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Preface

This thesis is written as part of the requirements in the PhD programme in
Mathematics at Aarhus University. It represents the research part of my work
during my PhD studies which have been carried out under the supervision of
Klaus Thomsen (Aarhus University).

About the Thesis

My general area of research is symbolic dynamics. If the reader is not familiar
with symbolic dynamics, the second chapter contains a brief introduction to
the basic concepts.

The ultimate goal of my research project is to solve the lower entropy
factor problem for irreducible sofic shift spaces. In other words, I want to find
a necessary and sufficient condition for one irreducible sofic shift to factor onto
another irreducible sofic shift of strictly lower entropy. The condition should
be effective in the sense that there should be a deterministic algorithm to check
whether it is satisfied.

There are currently two known partial answers. One by Mike Boyle in [B]|
and one by Klaus Thomsen in [T]. Their conditions are formulated in terms
of periodic points and both are proved using the marker strategy which was
originally developed by Wolfgang Krieger in [K].

In [B] Mike Boyle solves the lower entropy factor problem for irreducible
shifts of finite type by proving that the fact that a morphism respects the
period of the periodic points, leads to a necessary and sufficient condition for
one shift of finite type to factor onto another shift of finite type of strictly
lower entropy. He then extends his result to the case when X is a sofic shift
and Y is a mixing sofic shift with some special properties.

In [T] Klaus Thomsen shows that morphisms preserve more information
about the periodic points than just their period. He proves that they also
respect affiliation, a concept which involves the connection between individual
periodic points in X and the top component of X. He shows that, when Y is
mixing sofic and X is irreducible sofic with some special properties, that leads
to a necessary and sufficient condition for a factor map to exist.

Like Boyle and Thomsen, I focus on the case when Y is mixing and I use

iii
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a modified version of the marker strategy. But unlike them, I do not focus on
periodic points. It turns out than when X is an irreducible sofic shift and Y is
a mixing sofic shift, then all that hinders us from using Boyle’s or Thomsen’s
result is a finite set of periodic points Exy in X. The necessary condition
by Thomsen implies that Exy must be a subset of the derived shift X of
X, i.e. the set of points in X which do not contain any synchronizing words.
I therefore focus on the problem of extending a morphism ¢: X — Y to
a factor map from X onto Y. Because a necessary and sufficient condition
for the existence of such an extension will lead to a necessary and sufficient
condition for X to factor onto Y, since the existence of a morphism 0X — Y
is clearly necessary.

I find a non-trivial necessary and sufficient condition for such an extension
to exist by proving:

Result 1. Let X be an irreducible sofic shift and Y be a mizing sofic shift
such that h(X) > h(Y'). Then a morphism pgx: 0X — Y extends to a factor
map ¢: X =Y if and only if it is marked and Exy C 0X.

In fact, I prove a more general result involving subshifts S C X.
Result 1 implies:

Result 2. Let X be an irreducible sofic shift and Y be a mizing sofic shift
such that h(X) > h(Y'). Then

X Y & Exy C0X,3p: 0X =Y marked.

The marked property says that ¢(0X) has to be connected to the top
component of Y in the same way that X is connected to the top component
of X. Since that is a necessary condition, it is clear that morphisms preserve a
lot more structure than was previously known. In particular it shows that it is
not enough to look at individual periodic points; one has to look at how several
periodic points at the same time are connected to the top component. This
new problem is investigated in Chapter 5, which can be read independently of
the rest of the thesis.

The condition is not effective in general, but for a lot of X’s and Y’s it
is. This is illustrated by the fact that I prove a result (Thm. 7.2.7), which
generalises both Thomsen’s and Boyle’s results, in which the necessary and
sufficient condition involves only finitely many periodic points (see section 7.2).

Even though the condition is generally hard to work with in praxis, it has
theoretic value in that it for example allows me to show that a factor map
exists if and only if an apparently weaker condition is satisfied, namely that
there is a morphism, which hits a synchronizing word (Prop. 4.3.7).

So far, the lower entropy factor problem has turned out to be strongly
linked to the higher entropy embedding problem, which is the problem: Given
two sofic shifts of different entropy, when does one embed into the other? All
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results on one of the problems have led to similar results on the other. That is
also the case with my result. With few, very natural changes the condition that
works for the lower entropy factor problem becomes a necessary and sufficient
condition for the higher entropy embedding problem.

In [B] Boyle asks if there is a tractable condition on the periodic points,
which is both necessary and sufficient for a sofic shift to factor onto another. In
an attempt to find such a condition, I investigate how much of the information
about periodic points a morphism preserves. The result is a very strong but
rather complicated necessary condition, which is still not sufficient. Hence my
hopes for a positive answer to Boyle’s question are very slim.

Chapter Overview

Chapter 1 contains the, to my knowledge, strongest currently known partial
answers to the lower entropy factor problem and higher entropy embedding
problem for sofic shifts; namely the ones by Krieger, Boyle and Thomsen. I
have renamed the different periodic conditions in order to make it easier for
the reader to remember what a given condition says, when I refer to it later on
in the text. For example Per X % PerY is the condition that there is a shift-
commuting map from Per X to Per Y. And Per X < PerY is the condition
that there is an injective shift-commuting map.

In chapter 2 I have gathered the necessary definitions and results necessary
to be able to work on the factor problem and the embedding problem for sofic
shifts. Far most of it is well known and can be found in [LM]|, [M], [T]| or
[B]. Besides a change in notation, the only new things are the slightly stronger
affiliation concept and its properties in section 2.7 and the modified marker
strategy described in Section 2.10, which is critical for understanding the proofs
of my main results. If the reader is already familiar with symbolic dynamics,
he can probably skim through the rest of the chapter and use the notation
index to look up any new notation, when needed.

The research part of the report begins in chapter 3. I introduce the concept
of local words, which leads to the definition of ‘the marked condition’. The
condition is shown to be necessary for a morphism to exist between two shift
spaces under mild assumptions on the shifts involved. The marked condition
is then compared to the previously known necessary conditions.

In Chapter 4 I prove my main result, Theorem 4.1.1, which says that under
suitable assumptions the following holds: If S is a subshift of an irreducible
sofic shift X and Y is a mixing sofic shift of strictly lower entropy than X,
then a morphism S — Y extends to a factor map X — Y if and only if it is
marked.

In chapter 5 I introduce a generalized affiliation concept called simultaneous
affiliation and show that it behaves much like the affiliation concept from
Chapter 2 under morphisms. That leads to a very strong necessary condition
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on the periodic points, which sadly is not sufficient.

In Chapter 6 I use the ideas from Chapter 4 to prove a higher entropy
embedding theorem, which is stronger than the higher entropy embedding
results from Chapter 1.

Chapter 7 is dedicated to investigating what the marked property looks like
under different simplifying assumptions. It turns out that in many cases the
marked property is a lot simpler, decidable even, and in some cases, including
those handled by Thomsen and Boyle, it concerns only periodic points. That
leads to a solution of the following extension problem under suitable assump-
tions on the shifts involved: Let S C X and let ¢: S — Y be morphism. Does
© extend to a factor map from X to Y7

Chapter 8 contains my first (slightly) interesting research result after being
accepted into the PhD programme. Namely a new proof of the fact that a
mixing sofic shift is always an eventual factor of another mixing sofic shift of
strictly higher entropy. The new thing is that my proof does not use Krieger’s
marker lemma.

The notation index doubles as a traditional index. I hope the reader will
find it useful.
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History

In this chapter I have gathered the currently known partial answers to the
lower entropy factor and higher entropy embedding problem for sofic shifts.

1.1 Krieger

In 1982 Krieger published [K]| in which he proved the marker lemma:

Lemma 1.1.1. Let X be a shift space and k,T € N, such that k > T > 1.
Then there exists a clopen set F' C X, which satisfies:

1. The sets 0'(F), 0 <i < T, are disjoint.

2. If a point x € X satisfies

gy g |J o),

~T<j<T
for some i € 7, then x;_y ;yx) is periodic with period less than T'.

He then used the marker lemmas ability to place markers in points in a
shift space to prove the following embedding theorem:

Theorem 1.1.2. Let X be a shift space and Y be a mizxing SFT such that
h(X) < h(Y). Then
X <Y & PerX < PerY.

Where Per X <% Per Y means that there is a shift-commuting injective map
from Per X to PerY.

In other words: A shift space X embeds into a mixing SE'T Y of strictly
higher entropy if and only if Y contains at least as many periodic points of
each period as X.

Thus by knowing only the periodic points in X and Y, it is possible to tell
whether or not X embeds into Y.
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1.2 Boyle

Shortly after, Boyle published [B] in which he used Krieger’s idea of placing
markers in points in a shift space to prove the following factor theorem:

Theorem 1.2.1. Suppose X andY are irreducible SFTs, such thath(X) > h(Y).
Then
X »Y & PerX 5 PerY.

Where Per X % PerY means that there is a shift commuting map from
Per X to PerY.

Equivalently: An irreducible SF'T X factors onto another irreducible SE'T
Y of strictly lower entropy if and only if ¥ contains a periodic point whose
period divides n, whenever X contains a periodic point of period n.

Note the similarity between Boyle’s and Krieger’s conditions in that both
conditions involve only periodic points.

Later in |B] Boyle extends both his and Krieger’s result to some sofic shifts
by proving the following:

Theorem 1.2.2. Suppose X and Y are shift spaces satisfying the following
properties:

1. Y is mizing sofic,

2. X contains an SFT X such that h(X) > h(Y), (for ezample, X is sofic
and h(X) > h(Y))

3. Whenever X contains a periodic point of period n, Y contains a periodic
point whose period divides n and which is 1-affilitated to the top component.
Then X - Y.

Where affiliation is defined in the following way: Let x be a periodic point
of least period n in a shift space X. x is said to be d-affiliated to the top
component of X, denoted by x € X(gd), if there are synchronizing words a, b in
W(X) such that aa:%‘fn[b € W(X) for all kK € N.

To be fair Boyle did not formulate his result in terms of affiliation, a concept
introduced 20 years later by Thomsen in [T], but this equivalent formulation

makes the comparison between Boyle’s and Thomsen’s results easier.

Corollary 1.2.3. Suppose X and Y are sofic shift spaces, Y mizing receptive,
such that h(X) > h(Y'), then

X »Y & PerX S PerY.

Where receptive means that whenever Y contains a periodic point of period
n, then there is a periodic point also in Y whose period divides n and which
is 1-affilitated to the top component of Y.

Theorem 1.2.4. Suppose X and Y are shift spaces satisfying the following
properties:
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1. Y is mizing sofic,

2. h(Y) > h(X)

3. ¥n € N: Qu(X) < Qn(VM).
Then X — Y.

Where @, (X) is the number of periodic points in X with minimal period
n.

Corollary 1.2.5. Suppose X andY are sofic shift spaces, Y mixing inclusive,
such that h(Y') > h(X), then

X <Y o ParX< PeryY.

Where inclusive means that all periodic points in Y are 1l-affiliated to the
top component of Y.

In fact Boyle proved that the inclusive and receptive sofic shifts are exactly
those that behave like mixing SFTs with regards to embeddings and factors.

1.3 Thomsen

In [T], Klaus Thomsen investigates the structure of sofic shifts, which leads
to the definition of irreducible components in sofic shifts, which generalize the
very useful irreducible components in shifts of finite type.

He shows that the structure of irreducible components in a sofic shift space
is a conjugacy invariant, and that it is respected by morphisms in the following
sense:

Theorem 1.3.1. Let X and Y be sofic shift spaces, and p: X — Y a mor-
phism of shift spaces. It follows that there is a map X. — Y () from the sel
of irreducible components in X to the irreducible components of Y, such that

eriod(z)d
P (=) )

e X = @) € Y o),

In particular, p(X.) C Y-

Using that and the same marker strategy employed by Boyle and Krieger,
he proves the following extensions of Boyle’s factor and embedding theorems:

Theorem 1.3.2. Let X and Y be irreducible sofic shift spaces. Then

d
X%Y:PengPerY

And if furthermore Y is mizing, h(X) > h(Y') and X has transparent affiliation
pattern, then

d
PerX(—gPerY:X—»Y
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Theorem 1.3.3. Let X and Y be sofic shift spaces, X mixing with transparent
affiliation pattern. If X embeds into Y, there is an irreducible component Y,
inY such that X CY,,

a) Per X @ PerY,, and
b) h(X) < h(Yy).

Conversely, if there is an irreducible component Y. in'Y such that a) holds and
b’) h(X) < h(Yz),

then X CY,CY.

d
Where Per X (—3 PerY is defined by

VECNneN: () Qu(xi?) #20= ) U Qn(¥s

der deF m|n

)

) # 0,

d
and Per X S—Q Per Y means that there is a shift-commuting injective map A: Per X —
PerY such that
x € X(gd) = \Nz) € Yo(d)

for all d € N.

And transparent affiliation pattern means that all but finitely many pe-
riodic points are l-affiliated to the top component of X and the rest have
marked entries and exits as defined below.

Definition 1.3.4 (Entry and Exit). Let X be a shift space, z € Per X and
z € X. A z-entry of length n is an interval [, j[ of length n, such that z(;
occurs in z, but xp_y j; does not. A z-exit of length n is an interval [4, j[ of
length n, such that x; ;i occurs in z, but zy; ;1) does not.

Definition 1.3.5 (Marked entries and Exits). Let X be a shift space and
z € Per X. z is said to have marked entries if there is an N € N such that
when x € X and z; ;| is a z-entry of length at least 2V, then there is a unique
y € m1(z) such that w;y y_1 = yi+n_1 for all Wi—N,j+N][ € W*I(x[i,NJJrN[).

z is said to have marked exits if there is an N € N such that when z € X
and zj; ;[ is a z-exit of length at least 2V, then there is a unique y € 71(2)
such that w; n = y;—n for all wy;_n jyn] € 77_1(95[i—N,j+N[)-

If one is willing to assume something about both X and Y, and not just
X, it is possible to get a stronger result from Thomsen’s proof. A careful
reading of the proof of Theorem 9.13 in |T| shows that the assumption about
1-affiliation is used only to ensure that the set

(=)
Exy ={zecPeaX| ] Quiy ™) =0}

m||pz|

is finite. i.e. that all but finitely many periodic points in X have a partner
in PerY which is almost 1-affiliated to the top component in the sense that
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Unnin YO(E) # (. But that is automatic when Y is mixing sofic. Thus with

almost the same proof we get the following result:

Theorem 1.3.6. Let X and Y be irreducible sofic. Then

d
X—»Y:>PerX(—>2PerY

And if furthermore Y is mizing, h(X) > h(Y') and all points in Exy have
marked entries and exits, then

d
PerX(—gPerY:>X—»Y

Which contains Boyle’s result (Thm. 1.2.2), when X is an irreducible sofic
shift space with higher entropy than Y. Because under the assumptions of

d
Theorem 1.2.2, Ex y is empty and Per X (—») PerY is satisfied.
Note that Theorem 1.3.6 implies that Exy C 0X is necessary for X

to factor onto Y. Because Per Xy C X(gl), as shown by Thomsen. So if

Per X (jz PerY, then Exy N X = (), which implies that Exy C 90X, since
Per X = Per Xo U Per0X.

In section 7.2 I show that it is possible to weaken the assumption on the
points in Exy, if the condition on the periodic points is strengthened even
further.






CHAPTER 2

Introduction

This chapter is a brief introduction to the basic concepts of symbolic dynamics.
For a more thorough exposition see for example [LM].

