o M 2 a(¢ e M) +b(y) e M).
(4) For ¢ € TLL (M) we have

in

Ap e My = ¢ AM;, fort € R, P-a.s. (4.5)

g e M)$ = 2 d[M]8  for s <t P-a.s. (4.6)
(s:t]

In particular [¢ . M] exists if and only if f(_oo 1 $2d[M)§ < oo for allt € R P-a.s.
(5) If o a stopping time and ¢ € ZLLY (M) then

(¢ 8 M)7 2 (9l(_c o)) @ M Z 6o (M),

(6) Let ¢ € ZLL (M) and ¢ = (Yy)er be predictable. Then 1 € TLL (¢ . M) if and
only if ¢t € TLLY (M), and in this case 1) o (¢ © M) = (1p¢) o M.

in

(7) Let ¢ € ZLLY(M). Then ¢ . M_o = limg, ¢ ® M, exists P-a.s. and
(f(_ooﬂ b dMy)ier € LM(F) if and only if ¢ € LLY(M).

Remark 4.2. (a) When M is continuous it follows from Theorem 3.14 that (7) can be
simplified to the statement that ¢ o M_o = limg, o 10) e M, exists P-a.s. if and only if
¢ € LLY(M), and in this case (f(_ooﬂ G AMy)ter € LM(F.).

(b) Result (7) above gives a necessary and sufficient condition for the improper inte-
gral to exist and be a local martingale; however, improper integrals may exist without
being a local martingale (but as noted above they are always increment local martin-
gales). For example, assume M is purely discontinuous and that the compensator v
of the jump measure ™ can be decomposed as v (-;dt x dz) = F(-;t,dx)u(dt) where
F(-;t,dz) is a symmetric measure and p({t}) = 0 for all ¢ € R. Then by Theorem 3.18

in

(3), ¢ @ M_ exists P-a.s. if and only if the quadratic variation [¢ . M] exists; that is,

Z(ﬁ?(AMS)? < oo P-as.
s<0
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P

Proof. Property (1) is merely by definition, and (2) is due to the fact that (¢ o M ) =
¢ e °M, which is a local martingale. '
(3) We must show that a(¢ @ M)+b(1) @ M) is associated with {(a¢p+bip)e(*M)} e,

P

i.e. that “(a(¢ ® M)+ b(y @ M)) = (ag + bip) e (°M). However, by definition of the
stochastic increment integral and linearity of the stochastic integral we have

a*(¢p e M) +b%(p e M) =a(pe(*M)) +b(ee (M) = (ap + b)) e (*M).

in

(4) Using that (¢ @ M) = ¢ e (M) and A¢ e (M) = ¢A(*M), the result in (4.5)
follows. By definition, [¢ e M]® is associated with {[(¢ ® M)]}ser = {[¢ ® (°M)]}scR.
That is, for s € R we have, using that [M]® is associated with {[*M]s}seRr,

oo MF=[pe("M)); = » ¢% d[*M].,

= P2 d(°[M]8), = $2d[M]& for s <t P-as.,
(s,t] (s,t]

which yields (4.6). The last statement in (4) follows from Remark 3.11 (1).
The proofs of (5) and (6) are left to the reader.
(7) Using (4) the result follows immediately from Theorem 3.18. O

Let us turn to the definition of a stochastic integral ¢ @ M of a predictable ¢ with
respect to an increment local martingale M. Thinking of ¢ e M; as an integral from —oo
to t it seems reasonable to say that ¢ e M (defined for a suitable class of predictable
processes ¢) is a stochastic integral with respect to M if the following is satisfied:

(1) limy_oo ¢ @ M; =0 P-ass.

(2) ¢roMy—¢o M= [ ,¢udM, P-as. foralls <t

3) ¢ e M is a local martingale.

3) ¢ g
By definition of f(s . ¢y dM,,, (2) implies that ¢ ¢ M must be an increment integral of
¢ with respect to M. Moreover, since we assume ¢ @ M_,, = 0, ¢ ® M is uniquely

P

determined as (¢ ® My)ier = (f(_oo 1 ¢y dM,,)ier, i.e. the improper integral of ¢. Since

we also insist that ¢ e M is a local martingale, Theorem 4.1 (7) shows that LL'(M) is
the largest possible set on which ¢ ¢ M can be defined. We summarise these findings as
follows.

Theorem 4.3. Let M € ZLM(F.). Then there exists a unique stochastic integral ¢ o M
defined for ¢ € LLY(M). This integral is given by

po M, = /( ) GudM, forteR (4.7)
and it satisfied the following.
(1) po M € LM(F) and p o M_, =0 for ¢ € LL'(M).
(2) The mapping ¢ + ¢ ® M is, up to P-indistinguishability, linear in ¢ € LL*(M).
(8) For ¢ € LL'(M) we have
Ape My =AM, fort € R, P-a.s.

[qﬁoM]t:/( ) p2d[M]8  fort € R, P-a.s.
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(4) For o a stopping time, s € R and ¢ € LL'(M) we have
(¢ 0 M)* = ($l(—co,o]) ¢ M = ¢ 0 (M)
and (¢ e M) = ¢ o (*M),

Example 4.4. Let X € TLM(F.) be continuous and assume there is a positive con-
tinuous predictable process ¢ = (0¢)ier such that for all s < ¢, (X = f; o2 du. Set
B =o' e X and note that by Lévy’s theorem B is a standard Brownian motion indexed
by R, and X is given by X Z e B.
Example 4.5. As a last example assume B = (By)icr is a Brownian motion indexed by
R and consider the filtration FZB generated by the increments of B cf. Example 3.6. In
this case a predictable ¢ is in LL'(B) resp. ZLL'(B) if and only if ffoo ¢2 du < oo for
all ¢t P-a.s. resp. fst #2 du < oo for all s < t P-a.s. Moreover, if M € TLM(FB) then
there is a ¢ € ZLL'(B) such that '

MZ¢eB (4.8)

and if M € LM(FB) then there is a ¢ € LL'(B) such that
M=M_, +¢eB. (4.9)

That is, we have a martingale representation result in the filtration FZB. To see that
this is the case, it suffices to prove (4.8). Let s € R and set H = FZB. Since F£P =
HVo(By —Bs:s <u<t)fort>sitfollows from [8], Theorem I11.4.34, that there
is a ¢ in LL*(*B) such that *M = ¢* e (*B). If u < s then by (2.3) and (4.2) we have
SM = ¢ e (*B); thus, there is a ¢ in ZLL'(B) such that *M = ¢ e (*B) for all s and hence
M £ ¢ @ B by definition of the increment integral.

The above generalises in an obvious way to the case where instead of a Brownian
motion B we have, say, a Lévy process X with integrable centred increments. In this
case, we have to add an integral with respect to u* — % on the right-hand sides of (4.8)
and (4.9).
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Quasi Ornstein-Uhlenbeck processes

Ole E. Barndorff-Nielsen and Andreas Basse-O’Connor

Abstract

The question of existence and properties of stationary solutions to
Langevin equations driven by noise processes with stationary incre-
ments is discussed, with particular focus on noise processes of pseudo
moving average type. On account of the Wold-Karhunen decomposi-
tion theorem such solutions are in principle representable as a moving
average (plus a drift like term) but the kernel in the moving average is
generally not available in explicit form. A class of cases is determined
where an explicit expression of the kernel can be given, and this is used
to obtain information on the asymptotic behavior of the associated au-
tocorrelation functions, both for small and large lags. Applications to
Gaussian and Lévy driven fractional Ornstein-Uhlenbeck processes are
presented. As an element in the derivations a Fubini theorem for Lévy
bases is established.
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1. Introduction

1 Introduction

This paper studies existence and properties of stationary solutions to Langevin equations
driven by a noise process with, in general, stationary dependent increments. We shall
refer to such solutions as quasi Ornstein-Uhlenbeck (QOU) processes. Of particular
interest are the cases where the noise process is of the pseudo moving average (PMA)
type. In wide generality the stationary solutions can, in principle, be written in the
form of a Wold-Karhunen type representation, but it is relatively rare that an explicit
expression for the kernel of such a representation can be given. When this is possible it
often provides a more direct and simpler access to the character and properties of the
process, for instance concerning the autocovariance function.

