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Abstract

Time-dependent scattering theory for a large class of translation invariant
models, including the Nelson and Polaron models, restricted to the vacuum
and one-particle sectors is studied. Asymptotic completeness of these Hamil-
tonians is shown. The translation invariance imply that the Hamiltonian
is fibered with respect to the total momentum. On the way to asymptotic
completeness we determine the spectral structure of the fiber Hamiltonians,
establish a Mourre estimate and derive a geometric asymptotic completeness
statement as an intermediate step.

1 Introduction and motivation

In this paper, we study the spectral and scattering theory of a class of Hamiltonians
that arise when one restricts e.g. the Nelson or Polaron model to the subspace of
at most one field particle. As our results are valid for both models, we will use the
term “field particles” rather than photons or phonons, and in the same spirit, we
will use the term “matter particle” rather than electron or positron.

In [14], two of the authors prove a Mourre estimate and C? regularity for the full
model, with respect to a suitably chosen conjugate operator. The estimate holds
in the part of the energy-momentum spectrum lying between the bottom of the
essential energy-momentum spectrum and either the two-body threshold, if there
are no exited isolated mass shells, or the one-body threshold pertaining to the first
exited isolated mass shell, if it exists. This is a natural first step for scattering theory.



As the full model in that energy-momentum regime is expected to resemble the model
with at most one field particle in many aspects, the scattering theory of the cut-off
model is of obvious interest. We note that in [10], the spectral and scattering theory
of the massless Nelson model is studied, and that the stationary methods used there
would to some extend also work on the class of models considered here. However,
the scattering theory in [10] is obtained via a Kato-Birman argument, a method one
cannot hope to work on the full model.

In recent years a lot of effort was put into investigating the spectral and scattering
theory of various models of quantum field theory (see among many other papers [1],
3], [7], [8], [9], [11], [15], [19] and references therein). Substantial progress was made
by applying methods originally developed in the study of N-particle Schrodinger
operators namely the Mourre positive commutator method and the method of prop-
agation observables to study the behavior of the unitary group e~ for large times.
Up to now, the most complete results on the scattering theory for these models have
only been available for models where the translation invariance is broken [1], [7],
[11], [15], [19], or for small coupling constants [8]. In fact the only asymptotic com-
pleteness result valid for arbitrary coupling strength, in time-dependent scattering
theory of translation invariant models known to us are variations of the N-body
problem, where the dispersion relations are of the non-relativistic form %. Our
results hold for a large class of dispersion relations, including a combination of the
relativistic and non-relativistic choices.

In order to appreciate the difficulties associated with proving asymptotic com-
pleteness for translation invariant models of QFT, we explain the structure of scat-
tering channels. If a system starts in a scattering state at total momentum ¢ and
energy F, it will emit field particles with momenta kq,...,k, until the remaining
interacting system reaches a a total momentum &’ and an eigenvalue E'({’) for the
Hamiltonian at total momentum &’. In order to conserve energy and momentum we
must have { =& +ky + -+ k, and F = F'(¢) +w(ky) + - - - + w(k,), where w is
the dispersion relation for the field.

That is, the scattering channels are labeled by bound states at momenta &’ and
the number of emitted field particles n, under the constraint of conservation of energy
and total momentum. The resulting bound particle will not be at rest but rather
move according to a dispersion relation which is in fact the eigenvalue band, or mass
shell, to which it belongs. This band may a priori be an isolated mass shell or an
embedded one. If one wants to capture the behaviour of scattering states through a
Mourre estimate, then one needs to build into a conjugate operator the dynamics of
all the mass shells that appear in the available channels. This is a difficult task. The
thresholds at total momentum & are energies ' that has a scattering channel with
the property that the bound state and the emitted field particles do not separate
over time.

When introducing a number cutoff in the model, one simplifies the situation in
that the scattering channels are now labeled by bound states of Hamiltonians with
strictly fewer field particles. In particular in our case, we can label the scattering
channels by mass shells of the Hamiltonian on the vacuum sector, which are easily
understood. Indeed, there is in fact only one mass shell and it is identical to the
matter dispersion relation €.



Finally, we will briefly outline the contents of this paper. In Section 2 we intro-
duce the model in details and state our main result, the asymptotic completeness.
In Section 3 we briefly go through the spectral theory for the fiber Hamiltonians, in
particular we prove an HVZ theorem, a Mourre estimate, absence of singular con-
tinuous spectrum and a semi-continuity statement about the Mourre estimate. In
Section 4 we prove the following propagation estimates: A large velocity estimate,
a phase-space propagation estimate, an improved phase-space propagation estimate
and a minimal velocity estimate. These form the technical foundation for Section 5,
where we introduce the asymptotic observable, the spaces of asymptotically bound
resp. free particles, the wave operators and prove asymptotic completeness via so-
called geometric asymptotic completeness.

2 The model and the result

The Hilbert space for the Hamiltonian is
H = I2(R",dy) ® (C & [2(R", dv)) = L*(RY,dy) & L*(R¥, dz dy),

where v € N. We write D, = —iV,, D, = —iV, for the respective momentum
operators. The Hamiltonian we wish to study the spectral and scattering theory of

is given by
B _ (QDy) 0 0 v*
H_H°+V_( 0 Q(Dy)+w(Dx))+(v o)’

where
(vuo)(2,y) = p(z — )un(y) and (v7u)(x) = / olz — ) (z, y)dy

for some p € L*(R). Here 2 is the dispersion relation for the matter particle, w the
dispersion relation for the field particles and p a coupling function. One may view
it as the translation invariant Nelson or Polaron model restricted to the subspace
with at most one field particle, depending on the choice of dispersion relations.