2.1 Shift Spaces

In the following ¥ denotes a finite set, called an alphabet. The elements of
Y are called symbols. We will use the notation x; = {x;};cs for sequences of
elements in . The objects we will be studying are subsets of the full X-shift,
which is the set of doubly infinite sequences of symbols from X.

Definition 2.1.1 (Full shift). The full 3-shift $% is defined by:
Y ={xy | Vi€ T x; € X}

We turn the full shift into a topological space by equipping it with the
topology induced by the metric d: £% x £% — R defined by

d(z,y) = inf{27% | 2y = y—nn}-
Lemma 2.1.2. % is compact.

Proof. Let {x'};en be a sequence of elements in 2. We will construct a con-
vergent subsequence of {z'};en. Choose first an iy € N such that T} = af
for infinitely many j > ¢p. Then choose inductively an increasing sequence

. ij Gt ij k o

ij such that Tl o = Tl and su<?h that i = Tl for in

finitely many k > i;. Then the subsequence {2 } jcn converges to the element
i

{‘rk‘kl}kez SR O]

Definition 2.1.3 (Shift map). The map o: X% — ¥% defined by o(x); = 741
is called the shift map.
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i.e. o shifts an element x € % one step to the left.

...{1}‘_1:130 ]}1 (1,‘2 {1;‘3...

O-—v|r

Definition 2.1.4 (Shift invariant). A subset X C %7 is called shift invariant
if o(X) = X.

This enables us to define what it means for a subset of ©% to be a shift
space.

Definition 2.1.5 (Shift Space). A subset X C %% is called a shift space if it
is closed and shift invariant.

Note that shift spaces are compact since they are closed subsets of the
compact set ©%. Note also that the set of shift spaces is closed under arbitrary
intersections and finite unions.

Example 2.1.6. ©Z is clearly a shift space. A nontrivial example of a shift
space is the set {o"(...abcabc...)}pen. This is obviously shift invariant. It
is closed because any convergent sequence of elements in it must be constant
from some point on. The subset of {0,1}% consisting of the elements, which
contain exactly one ’1” symbol is not a shift space, as it is not closed, since the
sequence of elements whose ith symbol is a 1, converges to 0°°, which is not
in the subset.

This topological way of thinking about shift spaces is however not always
the most useful when working with them. We will often use an equivalent
definition in terms of words and languages as defined below.

Definition 2.1.7 (Word). A word over an alphabet ¥ is a possibly infinite
sequence of symbols in . Let w and x be words over ¥. The length of w,
denoted by |w|, is the number of symbols in it. w is said to occur in, or be a
subword of z if there exists an interval [i,j] C Z, such that xj; j = w. This
is denoted by w C x. The set of finite subwords of z is denoted by W(z). If
nothing else is specified, the symbols of a word w are indexed by [0, |w|], i.e.
W= Wi, |w|[-

Definition 2.1.8 (Language). Let X C %%, The set of finite words occurring
in elements of X is denoted by W(X), and called the language of X. The
set of all words occurring in elements of X is denoted by W*(X'). We use the
following notation:

W(X)* = W(z%) - W(X),

Wi (X) ={w € W(X) | |w| = n},
Wspn(X) ={we W (X) | |lw| >n} and
Wen(X) ={w € W(X) | |w| < n}.
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If X is a shift space, then the set W;(X) is called the alphabet of X and
is denoted by X x, or simply 3, when the shift space is understood.

If u and v are words over X, uv denotes the concatenation of them. When
n € N, u™ denotes u concatenated with itself n — 1 times and u*° denotes
u concatenated with itself infinitely many times to the left, right or both
depending on the context. When dealing with subwords of words in W*(X),
things like az|; ;b mean what they say when ¢ and j are finite and x)_, ;1b,
AT i oof AN T)_og o, When i = —o0, j = 0o and [4, j] =] — 00, 00| respectively.
This is done in order to avoid cluttering the text with special cases.

Definition 2.1.9 (Xp). Let X be a shift space and F C W(X%). Then Xp
denotes the maximal subset of X, which satisfies that no word from F occurs
in any element. i.e.

Xp={zeX|W()nF =0}
The elements in F' are called forbidden words.

Definition 2.1.9 enables us to formulate the promised equivalent definition
of shift spaces:

Theorem 2.1.10. A subset X C %% is a shift space if and only if there exists
a set F C W(XZ), such that X = XL,

Proof. =: Let F C W(X%). Then ¥Z is clearly shift invariant. And the
argument used to prove that ¥% is compact in Lemma 2.1.2 also proves that Z%
is compact, and therefore closed. <: Let X C Y% be a shift space. Then it is
closed, which means that % — X is open. We can therefore for each y € X% — X
find a k, € N such that Vz € ¥2: 2 kg ky] = Ylkyky] = % € »%Z — X. Define
F={y i, |lve ¥Z — X}. I claim that X = Y%, Let z € X% — X. Then
T[_j, k,) € I and thus z ¢ YL Let x € 2 — ¥Z. Then we can find i,j € N
such that z;;; € F. But then 0~ % (z) ¢ X by definition of F. So by shift
invariance = ¢ X. O

Theorem 2.1.10 makes it easier to construct concrete shift spaces as illus-
trated in the following example:

Example 2.1.11. Let Xz, be the set of elements in {0,1}%, for which two
consecutive 1’s are separated by at least one 0. Then it is a shift space, as
Xem = {0, 1}%11}. Xom is called the golden mean shift.

Let X, be the set of elements in {0,1}%, for which two consecutive 1’s are
separated by an even number of 0’s. Then it is a shift space, since Xs, =
{0, 1}{2102’““1%6]1\1}' Xon, is called the even shift.

Lemma 2.1.12. Let X be a shift space and 3 be an alphabet containing Xx .
Then
7
X = 2iw(x)e
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Proof. C is obviously true for all subsets of ¥%. D: Since X is a shift space,
X = ¥Z for some F € W(XZ) by Theorem 2.1.10. Let z € E%V(X)c. Then
z € X% since clearly F C W(X)°. O

Lemma 2.1.12 implies that an element = € % is in a shift space X if and
only if each subword of = is in W(X'). Thus a shift space is uniquely given by
its language.

Definition 2.1.13 (Irreducible). A shift space X is called irreducible if
Va,b e W(X)Jw € W(X): awb € W(X).
Definition 2.1.14 (Mixing). A shift space X is called mixing if
Va,b € W(X)3IN € NVn > N3w € W, (X): awb € W(X).

If N can be chosen independently of a and b, it is called a transition length
of X. The minimal transition length is denoted by TL(X).

Definition 2.1.15 (Synchronizing). Let X be a shift space and s € W(X).
Then s is called synchronizing if

Va,b € W(X): as,sb € W(X) = asb € W(X).
The set of synchronizing words in X is denoted by S(X).

If a word is synchronizing, then each word in which it occurs is synchro-
nizing:

Lemma 2.1.16. Let X be a shift space and u,v,w € W(X), with the property
uwv € W(X). Then
w e S(X) = uwv € S(X)

Proof. Assume that w € S(X) and let s,t € W(X) be arbitrary. If suwv,
vwot € W(X), then suw,wvt € W(X), which implies that suwvt € W(X),
since w € S(X). O

As we will see later on, the synchronizing words in a shift space are very
useful when constructing maps between shift spaces.

2.2 Morphisms

Definition 2.2.1 (Morphism). Let X be a shift space. A map p: X — X% is
called a morphism if it commutes with the shift map and it is continuous.

Note that the composition of two morphisms is a morphism.
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Definition 2.2.2 (Factor, Embedding, Conjugacy). Let X and Y be shift
spaces. If there is a morphism ¢: X — Y, we say that X maps to Y, which
is denoted by X — Y. If ¢ is surjective, it is called a factor map, and Y is
called a factor of X, which is denoted by X — Y. If ¢ is injective it is called
an embedding, and X is said to embed into Y, which is denoted by X — Y.
If o is invertible, it is called a conjugacy, and X and Y are called conjugate,
which is denoted by X ~ Y.

As with shift spaces the topological viewpoint of Definition 2.2.2 is not the
way we will work with morphisms. We are going to construct morphisms by
constructing sliding block codes as defined below.

Let n € N. A map ®: W, (X) — X, called a block map, induces a map
0: X — X7 called a sliding block code, in the following way:

Definition 2.2.3 (Sliding Block Code). Let X be a shift space and let ®:
Wnini1(X) — ¥ be a map for some m,n € N. Then the map p: X — %%
defined by

p(r) = {(I)(x[i—m,i+n])}i€Z
is called an (m,n)-sliding block code. m is called the memory and n the
anticipation of .

e

p()

7

Theorem 2.2.4. Let X be a shift space. A map ¢: X — %% is a morphism
if and only if it s a sliding block code.

Proof. =: Let ¢: X — £% be a morphism. Then ¢ is continuous and there-
fore uniformly continuous, since X is compact. Since ¢ is shift-commuting,
we can therefore find a k£ € N, such that for all x € X and i € Z, ¢(x); is
function of @[;_, ;1. This block map induces .

<: Left to the reader. O

Example 2.2.5. The shift map, o, is a morphism, as it is the (0, 1)-sliding
block code induced by the block map x1x2 — 2. It is a conjugacy, since the
(1,0)-sliding block code induced by the block map xjx9 — x1 is an inverse.

Definition 2.2.6 (n-block map). Let X be a shift space and n € N. A
morphism ¢: X — £7Z is called an n-block map if it is an (0,n — 1)-sliding
block code.

Lemma 2.2.7. Let X be a shift space and ¢: X — X% be an (m,n)-sliding
block code for some m,n € N. Then ¢ oo™: X — %% is an m + n + 1-block
map with the same image.
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Proof. Let @ be the block map, which induces ¢. Then clearly

poo™(x) ={P(T,itmin]) ticz-

For all x € X. Thus p oo™ is an m + n + 1 block map. And since X is shift
invariant, (¢ o 0™)(X) = ¢(X). O

This implies that we can always recode a morphism to an n-block map for
some n € N. Note that an n-block map, ¢, can be considered an m-block map
for all m > n by defining a block map which ignores the last m — n symbols
and otherwise works as the block map inducing ¢.

Definition 2.2.8 (Word Map). Let X and Y be shift spaces. If p: X — Y
is an (m,n)-sliding block code, then ¢,, , denotes the map W, 1p11(X) —
W*(Y'), defined by

Omn (T ) = {P(Th—m,k+n)) Feclitm,j—n)-

©mn is called the (m,n)th word map of ¢. To simplify notation we define
Pon—1 = Pn-

i k—m k k4n J
i - = — |
N . |
1+m k j—n

The following lemma shows that the set of shift spaces as well as the subsets
of irreducible and mixing shift spaces are invariant under morphisms.

Lemma 2.2.9. Let X be a shift space and ¢: X — X% be a morphism. Then
©(X) is a shift space. And if X is irreducible or mizing, then so is ¢(X).

Proof. let X be a shift space and ¢: X — %% a morphism. As ¢ commutes
with the shift, o(p(X)) = ¢(0(X)) = ¢(X). Thus ¢(X) is shift invariant.
And since it is the image of a compact set under a continuos map, it is also
closed and therefore a shift space.

By Lemma 2.2.7 we can without loss of generality assume that ¢ is an
n-block morphism for some n € IN. Assume that X is irreducible. Let a,b €
W(Y) and find o/, € W(X) such that ¢,(a’) = a and ¢, (V') = b. Since X
is irreducible, we can find an 2’ € W(X), such that a’2't’ € W(X). Define
z € W(Y) by azb = ¢, (a’2'0"). Then axb € W(Y'). Thus Y is irreducible.

Assume that X is mixing and let a,b € W(Y). Find o/,0’ € W(X), such
that ¢, (a’) = a and ¢, (') = b. Since X is mixing, we can find an N’, such
that we for all k > N’ can find a word 2’ € W (X), such that a’z't’ € W(X).
Define N = N'4+n—1, and let K > N. Choose an 2/ € Wy_,,+1(X), such that
a'z’b € W(X). Define z € Wi(Y) by axb = pp(a’2’'t’). Then axb € W(Y).
Thus Y is mixing. O
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Definition 2.2.10 (Higher block shift). Let X be a shift space and n € N.
The nth higher block shift of X, X is defined by:

x = g,(x),

where 3,: X — W, (X)% is the n-block map, induced by the block map
Zlo,n| — Z[o,n[-
When z € X, we use the notation =™ for the word £, (z).

It is easier to imagine the points in X", if we write the symbols in the
alphabet W, (X)) vertically;

Tn—2 Tn—1 Tn

Lp— Lp— Ly —
Ji[n}:ﬁn(ﬂf): n—3 ) n—2 n—1 "'EWn(X)Z,

Tr_1 i) X1

where the symbol to the right of the dot corresponds to index O.

Note that the higher block shifts are shift spaces by Lemma 2.2.9 and that
if n,m € N, then (X[M)lm ~ xlntm=1],

Bn is a conjugacy, since the 1-block map, 3, !, induced by T(on] > To 18
an inverse of 8,. The symbol 3, is also used to denote the nth word map of
By (Br)n: WE (X)) — WH(X[) and B;i denotes the inverse of (3,),. i.e.

65%(36%}”1]) = T[1,m4n—1], for all m > 1. Note that ﬁg&: W (X)) — Wy, (X)
is not the the 1st word map of 3,1, (3, 1)1. This is illustrated by the following

example.

Example 2.2.11. Consider 0100 € Wy (Xgm). Then 55(0100) = [6
a word int,(Xg}l) and ﬁ;j ([§119118]) = 0100 # 010 = (B ([

J[9]18] is
o] [9118]):
Remark 2.2.12. If ¢: X — Y is an n-block map, then ¢ o ﬂglz Xl 5y

is an m = max{l,n — d + 1}-block map, since it is induced by the map

xﬁl]m} = on(T)1) = wn(ﬁ(ﬁ(iﬁﬁ}m])[Ln])- So when we are in a situation where

only the conjugacy class of X matters, we can without loss of generality assume
that ¢ is 1-block, or k-block for any k € IN for that matter.

Lemma 2.2.13. Let X be a shift space and n € N. Then
B (S>n(X)) = S(XT)
Proof. Left to the reader. O

Definition 2.2.14 (Higher Power Shift). Let X be a shift space and n € N.
The nth higher power shift of X, X™, is defined by:

X" =\ (X),

where \,: X — W, (X)Z is defined by \,(z); = Tlin,intn—1]-
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Again it is easier to imagine A, if we write the symbols in the alphabet
W,,(X) vertically;

-1 Tn—1 T2n—1
An(@) = [ T2 O[] T2 e (WL ()2
T_p X0 Tn

As for 8, Ay also denotes the map W% (X) — W(X") induced by Ay.

Note that )\, is not a morphism X — X™. It is however a conjugacy
between (X,0™) and X", where (X,0™) is the set X seen as a shift space,
where the shift map shifts n steps to the left instead of one.

2.3 Periodic Points

The structure of periodic points in shift spaces turns out to play a crucial role
in determining whether a shift space X is a factor of or embeds into another
shift space Y. In fact when X and Y are irreducible shifts of finite type of
different entropy!, then it is possible to decide whether X —» Y or X «— Y,
when knowing only the sets of periodic points in X and Y, as shown by Boyle
and Krieger in [B| and [K].