The structure of the paper is as follows. Section 2 defines the concept of quasi
Ornstein-Uhlenbeck processes and provides conditions for existence and uniqueness of
stationary solutions to the Langevin equation. The form of the autocovariance function
of the solutions is given and its asymptotic behavior for ¢ — oo is discussed. As a next,
intermediate, step a Fubini theorem for Lévy bases is established in Section 3. In Section 4
explicit forms of Wold-Karhunen representations are derived and used to analyze the
asymptotics, under more specialized assumptions, of the autocovariance functions, both
for t — oo and for ¢ — 0. The results are applied in particular to the case of Gaussian
and Lévy driven fractional Ornstein-Uhlenbeck processes. Section 5 concludes.

2 Langevin equations and QOU processes

Let N = (N¢)ier be a measurable process with stationary increments and let A > 0
be a positive number. By a quasi Ornstein-Uhlenbeck (QOU) process X driven by N
and with parameter A\, we mean a stationary solution to the Langevin equation dX; =
—AXpdt + dNy, that is, X = (X;)ier is a stationary process which satisfies

t
Xt:XO—)\/ X,ds+ N;, teR, (2.1)
0

where the integral is a pathwise Lebesgue integral. For all a < b we use the notation
o= —fab. Recall that a process Z = (Zi)ier is measurable if (t,w) — Zi(w) is
(B(R) ® F,B(R))-measurable, and that Z has stationary increments if for all s € R,
(Zy — Zp)ter has the same finite distributions as (Zy1s — Zs)ier. For p > 0 we will
say that a process Z has finite p-moments if E[|Z;|P] < oo for all ¢ € R. Moreover for
t — 0 or oo, we will write f(t) ~ g(t), f(t) = o(g(t)) or f(t) = O(g(t)) provided that
f(&)/gt) = 1, f(t)/g(t) — 0or limsup,|f(t)/g(t)| < oo, respectively. For each process Z
with finite second-moments, let VarZ(t) = Var(Z;) denote its variance function. When Z,
in addition, is stationary, let Rz (t) = Cov(Z;, Zy) denote its autocovariance function, and
Rx(t) = Rx(0) — Rx(t) = $E[(X; — X0)?] its complementary autocovariance function.

Before discussing the general setting further we recall some well known cases. The
stationary solution X to (2.1) where N; = ut + 0By, and B is a Brownian motion is of
particular interest in finance; here X is the Gaussian Ornstein-Uhlenbeck process, p/A
is the mean level, X is the speed of reversion and o is the volatility. When N is a Lévy
process the corresponding QOU process, X, exists if and only if E[log™|NV1]] < oo or,
equivalently, if f{|m|>1} log |z|v(dz) < oo where v is the Lévy measure of N; see [30].
In this case X is called an Ornstein-Uhlenbeck type process; for applications of such
processes in financial economics see [5, 6].

154



2. Langevin equations and QOU processes

2.1 Auxiliary continuity result

Let (E,&,u1) be a o-finite measure space, and ¢: R — Ry an even and continuous
function which is non-decreasing on R, with ¢(0) = 0. Assume there exists a constant
C > 0 such that ¢(2z) < Co(z) for all z € R (that is, ¢ satisfies the Ay-condition). Let
LY = L%(E, &, 1) denote the space of all measurable functions from F into R, and let ®
denote the modular on L° given by

®(g) = /E¢(g) dp, g€l (2:2)
and L? = {g € L : ®(g) < oo} the corresponding modular space. Furthermore, for
g€ LY define

p(g) = inf{c > 0:®(g/c) <c}, and lgll, =inf{c>0:Q(g/c) <1}. (2.3)

Then p is an F-norm on L%, and when ¢ is convex, the Luzemburg norm | - |4 is a norm

on L?; see e.g. [20]. If not explicitly said otherwise, L? will be equipped with the metric
de(f,9) = p(f —9).

Theorem 2.1. Let f: R x E — R denote a measurable function satisfying that f; =
f(t,-) € L? for allt € R, and

Ao (fraus foru) = do(fis fo)s for all t,u,v € R. (2.4)

Then, (t € R) — (f: € L?) is continuous. Moreover, if ¢ is convex, then there exist
a, 8> 0 such that || fi| s < o+ Bt| for all t € R.

To prove Theorem 2.1 we shall need the following lemma.

Lemma 2.2. Let f: R x E — R denote a measurable function, such that f, € L? for
allt € R. Then, (t € R) > (f; € L?) is Borel measurable and has a separable range.

Recall that f: F — F has a separable range, if f(F) is a separable subset of F'.

Proof. We will use a Monotone Class Lemma argument to prove this result, so let Mo
be the set of all functions f for which Lemma 2.2 holds, and M the set of all functions
f of the form

n
fils) =D aila,(t)1p,(s), teR, s€E, (2.5)
i=1
where for n > 1, Ay,..., A, are measurable subsets of R, By,..., B, are measurable

subsets of E of finite y-measure, and oy, . .., oy, € R. Then, ¥y : (t € R) — (f; € L?) has
separable range, and since ¢ — dy(f;, g) is measurable for all g € L?, U ¢ is measurable.
This shows that M; C M. Note that the set bMy of bounded elements from Ms is a
vector space with 1 € bMy, and that (f,)p>1 € bMg with 0 < f,, 1 f < K implies that
f € bMsy. Moreover, since M is stable under pointwise multiplication the Monotone
Class Lemma, see e.g. Chapter II, Theorem 3.2 in [31], shows that

bM(B(R) x F) = bM(c(M;)) C bMa. (2.6)
(For a family of functions M, o(M) denotes the least o-algebra for which all the functions
are measurable, and for each o-algebra &, bM(E) denotes the space of all bounded &-
measurable functions). For a general function f define f(™ by ft(") = ftlf|f,|<ny- For
all n > 1, £ is a bounded measurable function and hence ¥ fm) 1s a measurable map

with a separable range. Moreover, limy, ¥ ;n) = Wy pointwise in L?, showing that W pis
measurable and has a separable range. O
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2. Langevin equations and QOU processes

Proof of Theorem 2.1. Let Wy denote the map (t € R) ~ (f; € L?), and for fixed
e > 0 and arbitrary ¢t € R, consider the ball B, = {s € R : dy(f:, fs) < €}. By
Lemma 2.2, ¥, is measurable, and hence B; is a measurable subset of R for all ¢ € R.
According to Lemma 2.2 W has a separable range, and therefore there exists a countable
set (tn)n>1 € R such that the range of Wy is included in U,>1B(fy,,€), implying that
R = Up>1B,. (Here, B(g,7) = {h € L? : dg(g,h) < r}). In particular, there exists an
n > 1 such that By, has strictly positive Lebesgue measure. By the Steinhaus Lemma,
see Theorem 1.1.1 in [11], there exists a § > 0 such that (—d,9) C B, — By,. Note that
by (2.4) it is enough to show continuity of W, at t = 0. For [t| < ¢ there exists, by
definition, s1,s2 € R such that dg(fy,, fs;) < € for i = 1,2, showing that

de(ft; fo) < de(fe, fs1) + de(fis fsn) < 2, (2.7)

which completes the proof of the continuity part.
To show the last part of the theorem assume that ¢ is convex. For each t > 0 choose
n=20,1,2,... such that n <t <n+ 1. Then,

I1fe = follg < DI = fically + Ifr = Fullg (2.8)
i=1
<nllfi = folly + [fimn = folls < tB +a, (2.9)

where 8 = ||fi — foll, and a = sup,cpq1/lfs — foll ;- We have already shown that t — f;
is continuous, and hence a < oco. Since |[f_¢ — foll, = [Ife — foll, for all £ € R, (2.9)
shows that | f: — folly, < a + BJt| for all t € R, implying that ||fi]|, < a + BJt| where
a=a+ | follg O

For (E,&,u) = (,F,P) and ¢(t) = [t|” for p > 0 or ¢(t) = |t| A1 for p = 0, we have
the following corollary to Theorem 2.1.