The coupling function will be assumed to satisfy a short-range condition which
implies a UV-cutoff (see Condition 2.3). We work with more general dispersion
relations w and Q than w(k) = Vk% +m? or w(k) = wy > 0 and Q(n) = n?/2M
respectively (see Conditions 2.1 and 2.2 for details). As the infrared problem is not
present in this model due to the finite number of field particles, the mass of the field
particle is not important. However, the singular behavior of the dispersion relation
w(k) = |k| at & = 0 makes this choice fall outside of what can be handled in this
treatment, although it seems likely that one with minor adjustments may include
this case in the same framework. For a treatment of the case where Q(n) = $7* and
w(k) = |kl see [10].

The operator H commutes with the operator of total momentum, P = (DOy ng Dy) ,
and hence H is fibered, H = U~ [, H(P)dPU, where

U<u07u1)(xay) = (uo(y),ul(y,x + y))
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and

H(P) = Ho(P) +V = (mop) QP — Df) +w(Dm)) " (|2> <g’> ’

where (| and |-) denote the Dirac brackets. The fiber Hamiltonians are operators
on the Hilbert space K = C @ L*(RY).
The precise assumptions on 2, w and p are given below.

Condition 2.1 (Matter particle dispersion relation). Let Q € C*°(R") be a non-ne-
gative, real-analytic and rotation invariant' function. There exists sq € [0,2] such
that Q) satisfies:

(i) There is a C > 0 such that Q(n) > C~Hn)*e — C.
(ii) For any multi-index o there is a C,, > 0 such that |0°Q(n)| < Cy(n)se~lel.

Note that this assumption is satisfied by the standard non-relativistic and rela-

tivistic choices, Q(n) = % and Q(n) = /n? + M2

Condition 2.2 (Field particle dispersion relation). Let w € C*°(R") be non-nega-
tive, real-analytic, rotation invariant and satisfy:

(i) For any multi-index o with || > 1, we have supyep. |0“w(k)| < oo.
(ii) If sq =0, then w(k) — oo as |k| — oco.

This is satisfied e.g. for w(k) = Vk? +m?, m # 0, and if sq # 0, also for the

Polaron?, w(k) = wy.

Condition 2.3 (Coupling function). Let p € L?*(R¥) be rotation invariant and
satisfy that

(i) p € C*(R").
(ir) ()IVAl, 035, ()IV2p] € L*(RY).
(iii) There exist constants C,p > 0 such that |p(z)| < C(x) 1727+

Condition 2.3 (iii) is the so-called short-range condition. Note that it implies
that for J € C°°(R”) with support away from 0, we have

p(2)J(§)] = O). (1)

For the rest of this paper, Conditions 2.1, 2.2 and 2.3 will tacitly be assumed to be
fulfilled, and under this assumption, our main result will be the following

By rotation invariance of a function f we mean that f(n) = f(On) a.e. for any O € O(v)
where O(v) denotes the v-dimensional orthogonal group.

2In fact the Frohlich Polaron has Q(n) = #;, s0 s =2#0.



Theorem 2.1 (Asymptotic completeness). The wave operator

Wt = st—lim et emitHo pt( )
—00
exists, where P (Hy) is the projection onto {0} ® L?*(R*), and the system is asymp-
totically complete:

Ran W+ = H}J;d,
where Hya = U™ [ 1,p(H(P)) dPUH.

Remark 2.2. That P — 1,,(H(P)) is weakly — and hence strongly — measurable

follows from an application of the RAGE theorem, [5, Theorem 5.8], see the proof
of [5, Theorem 9.4] for details.

3 Spectral analysis

We begin by recalling the following well-known properties of the fibered Hamiltonian.
The Hamiltonian Hy(P) is essentially self-adjoint on C @ Cg°(R”) and the domain
D = D(Hy(P)) is independent of P. As V is bounded, the Kato-Rellich theorem

implies that the same is true for H(P) and that D(H(P)) = D.
The following threshold set will play an important role in our analysis:

I(P)={AeR|Ik R : A = (P — k) +w(k), V(P — k) = Vw(k)}.

By rotation invariance and analyticity it is easy to see that J(P) is locally finite and
closed.

The following results, Theorems 3.1 to 3.4, correspond to completely analogous
statements for the full model, see [14].

Theorem 3.1. Assume that the vector field vp € C*(R";RY) satisfies that for any
multi-index «, |a| € {0,1,2}, there is a constant C, > 0 such that [0®vp(n)| <
Co(n)t=1el. Then the operator ap = $(vp(D,) - x + x - vp(D,)) is essentially self-
adjoint on the Schwarz space S and H(P) is of class C*(Ap), where Ap = (§ o) is
self-adjoint on D(Ap). The first commutator is given by

- 0 (iapp|
H(P)iAs = |
liapp) vp(Dz) - V(w(Da) + QP — D))

as a form on D.

This can be seen either by direct computations or by following [14].