Definition 2.3.1 (Periodic Point). Let X be a shift space and n € N. A point
x € X is called n-periodic if 0™ (z) = z. The set of n-periodic points in X
is denoted by Per, (X). A point is called periodic, if it is n-periodic for some
n € N, and the set of all periodic points in X is denoted by Per X. The least
number n for which an x € X is n-periodic, is called the minimal period x and
is denoted by period(z). Q,(X) denotes the set of points in X, which have
minimal period n. If z € @, (X), then p, denotes a subword of z of length n.
Pz is called a minimal period of z.

The minimal period of a point & € Per X divides any other period of z:

Lemma 2.3.2. Let X be a shift space and n € N. Then
Per, (X) C | Qm(X).
mln

Proof. Let n € Nand x € Per,,(X). Let m be the minimal period of . Assume
that m does not divide n. Then z is (n mod m)-periodic, which contradicts
the minimality of m. O

Lemma 2.3.3. Let X and Y be shift spaces, ¢: X — Y be a morphism and
n € N. Then
p(Qn(X)) C [ @m(Y),

mln

1Shifts of finite type is the topic of the next section and entropy is defined in section 2.8



2.4. Shifts of Finite Type 15

Proof. Let x € Qn(X). Then 0" (¢p(x)) = ¢(0™(x)) = ¢(x), which means that
p(x) € Pery (Y). Thus ¢(z) € U,,),, @m(Y) by Lemma 2.3.2. O

Lemma 2.3.4. Let X and Y be shift spaces and ¢: X — 'Y be an embedding.
Then

Vn € N: o(Qn(X)) € @u(Y).
In particular |Qn(X)] < |Qn(Y)].

Proof. Assume that ¢: X — Y is injective and let z € Q,,(X). Then p(z) €
Qm(Y), for some m|n, by Lemma 2.3.3. As ¢ is injective we must have m = n,
since otherwise p(z) = (0™ (z)) and = # o™ (x). O

Corollary 2.3.5. Let X and Y be shift spaces and ¢: X — 'Y be a conjugacy.
Then

Vn € N: o(Qn(X)) = Qn(Y).
In particular |Qn(X)| = |Qn(Y)].

Definition 2.3.6. Let X be a shift-invariant subset of a full shift. We call
the greatest common divisor of {|pz| | * € Per X'} the period of X and denote
it by period(X).

2.4 Shifts of Finite Type

Definition 2.4.1 (SFT). A shift space X is called a shift of finite type, if
there exists a finite set ' C W(XZ) such that X = %%,

I will use SF'T both as the set of all shifts of finite type and as an abreviation
of ’shift of finite type’. Thus X € SFT and ’X is an SF'T’ means the same
thing.

Note that the definition only requires that there exists a finite set F' - not
that any set of forbidden words should be finite. If F' # () we can always extend
F to be infinite. (If b € F, then ¥4 = Y%, where F' = F U {b"|n € N}.)

Example 2.4.2. Since Xym = {0, 1}{211}7 Xem € SFT. And since 0 is finite,
any full shift is an SFT.

Definition 2.4.3 (M-step). Let X be a shift space and M € N. X is said to
be M-step, if there exists an ' C Wy,,1(2%), such that X = Y%, M is called
a step length of X. SL(X) denotes the minimal step length of X. SFTy,
denotes the set of all M-step shift spaces.

The great thing about M-step shifts is that they are locally recognizable
in the sense that it is possible to tell if an element in ¥% is an element of the
shift, by looking only at subwords of length M + 1. This is due to the fact
that if X is M-step, then Wy, (X) C S(X), which in fact characterizes the set
SET s by the following lemma.
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Lemma 2.4.4. Let X be shift space and M € N. Then X € SFTy; if and

only if
Wi (X) € S(X)

Proof. = follows by definition. <: Assume that Wy, (X) C S(X). Define
F =Wp1(X%) — Wp41(X). Then obviously X C Y%, Let € ¥4. Then
each subword x; ;7] 1s a word in W(X). So as each T[; 44 0] 1S synchronizing,
each subword of  must be in W(X). This implies that x € X by Lemma
2.1.12. Thus X = Y%, which establishes the claim, since F C Wy,,1(X%). O

This kind of local recognizability turns out to be very useful when con-
structing morphisms.
Any SFT is an M-step shift for some M € N and vice versa:

Lemma 2.4.5. Let X be a shift space. Then
X eSFT < dM e N: X € SFTy,.

Proof. =: Assume that X is an SFT and find a finite set FF C W(X%) such
that X = X%, If |F| = 0, we define M = 0. If [F| > 0, we set M =
max{|f| |f € F} — 1 and define F’ = {w € Wy 11(X%) | 3u € F: u C w}.
Then clearly X = ¥4 = EIZ;,.

«<: If X is M-step, then X € SFT, as any ' C WMH(Z%() is finite, since
Wari1(3%) is. O

Example 2.4.6. Lemma 2.4.5 can be used to show that the even shift Xo,, is
not an SFT. Because if it was an SF'T, Lemma 2.4.5 would provide an M € N,
such that Xo, was M-step. But that would imply that z = 0°10*M+110 is
in Xop, since all subwords of length M + 1 are in W(Xas,). But since 2M + 1
is odd, x is not in Xo,.

The two preceding lemmas, together with Lemma 2.1.16, give a useful
characterization of the set of shifts of finite type:

Theorem 2.4.7. Let X be a shift space. Then
X € SFT & 3M € N: W (X) C S(X).

This implies that X is an SFT if and only if each x € X contains a
synchronizing word:

Corollary 2.4.8. Let X be a shift space. Then
X eSFT & XS(X) = @

Proof. = follows directly from Theorem 2.4.7. «<: If X ¢ SFT is a shift
space, then Theorem 2.4.7 lets us choose a sequence w™ of points in X, such
that w[i_i i ¢ S(X) for all ¢ € N. Since X is compact, we can choose a

convergent subsequence w%. Let w be the limit of w%. Then w € X and

W(w) N S(X) =0, by Lemma 2.1.16. O
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Using Lemma 2.2.13, the reader easily verifies:

Corollary 2.4.9. A shift space X is an SFT if and only if there is an M € N
such that XNl € SFTy, for all N > M.

Corollary 2.4.10. SF'T is closed under conjugacies.

Proof. Let X € SF'T, Y be a shift space and ¢p: X — Y be a conjugacy. Let M
be a step length for X. We wish to find an M’ € N which is a step length for
Y. Let n be the largest number among the memory and anticipation of ¢ and
o~ ! and consider them both as (n,n)-block maps. Define M’ = M + 2n and
let y € W>p/(Y) be arbitrary. I claim that y € S(Y'). In order to establish the
claim, let a,b € W(Y") such that ay,yb € W(Y'). Choose words s,t € Way(Y)
such that say and ybt are words in W(Y'). Then ¢, ,(say) = a'¢onn(y) and
Onn(ybt) = @pn(y)b are words in W(X). So as |gnn(y)| = M, onn(y) €
S(X), which implies that a’¢p ,(y)b' € W(X). Thus ¢, 7,(a/@nn(y)b) = ayb €
W(Y'), which establishes the claim. O

It turns out that there is a strong connection between SFTs and (finite
directed) graphs.

Definition 2.4.11 (Graph). Let ¥ be an alphabet. A graph is a pair (V,E) of
finite sets V and E C V2x X, such that (v1, ve,n) # (w1, w2, m) € E = n # m.
The elements in V' are called vertices and the elements in F are called edges.
Let e = (v1,v2,m) be an edge. v; and vy are called the initial and terminal
vertex of the edge and n is called the name of the edge. The initial vertex of
an edge is denoted by i(e) and the terminal vertex by t(e).

The reason the edges have names is that there can be several edges between
two vertices.

Example 2.4.12. Graphs can of course be illustrated in the standard way:

b
({0,13,{(0,0,), (0,1,1),(0,1,¢), (1, 1,d)}) &> a( -7 > )a
The names of the vertices have been omitted, because we will only be interested
in the names of the edges.

Definition 2.4.13 (Path, Edge Shift). A path in a graph G = (E,V) is
a sequence of edges ef; , € W*(E?%), for which t(e;) = i(ejy1) for all i €
{1,---,n—1}. A path p = €[1,n) is said to go through a vertex I, if I is the
initial or terminal vertex of one of the edges in p. This is denoted by I € p.
i(e1) is called the initial vertex of p and is denoted by i(p). Similarly ¢(p)
denotes t(e,) and is called the terminal vertex of p. We will not distinguish
between an edge and its name. A path can therefore be thought of as a word
in W*(X%). The set of all finite paths in G is denoted by W(G). The set of all
doubly infinite paths in G is denoted by ¥ and is called the edge shift of G.
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Note that Y¢ is a 1-step SFT, since we can choose F' = {ef € E2|t(e) #
i(f)} € Wo(X?) as the forbidden words.

The following example shows that it is not true in general that W(G) =
W(Egq).

Example 2.4.14. The G be the following graph.

al b
7

Then b € W(G), but b ¢ W(Z¢) = W({a™®}).

Definition 2.4.15 (Essential Graph). A graph G, is called essential if W(Xq) =
W(G).

Remark 2.4.16. If we in a graph G delete all vertices, which are either not
the initial vertex of any edge or not the terminal vertex of any edge, and then
delete all edges, which started or ended in a deleted vertex, then the resulting
graph presents the same shift as G. So as a graph is essential if and only if
Vv e Ve, f € E:i(e) =v =1(f), we can repeat this process a finite number
of times and end up with an essential graph, which presents the same shift
as G.

Example 2.4.17. The process described in Remark 2.4.16 used on the graph
from example 2.4.14 deletes the terminal vertex of b and then b, which leaves
us with the graph presenting {a>}.

The promised connection between SFTs and graphs is:

Proposition 2.4.18. Let X be a shift space. Then
X eSFT < JG: X ~ ¥g.

Proof. «<: Follows from corollary 2.4.10 and the fact that edge shifts are 1-step.
=: Let X € SFT. Then there exists an M € N such that XM ¢ SFT; by
Lemma 2.4.9. Define V' = Wy,(X) and

E = {(v,w,n)|lv,w € V Avw € Wo(XM) A n = vw}
Then G = (V, E) is a graph and X ~ XM+ ~ (XM = 3 O

Example 2.4.19 (Xg%]l) The edge shift of the following graph is Xg[%,]h and
therefore conjugate to Xgp.

01
OOC'/\'
N—e"’
10
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The following gives us a canonical way of approximating a shift space from
above by SFTs.

Lemma 2.4.20. Let S be a shift space. Then the sequence S of SF'T's defined
by S, = Z%Z&ln(S)c 1s decreasing, i.e. Sp11 C Sy, for alln € N, and

) S.=S5.

nelN

Proof. Clearly each S, is an SFT and S,11 C S,,. Lemma 2.1.12 implies, that
ﬂnelNSn — Z%nwn(s)c — S D

Note that the points in S, for a given n € N, are the points in X% for
which it is impossible to rule out that they are in S by looking at subwords of
length n.

Lemma 2.4.21. Let X C %% be a finite shift invariant set. Then X is an
SET with step length 2max{|p,| | v € X} — 1.

Proof. Clearly all points in X are periodic. Thus k = 2max{[p,| | z € X} —1
is well-defined. Since X is a finite set, it is closed. So as it is shift invariant, it
is a shift space. By lemma 2.4.4 we therefore only need to show that all words
in Wy (X) are synchronizing.

Let v € W (X) and u, w € W(X), such that uv,vw € W(X). Then we can
find x,y € X, such that T[—|u|,0[ = U, T[0,k[ = UV = Y[0,k] and Yk ket |w|] = W- We
want to show that & = y, since that would imply that uvw € W(X), because
uvw would be equal t0 Z[_jy| gt |w|[-

Let p and ¢ denote the minimal period of x and y, respectively. Then
T = x‘[’oo’p[ and y = yﬁiq[ = xf&q[. So if we could prove that p = ¢, we would be
done.

Let ¢ € Z. Then

Li = Tlily, = Ylilp = Ylilp+q = Tlilp+q = Tita

since 0 < [i]p, [i]p+q¢ < p—1+¢ < k. Thus = € Per, X, which implies that p|q
by Lemma 2.3.2. By replacing x by y and p by ¢, the same argument shows
that g|p. Thus p = q. O

2.5 Sofic Shifts

We will mainly be interested in a particular kind of shift spaces called sofic
shifts. They are defined in terms of labeled graphs.

Definition 2.5.1 (Labeled graph). Let ¥ be an alphabet. A labeled graph is
a triple G = (V, E, L), where (V, E) is a graph and L is a map E — X. The
elements of 3 are called labels and the morphism Xy g) — »% induced by L
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is called the label map and is also denoted by L. A labeled graph is said to
present the set L(X(y,g)), which is denoted by Xg. The set Li(W(V, E)) is
denoted by W(G).

In order to simplify notation, we also denote the first word map of L, L1,
by L. Thus if us is a (possibly infinite) path in a labeled graph (V, E, L), then
L(u) = {L(ui) }ier-

The main difference between labeled graphs and non-labeled graphs is that
several edges can have the same label. Note that a graph G can be turned into
a labeled graph (G, L), which presents ¥, by defining L to be the identity.
Note also that if G is a labeled graph, then Y is a shift space since it is the
image of a shift space under a morphism.

Definition 2.5.2 (Sofic shift). A shift space X is called sofic if it can be
presented by a labeled graph.

Example 2.5.3. As the even shift, Xo,, is presented by the labeled graph
below, it is a sofic shift space.

F\./‘Q\.
v e’
0

1

The original motivation for introducing sofic shift spaces was to find the
smallest set of shift spaces containing SF'T which was closed under factor maps.
They were therefore defined as the shift spaces, which are factors of shifts of
finite type. That is however equivalent to our definition. To prove that, we
need the following definition:

Definition 2.5.4 (Higher Block Graph). Let G = (V, E, L) be a labeled graph
and n > 2. The nth higher block graph of G, GI"Y = (V/, E’, L) is defined
by VI = Wn_l(V, E), E = {(u[lm[,v[l’n[,m) € V72 x Wn(V, E)|U[27n,1] =
V[1,n—9),M = Uvp—1} and L' = L.

Example 2.5.5. Let G = (V, E, L) be the labeled graph from Example 2.5.3
presenting the even shift. We wish to construct the second higher block graph
of G. To do that we need the names of the edges of the underlying graph.
Let’s assume that (V, E) is the following graph:

a
N

. .
v D S
b
Then the vertex set of GI? is W1 (V, E) = {a,b,c}. And since the condition
Upp,2—1] = V[1,2—2] s trivial, for all u,v € V', we only need to check whether
uv € Wo(V, E), to decide whether (u,v,uv) is an edge in G2, Thus the edge



2.6. Fischer Cover 21

set is {(a, b, ab), (b,a,ba), (b, c,bc), (c,a,ca), (c,c,cc)}. So as the label map is
the first word map of L. i.e. L'(uv) = L(u)L(v), GP is the following:

- <10
oo( \;oo\- Q 11
\//01’

The reader easily verifies the following:
Lemma 2.5.6. Let G be a labeled graph and n € N. Then ¥ = E[g].
Theorem 2.5.7. A shift space is sofic if and only if it is a factor of an SFT.