Corollary 2.3. Let p > 0 and X = (X})ier be a measurable process with stationary
wncrements and finite p-moments. Then, X s continuous in LP. Moreover if p > 1, then
there exist a, B > 0 such that || X¢||,, < a+ B[t| for all t € R.

Note that in Corollary 2.3 the reversed implication is also true; in fact, all stochas-
tic processes X = (X;)ier that are continuous in LY have a measurable modification
according to Theorem 2 in [14].

The idea by using the Steinhaus Lemma to prove Theorem 2.1 is borrowed from [35],
where Corollary 2.3 is shown for p = 0. Furthermore, when g is a probability measure
and ¢(t) = |t| A 1, Lemma 2.2 is known from [14].

2.2 Existence and uniqueness of QOU processes

The next result shows existence and uniqueness for the stationary solution X to the
Langevin equation d Xy = —AX; dt+dVy, in the case where the the noise IV is integrable.
That is, we show existence and uniqueness of QOU processes X, and moreover provide
an explicit form of the solution which is used to calculate the mean and variance of X.

Theorem 2.4. Let N be a measurable process with stationary increments and finite
first-moments, and let X\ > 0 be a positive real number. Then, X = (X;)ier given by

t
X; =N, — he M / e N, ds, teR, (2.10)

—00
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2. Langevin equations and QOU processes

is a QOU process driven by N with parameter X\ (the integral is a pathwise Lebesque
integral). Furthermore, any other QOU process driven by N and with parameter A equals
X in law. Finally, if N has finite p-moments, p > 1, then X has also finite p-moments
and is continuous in LP.

Remark 2.5. It is an open problem to relax the integrability of NV in Theorem 2.4, e.g.
is it enough that N has finite log-moments? Recall that when N is a Lévy process, finite
log-moments is a necessary and sufficient condition for the existence of the corresponding

QOU process.

Proof. Existence: Let p > 1 and assume that N has finite p-moments. Choose a, 5 > 0,
according to Corollary 2.3, such that [|Ni||, < o + B¢| for all t € R. By Jensen’s
inequality,

E[(/t eAS\Nsydsﬂ g(ekt/A)pl/t eME[|N,|P] ds (2.11)

< (eM/apt /t e (o + Bls])P ds < oo, (2.12)

—00

which shows that the integral in (2.10) exists almost surely as a Lebesgue integral and
that X3, given by (2.10), is p-integrable. Using substitution we obtain from (2.10),

0

Xi= A / M(Ny — Niyy)du,  teR. (2.13)
— 0o

By Corollary 2.3 N is LP-continuous and therefore it follows that the right-hand side

of (2.13) exists as a limit of Riemann sums in LP. Hence the stationarity of the in-

crements of N implies that X is stationary. Moreover, using integration by parts on
t— fioo e N,(w) ds, we get

t ¢ 0
/ X,ds=e M / M N, ds — / e Ny ds, (2.14)
0 —00

—00

which shows that X satisfies (2.1), and hence X is a QOU process driven by N with
parameter \.

Since X is a measurable process with stationary increments and finite p-moments,
Proposition 2.3 shows that it is continuous in LP.

To show uniqueness in law, let £(V) denote law of a random vector V', and by
limy, £(Vy) = L(V) we mean that, (Vj)r>1 are random vectors converging in law to V.
Let Y be a QOU process driven by N with parameter A > 0, that is, Y is a stationary
process which satisfies (2.1). For all o € R we have with Z, = Ny — Ny, + Y}, that

t
Yi=Z;— X | Yids, t>to. (2.15)
to

Solving (2.15) pathwise, it follows that for all ¢ > ¢y,

t
Y, =7Z; — )\e_)‘t/ M7, ds (2.16)
to
t
= N; — e M / NNy ds + (Y, — Ny Je A1), (2.17)
to
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2. Langevin equations and QOU processes

Note that lim; o0 (Y, — Nto)e_)‘(t_to) =0a.s.,thusforalln >1and tg <t; < -+ < tp,
the stationarity of Y implies that

LYy Ye,) = i LYk Vi) (2.18)
t1+k
= lim £<Nt1+k — Ae Atitk) / e N, ds, (2.19)
k—o0 tO

tn+k
o Ny g — Ae A FR) / M N, ds). (2.20)

to

This shows that the distribution of Y only depends on N and A, and completes the
proof. O

Proposition 2.1 in [35] and Proposition 2.1 in [23] provide also existence results for
stationary solutions to Langevin equations. However, these results do not cover The-
orem 2.4. The first result considers only Bochner type integrals and the second result
requires, in particular, that the sample paths of N are Riemann integrable.

Let B = (B¢)ter denote an F-Brownian motion indexed by R and o = (04)icr be a
predictable process, that is, o is measurable with respect to

P =o0((s,t] x A:s,t e R, s<t, AeFy). (2.21)

Assume that for all u € R, (0y, Bt)ter has the same finite distributions as (0444, Bty —
By)ier and that g € L2. Then N given by

t
N, :/ 0,dBs, teR, (2.22)
0

is a well-defined continuous process with stationary increments and finite second-moments.
(Recall that for t < 0, fg = — fto).

Corollary 2.6. Let N be given by (2.22). Then, there exists a unique in law QOU
process X driven by N with parameter X\ > 0, and X is given by

t
X, = / e M=9)5,dB,, teR. (2.23)

Proof. Since N is a measurable process with finite second-moments it follows by Theo-
rem 2.4 that there exists a unique in law QOU process X, and it is given by
0

X; =N, — e / e Nyds = A / e (N; — Nijs) ds (2.24)

—00 —00

0
= )\/ (/ Litts,) (w)e o, dBu> ds. (2.25)
—00 R

By a minor extension of Theorem 65, Chapter IV in [28] we may switch the order of
integration in (2.25) and hence we obtain (2.23). O

t

Let us conclude this section with formulas for the mean and variance of a QOU process
X. In the rest of this section let NV be a measurable process with stationary increments
and finite first-moments, and let X be a QOU process driven by N with parameter A > 0
(which exists by Theorem 2.4). Since X is unique in law it makes sense to consider the
mean and variance function of X. Let us assume for simplicity that Ny = 0 a.s. The
following proposition gives the mean and variance of X.
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2. Langevin equations and QOU processes

Proposition 2.7. Let N and X be given as above. Then,

E[V]

E[Xo] = N

A o0
and  Var(Xp) = 5/ e **VarN (s)ds. (2.26)
0

In the part concerning the variance of Xg, we assume moreover that N has finite second-
moments.

Note that Proposition 2.7 shows that the variance of Xy is A\/2 times the Laplace
transform of VarN. In particular, if Ny = ut + aBtH where B is a fractional Brownian
motion (fBm) of index H € (0,1), then E[N|] = p and VarN(s) = ¢2|s|*?, and hence
by Proposition 2.7 we have that

o?T'(1+2H)
2\2H

E[Xo] = % . and  Var(Xp) = (2.27)
For H = 1/2, (2.27) is well-known, and in this case Var(Xg) = 02/(2)).

Before proving Proposition 2.7 let us note that E[N;] = E[N;]t for all ¢ € R. Indeed,
this follows by the continuity of ¢ — E[N¢] (see Corollary 2.3) and the stationarity of the

increments of V.

Proof. Recall that by Corollary 2.3, we have that E[|N|]] < o + S|t for some «, 5 > 0.
Hence by (2.10) and Fubini’s theorem we have that

E[Xo] =E [—)\/0 e N, ds] = —)\/O eME[N,] ds (2.28)
= — AE[NV{] /O eMsds = E[N{]/\, (2.29)

where in the third equality we have used that E[N] = E[N;]|s. This shows the part
concerning the mean of Xj.