We now introduce the extended space K = K & L*(R”) to be able to make a
geometric partition of unity in configuration space. The partition of unity is similar
to what is done in the analysis of the N-body Schrédinger operator (see e.g. [6]) and
in complete analogy with what is done in e.g. [7] and [13]. The partition of unity
used here may actually be seen as the partition of unity introduced in [7] restricted
to the subspace with at most 1 field particle.



Let jo, joo € C*°(R") be real, non-negative functions satisfying jo = 1 on the set
{z||z] <1}, jo=0on {z||z| > 2} and j2 + j2 = 1. We now define
G — K
3 (vo, v1) = (vo, Jo(55)v1) @ (oo (3)01)-
Clearly, j# is isometric.
We introduce two self-adjoint operators, the extended Hamiltonian, H®*(P),
and the extended conjugate operator, A, acting in K™,
H®(P) = H(P)® Fp(D,) and
A?t = Ap ®ap,
where Fp(D,) = w(D,)+Q(P—D,), with the obvious domains denoted by D*** and
D(AS"). The extended Hamiltonian describes an interacting system and a system

with a free field particle. It is easy to see that Theorem 3.1 holds true with H(P)
and Ap replaced by H™'(P) and A%, respectively, and the commutator equal to

[H*(P),iA%]° = [H(P),iAp]° & (vp(Dy) - (Vw(Dy) — V(P — D,))).
We have the following localisation error when applying j%.

Lemma 3.2. Let f € C§°(R). Then

JUFH(P)) = f(H™(P)j" + or(1) and
JUf(H(P)[H(P),iAp|" f(H(P))
= [(H™(P))[H™(P),iAE"]° f(H™(P))j" + or(1),

for R — oo.

This can be seen either by a direct computation or by applying [14, Corollary 5.3].
The following two results, an HVZ theorem and a Mourre estimate, are now almost
immediate.

Theorem 3.3. The spectrum of H(P) below Yess(P) = infrere{Q(P — k) + w(k)}
consists at most of eigenvalues of finite multiplicity and can only accumulate at
Yess(P). The essential spectrum is given by Oess(H(P)) = [Bess(P), 00).

Proof. Using Lemma 3.2 for an f € C§°(R) supported in (—o00, Xess(P)) and letting
R tend to infinity shows that f(H(P)) is compact. This proves the first part.

To prove the last part, let A € [Zes(P), 00) and note that there exists a ky € R”
such that A = Q(P — ko) + w(ko). Now choose u, = (0,uy,) € C @ L*(R¥) with
G1n(-) = n2 f(n(- — ko)) for some f € C°(R¥) with f > 0 and f(0) = 1. One may
now check that u, is a Weyl sequence for the energy . O

Theorem 3.4. Assume that X & U(P). Let Ap be given as in Theorem 3.1 with
vp(D,) = Vw(D,) — VQ(P — D,)). Then there exist constants k,c > 0 and a
compact operator K such that

Ey\«(H(P))[H(P),iAp|°Ey(H(P)) > cE\«(H(P)) + K,

where E) . denotes the characteristic function of the interval [A — Kk, A + K].

6



Proof. We may find a x such that [A — 2k, A + 2k] N 9(P) = . Choose f € C§°(R)
with support in [A — 2k, A + 2k] and equal to 1 on [A — k, A + k]. Note that

f(H(P))[H(P) i1Ap]°f(H(P))

= j R f(H(P)[H(P),iAp] f(H(P))
= % f(H(P)[H™(P),iA3"]° f(H™(P))j" + or(1),

by Lemma 3.2. Note that
P (P)LH(P) AR f(H(P) "
410 1
= sy sae) (L) ®)
Taking the support of f into account, one finds that

for some positive constant ¢ > 0. It is easy to see that K(R) = f(H(P))(jo(3)) 18
compact. Let g € C§°(R) equal 1 on the support of f. Then

B = f(H(P))[H(P),iAp|°g(H(P))
is bounded and (2) equals BK(R). Hence by Lemma 3.2
fH(P))[H(P),iAp]"f(H(P))

. 1 .o
> 2 () () ) 02 Fp (D)
jO(R)
+ %8B — 2¢f(H(P)))K(R) © 0+ og(1)
= 2cf*(H(P)) + Kr + og(1),
for some compact operator K depending on R. One may now choose R so large

that [Jor(1)|| < ¢ and sandwich the inequality with E) .(H(P)) on both sides to
arrive at the desired result. O

We infer the following corollary of Theorems 3.1 and 3.4 by standard arguments
of regular Mourre theory.

Corollary 3.5. The essential spectrum of the fiber Hamiltonians is non-singular:
Tsing (H(P)) = 0.

Theorem 3.6. Let (Py, \o) € R". Assume that Ao € 9(FPy) U opp(Py). Then there
exists a constant C > 0, a neighbourhood O of Py and a function f € C{°(R) with
f =1 1in a neighbourhood of Ao such that for all P € O,

FUH(P)H(P),iAp° f(H(P)) = Cf*(H(P))

where Ap, is given as in Theorem 3.4.



Proof. We begin by noting that the object [H(P),iAp,]° is well-defined by Theo-
rem 3.1. By standard arguments using the fact that \g & op,(F) and Theorem 3.4,
there exist a function f € C5°(R) and a constant C' such that

F(H(Py)[H(Py),iAp ] f(H(Fo)) = C*(H(Ry)).

with f = 1 on a neighbourhood of \g. It is easy to see that (H(P) — z)~'(Hy(0) — i)
and (Ho(0) —i)"'[H(P),iAp,]°(Ho(0) —i)~! are norm continuous as functions of P,
and hence it follows by an application of the functional calculus of almost analytic
extensions that f2(H(P)) and f(H(P))[H(P),iAp]°f(H(P)) are norm continuous
as functions of P.