Proof. =: Let X be a sofic shift space. Then the label map induces a factor
map from the edge shift of the underlying graph onto X. «<: Let X be a
shift space, S € SFT and ¢: S — X a factor map. Let G be the graph from
Theorem 2.4.18 such that S ~ ¥g. Define 7: ¥ — X by m = ¢ o a, where «
is the conjugacy ¢ — S. Recode 7 to an n-block code for some n € N. Then
7 induces a 1-block map Y, — X by remark 2.2.12 and Lemma 2.5.6. By
identifying edges in GI") with their name, this gives us a map L: Eqpn — Xx.
Thus (Viiny, Eqimy, L) is a labeled graph, which presents X. O

Corollary 2.5.8. All SFTs are sofic.

Corollary 2.5.9. The set of sofic shifts is closed under conjugacies.

2.6 Fischer Cover

Let X be an irreducible sofic shift. Among all the labeled graphs presenting X
there is one with particularly pleasant properties. The definition of this graph,
called the Fischer cover of X, is the goal of this section.

Definition 2.6.1 (Essential labeled graph). A labeled graph is called essential
if the underlying graph is essential.

Definition 2.6.2 (Right-, and left-resolving). Let G = (V, E, L) be a labeled
graph. G is called right-resolving in a vertex v € V if L is injective on the
set of edges with v as their initial vertex, {e € E | i(e) = v}. i.e. if all edges
starting at v has different labels. If G is right-resolving in all vertices, it is
called right-resolving.

Left-resolving is defined analogously. If a labeled graph is both right- and
left-resolving, it is called bi-resolving.

Definition 2.6.3 (Irreducible). A labeled graph (V, E, L) is called irreducible
if for each pair of vertices v1,v9 € V there exists a path from v, to vs.
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Note that if G is irreducible, then it is essential and ¥ is an irreducible
sofic shift.

Definition 2.6.4 (Follower Set of States). Let G = (V, E, L) be a labeled
graph and v € V. The follower set of v, F(v), is defined by

F(v) ={L(p) | p € W(G) Ni(p) = v}.

Definition 2.6.5 (Follower Separated). A labeled graph G = (V, E, L) is said
to be follower separated if different states have different follower sets. i.e.

Vo,o' € Vi v# v = F(v) # F@')

Definition 2.6.6 (Graph Isomorphism). Let G and H be labeled graphs. A
pair of maps 0®: Vg — Vi and ®: Eg — Fp is called a graph homomorphism
if for all edges e € Eg the maps satisty i(®(e)) = 0®(i(e)), t(P(e)) = IP(t(e))
and Ly (®(e)) = Lg(e). If both ® and 9P are invertible, then G and H are
called isomorphic, which is denoted by G ~ H.

It turns out that there is (up to graph isomorphism) at most one irre-
ducible, right-resolving and follower separated labeled graph, which presents
an irreducible sofic shift space.

Proposition 2.6.7 (Fischer). Let G and G’ be irreducible, right-resolving and
follower-separated labeled graphs, such that Xg = Y¢g. Then G ~ G'.

Proof. Proposition 3.3.17 in [LM]). O

In order to prove that any irreducible sofic shift has such a presentation,
we need some graph constructions.

Definition 2.6.8 (Subgraph). Let G = (V, E,L). Then a triple (V' E', L)
is called a subgraph of G if it is a labeled graph and V/ C V, E/ C E and
L' =Lg.

|E

Lemma 2.6.9. Let X be an irreducible sofic shift space. If G is a labeled graph,
which presents X, then there exists a subgraph of G, which is irreducible and
presents X .

Proof. Assume that G = (V,E, L) presents X. If a vertex I € V satisfies
Yu € W(X)3p € L~ (u): I ¢ p, then the subgraph we get by deleting I and
any edge starting or ending in I will still present X. By repeating this process
at most |V| — 1 times, we get a subgraph (V/, E', L') C G, which presents X
and satisfies VI € V'3u; € W(X)Vp € L'"Y(us): I € p. 1 claim that G’ is
irreducible. Let I,J € V' be arbitrary and find uy,u; € W(X). Since X is
irreducible we can find a w € W(X) such that uywu; € W(X). Let p be a
path which presents uywuy. Then a subpath of p will be a path from I to J,
by our choice of ur and ;. O
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Definition 2.6.10 (Sensible labeled graph). Let G = (V, E, L) be a labeled
graph. We call G sensible, if given i,j € V and a € %, there is at most one
edge labeled a from ¢ to j.

Lemma 2.6.11. 1. Let G be a labeled graph. Then there exists a subgraph
of G, which is sensible, and which presents the same shift as G.

2. Let G = (V,E, L) be a sensible labeled graph. Then G can be represented
by the pair (V, E'), where E' = {(i,j,a) € V2> x L(E) | 3e € E: i(e) =
i,t(e) =j,L(e) = a}.

3. Let V and X be finite sets and E C V2xX. Then (V, E) corresponds to a
sensible labeled graph (V, E', L), defined by E' = {(i, 7, (i,j,a)) | (i,j,a) €
E} and L((i, j, (i, j,a))) = a.

Proof. 1.: Simply remove all but one of the edges with the same label between
two vertices. 2.: Given (V, E’) we can restore E and L (except that the name
of the edges may be different), by F = {(4,4, (i,4,a)) | (i,j,a) € E'} and
L((4,7,(i,75,a))) = a. 3.: Left to the reader. O

Thus sensible labeled graphs are simply graphs for which we have weakened
the requirement on the names of the edges. Instead of them all being different,
only edges with the same initial and terminal vertex have to have different
names. 3. simplifies the notation quite a bit, when constructing labeled graphs,
since it makes it possible to define both the edges and the label map in one
step without finding unique names for the edges.

Definition 2.6.12 (Subset graph). Let G be a labeled graph. We define a new
labeled graph 2¢, called the subset graph of G, in the following way: Define
V' to be the non-empty subsets of Vz. Let for each I C Vg and a € %, I,
denote the set of vertices in Vg, which are reachable from I by edges labeled
a. Define E = {(I,I,,a) | I € V,a € X,1, # 0}. Then (V, E) corresponds to
a labeled graph by Lemma 2.6.11.

Example 2.6.13. Let G be the following non-right-resolving graph:
1
T
sl Q 0
0
Then 2 looks like:
V
0
TN
Sl Q 0
1
Which is right-resolving.

The reader easily verifies the following lemma.
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Lemma 2.6.14. Let G be a labeled graph. Then Yoc = S and 2€ is right-
resolving.

Definition 2.6.15 (Merged graph). Let G be a labeled graph. We define a
new labeled graph Mg, called the merged graph of G, in the following way:
Define a relation ~ on vertices of G by i ~ j < F(i) = F(j). Then ~ is
clearly an equivalence relation. Define V. = Vi/ ~ and F = {(I,J,a) | Ji €
I,j € Jeec Eg:i(e) =1,t(e) = j,L(e) = a}. Then (V, E) corresponds to a
labeled graph by Lemma 2.6.11.

Lemma 2.6.16. Let G be a labeled graph. Then Xy, = g and Mg is
follower-separated. Furthermore, if G is right-resolving, then so is Mg. And
if G is irreducible, then so is Mg.

Proof. Left to the reader. O

Proposition 2.6.17. Let X be an irreducible sofic shift space. Then there
exists an irreducible, right-resolving and follower-separated labeled graph, which
presents X .

Proof. Let X be an irreducible sofic shift space and G a labeled graph, which
presents X. Let G’ be the irreducible sub-graph of 2¢ from Lemma 2.6.9. Then
the merged graph M is irreducible, right-resolving and follower-separated by
the preceding lemmas. O

By Proposition 2.6.17 and 2.6.7 the following is well-defined.

Definition 2.6.18 (Fischer Cover). Let X be an irreducible sofic shift space.
The irreducible, right-resolving and follower-separated labeled graph, which
presents X is called the Fischer cover of X and is denoted by F'x. The label
map of the Fischer cover is denoted by 7.

One very useful property of the Fischer cover G of an irreducible sofic shift
X is, that a word w is synchronizing for X if and only if all paths with label
w terminate in the same vertex. Words with that property are called magic
words.

Definition 2.6.19 (Magic). Let G = (V, E, L) be a right-resolving labeled
graph. A word w € W(X¢) is called magic for L if all paths presenting w have
the same terminal vertex.

Magic words are obviously synchronizing. It is the converse that takes
some work. In order to prove that synchronizing words in irreducible sofic
shift spaces are magic for 7, we need the following lemma:

Lemma 2.6.20. Let G = (V, E, L) be a right-resolving and follower-separated
labeled graph and w € W(Xg). Then w extends to the right to a word wu,
which is magic for L.
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Proof. Let for all v € W(3q), T'(v) be the set of terminal vertices of paths in
L~t(v) CW(Q).

If T'(w) contains only one vertex, w is already magic. If not, we can find
v1,v2 € T(w) such that F(t(v1)) € F(t(v2)), since G is follower separated.
Choose v’ € F(t(v1)) — F(t(v2)). Then the set T'(wu’) contains less elements
than T'(w), since G is right-resolving. So since T'(w) is finite, because it is a
subset of V', we can repeat this process a finite number of times and obtain a

word u such that wu € W(Xg) and T(L ™! (wu)) contains exactly one element.
O

Lemma 2.6.20 together with the subset graph and merged graph give us:
Lemma 2.6.21. Let X be a sofic shift space. Then S(X) # (.

Proposition 2.6.22. Let X be an irreducible sofic shift and let m: G — X be
the Fischer cover of X. Then a word is synchronizing if and only if it is magic
for m.

Proof. That magic words for 7 are synchronizing for X is trivial. In order to
prove the converse, we take an arbitrary s € S(X) and prove that it is magic
for 7. Let m~1(s) = {p;}. If all p;’s terminate in the same vertex, we are
done. If not, we can choose p; and p; such that F(t(p;)) € F(t(p;)), since
G is follower separated. Choose u € F(t(p;)) such that u ¢ F(t(p;)). By
Lemma 2.6.20 we can find a word w, such that suw is magic for w. Since
G is irreducible we can find a v € W(G) such that 7~ !(suw)vp; € W(G).
Then (7~ (suw)vp;) = suwm(v)s € W(X), since G is essential. So as s €
S(X), suwr(v)su € W(X), which implies that v € F(t(p;)), since G is right-
resolving. But this contradicts our choice of u. Thus ¢(p;) is the same for all 4,
which means that s is magic for 7. O

Proposition 2.6.22 implies that the following is well-defined.
Definition 2.6.23 (Terminal Vertex). Let s be a synchronizing word in an
irreducible sofic shift space X. We call the common terminal vertex of the

paths in the Fischer cover, which present s, the terminal vertex of s.

The following is a convenient property of mixing sofic shifts, that we will
use extensively:

Lemma 2.6.24. A mixing sofic shift space has a transition length.

Proof. Follows from the fact that the Fischer Cover contains only finitely many
vertices. O
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2.7 The Derived Shift, Irreducible Components and
Affiliation

Definition 2.7.1 (Non-wandering). Let X be a shift space. The non-wandering
part of X is defined by R(X) = Per X.

R(X) is a shift space, since it is both shift-invariant and closed. Note that
R(X) = X, when X is irreducible.

When X is a sofic shift, there is a simple way of finding a labeled graph,
which presents R(X). Simply take a labeled graph, which presents X, and
delete all edges for which there is no path from the terminal vertex to the
initial vertex.

Example 2.7.2. Let X be the sofic shift presented by the following labeled

graph:
Gt e
Then R(X) is {a®>,b>}.

Definition 2.7.3 (Derived shift). Let X be a shift space. The derived shift
is defined by:
0X = R(X)s(r(x))-

0X is a shift space, since 0X = R(X) N 2%(3(}())' It is in fact a sofic shift
space, as shown by Klaus Thomsen in [T]. He also constructs an algorithm
for finding a labeled graph, which presents X: When X is irreducible sofic
one simply takes the subset-graph of the Fischer cover of X and deletes all
vertices, which correspond to subsets with anything but two elements, and all
edges starting or ending in a deleted vertex. That works by Proposition 2.6.22.

Example 2.7.4. Let X be the irreducible sofic shift space presented by the
following graph:

Then the algorithm described above produces the following graph:
b
- N ol
—

Thus 90X is the SFT {a, b}{Zba}, which is illustrated in Example 2.7.2.
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Definition 2.7.5 (S(X)). Let X be a shift space and ~ be the equivalence
relation on S(R(X)) defined by s ~t < 3z € R(X): s,t C z. Define

S(X) = S(R(X))/ ~ .

Definition 2.7.6 (Irreducible Components). Let X be a shift space and o €
S(0"X). Then X, ) is the set of elements in R(9"X) for which

sup(inf{j > i | 3w € a,w C @y 5} —7) < o0.

1€EZL
With the convention that inf() = co. The subsets X, ), @ € S(9"X) are
called the irreducible components at level n in X.

Definition 2.7.7 (Top Component). When X is an irreducible sofic shift
space, S(X) = S(X)/ ~ contains exactly one element. We call the corre-
sponding irreducible component the top component of X and denote it by
Xo.

Example 2.7.8. Let X be the shift from Example 2.7.4. Then X has three
irreducible components:

At level 0 there is only one irreducible component, namely the top com-
ponent Xo = X(|gq,0), which consists of the points in X for which there is an
upper bound on the distance between occurrences of c.

At level 1, there are two irreducible components: X1y = {a*} and
X)) = {0°°}, since R(0X) = {a>,b>} and a,b € S(R(0X)).

And since 82X = (), there are no more.

Definition 2.7.9 (Affiliation). Let d € N, F' C {0,1,...d — 1} and X(, ) be

an irreducible component in X. A point € Per X is said to be (d, F')-affiliated
to X4 n) if there exists words u,v € a such that

uphv € W(X),

for all k € N, f € F. The set of points which are (d, F)-affiliated to X(, ) is

(d,F) (d0) _ 5 (d)
denoted by X, 1 (ak) = X(ak)’

I leave it to the reader to verify that this is well defined in the sense that
the choice of p, is irrelevant.

. To simplify notation we define X

Example 2.7.10. Let X be the irreducible sofic shift space presented by the

following graph:
b \b
7AN
e

Then a € X(()g’{l’2}), since b € S(X) and ba* b, ba®* 20 € W(X) for all
k€ N.
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This affiliation concept is a generalization of the one defined in §5 in [T.
Thomsen’s definition corresponds to F = (). As we will see it behaves much
like the old one under morphisms. The following is a generalization of Lemma
7.2 in [T].

Lemma 2.7.11. Let X be an irreducible shift space and Y a shift space. Let
©: X =Y be a morphism, such that W(p(X))NS(Y) #0. Then

P(Qu(XS") € | Qg ™),

mln
holds for all n,d € N and F C {0,1,...d —1}.

Proof. Let ¢: X — Y be an N-block morphism, which satisfies W(p (X)) N

S(Y)# 0. Let z € Qn(Xéd’F))) and let y = p(z). Let m denote the least
period of y and fix an i, € Z, such that p, = [, ;,+|p,||- Choose p, such that

ON(Tliy intlpe|+N—1[) = py%. Find u,v € S(X), such that up§d+fv € W(X), for
allk € Nand f € F. Since W(o(X))NS(Y) # 0, we can find an s € S(Y') and
an sp € W(X), such that pn(sg) = s. Since X is irreducible we can find v/, v €
W (X), such that sou'u,vv'sy € W(X). Then sou/ups®™ vv'sy € W(X), for
all k€ N and f € F, since u,v € S(X). Thus oy (sou/up®™ vi'sy) € W(Y),
for all X € N and f € F. Define a = on(sou'ux), i, +djp,|+N—1[) and b =

on(plvv'sg), where ¢ € N is chosen such that cd|p,| > N. Then a,b € S(Y

d+fw/80) = apy’ e ((k—c— 1)d+f)b

5 (d.F)

since s occurs in both of them, and ¢y (sou’ up’gﬁ

forall k > c+1and f € F. Thus p(z )—yEUmem(Y’" ). O

Pairs of shift spaces X,Y for which there is a morphism X — Y, which
hits a synchronizing word will come up again later. I therefore introduce the
notation X — Y for them.