To show the last part assume that N has finite second-moments. By using E[Xo] =
E[N1]/A, (2.10) shows that with IV, :== N; — E[N1]t, we have

(A / io e N, ds> 2] . (2.30)

Since || V¢||, < o + BJt| for some a, § > 0 by Corollary 2.3, Fubini’s theorem shows

Var(Xy) = E[(Xo — E[X0]))] = E

Var(Xo) = A2 / / seME[N, Nu]) ds du, (2.31)

and since E[N,N,] = 1[VarN(s) + VarN(u) — VarN (s — u)] we have

Var(Xy) = % / / eM(VarN(s) + VarN (u) — VarN (s — u))) dsdu (2.32)
2 —u
= )\/ e*VarN (s)ds — % M (/ AEFIVar N (s) ds> du. (2.33)
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2. Langevin equations and QOU processes

Moreover,
)\2 0 —u
5 M </ AT VarN (s) ds) du (2.34)
A2 (—=s)NO
= ?/ VarN (s)et® / M du | ds (2.35)
R —00
)\2 0 0 oo —s
=5 </ VarN (s)e* </ e du) ds —i—/ VarN (s)e* </ e du) ds)
—00 —00 0 —00
(2.36)
A 0 e
== (/ VarN (s)e*ds +/ VarN (s)e* <e_2)‘8) ds> (2.37)
4 —0 0
)\ o0
=3 / e **VarN (s)ds, (2.38)
0
which by (2.33) gives the expression for the variance of X. O

2.3 Asymptotic behavior of the autocovariance function

The next result shows that the autocovariance function of a QOU process X driven by N
with parameter A has the same asymptotic behavior at infinity as the second derivative
of the variance function of N divided by 2)2.

Proposition 2.8. Let N be a measurable process with stationary increments, Nog = 0
a.s., and finite second-moments, and let X be a QOU process driven by N with parameter
A> 0.

(i) Assume there exists a 3 > 0 such that VarN € C3((8,00);R), and for t — oo we
have that Vi (t) = O(eM2), e M = o(VK (1)) and VK (t) = o(Vi(t)). Then, for
t — 0o, we have Ry (t) ~ (532) VA (t).

(ii) Assume fort — 0 thatt*> = o(VarN(t)), then fort — 0 we have Rx (t) ~ 1VarN(t).
More generally, let p > 1 and assume that N has finite p-moments and t = o(||N¢||p)
ast — 0. Then, fort — 0, we have | X; — Xol|p ~ || N¢|lp-

Note that by Proposition 2.8(ii) the short term asymptotic behavior of Ry is not
influence by A.

Proof. (i): Let to = f + 1, and let us show that ¢ > ¢y and for ¢t — oo,

-\t At [%S)

t
Rx(t) = 7 /t NV () du+ 55 [ Vi au+ o) (2.39)
0

If we have shown (2.39), then by using that e=* = o(V% (), V(t) = o(V4(t)) and
I'Hopital’s rule, (i) follows.

Similar to the proof of Proposition 2.7 let Ny = N; — E[Ny]t. To show (2.39), recall
that by Corollary 2.3 we have ||N;||l, < a + B]t| for some a, 3 > 0. Hence by (2.10) and
Fubini’s theorem, we find that

Rx(t) = BICK ~ B (%o - BDGD =g) - 2™ [ Mgloyas, (2.0)

—00
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2. Langevin equations and QOU processes

where
0 ~ ~
g(t) = — / eME[N,Ny]ds, teR. (2.41)
Since E[NyN;] = L[VarN(t) + VarN(s) — VarN(s — t)] we have that
0
g(t) = — % / e [VarN (t) + VarN(s) — VarN(t — s)] ds (2.42)

t 2

—00

1 o0 A [0
= -3 <VarN(t) — )\e)‘t/ e_)‘SVarN(s) ds) — —/ e)‘SVarN(S) ds. (2.43)

From (2.43) it follows that g € C*((3,00);R) and hence, using partial integration on
(2.40), we have for t > to,

Ry(t) = e M / " () ds 4 e (6)‘tog(t0) Y / t:o Ng(s) ds) . (2.44)

to
Moreover, from (2.43) and for t > to we find

gt = —% <V]'V(t) — \2eM /tOO e *VarN (s) ds + AVarN(t)) . (2.45)

For t — oo we have, by assumption, that V4 () = O(eV/??), and hence also Vi(t) =
O(eW2h). Thus, from (2.45) and a double use of partial integration we obtain that

At poo
g =" / eV (s)ds, >t (2.46)
t
Using (2.46), Fubini’s theorem and that V% (t) = O(e/2)t) we have for t > tg,
t t e)\s 00
e_/\t/ Mgl (s) ds:e_M/ e <—/ eV (u) du) ds (2.47)
to to 2 s
00 tAu 1
= eAt/ e MV (u) (/ —e?s ds> du (2.48)
to to 2
& 1
= e_At/ e_MVf(;(u) <—(62)‘(M“) — 62>‘t°)> du (2.49)
to 4\
_ B_At ! )\uv//( )d + e_At > *)\uv//( )d —At 62>\t0 /OO f)\uv//( )d
_4>\t06 Nuu4)\te N(u)du —e 4>\toe ~N(u)du | .
(2.50)

Combining this with (2.44) we obtain (2.39), and the proof of (i) is complete.
(ii): Using (2.1) we have for all for ¢ > 0 that

t
1 = Xolly < Nl 3 [ 1.l ds = [Nl + A1 Xoll (2.51)
On the other hand,
t
X — Xollp = [|Vellp — A/O [ Xsllp ds = || Vel — At[| Xollp, (2.52)
which shows that
t | X — Xol| t
1— M| Xol| < P <14+ N Xollp——- (2.53)
PN [ NVellp PNl

A similar inequality is available when ¢t < 0, and hence for ¢ — 0 we have that || X; —
Xollp ~ [[Nt]lp if Timg—so(t/[|Nellp) = O. O
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3. A Fubini theorem for Lévy bases

When N is a fBm of index H € (0,1) then VarN(¢) = [¢t|*/, and hence
Vi(t) =2H((2H — D)t*72, ¢t>0. (2.54)

The conditions in Proposition 2.8 are clearly fulfilled and thus we have the following
corollary:.

Corollary 2.9. Let N be a fBm of index H € (0,1), and let X be a QOU process
driven by N with parameter A > 0. For H € (0,1) \ {3} and t — oo, we have Rx(t) ~
(H(2H — 1)/N*)t*1=2. For H € (0,1) and t — 0, we have Rx(t) ~ 3[t|*".

The above result concerning the behavior of Rx for ¢ — oo when N is a fBm has
been obtained previously, via a different approach, by [13], see their Theorem 2.3.

A square-integrable stationary process Y = (Y;)ier is said to have long-range depen-
dence of order o € (0,1) if Ry is regulary varying at oo of index —a. Recall that a
function f: R — R is regulary varying at oo of index § € R, if for t — oo, f(t) ~ tPI(t)
where [ is slowly varying, which means that for all @ > 0, lim;_, o ((at)/I(t) = 1. Many
empirical observations have shown evidence for long-range dependence in various fields,
such as finance, telecommunication and hydrology; see e.g. [17]. Let X be a QOU process
driven by N, then Proposition 2.8(i) shows that X has long-range dependence of order
a € (0,1) if and only if VY is regulary varying at oo of order —a.