Let O 5 P, be a neighbourhood such that

IF2(H (P)) = F*(H(Py))| <

| f(H(P)[H(P),iAp ] f(H(P)) = f(H(Py))[H(P),1Ap ) f(H(P))|| <
for all P € O. Then

. 2C

J(H(P))[H(P),iAp ] F(H(P)) = ===-1 + C*(H(P)). (3)

Choose now C' = 5 and f € C§°(R) such that f = 1 on a neighbourhood of \g

and f = ff. The result is then obtained by multiplying (3) from both sides with
fH(P)). O

4 Propagation estimates

We will write D = [H,i-] and dy = [Q(D, + D,) +w(D,),i-] for the Heisenberg
derivatives. The following abbreviation will be used to ease the notation:

[B] = (5 3)-

Theorem 4.1 (Large velocity estimate). Let x € C§°(R). There exists a constant
C4 such that for R > R > C1, one has

| It (=)l

Proof. Let Cy be a constant to be specified later and R > R > C. Let F' € C*(R)
equal 0 near the origin and 1 near infinity such that F'(s) > clizri(s) for some
positive constant ¢ > 0. Let

() = —x(H) [F(71) [ x(H),
b(t) = —doF (254).

odt

< Cllul®

By using e.g. Theorem B.3 or pseudo-differential calculus one sees that

F (7 (VD) — Vel D) ) P (12

b(t) = 1)+ o),
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Hence for any y € C§°(R) such that x = xx one finds that

> SO P (=) + 0
for some Cjy > 0 if one chooses C; > ||X(H)(VQ(D,) — Vw(D,)) o .
It follows from Condition 2.3 (iii) that
VAlP(E)]] = 06,
cf. (1). Putting this together, we get
De(t) > Px(H)[F(F) () + Ot ),
which combined with Lemma A.1 implies the result. O

Theorem 4.2 (Phase-space propagation estimate). Let x € Cg°(R), 0 < ¢g < ¢1.
Write

@[60,01}(t) =
(57 = Ve (Dy) + VD, ), Lieg.en) (FF) (572 = Ve(Da) + VQUD,)) )]

Then it
[ 18 < Clulf ()

Proof. The following construction is taken from [7] but ultimately goes back to a
construction of Graf, see e.g. [12]. There exists a function Ry € C*°(R”) such that

Ro(z) =0 for |z] < %
Ro(z) = ta® + ¢ for |z| > 2¢4,
V2R0<l‘> > 1[60,01](’33')'

Without loss of generality, we may assume that ¢; > C}+1, where (] is the constant
whose existence is ensured by Theorem 4.1. Choose a constant ¢o > ¢; + 1 and a
smooth function F' such that F(s) =1 for s < ¢; and F(s) =0 for s > co. Let

R(z) = F(|z|)Ro(x).
Then R satisfies

V2R< ) [co, C1](|x|) 01[01+1,CQ}(|1'|)7 (5)
|

> 1
|0 R(z)| < Ca.



Write X = =¥ — Vw(D,) + VQ(D,) and let
O(t) = x(H)[b@)]x(H),

where
b(t) = R(*4) — ((VR(*4), X) + h.c.).
By using Condition 2.3 (iii) and pseudo-differential calculus, one sees that

) (e — .y o) x| € 017

and hence

Compute

=
S
—~
~
~—
Il
|
|
=~
i
N
| ”q
=
—~
i
<
8 ~—
|~

+ +
TN o= N

N
o~ |

(L, VPR(ZL)X) +h.c),

_(Vu(D,) — VQ(D ), V2R(zty)X> +h.c)
— LL((VR(%:Y), Vw(D,) — VQ(D,)) + h.c.)
+0(t™?)

= — L ((Vw(D,) — VQ(D,), V2R(:%)X) + h.c.)
+0(t7?),

hence by using (5), it follows that
Y(H) [dob(t))x ()
= IX(H)[(X, VER(*7) X)X (H) + O(t™?)
> PX(H)[(X g (F9) X)X (H
= EXU) (X, Loy (F71) X)X (H) + O(t7?)

By introducing J € Cg°(R; [0, 1]) supported above Cy with J1ic,41,c5) = Lici41,es]
and y € C§°(R) with yx = x and using pseudo-differential calculus, the functional
calculus of almost analytic extensions and Condition 2.3 (iii) again, one gets that

Ex(H)[X; 1[01+1C2](‘ ‘)Xz]X(H)
< Sxx(H) [ X7 (4) X ] o (H)

= tx ) [ (520 () [ (554 X6 /() [T (54 ] x(H) + 0 2)
C\(H) [J2( y)] H)+ Ct™2,

| /\

10



where we estimated x(H)[X;J ( |”‘:y‘ )Xi] X(H) by a constant. Putting it all together
yields

DP(t) > fx(H)Oey.er) ()X (H) = Ex(H)*(FF)]x(H) + O™ ),

where the second term is integrable along the evolution by Theorem 4.1, so the
result now follows from Lemma A.1. O]