Definition 2.7.12. Let X and Y be shift spaces. We say that X — Y if there
exists a morphism ¢: X — Y, such that W(p(X)) N S(Y) # 0.

d
Similar to the definition of Per X (—3 PerY in definition 9.12 in |T] we define:

Definition 2.7.13. Let X and Y be irreducible sofic shift spaces and A C X.

We say that Per A (d’—lj) PerY, when the following holds:

N QXM na£0=J ) Qe ™) 20,

(d,F)eG m|n (d,F)eG
forall G C {(d,F) e Nx 2N | F C{0,...,d — 1}}.

By Lemma 2.7.11 we obtain the following:
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Corollary 2.7.14. Let X be an irreducible shift space and Y a shift space.

Then

(d,F)

X 2V = Per X ‘%) pery .

In particular

d,F)

X - Y = PerX Y pery,

when S(Y') # 0.

(
Corollary 2.7.14 gives a stronger necessary condition than Per X — Per Y
from [T], as illustrated by the following example.

Example 2.7.15. Let X be the shift from Example 2.7.10 and Y be the shift

presented by the following graph:
b// \
a a
;
. @ .

d
Then Per X (Hz PerY holds, but Per X ((E) PerY does not. Thus Corollary
2.7.14 implies that X does not factor onto Y, and Lemma 7.2 in [T] does not
tell us anything.

The following technical lemma is a counterpart to Lemma 9.8 in [T]:

Lemma 2.7.16. Let X be an irreducible sofic shift. There exists a number
R € N such that for any x € Per X we have: z € Qn(X(()d’F)) & there exists

words ', v’ € S(X) of length at most R, such that u'ps* v € W(X), for all
keNand f € F.

Lemma 2.7.16 follows easily from the following general result, which shows
that there is a constant R € N such that any synchronizing word s can be
replaced by a synchronizing word of length at most R which glues together all
words that s does.

Lemma 2.7.17. Let X be an irreducible sofic shift space. Then there exists a
number R, such that

Vw € S(X)Iw' € S<r(X)Va,b € W*(X): awb € W*(X) = aw'b € W*(X).

Proof. Let Fx be the Fischer cover of X, and let m be its label map. Fix
some synchronizing word s € S(X), and a path so € 77 1(s). Define R =
V'V 42V 4 |so|, where V is the number of vertices in Fy.

Let w € S(X) and set
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Then all the w'’s end at the same vertex vy by Proposition 2.6.22.
If |w| > VY, then Ja < b € {0,...,VN}Vi € {1,...,N}: t(wl) = t(w}),
by the pigeon hole principle.

u)b wa+1
wa

1
Wh41

So by defining a new set of paths {v!,..., v} by skipping wflﬂ cwl e

v — {w; J<a
J i :
Wil (h—a) +J >0

we achieve that t(v') = vy and i(v®) = i(w?) for all 4, and that all the 7(v?)’s are
equal to some word v € W(X) with the property |v| < |w| — 1. By repeating
this process a finite number of times we obtain paths v!,...,v", such that
m(v') = w(v!), i < VN < VY, t(v?) = vy and i(v?) = i(w’), for all . The
word m(v') might not be synchronizing, so to ensure that we get a word in
S(X), we use the irreducibility of Fx to find paths p; and py of length less
than V, such that v’pisops is a path in Fx with terminal vertex v, for all i.
Define w’ = 7w(v!)m(p1sop2). Then |w'| < R and w’ € S(X), since s occurs
in w'.

In order to verify that w’ satisfies the condition, we let a,b € W*(X) be
arbitrary and assume that awb € W*(X).

Since awb € W*(X), there is an element p in 7~ (awb). We can therefore
find paths o’ € 77 1(a), ¥ € 771(b), and an i € {1,---, N}, such that p =
a’w'd’. Thus, by definition of v*, a’vip1sop2b is a path in Fy, which implies
that aw'b = m(a’v'pysopab’) € W(X). O

2.8 Entropy

Entropy is a general concept used in many different forms in different scientific
areas. In symbolic dynamics it is a kind of measure of the size or complexity of
a shift space. It measures the exponential growth rate of the number of blocks
of a given length.

Definition 2.8.1 (Entropy). Let X be a shift space. The entropy of X, h(X),
is defined by
h(X) = lim 2 log|W,(X)|.
n—oo

This limit will always exist. I will however not prove that here. See Propo-
sition 4.1.8 in [LM|. When X is mixing sofic the entropy equals the growth
rate of the number of periodic points:
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Lemma 2.8.2. Let X be a mizing sofic shift space. Then
h(X) = lim 7 log|Qn(X)|-
Proof. Corollary 4.5.13 in [LM]. O

The entropy of shift spaces behaves nicely under morphisms. It is in fact
a conjugacy invariant by the following lemma:

Lemma 2.8.3. Let X and Y be shift spaces and ¢: X — Y be a morphism.
If ¢ is a factor map, then h(X) > h(Y).

If ¢ is an embedding, then h(X) < h(Y').

If ¢ is a conjugacy, then h(X) =h(Y).

Proof. If ¢ is a factor map induced by an m-block map, then |[W,(Y)| <
|Witm—1(X)| for all n € N, since each word in W,,(Y") is the image of a word
in Wy, 1,—1(X) under ¢,,. Thus

B(Y) = lim Llog[Wo (V)] < lim Llog Wi m-1(X)]

n+m-—1 1
= i 10g [Wim—1(S)| = h(S
dim = 10g [ Wit (S)] = A(S)

This implies, that if ¢ is a conjugacy, then h(X) = h(Y). So if ¢ is an
embedding, then h(X) = h(p(X)) < h(Y), as it is a conjugacy on its image
and |W,,(¢(X))| < [W,(Y)| for all n € N, since p(X) C V.2 O

Thus h(X) > h(Y) is necessary for a shift space X to factor another shift
space Y. I focus on the problem of finding necessary and sufficient conditions
when h(X) > h(Y'). Because then there is a subshift W of X which factors
onto Y, by the following lemma. So if I can find a way of mapping the rest of
X into Y in a continuous and shift-commuting way, then I have a factor map
X — Y. That turns out to be a sound strategy.

Lemma 2.8.4. Let X andY be sofic shift spaces. Y mizing and X irreducible
such that h(X) > h(Y'). Then there exists an SFT, W, with the following
properties:

1. WCX
2. W —>»Y.
3. 3D e N: Wp(W) C S(X)

4. 3TL € NVa,b € W(W)3x € Wrp(W): axzb € W(W)

2Note that if p: X — Y is an embedding, then it is not necessarily true that ¢, is
injective, which means that [W,,(Y)| > |[Wp,4n—1(X)| is not true in general.
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Note that the third property is stronger than saying W € SFT and that
the fourth is weaker than saying that W is mixing, but stronger than saying
that W is irreducible.

Proof. Since Y is mixing sofic, we can find a mixing SFT, Z, which factors
onto Y and has the same entropy as Y. Let p = period(Xy). By Theorem 3.2
in [T] there is a sequence Ay C Ay C A3 C ... of irreducible SFTs inside X
such that U;enA4; = Xo, lim;_,o h(4;) = h(X) and for each i € N there is an
n; such that W, (A4;) € S(X). Choose I € N such that h(A;) > h(Y) =h(Z2)
and such that period(Aj) = p.

Since Ay is an SFT with period p, we can find p closed and disjoint sets
{C;}P~) such that A2 = | |Cy, C; = o™ (Cp) for all 0 < i < p and Co = o?(Cy).
Consider Cy as shift space under the action of ¢P. Then Cj is a mixing SF'T
by Lemma 3.6 in [T| and h(C;) = h(AY) = ph(A;) > ph(Z) = h(ZP).

By Lemma 2.8.2 there is an N € N so large that |Q,(Co)| > |Qn(ZP)] for all
n > N. But as n | |Qn,(X)]| for any shift space X, this implies that |Q,(Co)| >
|Qn(ZP)] + n for all n > N. By using Boyle’s Covering Lemma (Lemma
2.1 in [B]) repeatedly, we construct a mixing SFT Wp, with the properties:
Wo — ZP, h(Wy) = h(ZP) and |Qn(Co)| > |Qn(Wp)| for all n € N. By
Krieger’s embedding theorem, Wy is a subshift of Cp, i.e. Wy C Cy C AII’.

The factor map Wy — YP induces a factor map from the shift W =
Uf:_& a'(Wp) onto Y. Note that W is a subshift of A, since o*(Wy) C C;
for each i. Thus D = ny works in the third property. When T'Ly is a transi-
tion length for Wy, T'L = pT' Ly has the desired property. O

2.9 The Marker Lemma

Definition 2.9.1 (Periodic word). Let 5,7 € N. A word w € W*(X) is
called j-periodic, if j < |w| and w is a subword of w%’j[. We say that w is
< T-periodic if it is j-periodic for some j < T.

The following result, due to Krieger, is traditionally called the marker
lemma.

Lemma 2.9.2 (Marker Lemma). Let X be a shift space and k,T € N, such
that k > T > 1. Then there exists a clopen set F' C X, which satisfies:

1. The sets 0'(F), 0 <i < T, are disjoint.

2. If a point x € X satisfies

d@) ¢ |J o),

—T<j<T

for some i € Z, then x(;_y i1y is <T-periodic.
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Proof. Let k > T > 1 and let {wy,...,wr} be the set of words in W1 (X)
which are not n-periodic for any n < T'. Define C; = {z € X | z[_j 4 = wi}
for 1 < i < L. Then each C; is clopen and the sets ¢/ (C;), 0 < j < T, are
disjoint since each wj; is not <T-periodic. Define F; = C and inductively

Fii1=FU (Cz‘+1 — U Uj(Fi))-
—T<j<T

Then each Fj is clopen, since o is a homeomorphism and each of the C;’s are
clopen. A simple induction shows that each F; satisfies 1. Let F' = F,. I claim
that F' also satisfies 2. Let x € X and ¢ € Z, such that Tj—k,ivk] 1S DOt N-
periodic for any n < T'. Then we can find an 1 < m < L such that o’(z) € Cp,.
If o'(z) ¢ U_rejer 09(Fyn-1), then o'(z) € F,, C F by definition of the F}’s.
And if oi(x) € U-rejer 07 (F,,_1), then oi(x) € U-rejer 07 (F) because the
Fy’s are increasing. So either way o*(z) € (J_p ;. 0’(F), which establishes
the claim. 0

Definition 2.9.3 (Marker, Marker interval). Let X be a shift space, z € X
and k£ > 7T > 1. Let F be the set from the marker lemma. Then the elements
in the set My 7(z) = {i € Z | o"(x) € F} are called the (k,T)-markers in z. An
interval [7, j[ is called a (k,T)-marker interval in x if [¢, j] N My r(x) = {4, j}.
The set of all (k,T)-marker intervals in z is denoted by Iy, 7(z).

Remark 2.9.4. The marker intervals in a point x € X are disjoint and the
union of all the marker intervals is Z. Thus each ¢ € Z is contained in exactly
one marker interval in . Hence if Iz denotes the set of intervals in Z, then
I, 7 can be seen as map X — Iz, which splits points in X into intervals.

Lemma 2.9.5. Let X be a shift space, k > T € N and w € W*(X). If each
subword of w of length 2k + 1 is <T-periodic, then w is <T-periodic.

Proof. Lemma 2.3 in [B]. O

Lemma 2.9.6. Let X be an irreducible sofic shift space and T € N. Then
there exists a k > T, such that if a word x € W (X) is j-periodic, for some
j<T, thenxfg’j[ € X.

Proof. Let G = (V, E, m) be the Fischer cover of X. Define k = (|V|+1)T. Let
z € Wx1(X) be a j-periodic word for some j < T. Choose a p € 7~ *(z). Then
Pn = P|o,jn[ Presents :L’EBJ[ for each n < |V|+41. The pigeon hole principle gives
us two numbers n; < ng < |V| + 1, such that ¢(pn,) = t(pn,), which means
that the path p(j,, jn,[ has the same initial and terminal vertex. Thus p([?m,jm[
is a path in G, which implies that 7w (pf® ) = xfOO,j[ cX.

[Fn1,5n2]

The marker lemma and the two preceding lemmas imply:
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Lemma 2.9.7. Let X be an irreducible sofic shift space, x € X and T > 1.
Then there exists a K > T, such that for any k > K, all (k,T)-marker inter-
vals, [i, [, in x satisfy:

1. j—i>T.
2. j—1>2T = 32 € Perer(X): Tfjpr_pj—14k[ C 2-

Lemma 2.9.8. Let X be an irreducible sofic shift space and k > T > 1. Then
there exists a number |F|, such that we for each i € N can determine whether
i € M(x) by looking at x(;i_|F| it |F|-

Proof. Let F be the clopen set from the marker lemma. Since F' is open we can
for each f € F find a ky € N, such that the set Cy, (f) = {w € X7 | W[k k] =
f[—kf,kf]} is a subset of F. And since F' C %% is closed, it is compact. We can
therefore find a finite set {f1,..., fa} C F such that F' = (JCj, (fi). Define
|F| = max{ky,}. O

2.10 The Marker Strategy

The marker lemma is very useful when constructing morphisms ¢: X — Y.
In this section I will first describe one way of doing this, and illustrate it by
proving a simple result. Afterwards I generalize the strategy to make it useful
in more cases.

When constructing a morphism X — Y, it is not very practical to start
by constructing a block map W, (X) — Xy. Because it is difficult to check
whether the resulting sliding block code actually maps all points in X to points
in Y. Therefore we don’t construct sliding block codes one symbol at a time,
but in stead on words. As we will see this makes the verification a lot easier,
and the resulting map is still a sliding block code. It also makes the definition
of the morphism a lot simpler, as there are fewer cases to consider.

In the simplest applications, one defines ¢ on each word in W*(X'), which
corresponds to a marker interval.

Let k > T > 1 and let W 7 denote the set of words in X corresponding
to the (k,T)-marker intervals. i.e. Wi = U,cx {7, (lli,jl€ Irr(z)}. The
elements in Wy, 7 are called marker words.

The basic idea is to construct a length preserving map, @: Wy 7 — W*(Y),
such that the map

01T (T o DP(Tlig a0 )P (Tligin]) - - - s

where {[ig, ik41[tken = Irr(z), is a morphism from X to Y. The idea is
illustrated by the following, where an x corresponds to a marker:
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Since @ preserves the length of words, it makes sense to use the same indices
for the image of a word as for the word itself. i.e. B(z}; ;) is thought of as
a word yp; ;. With that convention the definition of ¢ becomes notationally
simpler:

O(®)i = P(T(iy iy, 1 )i Where i € [ig,igy1].

To ensure that ¢ is a morphism, we need to make sure that the image
words glue together to form a point in Y and that @ acts as a block map. The
gluing is done by inserting a synchronizing word s at the beginning of each
image word w and making sure that ws is a word in Y, as illustrated by the
following figure:

W (Y)

Formally @ is constructed such that it satisfies the following for some s €
S(Y) and all w € Wy, p:

L. @(w)o,)s|[ = 8- i-e. the image of a word begins with s.
2. P(w)s € WH(Y).
3. |@(w)| = |w|. i.e. it preserves the length of words.