3 A Fubini theorem for Lévy bases

Let A = {A(A) : A € S§} denote a centered Lévy basis on a non-empty space S equipped
with a d-ring S. (A Lévy basis is an infinitely divisible independently scattered random
measure. Recall also that a d-ring on S is a family of subsets of .S which is closed under
union, countable intersection and set difference). As usual we assume that S is o-finite,
meaning that there exists (S,),>1 € S such that U,>15, = S. Allintegrals [ f(s) A(ds)
will be defined in the sense of [29]. We can now find a measurable parameterization of
Lévy measures v(du,s) on R, a o-finite measure m on S, and a positive measurable
function 02 : S — R, such that for all A € S,

E[e? )] = exp </ [—02(3)312/2 + / (e —1 —iyu) v(du, s)] m(ds)) , yEeR,
A R 3.1)
see [29]. Let ¢ : R x S — R be given by

o(y,s) = y202(s) + /]R[(uy)21{|uy|§1} + (2|uy| — 1)1{‘uy‘>1}] v(du, s), (3.2)
and for all measurable functions g: S — R define
llgll4 = inf {c >0: / (¢ tg(s), s) m(ds) < 1} € [0, 00]. (3.3)
S

Moreover, let L = L?(S, o(S), m) denote the Musielak-Orlicz space of measurable func-
tions g with

/S [9(5)202(5) + /}R (|ug(s)|2 A |ug(s)|) v(du, s)} m(ds) < oo, (3.4)

equipped with the Luxemburg norm ||g||s. Note that g € L? if and only if ||g||s < oo,
since ¢(2z,s) < Co(z,s) for some C' > 0 and all s € S, z € R. We refer to [26] for the
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3. A Fubini theorem for Lévy bases

basic properties of Musielak-Orlicz spaces. When 02 = 0 and g € L?, Theorem 2.1 in
[24] shows that [ g(s) A(ds) is well-defined, integrable and centered and

elglls < E H [ ot Acas)

and we may choose ¢; = 1/8 and ¢ = 17/8. Hence for general o it is easily seen that
for all g € L?, | 5 9(s) A(ds) is well-defined, integrable and centered and

E[ [ ots)tas)

Let T' denote a complete separable metric space, and Y = (Y;)¢er be given by

)| < ol (35)

} < 2es]lgl. (3.6)

Y; = /Sf(t, s) A(ds), teT, (3.7)

for some measurable function f(-,-) for which the integrals are well-defined. Then we can
and will choose a measurable modification of Y. Indeed, the existence of a measurable
modification of Y is equivalent to measurability of (t € T) — (Y; € L) according to
Theorem 3 and the Remark in [14]. Hence, since f is measurable, the maps (t € T')
([[f(t,-) —g()|l¢ € R) for all g € L?, are measurable. This shows that (t € R) ~—
(f(t,-) € L?) is measurable since L? is a separable Banach space. Hence by continuity
of (f(t,-) € L?) = (Y; € LY), see [29], it follows that (¢t € T') — (Y; € L°) is measurable.

Assume that p is a o-finite measure on a complete and separable metric space T,
then we have the following stochastic Fubini result extending Rosiniski [33, Lemma 7.1],
Pérez-Abreu and Rocha-Arteaga |27, Lemma 5] and Basse and Pedersen [10, Lemma 4.9].
Stochastic Fubini type results for semimartingales can be founded in [28]| and [18], how-
ever the assumptions in these results are too strong for our purpose.

Theorem 3.1 (Fubini). Let f: T x S +— R be an B(T) ® o(S)-measurable function such
that

fo=flz,") € L? forzeT, and /E | fzllo p(dz) < oo. (3.8)

Then f(-,s) € L' () for m-a.a. s € S and s+ [, f(z,s) pu(dz) belongs to L?, all of the
below integrals exist and

//fms (%)) p(da) //fxs (@) A@s)  as  (39)

Remark 3.2. If 4 is a finite measure then the last condition in (3.8) is equivalent to

[ 1] 1@+ [ (s o)l aluf(e.s)]) vidu,»)]m(ds) a(do) < 0. (3.10)
T S R
Before proving Theorem 3.1 we will need the following observation:

Lemma 3.3. For all measurable functions f: T x S — R we have

H/ £z, ) (o)

Moreover, if f: T x S — R is a measurable function such that [||f(z,-)|l, p(dz) < oo,
then form-a.a. s € S, f(-,s) € L'(u) and s = [ f(z,s) p(dz) is a well-defined function
which belongs to L.

/ £, plde). (3.11)
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3. A Fubini theorem for Lévy bases

Proof. Let us sketch the proof of (3.11). For f of the form

k
fla,s) =" gi(s)la, (@), (3.12)
i=1

where &k > 1, g1,...,9s € L? and Ay,..., A}, are disjoint measurable subsets of T' of
finite p-measure, (3.11) easily follows. Hence by a Monotone Class Lemma argument it
is possible to show (3.11) for all measurable f. The second statement is a consequence

of (3.11). O

Recall that if (F,||-||) is a separable Banach space, p is a measure on 7T, and
[T — F is a measurable map such that [ | f(z)| u(dz) < oo, then the Bochner inte-
gral B[, f(x) p(dx) exists in F and ||Bf, f(z) p(dz)|| < [ || f(2z)| p(dz). Even though
(L2 -] ») is a Banach space, this result does not cover Lemma 3.3.

Proof of Theorem 3.1. For f of the form

n
flz,s) = ZailAi(x)lgi(s), xeT, ses, (3.13)

i=1
where n > 1, Ay, ..., A, are measurable subsets of T" of finite y-measure, By,..., B, € S,
and aq, ...,a, € R, the theorem is trivially true. Thus for a general f, as in the theorem,

choose f,, for n > 1 of the form (3.13) such that [ || fn(z,)—f(x,)|l¢ p(dz) — 0. Indeed,
the existence of such a sequence follows by an application of the Monotone Class Lemma.
Let

Xn:/E</an(x,s)A(ds)) u(dz), X:/E(/Sf(x,s)A(ds)) p(dz),  (3.14)

and let us show that X is well-defined and X,, — X in L. This follows since

g

/S o, 5) A(ds)

u(dm] < 20n [ [l ulde) < (3.15)
and

E[|X, - X[] < 26, /E lfule) = f@,lou(da).  (3.16)
Similarly, let

Yn:/s</Efn(x,s)u(dx)) A(ds), Y:/S</Ef(x,s)p(dx)> Ads),  (3.17)

and let us show that Y is well-defined and Y, — Y in L'. By Remark 3.3, s
[ f(z,s) p(dz) is a well-defined function which belongs to L?, which shows that Y
is well-defined. By (3.6) and (3.11) we have

B[IY, — Y[ < 2 /E V) — F (@ llo pu(de), (3.18)

which shows that ¥, — Y in L'. We have therefore proved (3.9), since Y,, = X,, a.s.,
X, =X and Y, - Y in L. O
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Let Z = (Z;)ter denote an integrable and centered Lévy process with Lévy measure v
and Gaussian component 2. Then Z induces a Lévy basis A on S = R and S = By(R),
the bounded Borel sets, which is uniquely determined by A((a,b]) = Z, — Z, for all
a,b € R with a < b. In this case m is the Lebesgue measure on R and

o(y,s) = d(y) =0 + /]R (Juy* Ly <1y + (luy| — 1)1gjuy=1y) v(duw). (3.19)

We will often write [ f(s)dZ, instead of [ f(s) A(ds). Note that, [ f(s)dZ, exists and
is integrable if and only if f € L?, i.e.,

/R (f(s)202 - /]R (Juf ()| A uf(s))) V(dut)) ds < oo. (3.20)

Moreover, if Z is a symmetric a-stable Lévy process, a € (0,2], then L? = L*(R, \),
where L%(R, A) is the space of a-integrable functions with respect to the Lebesgue mea-
sure \.

4 Moving average representations

In wide generality, if X is a continuous time stationary processes then it is representable,
in principle, as a moving average (MA), i.e.

X, = /_ Wt — ) dZ, (1)

where ¢ is a deterministic function and = has stationary and orthogonal increments, at
least in the second order sense. (For a precise statements, see the beginning of Subsec-
tion 4.1 below). However, an explicit expression for ¢ is seldom available.