Theorem 4.3 (Improved phase-space propagation estimate). Let 0 < ¢y < ¢y,
J e CP(co < |z| < 1), x € C§°(R). Then for1 <i<wv
> TN [ T —s i o dt
[ NED R = 00D+ 00(D) + e e (ul*F < Clul?
Proof. For brevity, we write X = =¥ — Vw(D,) + VQ(D,) and Ry = (Hy — \)~!
for some real A € p(Hy). Let
A=X>+17",

0 > 0. Note that [J(%)A%]RO is uniformly bounded in ¢ > 1.
The following identities hold as forms on C§°(R”).

eit(w(Dz)+Q(Dy))Xefit(w(Dz)JrQ(Dy)) — %7

Ol

(6)

it (@(D2)+92(Dy)) A5 p—it(w(Da)+2(Dy)) _ ((%)2 + tfa)% — A

and

eit(w(Dz)JrQ(Dy))J(X)efit(w(Dz)JrQ(Dy)) _ J<xt;y) (7)

That the following commutator, viewed as a form on C§°(R"), extends by conti-
nuity to a bounded form on L?*(R”) can be seen using pseudo-differential calculus:

Ol

X, A7) = [Vw(D,), AZ] — [VO(D,), AZ] = O~ min{12=3}),

Together with the functional calculus of almost analytic extensions this implies that
[7(X), Ag] = O "m1273)),
and hence using (6) and (7) that

[J(554), A2] = O(t™), (8)

t

where ¢ = min{1,2 — $}. Write h = Q(D,) + w(D,). Note that
eithdoA%eqth _ eith[h’ iA%]efith + eith(%A%)efith
d (ith AL —ithy _ d A3
= E(e Aze ) = EAS

1
o 1 A3 (2=8)t—9-1

252497

SO

doA? = —1A7 4 O(t7'2). (9)

11



In addition
Ry, [X.]] = B Ot RY (10)

for any p1, 0 < p; < % and that
[Ro, [A2]] = REO(E ™) Ry (1)

for any ps, 0 < py < 1. The identity (11) can be seen e.g. by using (10) and the
representation formula

™

_1 > -1 -1
sE=— (sty)ydy,
0

which can be verified for ¢ > 0 by direct computations.
Let Ji, Jy € C°(c < |z| < ¢1) such that JJ; = J and JyJo = J; and write for
1=1,...,uv:
By = Ro[J (%) Xi]Ro +h.c.

and
By = Ry[J1(%2 )A J1(%2)| Ro. (12)

We compute using (8), (10) and (11):
‘)

By, = 4Ro[ X J (T B[ T () Xi| Ry + O(t™")
= AR3[X; (S X, )R + O(t ™)
< ORYX:JHEDX R+ Ct!
= CRYJF (5 X7 T (50 RE 4+ O(t™1)
< CRYF(FH AT (SL)]RE + O(°)

t

t

)
%)

= CRO[le(fC y)A%]Rg[/ﬁJﬁ(%)]RO + O(t_min{l—%ﬁ})
)

= CRy[Ji(* A2J1<ac 9)| R2[Jy (252 )A2J1( 9Y| Ry + Ot~ ™n{1-5:))
= CB? +O(t™),

where k£ = min{1 — £,4}. By the matrix monotonicity of A — Az [4, Sec. 2.2.2], we
deduce that

|Boi| < OBy +Ct 2. (13)
Now let )
O(t) = —x(H) [J(571) A2 J (7)) x (H) (14)
It follows from (8) that
B(t) = —x(H)[J(271)?A?] x(H) + O(t ™) (15)

is uniformly bounded for ¢ > 1.
We compute

~D&(t) = x(H)[V,i[J () A2 J ()] (H) + x(H) [do(J(Z72) Az T (274)) ] x (H)

12



Using Condition 2.3(iii) we see that

XCH)[V,A [T (57 A2 T (57 X (H) = Ot~ ).

Indeed,

0 0
— X(H)(HO - )\)RO( (A2 J( )+O( ))J(%)v 0 )X(H) + h C.

Now by Condition 2.3 (iii) we have that ||J(*%)v|| = O(t"'"*) and hence we also
0
have that RO(—i(AéJ(Ty)—‘rO(t_E))J(T)U 0 ) = O(t 1= 'U').
Note that
doJ(34) = —1VJ(Z) - v+ O(t?) (17)

and using (9) and (13) (cf. (12)),

— X(H)[J(Z7)(doAZ) T (254)]x (H)
@

M (FE) X +hoc|]x(H) — Ct 13,

x(H
Again we compute using (8):

Ro[VJ(3Y) - X A2 J(%7¥)]Ro + h.c.
= Ro[Jo(274)X - VJ(52) T (252) A2 Jo(%52)] R + h. c. +O(t )

—ZRO [Jo(S7) A% X A2 0,0 (S71) T (S72) A2 Jy(S72) Ry + h.c. +O(t ™)

< CRy[Jo(5E) ATy () Ro + Ct ™1
< CRo[ (52 X2 To(274)| Ry + O(t~ {19}
< ORo[(X, J2(Z2) X)| Ry + Ot~ ™intle},

Hence (cf. (17))

— X(H) [do<J<2ﬂ>A%J<%>)}x<H>
XCH)[(doJ (272)) A% J (252 )]x(m fhe
+ X (H) [T (52) (dp A% ) J (27
> Coy(H)[|J(%4) X + h.c. I]X(H)
— EX(H)[(X, B3 (52 X) I (H) + O(t™ )