4. 3K € N such that $(w);, depends only on wi,_ g j+ K]0, w|[-

Because then ¢ maps points in X to points in Y, thanks to 1. and 2. And
by 3., 4. and Lemma 2.9.8 it is a (K+|F|,K-+|F|)-sliding block code, and thus
a morphism.

In most cases the ’short’ marker words, i.e. the marker words of length
less than or equal to KT, for some fixed k& > 2, are easy to handle. The
difficulty is to make the map satisfy 4. on the long intervals. We know by the
marker lemma, that the long marker intervals correspond to periodic words.
The problem is that there is generally no way of saying anything interesting
about the amount of periods in a periodic block, by looking at it locally. This
makes 1. and 2. difficult when we want to satisfy 4. as illustrated by the
following example:

Example 2.10.1. Let X be the sofic shift:

GO
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And Y be the sofic shift:
0

Then it is easy to see that for any choice of k£ and T', 0" is a marker word in
X, for all large enough n’s. I claim that if we want to use the strategy above
to define a non-trivial morphism from X to Y, which maps 0°° to 0°°, then
we need to find synchronizing words s1, so € S(Y), such that s10"ss is a word
in Y for all large enough n’s, which is clearly impossible, since Y allows only
even powers of 0.

The requirement that 0°° has to map to 0% is used to simplify the graphs
involved in order to make it easier for the reader to see the point of the example.
It is easy to construct a similar example, where 0°° would be forced to map
to itself by lemma 2.3.3; one simply replaces the a and b loops by loops of
length 3. But such an example involves larger graphs and morphisms with
longer block length.

To establich the claim, note that the fourth condition implies that the
middle part of $(0") has to be of the form 0™, i.e. P(0")(x -k = on—2K,
Thus condition 1. and 2. imply that we need to find words u and v, such that
su0" 2Kys is a word in Y for all large n’s. Note that u and v cannot depend
on n, by property 4. By defining s; = su and sy = vs, we have established
the claim.

Thus in this example it is impossible to define a map , which satisfies the
four conditions above, even though there is a morphism from X to Y, which
maps 0% to itself. Y is in fact a factor of X via the morphism induced by the
following block map:

a?— a 0b—a
00—0 bb— a
0a—0 b0 — 0

where 7 can be any symbol.

One way of avoiding complications like the one in the preceding example
is to make some assumption on the affiliation of the periodic words in X or Y.
If we for instance know that for each periodic point z € @, (X) there is a
periodic point 2’ € Unpn @m(Y), which is 1-affiliated (or %-affiliated) to the
top component of Y, then there is a morphism from X to Y by the following
result:

Proposition 2.10.2. Let X and Y be sofic shift spaces with Y mizing. If

Vn € N: Qu(X) # 0 = Uy Qm(YO(%)) # (0, then there exists a morphism
p: X =Y.

Proof. As with most proofs of similar results the relatively simple idea drowns
in a bunch of preliminary choices of constants and functions. The idea is to use
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the assumption on the periodic points to define a map, A, from the periodic
points in X to the periodic points in Y which pairs a point = € Q,(X) with
a point y € U, Qm(YO(E)). This map is used to define @ on the middle part
of words corresponding to long marker intervals. And to connect these words
with s at both ends, we use the definition of affiliation and that Y is mixing.
In symbols:

B(@(i ) = su'u(zy 5o )0V,

where u and v are the synchronizing words from the definition of affiliation
and v’ and v’ are found using that Y is mixing. The precise definition of the
involved variables can be found below. To define % on the remaining marker
words, we simply use that Y is mixing to find words a,, of length n > TL(Y),
such that sa,s € W(Y') and map x; | to sa, for a suitable value of n.

Now for the details:

For the reader’s convenience I have marked the definition of each variable
in the margin. Choose s € S(Y') arbitrarily. Let R be the number from
Lemma 2.7.16 corresponding to Y. Define T = 2TL(Y) + 2R + |s| and choose
k > max{T, K}, where K is the number from Lemma 2.9.7 corresponding to
Y. Choose for each n > TL(Y) a word a,, € W, (Y), such that sa,s € W(Y').
Using the assumption on the periodic points, we can define a shift Commuaing
map A: Per X — PerY’, such that z € Qn(X) = A(2) € Uy Qm(YO(E)).
Choose for each z € Per X a p,, such that p, = p,, when z = o(2'), and
an ¢ € 7 such that zj;;y,,;| = p.. Find using Lemma 2.9.7 a pair of words
u,v € Sr(Y) such that uA(z)§7i+|pZ|[v € W(Y) for all £ € N. Find for each
k > TL(Y) and each v and v, «/,v" € Wy(Y'), such that su'u,vv's € W(Y').

Let for each € X and each [i,j[€ I (z), which is longer than 2T,
z € Per<7(X) be a point, such that z(; | = z|; ;-

Define for each z; ;i € Wy

@(l’ ): saj_i_|s| ,1f]—ZS3T
b1l su'uN(2) iy jovv’ 5 if j —1 > 3T

Where 9 = min{k > i + |s| + TL(Y) + R|z[ p1p.| = P-} and jo = max{k <
j—TL(Y) =R | Xf—|p. x| = P=}. This is well-defined because iy < jo, since
i + |s| + TL(Y) + R,j — TL(Y) — R]| > 2T > 2|p.|, which implies that
p: Cli+]s|+TL(Y)+ R,j — TL(Y) — R].

Now @ clearly satisfies 1. and 2. and by choosing v/ and v" to be of
the correct length, (such that |su'u| = |[¢, 0[] and |vv'| = |[jo,j[]) 3. is also
satisfied.

I claim that K = 3T + 1 works in 4.

To establish the claim, I let € X and k € Z be arbitrary and [¢, j| be the
marker interval in x such that k € [i, j|. Define [a,b] = [k — K,k + K| N [i, j].
I need to show that B(z}; j))x can be determined using only @, -

s, R

K, k

an

Pz
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If b—a < 3T, then a =i and b = j and p(x[; j{)x is the symbol with index
kin sap_q_|s|, seen as a word wigp[-

If b—a > 3T Lemma 2.9.5 implies that we can find the z € Pero7(X) such
that gy = 2[qp[; by looking only at x[, . The argument splits into three
cases:

L. k € [a,a+T]. Then a = i, since K > T By looking at z(, s we can find
ip as in the definition of % and hence determine u’ and u. So as we also know
A(2), @(z}; 5k is simply the symbol with index k in the word su'ul(2)(;) oo
seen as a word Wiy o[-

2. k€ [b—T,b[. Then b= j, since K > T. By looking at z|,; we can find
jo as in the definition of @ and hence determine v and v’. So as we also know
A(2), @(x )k is simply the symbol with index k in the word A(2)]_oc jo vV
seen as a word w)_q p|-

3. ke [(L +T,b— T[. @(x[%][)k = )\(Z)k ]

By Proposition 2.10.2 we see that what hinders us from using the marker
lemma directly to define a morphism X — Y is the set of periodic points

EX,Y = {l‘ € Per X | U Qm(%(l%l)) = @}

m||pz|

So we need a way of handling those. In the first chapter we saw how Boyle
and Thomsen did that?, and in the next chapters we will see a new way of
handling them.

When dealing with more complicated problems, as for example the one in
Example 2.10.1, it is not possible in general to construct a map @: Wy r —
W*(Y), which satisfies the four properties on page 35. One way of getting
around that is to come up with a different way of splitting points into intervals,
with properties similar to those of the marker intervals. It turns out that it is
convenient to define different types of intervals, similar to the short and long
marker intervals, and then define % on each type of interval like in the proof of
Proposition 2.10.2. Thus @ depends on the type of the interval, which means
that we have to be able to tell the type of the interval by local inspection, since
© has to work like a sliding block code. i.e. the intervals have to be locally
recognizable in the following sense, where Iz denotes the intervals in 7, i.e.
the set {[i,7] | 4,j € Z}:

Definition 2.10.3 (Locally recognizable). Let X be a shift space. A map
I: X — Iy is called locally recognizable if for each x € X the intervals in I(z)
are disjoint and there is an N € N such that it by inspection of z_ y 4 N7 for
any x € X and k € 7Z is possible to decide whether k£ occurs in an interval in
I(x) and if so to determine whether k is an endpoint of the interval.

3Boyle by assuming that Fx y = () and Thomsen by assuming that all points in Ex y
have marked entries and exits
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Remark 2.10.4. The last requirement may seem superfluous because if it is
possible to tell whether a & € N is in one of the intervals in I(x) by looking at
Z(k—N,k+N], then it should be possible to tell whether & is an endpoint of the
interval by looking at z(x_n_1 x4 n1]; one would simply check whether £ — 1
or k+ 1 did not occur in an interval from I(z).

That strategy does not work, however. Because it may be the case that
two intervals in I(x) lie right next to each other without space between them.
Think of the marker intervals. And we need to be able to find the endpoints
in order for the strategy to work.

Definition 2.10.5 (Splitting Map). Let X be a shift space, 7 be a finite set
and let {I;}icr be a family of maps X — Iz. Then the map I.: X — Iz x 7
defined by

I(x) = | | Li(x) =] Li(x) x t

ter ter

is called a splitting map if each I; is locally recognizable and for any x € X
the intervals in (J,c, It(z) are disjoint and their union is Z.

Note that when I is a splitting map and = € X then I-(x) can be arranged
into a sequence

{([Zn, Int1 [7 tn)}neZy

such that i,, < i,y for all n € Z and Upeglin, int1[= Z.

Itn—l(x) Itn (x) Itn+1 (:E)
Y Y N
7;n—l iu” 7f'n-&-l i"|+2

And there is an N € N such that it is possible for each z € X and k € Z to
tell the type of the interval in which k occurs and to decide whether k = i,
for some n € Z, by looking at T(,_ N k4 N]-

The i,’s are called the endpoints in x.

The endpoints correspond to markers and N to the |F| of lemma 2.9.8.
Note that Ij 7 can be seen as a splitting map I, in two different ways:

1. There is only one type; 7 = {marker} and I r: X — Iz x {marker}.

2. 7 = {short,long} and I 7: X — Iz x {short,long}.
since both the short and long marker intervals are locally recognizable and the
union of the marker intervals in a point is all of Z.

Definition 2.10.6 (¢ and 7 intervals and words). Let X be a shift space, 7
be a finite set, x € X, and let for each ¢t € 7, I, be a map X — Iz. Then I;(z)
is called the ¢ intervals in = and the words corresponding to t intervals

W, = (J{zp | i, € L(2)}

zeX
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are called the ¢ words.
Let I be a map X — Iz x 7. Then I (z) is called the 7 intervals in = and

W =| |W, cW"(X)xr

ter

are called the 7 words.

Example 2.10.7. This example is a continuation of Example 2.10.1. So X is
the shift:

C\/Vb

I define two types of intervals:

Type ’0’: The intervals corresponding to words of the form 0", which are
maximal in the sense that both the preceding and following symbol are not 0.

Type ’ab’: The intervals corresponding to words in which 0 never occur
and for which both the previous and next symbol are 0.

In other words for each x € X:

In(xz) ={[i,j] | i—1,2j41 #0,Vn € [i,j]: x, =0} and
Iab(l') = {[’L,j] ‘ Ti—1,Tj41 = O,Vn c [2,]] Tn ?é 0}.

Then both Iy and I, are locally recognizable: Clearly any two intervals
in Iy(z) or I(x) are disjoint. And given x € X and n € N it is possible to
tell the type of the interval in which n occurs by simply checking whether the
symbol is 0 or not, and one can tell whether it is an endpoint by looking at
the preceding and following symbol. Thus N = 1 works for both.

Ito.apy: X — Iz x {0,ab} is therefore a splitting map, since the intervals
in Ip(x) U I () are disjoint and their union is Z.

The 0, ab and {0, ab} words are given by:

WOZ{OH"NJENOO},
Wap ={c" | c € {q, b}nGlNoo}and

Wioay = (J {(07,0),(a",ab), (0", ab)}.

n€EN

Since a splitting map I has enough of the properties of the marker intervals
I could show that if a map @: W, — W*(Y") satisfies the four properties on
page 35, then the induced map ¢ is a morphism X — Y. But it turns out that
it is not only the restriction to marker intervals that keeps us from constructing
morphisms; the requirement in property 4. is also too restrictive. Sometimes
more information than just (z}; ;,t) is needed to be able to define B(zy; j,1).
I therefore introduce the notation:

Warr = U {@fi-mjan 0) | (i), 1) € Wik
zeX
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Example 2.10.8. In the setup of Example 2.10.7 7 is the set {0, ab} and W -
is the set

U {(a0*"a,0), (b0*"b,0), (a0>**'b,0), (50°"*'a,0), (0a™0, ab), (0b™0, ab)}.
TLG]NOO

@: Wy, — W*(Y) is then defined in such a way that it satisfies the
following four properties, for some M € N, s € S(Y') and all (x_pj4n:t) €
W -

L @i na)s Dfii|sl = 5
2. P(enrgeas )s € WHY).
3. [P(@fi—nrjaa), ) =5 — i,

4. There is a K € N such that ®(z;_psj1a,t)r depends only on ¢ and
Llk— K k+K]N[i—M,j+M)]-

Where I use the convention that the symbols in B(z;_ps j4s)) have indices in
[3, 5]-

When I is a splitting map and % satisfies those four properties, I define a
map ¢: X — X2 by OO i insa| = P(Tlin—M,ini1+M[ tn), for all n € Z, where
{in, ing1l, tn) fnez = 1(x).

The definition of ¢ is illustrated in the following figure:

Itn—l ($) Itn(x) Itn+1 (ZL')
i M DS |
I LR N L L
o(x) L2, ELE ks L

 is a morphism X — Y by the following lemma:

Lemma 2.10.9. Let X and Y be shift spaces, I,: X — Iz x T be a splitting
map for some finite set T and p: Wy — W*(Y') satisfy the following four
properties for some M € N, s € S(Y) and all (w,t) € Wy ,:

1. (w, )15 = 5-
2. B(w,t)s € WH(Y).
3. |p(w, 1) = |w| —2M.

4. Thereis a K € N such that p(w, )y depends only ont and wi,_ j+ K)o, w|[-
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Then ¢ is a morphism from X to Y.

Proof. Note first that ¢ maps points in X to points in Y because of property
1.-3. I will prove that ¢ is a morphism by showing that it is induced by a
block map. To do that I will show, that there is a B € N, such that the value
of p(r); depends only on x[;_p g, for each z € X and i € Z.

Let for each t € 7, Ny be a number that works in the definition of locally
recognizability of I;. Define N = max{N;}e,.

I claim that B = K 4+ N works, where K is the one from property 4.

To see that I let x € X, ¢ € Z and kK € N be the number, such that
i € [ik,ig+1[. By inspection of zj;_x_n ;i k4N [ can determine if [i — K, i+ K|
contains any endpoints, and thereby determine [i— K, i+ K]N[ix— M, ix 1+ M]|
including its type, perhaps without knowing neither ¢, nor ix1,. Thus B works
by the fourth property. O

Example 2.10.10. In the setup of Example 2.10.8 I define g: Wy » — W*(Y)
by:

(00" 2q, w = al"a, t =0,
a0"3aa, w=a0"b,t=0,
p(w,t) =< aad® 3a, w=0b0"a,t=0,
0" *aa, w =0b0"b, t =0,

alwl=2, t = ab.