We show in Subsection 4.2 below that an expression can be found in cases where the
process X is the stationary solution to a Langevin equation for which the driving noise
process N is a pseudo moving average (PMA), i.e.

No= [ (ft=9)-f-9) 4z, teR (4.2)
R

where Z = (Z;)icr is a suitable process specified later on and f: R — R a deterministic
function for which the integrals exist.

In Subsection 4.3, continuing the discussion from Subsection 2.3, we use the MA rep-
resentation to study the asymptotic behavior of the associated autocovariance functions.
Subsection 4.4 comments on a notable cancellation effect. But first, in Subsection 4.1 we
summarize known results concerning Wold-Karhunen type representations of stationary
continuous time processes.

4.1 Wold-Karhunen type decompositions

Let X = (X¢)ier be a second-order stationary process of mean zero and continuous
in quadratic-mean. Let F'x denote the spectral measure of X, i.e., Fx is a finite and
symmetric measure on R satisfying

E[X,X,] = / =W pe(dz),  tueR, (4.3)
R
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4. Moving average representations

and let F% denote the density of the absolutely continuous part of Fx. For each t € R
let Xy =span{X; : s < t}, Ao = MierAr and Xoo = Span{X; : s € R} (Span denotes
the L2-closure of the linear span). Then X is called deterministic if X_o, = X and
purely non-deterministic if X_o, = {0}. The following result, which is due to Satz 56
in [19] (cf. also [16]), provides a decomposition of stationary processes as a sum of a
deterministic process and a purely non-deterministic process.

Theorem 4.1 (Karhunen). Let X and Fx be given as above. If

log Fx («)]

d 4.4

then there exists a unique decomposition of X as
¢
X, = / Wt —s)dZ,+ Vi,  teR, (4.5)
—00

where ¢: R — R is a Lebesque square-integrable deterministic function, and Z is a
process with second-order stationary and orthogonal increments, E[|Z, — Z4|?] = |u — s
and for allt € R X, = span{=Zs — Z, : —00 < u < s < t}, and V is a deterministic
second-order stationary process.

Moreover, if Fx is absolutely continuous and (4.4) is satisfied then V =0 and hence
X is a backward moving average. Finally, the integral in (4.4) is infinite if and only if
X is deterministic.

The results in [19] are formulated for complex-valued processes, however if X is real-
valued (as it is in our case) then one can show that all the above processes and functions
are real-valued as well. Note also that if X is Gaussian then the process = in (4.5) is
a standard Brownian motion. If o is a stationary process with E[o3] = 1 and B is a
Brownian motion, then d=; = 0,dB; is of the above type.

A generalization of the classical Wold-Karhunen result to a broad range of non-
Gaussian infinitely divisible processes was given in [32].

4.2 Explicit MA solutions of Langevin equations

Assume initially that Z is an integrable and centered Lévy process, and recall that L? is
the space of all measurable functions f: R — R satisfying (3.20). Let f: R — R be a
measurable function such that f(t—-) — f(—) € L? for all t € R, and let N be given by

Nt:/ (f(t—s) — f(—s))dZs, teR. (4.6)
R

Proposition 4.2. Let N be given as above. Then there exists an unique in law QOU
process X driven by N with parameter A > 0, and X is a MA of the form

X, = / byt — s)dz,, teR, (4.7)
R

where Yy: R — R belongs to L%, and is given by

vy(t) = (f(t) — e /too eMf(s) ds) , teR. (4.8)

166



4. Moving average representations

Proof. Since (t,s) — f(t —s) — f(—s) is measurable we may choose a measurable mod-
ification of N, see Section 3, and hence, by Theorem 2.4, there exists a unique in law
QOU process X driven by N with parameter A. For fixed t € R, we have by (2.10) and
with hy(s) = f(t—s) — f(t + u—s) for all u,s € R and p(du) = 1{u§0}6)‘“ du that

X, = A/_OOO M (N; — Nyyy) du = /_OOO (/}R hu(s) dZS> p(du). (4.9)

By Theorem 2.1 there exist o, 8 > 0 such that ||k, < o+ B[t] for all u € R, implying
that [ [hull, p(du) < co. By Theorem 3.1, (u = hy(s)) € LY(p) for Lebesgue almost
all s € R, which implies that ffoolf(u)\e)‘“ du < oo for all t > 0, and hence ¢, defined
in (4.8), is a well-defined function. Moreover by Theorem 3.1, 1y € L?(R, \) and

Xt:/]R</O h(u,s),u(du)) dZs:/Rq/)f(t—s)dZs, teR, (4.10)

—0o0
which completes the proof. ]
Note that for f = 1r., we have N; = Z; and ¢ (t) = e*Ml]R+ (t). Thus, in this case
we recover the well-known result that the QOU process X driven by Z with parameter

A > 0is a MA of the form X; = [*__ e =) dZ,.
Let us use the notation x4 := xly,>0, and let cgy be given by

_ /2Hsin(rH)T'(2H)
B I'(H+1/2)

cH (4.11)

A PMA N of the form (4.2), where Z is an a-stable Lévy process with a € (0,2] and f is
given by t — cHtf_l/a is called a linear fractional a-stable motion of index H € (0,1);
see [34]. Moreover, PMAs with f(t) = t® for a € (0, 3) and where Z is a square-integrable
and centered Lévy process is called fractional Lévy processes in [25].

A QOU process driven by a linear fractional a-stable motion is called a fractional
Ornstein-Uhlenbeck process. For previous work on such processes see [23], where o €

(1,2), and [13|, where o = 2.

Corollary 4.3. Let a € (1,2] and N be a linear fractional a-stable motion of index
H € (0,1). Then there exists a unique in law QOU process X driven by N with parameter
A>0, and X is a MA of the form

t
Xy = / Yo, (t — 8)dZs, t € R, (4.12)

where Yo g Ry — R is gwen by

t
Yo, (t) = cu <tH_1/O‘ - )\e_)‘t/ ey H—1/e du> , t>0. (4.13)
0

For t — oo, we have q i (t) ~ (cg(H — 1/a)/NtH=1=1 and for t — 0, o m(t) ~
cHtHfl/a'

Remark 4.4. For H € (0,1/a) the existence of the stationary solution to the Langevin
equation is somewhat unexpected due to the fact that the sample paths of the linear
fractional a-stable motion are unbounded on each compact interval, cf. page 4 in [23]
where nonexistence is surmised.
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In the next lemma we will show a special property of ¥ ¢, given by (4.8); namely that
fooo ¢(s)ds = 0 whenever f tends to zero fast enough. This property has a great impact
on the behavior of the autocovariance function of QOU processes. We will return to this
point in Section 4.4.

Lemma 4.5. Let a € (—00,0), ¢ € R and f: R — R be a locally integrable function
which is zero on (—o0,0) and satisfies that f(t) ~ ct® fort — co. Then, [;* 15(s)ds = 0.

Proof. For t > 0,

/0 t <)\e)‘s /0 JEY f(u) du> ds (4.14)

:/Ot ([ANS@) e’\”f(u)du:/otf(u)du—e’\t/ote’\”f(u)du, (4.15)

and hence by ’'Hopital’s rule we have that

/Ooo by(s)ds = lim /Ot Yr(s)ds = lim (e)‘t /t M f (u) du) —0. (4.16)

t—00 0

O

Proposition 4.2 carries over to a much more general setting. E.g. if NV is of the form
Ny = / [f(t —s,2) — f(—=s,2)] A(ds,dz), teR, (4.17)
RxV

where A is a centered Lévy basis on R x V' (V is a non-empty space) with control measure
m(ds,dr) = dsn(dz) and a(s,z),0%(s,x) and v(du, (s,z)), from (3.1), do not depend
ons€R,and f(t—-,-)— f(—-,-) € L? for all t € R, then using Theorem 2.1, 2.4 and 3.1
the arguments from Proposition 4.2 show that there exists a unique in law QOU process
X driven by N with parameter A > 0, and X is given by

X = Pyt —s,2) A(ds, dx), teR, (4.18)
RxV

where
S
Yi(s,x) = f(s,x) — )\eAS/ f(u, z)eM du, seR,z eV (4.19)
—00
We recover Proposition 4.2 when V' = {0} and n = ¢y is the Dirac delta measure at 0.