H
~+~

‘d
S~—
>
/'\
\_/

(18)

for some v > 0. Since by Theorem 4.2 the second term in the r.h.s. of (18) is
integrable along the evolution, the theorem follows from Lemma A.1. O]

13



Theorem 4.4 (Minimal velocity estimate). Assume that (Py, o) € R*™! satisfies
that o € R\ (9(Py) U opp(F)). Then there exists an € > 0, a neighbourhood N of
(Po, Xo) and a function x € C5°(R**Y) such that x =1 on N and

/1OO H[H[O,E]](%')/Gae_itH(P)X(P,H(P))dPuH2% < C||u||2

Proof. By Theorem 3.6, it follows that there exists a neighbourhood O of F, and a
function f with f =1 in a neighbourhood of \q such that

f(H(P))[H(P),iAp]f(H(P)) > Cf*(H(P)) (19)

for all P in O. Let x € C°(R”*1;[0,1]) be supported in O x {\| f(\) = 1} and
X = 1 in a neighbourhood N of (Fy, o). It follows that

X(P,H(P)[H(P),iAp|x(P. H(P)) > $x*(P, H(P)). (20)

Let ¢ € C°({|z] < 2¢}) satisfy 0 < ¢ < 1, ¢ = 1 in a neighbourhood of {|z| < €}
for some € > 0 to be specified later on. Write

o) = ((1) Q(%)‘)

52 AP
@(t):/ X(P H(P)Q()—=Q()x (P, H(P)) dP.

Taking into account the support of ¢ and that vp, is w-bounded, and using pseudo-
differential calculus, it is easy to see that ®(t) is uniformly bounded.
We compute the Heisenberg derivative:

Let

D AP
D(t) = [ x(PH(P)ldoa() L QNP H(P) AP+ b

@ Ap
+ [P HP)V.QWIZE QNP H(P) AP+ hc

+ % /%(P,H(P))Q(t)[mm,iAPO]Q(t)X( P H(P))dP

-1 [ xp e QU p HP) ap
=R+ Ry + Rs + Ry.

By the same arguments as before it follows that % (t)x(P, H(P)) is uniformly
bounded. Using pseudo-differential calculus gives

Ri= L [P HP) (7 - VelD.) + 9(D,). Va2 AP, (P P

+h.c. +O(t7?).
Let

t

Bi= [ XBHP)IG - V(D) + VO(D,), Vol )] 4P

14



and
Ap,

D
Bo= [ \(PHP)QOT AP

Then
Ry = %B1B§k + %BQBT - 11BlB* _ 50%323;'

Now by Theorem 4.2, we get that %BlBT is integrable along the evolution. Using
pseudo-differential calculus and functional calculus of almost analytic extensions one
can verify that

(P H(P)),Q(t)] = (Ho(P) — R)“ 0@ ) (Hy(P) — R (21)

for any R € R\ o(Ho(P)) and any p, 0 < p < 1. Hence it follows by introducing
cutoff functions ¥ € C§°(R**1) and ¢ € C5°(R”) with yx = x and g = ¢ that

BB = / QUXR(P, HP)AC) a5 o P, H(P)Q(E) 4P
> - / QNP H(P)QU) AP +0(t?)
= G [ )@ ap) ar + o) )

t
By Condition 2.3(iii) it follows that (1(1 q(o Nle) 0 0) € O(t~'#) and hence

Ry € O(t™ 11 (23)

Using (20) and (21) twice, we see that
/ QUEN(P, H(P))[H(P),iAn x(P, H(P)Q(t) AP + O(t™%)
> / QUXE(P, H(P))Q() AP + O(t7)
> 2 [P )@ NP HP) AP+ 0 21)

Again using the cutoff functions and pseudo-differential calculus and taking into
account the support of ¢, we see that

2 Q(0)x(P, H(P)

= £QUXX(P, H(P))a(2) 22 [a(5)) X (P, H(P)QU)  O(™)

< eC3Q(t)X* (P, H(P))Q(t) + O(t™)
= eCsx (P, H(P))Q(t)*x(P, H(P)) + O(t™")

+x(P, H(P))Q(t)

15



Ry > —$ (P, H(P))Q(t)*x(P, H(P))dP + O(t™2). (25)

Putting (22), (23), (24) and (25) together, we see that

D@(t) > —5001 + 02 — 503

> AL [ HP)QU(P HP) AP
1

— —BB¥+ 0@ '),
e 1+ O( )

Now choosing ¢ and ¢( so small that —gqC +C5 —eC'3 > 0 together with Lemma A.1
yields the result. O]

5 The asymptotic observable and asymptotic

completeness
Theorem 5.1 (Asymptotic observable). Let p € C*(R”) satisfy that p(x) < p(y)
for lz| < |yl, p(x) = 0 for x| < 3 and p(z) =1 for |z| > 1. Define ps(x) = p(5).
Then the limits
Py (H) = s-lim " [ps (72 ]e ™", (26)
B (H) = llm P (H), (27)
Py (Hy, H) = s—hms lim e [ps (22 )]e o,
6—0 t—oo
Py (H, Hy) = s-lim s-lim e"/0[ps (£2)]e "

0—0 t—oo
exist and Py (H) is a projection.