Then @ satisfies the four properties above with s = a and K = 2. Thus the
map ¢ induced by P is a morphism from X to y by Lemma 2.10.9.

Hence this more general strategy allows us to handle the problem in Ex-
ample 2.10.1, which could not be solved with the basic marker strategy. The
point is that the more general approach lets us see the beginning and end of
a periodic word (though not at the same time). I am going to use this idea
of using information about these ’edges’ of certain words extensively in my
results.

Lemma 2.10.9 shows that the strategy, of splitting points in X into in-
tervals of different types and inserting synchronizing words at each transition
between intervals, is sound in the sense that it is sufficient to guarantee that
the resulting map is a morphism. An interesting consequence of my results
in the following chapters is that the strategy is also necessary in the sense
that if there is a morphism from X to Y, then there is a non-trivial locally
recognizable way of splitting points in X and a way of inserting synchronizing
words as described above.

2.10.1 Extension Strategy

In the following chapters I will often need to construct a morphism ¢: X — Y
which extends some other morphism ¢g: .S — Y for some subshift S C X.
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That is easy to do using Lemma 2.10.9:

Define a locally recognizable map Ig: X — Iz which maps points in S
to Z and then define © such that it behaves like ¢g on the words in Wg.
Because then if z is a point in S, then x is in Wg, which implies that

o(z) =p(x) = ps(x). Thus ¢ extends pgs.






CHAPTER 9

The Marked Property

The goal of this chapter is to investigate the problem of extending a morphism
p: 0X — Y to a morphism X — Y, when X is irreducible sofic and Y
is mixing sofic. But because the techniques used to do that applies to the
problem of extending morphisms from general subshifts S C X, I develop the
theory in a wider set up.

3.1 Local Words

I want to use the marker strategy as described in section 2.10. In order to
do that, I need to find a smart way of splitting words from X into locally
recognizable intervals, such that long words from W*(S) are not split. It is
however generally not possible to recognize words in W*(.S) by local inspection,
when S ¢ SFT. I therefore define a larger set of words, containing W*(.S), for
which it is possible. I call them the local words of S.

Definition 3.1.1. Let X be a shift space. Then for each subshift S C X and
x € X, I define

L(S,n)={z e X | Wy(z) CW(S5)}
LW(S,n) = {2 € Wsn(X) | Wa(z) C W(S))
W(S,z) = {[i,j] CZ | z};5 € W (S), w150, Tpij1) & W(S)}
MLW (S, n,x) = {[i,j] C Z | x; ;) € LW(S,n), z}i_1 ), T}i j+1) € LW(S, n)}
Elements in L(S,n) and LW(S, n) are called local points and local words of .S,

and elements in MW (S, z) and MLW (S, n,z) are called maximal words and
maximal local words of S in z. n is called the order of the local word or point.

The reader should think of the elements in LW (S, n) as the words in W*(X)
which locally look like words from .S, in the sense that it is impossible to rule
out, that a word w is in S, by looking at subwords of length n.

The sets in Definition 3.1.1 are illustrated in the following example:

45
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Example 3.1.2. Let X be the the sofic shift:

0
Ry
L,{ S—

a

0,1

and let S be the even shift. Then S C X and the set of local points of S of
order n is presented by the following graph:

n—2
O o,
w
1
i.e
L(S,n) = Su {0, 1}{Z10"1}¢<n,1'
So for example 0°°10310% is in L(S,4) and clearly not in S.
The local words of order n is the set

LW(S,n) = W>,(5) UW>,({0, 3151y, _,) = Wan(L(S, n)).
Let z be the point
0°a0"10°10a0% = 07, ,1a00102030415060705 1901001105 o

where I have included the index of each symbol for easy reference. Then the
set of maximal words of S in z is

MW (S, z) = {] — o0,0[, [1, 8], 6, 10], [12, co][},

corresponding to the words 0°°,0%102,0310 and 0> respectively.
The maximal local words of S of order 4 and 5 in x are

MLW (S, 4, z) = {] — 00, 0], [1, 10], [12, oo[}
MLW (S, 5,2) = MW(S, z).

Remark 3.1.3. The set of doubly infinite sequences in LW (S, n), L(S,n), is
a sort of SFT within X, in the sense that only finitely many more words are
forbidden. Specifically L(S,n) = Xy, (5)c, which means that L(S,n) = X NSy,
where the S,,’s are the SFTs from Lemma 2.4.20.

Note that L(S,n) € L(S,m) for all n > m and [, L(S,n) = S, by
Lemma 2.1.12. So since L(S,n) is a shift space for all n € N, {L(S,n)}nen is
a decreasing sequence of shift spaces within X, which converges to S.

When S € SFT, the local word concept adds nothing new, since L(S,n) = S
and MLW (S, n,z) = MW>,(S,z) for all n > SL(S), because LW(S,n) =
W=, (S), for all n > SL(S) by the definition of step length. i.e. words that
look like words in S are words in S. S does not have to be an SFT for this to
happen, as illustrated by the following example:
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Example 3.1.4. Let X be the sofic shift space presented by the following
graph:

And let S = 0X. ie. the sequences in {0,1}#, which contain at most one
'1’. Then S ¢ SFT, since 0" is not synchronizing for any n € N. But clearly
L(S,n) =S, LW(S,n) = W>,(S) and MLW(S,n,x) = MWs>,(S,z), for all
n>1.

Subshifts with the property LW (S, n) = Wx,(S), when n is large, turn out
to be useful. So let’s name them:

Definition 3.1.5 (SFT-like). Let X be a shift space and S a subshift of X.
S is called SFT relative to X, or simply SFT-like, when X is understood, if
there is a number N € N, such that

LW(S,N +1) = WZN-H(S)'

The minimal such N is called the step length of S in X and is denoted by
SLx(9)

The name ’SFT-like’ is motivated by the fact that a shift space S is an
SFT if and only if it is SFT relative to the full shift over its alphabet, by
Theorem 2.4.7. In fact when S is an SF'T, it is clearly SFT relative to any
shift space in which it is a subshift, since SL(S) works for /V in the definition
of step length. This implies that SLx (S) < SL(.S). By the following example,
the inequality can be strict:

Example 3.1.6. Let X be the shift presented by the following graph:
1
IGR-ROL
0

Then the golden mean shift Xy, = {0, 1}{211} is a subshift of X and Xz, =
X{(a}- Thus
SLx (Xgm) = 0 < 1 = SL(Xgm).

In both Example 3.1.4 and Example 3.1.2 it is true that LW(S,n) =
W, (L(S,n)). That is not true in general by the following example, which
shows that a local word doesn’t necessarily occur in a local point. Or in other
words: The local words are not extendable.
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Example 3.1.7. Let X be the sofic shift presented by the following graph:

0

Ol

Define S = 90X and let n € N. Then L(S,n) = S and 10"'1 € LW(S,n), but
10711 ¢ W(S). Thus LW(S,n) # W>,(S) = W>,(L(S,n)) for all n € N.

Note that even though LW(S,n) # W, (L(S,n)) in Example 3.1.7, they
are ’almost equal’ in the sense that if one removes the last symbol from a word
in LW(S,n) then it is a word in W, _;(L(S,n)) = Wx>,_1(S). This kind
of ’almost equality’ is no coincidence. Lemma 3.1.8 below shows that it will
always be the case that there is a number m € N, such that if one trims the
first and last m symbols from the words in LW (S, n), then they become words
in L(S,n).

Denote the map W*(X) — W*(X), which trims off the first and last m
symbols, by ¢ 1. e (1) = Tfipm,j—m]-

Lemma 3.1.8. Let X be a sofic shift space. Then for each n € N there is an
m € N such that
em(LW(S,n)) = W (L(S, n)).

Proof. Let n € N. Since D clearly holds when m > n I only need to find an

m > n such that C holds. Let G be a presentation of X" and let E be the

number of edges in G. Define m = E + n. Let w € LW(S,n). If |w| < 2m,

then ¢, (w) is the empty word, which is in W*(L(S,n)) by definition. Assume
therefore that |w| > 2m + 1 Then v = 3, (w) € LWZQ(EH)H(S[”], 1).

Let p be a path in G which presents v. By the pigeon hole principle I can
find a,b,c,d € N such that

<a<b
v = (E+1)<c<d< |y

and such that p, = pp and p. = pg. This implies that v[f’b[v[b’c]v]oco d is in
L(S[ 1), Thus cgyq1(v) € W*(L(SM™, 1)) by my choice of a,b, ¢ and d, which
implies that cpi1(w) € W*(L(S,n)). Soas m > E+ 1, ¢p(w) € WH(L(S, n)),
which is what I needed to prove. O

The derived shift of the sofic shift in Example 3.1.7 is not SFT relative
to X, since LW(S,n) # Wx,(S). But it is ’almost’ SFT-like in two ways:
1. Because local points of S are points in S, since L(S,1) = S. i.e.

AN € N: L(S,N) = &S.
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2. Because ¢;(LW(S,1)) = W*(9), i.e.
Im, N € N: ¢, (LW(S, N)) = W*(S).

Both of these properties could serve as a meaningful definition of ’almost
SET-like’. But by Lemma 3.1.8 the two conditions are equivalent.
I therefore define:

Definition 3.1.9 (Almost SFT-like). Let X be a shift space and S be a
subshift of X. S is said to be almost SFT relative to X, or almost SFT-like,
if there is a number NV € IN such that

L(S,N) = 8.

Remark 3.1.3 implies that a subshift S C X is almost SF'T relative to X if
and only if there is an SF'T W, such that S =X NW.

Example 3.1.2 shows that not all subshifts are almost SFT-like and Exam-
ple 3.1.7 shows that a subshift can be almost SFT-like without being SFT-like.

The reader easily verifies the following upper limit on the overlap of two
intervals in MLW (S, n, x):

Lemma 3.1.10. Let S C X be shift spaces, © € X and n € N. Then
u,v € MLW(S,n, x),u # v = |[uNv| < max{1l,n — 1}.

Thus by trimming max{0,n — 2} symbols from the beginning of each inter-
val in MLW (S, n, z), I achieve that any two such '"MLW-intervals’ are disjoint.
In section 4.1 I show that the resulting intervals can be used to construct a lo-
cally recognizable set of intervals, with the properties from the marker strategy
section.

3.2 Visualizing Local Words

One way of visualizing LW(S,n), when X is an irreducible sofic shift, is by
constructing the n-th higher block graph of the Fischer cover of X and then
deleting all edges whose labels are not in W,,(.S). The label of any path in the
resulting graph will be a word in LW (S, 1) = 8,(LW(S,n)) and vice versa.
In order to illustrate the set

zeX

i.e the words, which correspond to maximal local words in points in X, mark
each vertex in which one of the deleted edges ended by a ® and each vertex
where a deleted edge started by a ®. Then the label of any path starting at a
® and ending at a ® will correspond to a word in MLW (S, n), and any word
in MLW (S, n) is presented by a path from a ® to a ®.

I call the resulting graph the nth local word graph of S, or the MLW (S, n)-
graph.
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Example 3.2.1. Let X be the sofic shift from example 3.1.7 and S = 0X =
{0, 1} {1071} ,en- Then the third higher block graph of the Fischer cover of X

looks like:
001 / \)1
V o011 201

[ 112 \
ooz [\ /gg |
/m\ v

210 o1 Y
ux / 100

By deleting all edges not in Wg(S) and inserting ©’s and ®’s as instructed I
get the third local word graph of S:

010

® 2000 >
001/ S \001
N

® ©

( |
010 | 010

\ /

© @ @

\ 001 /
100 iy 100

To make it easier to check whether a given word is in MLW (S, 3) I gather the
®’s in one starting vertex and replace each label, except the ones on edges
from the starting vertex, by its last symbol:

1 0 0
O?WQ/MO 0?\0
\ 001 100 | ]
\J 4 \ )
T ¥ o T 19

Which can be simplified if I add the restriction that I am only interested in
paths of length at least 3:

b | Ny
/ \

O]

0

I

10 T o T 1

Thus a word € W>3(X) is in MLW(S, 3) if and only if it can be presented
by a path from the ® to a ®.
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3.3 A Necessary Condition

Let X and Y be shift spaces and S be a subshift of X. If ¢: S — Y is an
(m, n)-sliding block code, then the word map ¢y, , extends in the obvious way
to a map Pmn: LW(S,m +n + 1) — W*(XZ).

When ¢ extends to a morphism X — Y, then ¢y, ,, has to map into W*(Y"),
when m and n are large enough by the following lemma:

Lemma 3.3.1. Let X and Y be shift spaces and S be a subshift of X. If
a morphism p: S — Y extends to a morphism X — Y, then there exists
M, N € N such that

Omn(LW(S,m+n+1)) CW*(Y),
for allm > M andn > N.

Proof. Let S C X and Y be shift spaces. And let ¢: S — Y be a morphism,
which extends to a morphism ¢: X — Y, with memory M and anticipation
N.

I claim that ¢y, , must be equal to ¢y, ,, on words in LW (S, m+n~+1), when
m > M and n > N. Because if it is not, then I can find a word s € W, 1,41(5)
for which @, 1,(s) # ¢mn(s), which would imply that ¢(z) # ¢(x), for x’s in
S in which s occurs. But that would contradict the assumption that ¢ is the
restriction of ¢ to S.

Thus @y, n has to map LW (S, m+n+1) to W*(Y"), when m is larger than
the memory of ¢ and n is larger than the anticipation of ¢, since ¢y, , maps
W*(X) into W*(Y). O

Example 3.3.2. Let X be a shift space, such that {0,1}* C X, S be the
points in {0,1}%, which contain at most one '1’, Y be the shift presented by
the following graph

1
O Do
D S
2

and ¢: S — Y be the identity. Then ¢, , is the identity map on the set
L(S,;m+n+1) = {0, 1}{2101-1},< . ¢ Y, for all n,m € N. Thus ¢ does not
extend to a morphism X — Y.

The condition from Lemma 3.3.1 can be quite difficult to check for a given
map ¢: S — Y. But since LW(S,m) C LW(S,n), for all m > n, it is equivalent
to

Im,n € N: @p n(LW(S,m +n+1)) C W (Y). (3.1)

So if LW (S, n) = W, (L(S, n)), for n larger than some number, as in Example
3.1.2, then one only needs to check, whether ¢ maps L(S,n) to Y, for one
n € N.
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Note that if S is SFT relative to X, then condition (3.1) is trivial since
any morphism S — Y maps words in LW(S,n) to words in W*(Y") because
LW(S,n) = W*(S) for large n’s.

In the following I will not distinguish between ¢y, », and @, »,, because they
are equal on the intersection of their domains.

3.4 Definition of the Marked Property

I want to use the marker strategy from section 2.10 to extend morphisms from
S to Y, for some S C X, to morphisms from X to Y. Therefore I need to
define a splitting map I, : X — Iz x 7, which doesn’t split large words of .S that
occur in points in X. And then I need to define a map @: Wy — W*(Y),
for some M € N, with the four properties from Lemma 2.10.9:

1. P(w,t) begins with s.
2. s can be put at the end of @(w,t).
3. © preserves length.
4. The kth symbol of B(w,t) can be determined by local inspection of w.
To make sure that I does not split the long words of S, I could define
Inw(z) = MLW(S,m +n+ 1, )

for some large m,n € IN. Then Ity would be locally recognizable. And when
m and n are large enough, ¢y, », has to map MLW (S, m + n + 1) into W*(Y)
by Lemma 3.3.1. So if I use ¢, , on the words in Wryy, then 4. is satisfied on
that type of intervals.