4.3 Asymptotic behavior of the autocovariance function

The representation, from the previous section, of QOU processes as moving averages
enables us to calculate the autocovariance function in case it exists. In Section 4.3.1
we calculate the autocovariance function for general MAs. By use of these results Sec-
tion 4.3.2 relates the asymptotic behavior of the kernel of the noise N to the asymptotic
behavior of the autocovariance function of the QOU process X driven by V.
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4.3.1 Autocovariance function of general MAs

Let v be a Lebesgue square-integrable function and Z a centered process with stationary
and orthogonal increments, and assume for simplicity that Zy = 0 a.s. and VarZ(t) = t.
Let X =« Z = (ffoow(t — 8)dZs)er be a backward moving average and Ry its
autocovariance function, i.e.

Rx(t) = E[X; Xo] = /000 P(t+ s)(s) ds, teR, (4.20)

and let Rx(t) = Rx(0) — Rx(t) = L1E[(X; — X0)?]. The behavior of Ry at 0 or oo
corresponds in large extent to the behavior of the kernel ¢ at 0 or oo, respectively.
Indeed, we have the following result, in which k., and j, are constants given by

ko =T(14 a)T(=1 — 20)T(—a) 7, ac(~1,-1/2),  (4.21)
jo = (2a 4+ Dsin(m(a+1/2)0(2a + DT(a+1)72, ae(=1/2,1/2).  (4.22)

Proposition 4.6. Let the setting be as described above.

(i) Fort — oo and a € (—1,—3), ¥(t) ~ ct® implies Rx (t) ~ (2ko)t**T provided
[(t)] < ert® for allt > 0 and some c¢; > 0.

(ii) Fort — oo and a € ( 00, —1), Y(t) ~ ct® implies Rx (t)/t* = ¢ [y ¢(s)ds, and
hence Rx (t fo s)ds)t® provided fo s)ds # 0.

(iii) Fort—0 and a € (—3, %) W(t) ~ et implies Ry (t) ~ (2ja/2)|t|** 1 provided 1
is absolutely continuous on (0,00) with density V' satisfying |¢'(t)| < cot®~ ! for all
t > 0 and some cy > 0.

Recall that a function f: R — R is said to be absolutely continuous on (0, 00) if
there exists a locally integrable function f’ such that for all 0 < u < ¢

u):/ f'(s)ds. (4.23)

Proof. (i): Let o € (—1,—3) and assume that 1(t) ~ ct® as t — oo and [¢(t)| < 1t for
t > 0, then

= /000 P(t+ s)Y(s)ds =t /000 P(t(s+1))(ts)ds (4.24)
_ {2041 /0 - ft(;&t)s))gzg‘? (1+5)%s%ds (4.25)
~ 2ot c? h s)%s%ds as 0. .
t /0 (14 s)%s*d t— (4.26)
Since - I(1 4+ a)T(—1 - 20)
/0 (1+s)%s%ds = T(—a) = kq, (4.27)

(4.26) shows that Ry (t) ~ (c?kq)t2**! for t — oo.
(ii): Let o € (—o0,—1) and assume that ¥ (t) ~ ct* for t — oo. Note that ¢ €
LY (R4, \) and for some K > 0 we have for all t > K and s > 0 that [i(t + s)|/t% <
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2|e|(t+s)*/t* < 2|c|. Hence by applying Lebesgue’s dominated convergence theorem we
obtain,

Rx(t) =t¢ /OOO (Wﬂ}(s)) ds ~ t% /OOO P(s)ds for t — oo. (4.28)
(iii): By letting

fi(s) == Plts + 175)04) — ¥(ts) t>0,s€eR, (4.29)

we have
E[(X; — X0)2] =1 / [(W(t(s + 1)) — p(ts)] ds = 21 / fils)Pds. (430

As t — 0, we find

U(t(s +1)) U(ts)
s+ 1) (ts)°

Choose § > 0 such that [ip(x)| < 2z¢ for x € (0,d). By our assumptions we have for all

s > ¢ that
t(1+s)
[ v
¢

S

ft(S) = (8 + 1)a —

Se((s +1)% — s2). (4.31)

<ttt sup ¢ (u))| (4.32)
u€[st,t(s+1)]

<t sup Jul* Tt = et s = s (4.33)
w€[st,t(s+1)]

[fe(s)] =t

and for s € [—1,6), |fi(s)| < 2¢[(1 + 5)* 4+ s]. This shows that there exists a function
g € L*(R,,\) such that |f;| < g for all £ > 0, and thus, by Lebesgue’s dominated
converging theorem, we have

2 ‘
/ fe(s)[ ds 0 02/ (s+ 1% —s%)" ds = Pja. (4.34)
Together with (4.30), (4.34) shows that Rx (t) ~ (c%ja/2)t?H! for t — 0. O

Remark 4.7. It would be of interest to obtain a general result covering Proposition 4.6(ii)
in the case [;°¢(s)ds = 0. Recall that for ¢y given by (4.8) we often have that
fooo Y¢(s)ds = 0, according to Lemma 4.5.

Example 4.8. Consider the case where ¢(t) = t%¢ * for a € (—3,00) and A > 0.
For t — 0, 1(t) ~ t*, and hence Rx(t) ~ (jo/2)t?*"! for t — 0 and « € (—3, 1), by

Proposition 4.6(iii) (compare with [3]).

Note that if X = ¢ * Z is a moving average, as above, then by Proposition 4.6(i)
and for t — oo, Rx(t) ~ c1t~® with o € (0,1), provided that 1 (t) ~ cpt—(@+1/2 and
[(t)| < est=(@+1)/2. This shows that X has long-range dependence of order o.

Let us conclude this subsection with a short discussion of when a MA X = ¢ % Z is a
semimartingale. It is often very important that the process of interest is a semimartingale,
especially in finance, where the semimartingale property the asset price is equivalent to
that the capital process depends continuously on the chosen strategy, see e.g. Section 8.1.1
in [15]. In the case where Z is a Brownian motion, Theorem 6.5 in [21] shows that
X is an F#-semimartingale if and only if 1 is absolutely continuous on [0,00) with a
square-integrable density. (Here FZ := o(Zs : s € (—00,t])). For a further study to
the semimartingale property of pseudo moving averages and more general processes see
[7, 8, 9] in the Gaussian case, and [10] for the infinitely divisible case.
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4.3.2 QOU processes with PMA noise

Let us return to the case of a QOU process driven by a PMA, so let Z be a centered
Lévy process, f: R — R be a measurable function which is 0 on (—o00,0) and satisfies
that f(t —-) — f(—) € L? for all t € R, and let N be given by

Nt:/ f(t—s)— f(=s)]dZs, LER. (4.35)
R

First we will consider the relationship between the behavior of the kernel of the noise N
and that of the kernel ¢; of the corresponding moving average X.

Proposition 4.9. Let N be given by (4.35), and X be a QOU process driven by N with
parameter X\ > 0.

(i) Let a € (—1,—3) and assume that for some B >0 and ¢ # 0, f € C((B,00); R)
with f'(t) ~ ct® for t — oo. Then, for t — oo, we have Rx(t) ~ (%)t%‘“,
provided |f(t)| < rt® for allt >0 and some r > 0.

(ii) Let o € (=3, 1) and f(t) ~ ct® for t — 0. Then, for t — 0, we have Rx(t) ~
(o /2)|t1** T, provided there exists a B > 0 such that f € C2((8,00);R) with
() = Ot* 1Y) for t — oo, and that f is absolutely continuous on (0,00) with
density f' satisfying supt€(07t0)|f’(t)|t1_o‘ < o0 for all tg > 0.