Remark 5.2. Note that § — P;" (H) is increasing in the sense that P;" (H) < Py (H)
for 0 < § < §. We leave it to the reader to verify that the definition of Py (H) is
independent of the choice of p, and that one in fact could have chosen any family
of functions {ps} satisfying ps(z) < ps(y) for |z| < |y|, ps(z) = 0 for |z| < £ and
ps(x) =1 for |z| > 4.

Proof. We will prove the statements about P; (H) and By (H). The statements
about Pyf(Hy, H) and P, (H, Hy) are proved completely analogously.
Let

O(t) = —x(H)[ps(FH)Ix(H),

and calculate using pseudo-differential calculus

%<<u — Vw(D;) + VQ(D,)) - Vps(*2) + h. c.) +O(t™2).

dops(7) = =37 ( (5

N[

This in combination with Condition 2.3(iii) gives

DO(t) = 1y (H)[1X - Vps(552) + h.c.]x(H) + Ot~ mntHm2hy
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where X = =¥ —Vw(D,)+V(D,), so Theorem 4.3 in combination with Lemma A.2
gives the existence of the limit (26).
The existence of the weak limit w-P;"(H) = w-lims_,o P57 (H) is obvious. More-

over, for every d > 0, it is clear from Lemma A.3 that the strong limit s-lim P% (H)
n—oo  an

exists, is a projection and equals w-Py"(H). The inequality P; (H)? < P; (H) im-
plies

lin | (w-Fy (F1) — By (H)ul[> = i (w- B () + P (H)? — 2P (H))u,u)

< lim ((w-Py'(H) = Py (H))u,u) = 0.

This finishes the argument. [

Proposition 5.3. Let X = {(P,\) € R"™' |\ € o,,(H(P))} denote the set in
energy-momentum space consisting of eigenvalues for the fibered Hamiltonian and
O ={(P,\) e R |\ € 9(P)} the corresponding set of thresholds. Then ¥ U © is
a closed set of Lebesque measure 0. Moreover, (XU ©)(P) = opp,(P) UJ(P) is at
most countable.

Proof. By the usual arguments, Theorems 3.1 and 3.4 imply that eigenvalues of
H(P) can only accumulate at thresholds (see e.g. [2] for details), and by analyticity,
the threshold set J(P) is at most countable. Hence, if ¥ U © is closed, it is in
particular of measure 0.

Let (Py, Ao) € XU ©. Then by Theorem 3.6, there are neighbourhoods O of P,
and I of A\g such that for all P € O, a strict Mourre estimate holds for H(P) on the
energy interval I with conjugate operator Ap, given as in Theorem 3.4 and H(P) is
of class C*(Ap,) by Theorem 3.1, which by the Virial Theorem implies that there
are no eigenvalues for H(P) in [ for any P € O. Clearly,

O ={(P\) eR"™ [Tk e R": A= QP — k) + w(k), Vw(k) — VQ(P — k) = 0}

is a closed set. Hence, possibly after chosing smaller O and I, O x [ is a neighbour-
hood of (P, Ag) which does not intersect ¥ U ©. O

Let Hpa = Exue((P, H))H and similarly Hopa = Es,ue((P, Ho))H. We remark
that if we for a fixed P take the fiber (XU ©)(P) = {\| (A, P) € ¥ U O}, then we
have Esue)(p)(H(P)) = Lpp(H(P)).

Theorem 5.4. With Hyq and By (H) given as above, we have Hyq = (1— Py (H))H.

Proof. Let (Mg, Py) € R"™\ (XU O). Let the neighbourhood N and ¢ > 0 be those
of Theorem 4.4 corresponding to the point (Ao, Py). Let ¢ € Ex(P, H)H. Then by
Theorem 4.4, there exists a sequence t,, — oo such that

= O (52)e I (1 p(522))e 0 s P () 40,

which implies that ¢ € Pf(H)H. As the span of such 1 is dense in Hi, and
Py (H)H is closed, this implies that Hypq D (1 — By (H))H.

By Proposition 5.3, XU© may be written as an at most countable union of graphs
¥.; of Borel functions from (subsets of) R” to R (see [17, Théoreme 21, p. 226]).
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Let ¢ = U [ ppdP € H. Then ¢ = Ex,(P,H)p = U [¥ By, (p)(H)pp dP. This
implies that ¢) can be written as

sz/@wde,

where 1p is an eigenvector for H(P) with eigenvalue ¥;(P). Note that this ensures
that 1p is Borel as a function of P. Now

Py (H)yp = s-lim e [ps () e ™"4)

t—00

®
= s-lim U / PN [ps(2))e M P)pp AP

®

_ st—hm 6itHU / [pa(%)]eiitzj (P)¢P dP7
—00

where the last integrand goes pointwise to 0 and hence by the dominated convergence

theorem, the limit is 0. As § was arbitrary, this shows that Py (H)y = 0.

Since the span of the set of ¥ we have covered is dense in Hypq and Py (H) is
closed, we conclude that Hypq C (1 — Py (H))H. O

Theorem 5.5 (Existence of wave operators). The wave operator W+ : H +— H given

by
Whu = s-lim " e 0 P (Hy)u,
t—ro0 0

where Py (Hy) is the projection onto {0} @ L*(R*) = Hg,q, emwists.

Proof. From Theorem 5.1 and Theorem 5.4 with H = H, it follows that P, (H,)
can be given as in Theorem 5.1, and by passing to the fibered representation, it is
easy to see that the assumptions on 2 and w imply that Hopq = L*(R”) & {0}.

By Theorem 5.1,

e

itH[ ﬂ)]e—itHO — eitHe

pd( - —itHg eitHo [ u)]e—itHo

s ( P

tends strongly to Pyf (Hy, H) when ¢ — oo and 6 — 0 (in that order). On the other

hand,

itHo [pg(u)]eiitHO

€ t

tends strongly to Py"(Hy) in the same limit. This implies that

P (Hy, H) = s-lim(e™ e7Ho) P (Hy)

t—o00

exists. O

Theorem 5.6 (Geometric asymptotic completeness). With W+ as in Theorem 5.5,
Ran W+ = P (H)H.
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Proof. Consider

W = s-lim e e 0 P (H,)?
t—o0

= Py (Ho, H)Fy (Ho)
—a itH xr— —itHy p+
= sl lim s (57)le P (Hy)

el o1 WHT (2=Y\] ,—itHY o i o1 —itH —itHo\ p+
= stime (7l slim e lim () B (Ho)

= Py (H)WT,
which proves that Ran W+ C Byf (H)H. For the other inclusion, we similarly calcu-
late

By (H) = s-lims-lim e‘tH[p(g(?)]e_itHPSr(H)
t—00

6—0

— Sggfon St;hofgl 61tH6—itHoeitH0 [p(s(%)]e—ltHPO—&-(H)

= s-lims-lim e e PY(H, Hy) Py (H)

0—0 t—oo

= s-lim s-lim e e 70 P (Hy) PyF (H, Ho)

6—0 t—o0

= WT*P}(H, Hy),
which proves Ran Py"(H) C Ran WT. O

Theorem 2.1 now follows from Proposition 5.3, Theorem 5.4 and Theorem 5.6.
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Appendix A

For easy reference, we list the following lemmata, which are taken from the appendix
of [DG]. The first lemma which is used to prove the propagation estimates, is a
version of the Putnam-Kato theorem developed by Sigal-Soffer [18].

Lemma A.1. Let H be a self-adjoint operator and D the corresponding Heisenberg
derivative

d
D= +[H,
5 T

Suppose that ®(t) is a uniformly bounded family of self-adjoint operators. Suppose
that there exist Cy > 0 and operator valued functions B(t) and B;(t), i =1,...,n,
such that

Do (t) > C,B* ZB
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[ 1B e < el i=1..m
1
Then there exists C such that
[ 1B el ar < cullol
1

The next lemma shows how to use propagation estimates to prove the existence
of asymptotic observables and is a version of Cook’s method due to Kato.
Lemma A.2. Let Hy and Hsy be two self-adjoint operators. Let ;1D be the corre-

sponding asymmetric Heisenberg derivative:

,D,®(t) = d—dt<I>(t) +iHy®(t) — i®(t) Hy.

Suppose that ®(t) is a uniformly bounded function with values in self-adjoint oper-
ators. Let Dy C H be a dense subspace. Assume that

(2, s Dy @()) <[ Bai (8[| Bua(t)enll,
i=1

[ 1Bt P ar < el e i=1 o,

1

| IBue P a < Ol p D=1 n
1

Then the limat
s-lim €2 P (1) e tH
t—o00
exists.
The final lemma gives us the actual asymptotic observable.

Lemma A.3. Let O, be a commuting sequence of self-adjoint operators such that:
0< Qn <1, Qn < Qn+17 QnJrlQn = Qn
Then the limit
Q =slim@,
n—o0

exists and is a projection.

Appendix B

In this section, we recall a result from [16].

In the following, A = (A4,..., A,) is a vector of self-adjoint, pairwise commuting
operators acting on a Hilbert space H, and B € B(H) is a bounded operator on H.
We shall use the notion of B being of class C"™(A) introduced in [2]. For notational
convenience, we adopt the following convention: If 0 < j < v, then §; denotes the
multi-index (0,...,0,1,0,...,0), where the 1 is in the j’th entry.
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Definition B.1. Let ny € NU {co}. Assume that the multi-commutator form
defined iteratively by ad%(B) = B and ad%(B) = [adjﬁa"(B),Aj] as a form on
D(A,), where o« > 9, is a multi-index and 1 < j < v, can be represented by a

bounded operator also denoted by ad$(B), for all multi-indices «, |a| < ng + 1.
Then B is said to be of class C™(A) and we write B € C™(A).

Remark B.2. The definition of ad$ (B) does not depend on the order of the iteration
since the A; are pairwise commuting. We call |a| the degree of ad}(B).

In the following, H% := D(|A]®) for s > 0 will be used to denote the scale of
spaces associated to A. For negative s, we define H% := ’H;‘S*.

Theorem B.3. Assume that B € C™(A) for some ng > n+1 > 1, 0 < t,t,
t1 +to <n+2 and that {fr}rer satisfies

Va3C,: 0% fr(x)] < Cola)*~l
uniformly in X for some s € R such that t; +t3+s <n-+1. Then
(B, fr(A Z Lo fr(A) ad%(B) 4+ Ryn(A, B)
|a|= 1 ’

as an identity on D((A)*), where Ry, (A, B) € B(H ", H'}) and there exist a con-
stant C' independent of A, B and X such that

IRan (A Bl ga-ra sy < €S llad5(B)]|

|a|=n-+1
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