Proof. (i): By partial integration, we have for ¢t > 3,

a t
Pp(t) = e M <e>‘“f(a) - )\/ e f(s) ds> + eAt/ e f'(s) ds, (4.36)
showing that 1 (t) ~ ()t for t — oo. Choose k > 0 such that [ (t)] < (2¢/A)t* for
all t > k. By (4.8) we have that sup,cp [¢7(t)t™*| < 0o since supyepo | f (1)t < oo,
and hence there exists a constant ¢; > 0 such that |[¢¢(t)| < ¢t for all ¢ > 0. Therefore,
(i) follows by Proposition 4.6(i).
(ii): Since f € C?((B,00);R), it follows by (4.36) and partial integration that for
t> p and t — oo,

t
Wp(t) = f/(t) = Mp(t) = f'() — Ae ™ / e f/(s)ds + O(e™™) (4.37)
B
t
= e_)‘t/ M f(s)ds + O(e M) = 0t 1), (4.38)
B
where we in the last equality have used that f”(t) = O(t*~ 1) for t — oo. Using that
[ @) < [F/(O)] + AlYoy(t)] and SUDye (0,10) |/ (1)1~ < oo for all ty > 0, it follows that

there exists a ¢y > 0 such that [¢(t)| < c1t®~! for all t > 0. Moreover, for t — 0, we
have that 1(t) ~ ct®. Hence, (ii) follows by Proposition 4.6(iii). O

Now consider the following set-up: Let Z = (Z;)ier be a centered and square-
integrable Lévy process, and for H € (0,1), ro # 0, § > 0, let

F(t) =ro(6 v )12, and  N? :/ [f(t—s)— f(—s)]dZ,. (4.39)

R
Note that when 6 = 0 and Z is a Brownian motion then N9 is a constant times the
fBm of index H, and when § > 0 then N is a semimartingale. We have the following

corollary to Proposition 4.9:
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Corollary 4.10. Let N9 be given by (4.39), and let X7 be a QOU process driven by
NI with parameter X > 0. Then, for H € (%, 1) and t — oo,

Rirs(t) ~ (rgkp—s/o(H — 1/2) /N1, §>0, (4.40)
and for H € (0,1) and t — 0,

(r5a* =1 /2) ¢, >0,

4 (4.41)
(TgJH—l/Q/Q)\tIQH, 5 =0.

Ryrms(t) ~ {

Proof. For H € (3,1), let 8 = 6. Then, f € C'((8,00);R) and for ¢t > B, f'(t) = ct®
where o = H —3/2 € (=1,—3) and ¢ = r(H — 1/2). Moreover, |f(t)| < rét®. Thus,
Proposition 4.9(i) shows that

Ry (t) ~ (ko /NPT = (r2(H — 1/2)%kpy 30/ N*)t2 2. (4.42)
To show (4.41) assume that H € (0,1). For t — 0, we have f(t) ~ ct®, where ¢ = rg
and o« = H —1/2 € (—1,1) when 6 = 0, andc—T(SH /2 and a = 0 when 6 > 0.
For B =4, f € C*((B,00);R) with f”(t) = ro(H — 1/2)(H — 3/2)t"=5/2 showing that
f"(t) = O@t*1) for t — oo (both for § > 0 and § = 0). Moreover, f is absolutely

continuous on (0,00) with density f/(t) = ro(H — 1/2)tH*3/21[57OO)(t). This shows that
supte(wo)]f'(t)tl*a\ < oo for all tg > 0 (both for § > 0 and § = 0). Hence (4.41) follows
by Proposition 4.9(ii). O

4.4 Stability of the autocovariance function

Let N be a PMA of the form (4.2), where Z is a centered square-integrable Lévy process

and f(t) = cHtH 2 Where H € (0,1). (Recall that if Z is a Brownian motion, then N
is a fBm of index H). Let X be a QOU process driven by N with parameter A\ > 0, and
recall that by Proposition 4.2, X is a MA of the form

t
X = / Yt —s)dZs, teR, (4.43)
where

t
Y (t) =cH <tH_2/2 - )\e_’\t/ Mg =1/2 du> , t>0. (4.44)
0

Below we will discus some stability properties for the autocovariance function under
minor modification of the kernel function.

For all bounded measurable functions f: R4 — R with compact support let X; f =
f (Y (t —s) — f(t —s))dZ,. We will think of X/ as a MA where we have made a

minor change of X’s kernel. Note that if we let Y/ = X; — th = fioo f(t—s)dZs, then

the autocovariance function Ry (t), of Y/, is zero whenever ¢ is large enough, due to the
fact that f has compact support.

Corollary 4.11. We have the following two situations, in which c1,ca,c3 # 0 are non-
zero constants.

(i) For H € (0,3%) and [;° f(s)ds # 0, we have for t — oo,

Ry (t) ~ coRx (0)tY/2H ~ e 1732, (4.45)
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5. Conclusion

(ii) For H € (3,1), we have for t — oo,

Rys(t) ~ Rx(t) ~ c3t? 172, (4.46)

Thus for H € (0, %), the above shows that the behavior of the autocovariance function
at infinity is changed dramatically by making a minor change of the kernel. In particular,
if f is a positive function, not the zero function, then Ry (t) behaves as t'/2~ 7Ry (t)
at infinity. On the other hand, when H € (%, 1) the behavior of the autocovariance
function at infinity doesn’t change if we make a minor change to the kernel. That is,
in this case the autocovariance functions has a stability property, contrary to the case

where H € (0,1).

Remark 4.12. Note that the dramatic effect appearing from Corollary 4.11(i) is asso-
ciated to the fact that [ ¢p(s)ds =0, as shown in Lemma 4.5.

Proof of Corollary 4.11. By Corollary 4.3 we have for t — oo that ¥y (t) ~ ct® where
¢ = cpy(H —1/2)/X and a = H — 3/2. To show (i) assume that H € (0,3), and
hence @ € (—o00,—1). According to Lemma 4.5 we have that [;*¢p(s)ds = 0 and
hence [i*[vm(s) — f(s)]ds # 0 since [;* f(s)ds # 0 by assumption. From Proposi-
tion 4.6(ii) and for t — oo we have that Ry (t)(t) ~ c1t?*T! = ¢;t173/2 where ¢; =
¢ Jo [ (s)—f(s)]ds. On the other hand, by Corollary 2.9 we have that Rx (¢) ~ (H (H—
1/2)/22)t21=2 for t — oo, and hence we have shown (i) with ez = ¢;A\2/(H(H —1/2). For

H € ($,1) we have that o € (—1,—%), and hence (ii) follows by Proposition 4.6(i). O

5 Conclusion

In recent applications of stochastics, particularly in finance and in turbulence, modifica-
tions of classic noise processes by time change or by volatility modifications are of central
importance, see for instance [6] and [2] and references given there. Prominent examples
of such processes are dIN; = oy dB; where B is Brownian motion and o is a predictable
stationary process (cf. [5]), and Ny = L7, where L is a Lévy process and T is a time
change process with stationary increments (cf. [12]). The theory discussed in the present
paper applies to processes of this type (cf. Corollary 2.6). In the applications mentioned
the processes are mostly semimartingales. However there is a growing interest in non-
semimartingale processes, see [1], |3, 4], and the results above covers also such cases. An
example in point is Ny = [}, Bﬁx) m(dx) where the processes B are Brownian motions
in different filtrations and m is a measure on some space X.

Moreover, extensions of the theory to wider settings would be of interest, for instance
to generalized Langevin equations

Xt:XO—)\/t(X*k:)(s)ds—i—Nt (5.1)
0

where k is a deterministic function and (X * k)(s) = [°__ X,k(s — u) du denotes the
convolution between k and X, as occurring in statistical mechanics and biophysics, see
[22] and references given there. We hope to discuss this in future work.
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