But I have to make the map satisfy the other three conditions as well. To
make sure it satisfies 1., 2. and 3. I will find a way of putting synchronizing
words at the beginning and end of words in ¢, ,(MLW(S,m +n + 1)), in a
way such that 4. is still satisfied. The way I do that is by defining maps from
the beginnings and ends of maximal local words to S(Y’). Morphisms S — Y
for which that is possible will be called 'marked’.

Similar to the entries and exits of periodic points defined by Thomsen, I
call the beginnings and ends of maximal local words of S in X, the S-entries
and S-exits.

Definition 3.4.1 (Entry, Exit). Let S be a subshift of a shift space X and
n,k,L € N. The words in the set

AS(TL, k, L) = {x[—L,k] € W(X) | L0,k € LW(Sv n)vx[—l,k] ¢ LW(Sv n)}
are called S-entries. And the words in

Qs(n, L) ={z-r) € W(X) | z-r,0 € LW(S,n),z(_r1) € LW(S,n)}
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are called S-exits.
Define Ag(n, L, L) = Ag(n, L).

To simplify notation I omit the S and write simply A(n, L) and Q(n, L),
when S is understood.
The definition of entries and exits is illustrated in the following figure:

MLW (S, n, x)
i J
x } = : : : %
L k L L
~—— ~———
A(n,k,L) Q(n, L)

Example 3.4.2. Let X be the sofic shift from Example 2.10.1:
0
al ..
s \._0./ Q b

and let S = 0X = {0°}. Then

As(1,1) = {a00,b00} = Ag(2,1) and

Qg(1,1) = {00a,006} = Qg(2,1).
Definition 3.4.3 (Marked). Let X and Y be shift spaces and S a subshift of
X. A morphism ¢: S — Y is called (m,n)-marked, if there for each n’ > n
exists an L € N and maps o, : As(n’+m+1,L) — S(Y) and w,: Qg(n’ +
m+1,L) — S(Y) such that

o (Tfi— i) Pt (T ) )wne (T 1 i+ 1)) € WH(Y),

for all z € X and [¢,j] € MLW(S,n' + m + 1, z).
¢ is called marked if it is (m, n)-marked for some n,m € N and m-marked
if it is (0, m — 1)-marked.

The definition of the marked property is quite a mouthful, but I can console
the reader that under mild assumption on X and S, the definition simplifies
significantly. That is the point of section 3.8. But in order to make my main
result as strong as possible I am forced to work with Definition 3.4.3.

The following figure illustrates the functions in the definition of marked.

MLW(S,n' +m + 1, z)

T ] k< ! | f +
L N L L7 L :
2 /
2 N y E
AN / 3
\ /
\ /
1 N 74 | *
F o, T Ot f W, | € W (Y)
~— ’ ——
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Example 3.4.4. Let’s look at the problem from Example 2.10.1 again. i.e.
X is the sofic shift:

C\/Vb

And Y is the sofic shift:
) C ‘ . ‘
\(_)_/

And we wish to extend the map 0°° — 0°° to a non-trivial morphism from X to
Y. So in this example S = {0} = 0X, and we have a morphism ¢: S — Y,
which turns out to be 1-marked:

For n’ =1, define L = 1, ay: Ag(1,1) = {a00,b00} — S(Y") by

a00 — a, b00 — a0
and wy: Qg(1,1) = {00a,00b} — S(Y) by
00a — a, 00b — Oa.

To verify that these definitions work let x € X and [i, j] € MLW(S, 1, z). Then
xp; 5 has the form 0" for some n € N and z;_r ;) is either a00 or b00 and
T(j_rj+r) is either 00a or 000. If both the entry and exit contain the same
non-zero symbol, then n is even and if they contain different non-zero symbols,
then n is odd. So either way

Oél(x[z'—L,z'-&—L])‘Pl(x[i,j])wl (x[i—L,z‘—f—L}) = al(x[i—L,i—i-L})OnWl (x[z'—L,i—i-L})

has the form a0™a for some even m, which means that it is in W*(Y").
I leave it to reader to generalise to arbitrary n’ > 1.

Remark 3.4.5. If a morphism ¢: S — Y is (m, n)-marked for some m,n € N,
then it is (m, n')-marked for all n’ > n.

Note that if ¢: S — Y is (m, n)-marked, then ¢ oo™ is n+m + 1-marked.
Thus when trying to extend marked maps, I can always assume that they
are m-marked for some m € IN. Because if I extend ¢ o ¢ to a morphism
¢: X = Y, then ¢ o 07™ extends . This makes the definition somewhat
easier to work with:

Lemma 3.4.6. Let X andY be shift spaces and S a subshift of X. A morphism
p: 8 =Y is m-marked, if and only if there for each n > m exists an L € N
and maps ap: As(n, L) — S(Y) and wy,: Qg(n, L) — S(Y), such that

(T 1) P (@i j))wn (T)j—1 j4r]) € WH(Y)

for all x € X and [i,j] € MLW(S,n, x).
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The attentive reader will have noticed that the definition of marked makes
it dificult to ensure that @ becomes length preserving, since I have no control
over the length of ay, (z(;_ 1 i11))n (%[ j))wn (T j+1])- The following lemma
takes care of that in the case when Y is irreducible sofic by providing a common
length for all the words in the image of v, and wy, for any given n € N, and
by letting me cut away as much as I like from the left side of ¢y, (z; j)-

Lemma 3.4.7. Let S be a subshift of a shift space X and Y be an irreducible
sofic shift space. A morphism ¢: S — 'Y is m-marked if and only if there for
each n > m exist L, N € N and maps o 2 As(n, L', L) — Sy(Y) for each
k€N and wy: Qs(n,L) — Sy(Y) such that

Uk (Tfi— 1) P (Tligr j))wWn (T -1 j4r)) € WH(Y),
forallk e N, z € X and [i,j] € MLW(S, n,z), where L' = max{L,k+n—2}.

Proof. <=: The definition corresponds to letting k = 0.
=: Assume that ¢ is m-marked. Let n > m and find L, adef def as in the
definition of the marked property. Since A(n, L) and Q(n, L) are finite sets,
so are ad®f(A(n, L)) and wd*f(Q(n, L)). Thus it makes sense to talk about
the longest word in each set. Let N’ be the length of the longest word in
adef(A(n, L)) Uwdet(Q(n, L)) and define N = N’ + E, where E is the number
of edges in the Fischer cover of Y. Let k € N and define L' = max{L, k+n—2}.
Let z_p, 1) € A(n, L', L). Thena_y, 1) € A(n, L) and a3 (z_p, 1)) € Sa(Y)
for some a < N’. Find a path, p1, of length at most F from the terminal vertex
of oafff(:c[_LL]) to the terminal vertex of aﬂef(x[_LL])(pn(ac[o,kﬂl_m). And then
find a path, py, of length N — |p;| — a, which terminates in a vertex, which is
the initial vertex of a path presenting a, (z_r, 1))-

Define

and w

an,k(x[—L,L’]) = 7TY(p2)04ief($[—L,L])7TY(p1)-
Then anyk(x[_Lqu) S SN(Y)
Define for each z_p, ) € Q(n, L),
wn(zr,r)) = W (@r,0)7y (),
def

where ¢ is an arbitrary path of length N —|wy® (z_r, 1))| starting in the terminal
vertex of wdef(x[_L,L]). Then wy,: Q(n, L) — Sy(Y).

n

Let z € X and [i,j] € MLW(S,n,z). Then

U k(T [i—L,i1) P (X ik ) Wn (Ti— L jyr)) € WH(Y),
by our choice of p’s and ¢’s. O

Thus by choosing k appropriately (k = 2N — (n — 1)), I can achieve that

|l e (Z(i—1i427) P (T fipr ) )0 (@ — L) = 12045
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if z(; ;1 is long enough.

MLW (S, n, x)
i i+k J
v DA o T
| .' o ] . |
|
|
|
1 P o — e W*(Y)
~——
Sn(Y) Sn(Y)

3.5 Necessity of the Marked Property

It turns out that when S C X has the property that all sufficiently long S-
entries and S-exits are synchronizing for X, then a morphism S — Y has to
be marked in order to have a chance of extending to a morphism X — Y.

Definition 3.5.1 (Synchronizing Edges). Let S be a subshift of a shift space
X. S is said to have synchronizing edges if there is an N € N and a sequence
{Ln}n>n € N such that:

AS(an),QS(na Ln) C S(X)a
for alln > N.

Example 3.5.2. Let X and S be as in Example 3.4.2. Then S has synchro-
nizing edges, since both a and b are synchronizing for X.

Lemma 3.5.3. Let X be an irreducible shift space, Y be a shift space and
w: X =Y be a morphism, which hits a sychronizing word in'Y . If S C X has
synchronizing edges, then p|g is marked.

Proof. Since S has synchronizing edges, I can find N € N and {L,},>y C N
such that Ag(n,Ly),Qs(n,L,) € S(X) for all n > N. And since ¢ is a
morphism, I can find n,m € N, such that it is an (m,n)-sliding block map
andm+n+1>N.

I claim that g is (m,n)-marked.

Let n’ > n and define L = max{L,/ 11,7 + m}. Since ¢ hits a syn-
chronizing word, I can find an s € S(Y) and an sp € W(X), such that
©mn(S0) = s. By using that X is irreducible, I can for each entry z_y, 1) €
As(n' +m +1,L) find a u € W(X), such that spur_p ) € W(X). And
for each exit z(_j, ;) € Qs(n’ +m +1,L) I can find a v € W(X), such that
zi_,vso € W(X). Define oy : Ag(n' +m+1,L) = S(Y) and wy: Qs(n’ +
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m+1,L) — S(Y) by

an (T(—1,1]) = P (S0UT[_ [ m4ns[) and

W (T[—1,1)) = Pt (T)— (mn),L]VS50)-

Then they both map into S(Y), since a,(z_ 1)) and wy (7 1)) always
contain s.
Let [i,7] € MLW(S,n' +m + 1,z). Then

o (T 15t 1) P (T3 )W (T L i+ 1)) = P (S0UT [, i1 £]VS0),

which is in W*(Y') since souw;_p, j4rjvso € W*(X) because both wj_p ;1
and x(;_r ;1) are synchronizing as L > Ly ypm1. This establishes the claim
since (|5 is also an (m,n)-sliding block map, and (¢|s)mn = @mn on words
in LW(S,n' +m +1). O

Corollary 3.5.4. Let X be an irreducible shift space, Y be a sofic shift space
and S C X be a shift space with synchronizing edges. If o: X — 'Y 1is a factor
map, then g is marked.

Proof. Follows from Corollary 2.6.21 and Lemma 3.5.3. O

It turns out that when X is irreducible and sofic, X has synchronizing
edges. In order to prove that, I need the following lemma:

Lemma 3.5.5. Let X be an irreducible sofic shift, v € X and V the number
of vertices in the Fischer cover of X. Then

zji ) ¢ W(OX) = z_v2 jrv2) € S(X).

Proof. Assume that xj_y=2 ;i y2) ¢ S(X). Then it isn’t magic for 7 according
to Proposition 2.6.22. This enables me to find paths u,v € 7~ (x[z V2 ]+Vz])
such that uy # vy, Vk. Since there are less than V2 possibilities for the pair
(tug,tv,) of terminal vertices for uy and wvg, I can find numbers a,b,c and d
such that

i—V?<a<b<i,
j<c<d<j+ V3

with the property that u[ B[UIb, C]u]c d and v[ BVIbsc] v] 4] are paths in the Fischer
cover of X. So as up # vk,Vk: I have found two dlSJOlIlt paths in the Fischer
cover of X, which present the same point y. Thus y € 0X by Proposition 6.5
in [T], which implies that z|; ;; € W(9X), since x|; ;; C y, by my choice of b
and c. O

Lemma 3.5.6. Let X be an irreducible sofic shift. Then 0X has synchronizing
edges.
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Proof. Let V denote the number of vertices in the Fischer cover of X. Define
L, =n—2+V?for each n € N. I claim that Ayx(n, L), Qox(n, L,) € S(X)
for all n € N.

Let n € N and z_p, 1, € Aox(n, Ly). Then zg,) € LW(0X,n) and
r(-1,1,] € LW(0X,n) by definition of entries. By definition of LW (90X, n) this
implies that x|y, € Wn(0X). Thus z(_p, 1] 2 T[—1-v2 n-14v2] € S(X)
by Lemma 3.5.5, which means that z;_r,, 1,1 € S(X) by lemma 2.1.16.

The verification of Qyx(n, Ly,) C S(X) is analogous. O

Now we know that in order for a morphism 90X — Y to be able to extend
to a morphism X — Y, it has to be marked. Thus a necessary condition for
X to factor onto Y is that there exists a marked morphism 0X — Y.

3.6 Comparison Between the Marked Property and
Previous Necessary Conditions

The idea behind the marked property is similar to the idea of affiliation. The

d,F
following lemma shows that it is in fact a strengthening of Per .S (’—>) PerY as

d
defined in Definition 2.7.13 and hence stronger than Per X (—>2 PerY as defined
in [T] (p. 4 in this text) for all periodic points in S, when S C 0X.

Lemma 3.6.1. Let X and Y be shift spaces and S be a subshift of 0X. If a
morphism p: S — Y is marked, then

P(Qu(X{M 0 8)) € | Qg™ ™),
mln

)PerY.

foralld € N and F C{0,...,d — 1}. In particular Per S (g
Proof. Letd € N, FF C{0,...,d—1}and x € Qn(Xéd’F)ﬂS). Define y = p(z)
and m = |py|. Then m divides n by Lemma 2.3.3.

Since x € Qn(Xéd’F)), we can find u,v € S(X), such that upt@+iv € W(X),
for all k € N and ¢ € F. Assume that ¢ is (a,b)-marked and a+ b+ 1 is larger
than the length of both u and v. That is possible by Remark 3.4.5. As S C 9X,
neither u nor v occur in words in LW(S, a+b+1). There is therefore some suffix
u' of u and some prefix v’ of v, such that w'pt¥+iv/ € MLW (0X,a+b+1,2'),
for some 2/ € X and all Kk € N and i € F. So since ¢ is marked, we can

find s1,50 € S(Y), such that s;py " sy € W(Y), for all k € N. Thus
ngF
y € Qu(vy ™). m

Corollary 3.6.2. Let X and Y be shift spaces. If ¢o: S — Y is marked for
some subshift S C X for which Exy C S C 0X, then Per X (g) PerY.
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Proof. Assume that z is in ()4 pec Qn(X(()d’F)) for some subset G of the set
{(d,F)e Nx2N | FC{0,...,d —1}}.
If ¢ Exy, then

0 Jmvarh el ) Quv" ™),

m|n m|n (d,F)eG

by definition of Exy. And if z € Ex,y, then U,,,, (4, r)cc Qm(Ybﬁ(d’F)) £
by Lemma 3.6.1. 0

Remark 3.6.3. If X is irreducible, the assumption S C 0X in Lemma 3.6.1
and Corollary 3.6.2 can be replaced by S C X.

Remark 3.6.4. The argument used to prove Lemma 3.6.1 implies that the
existence of a marked map S — Y, for some S C 90X, actually requires a lot

(d,F)

more of the periodic points than Per X "=’ PerY does. If for example some
synchronizing word s € S(X) satisfies spi /v, spéd H'w e W(X), for some
x € Per S and v,w € S(X) and all i € N and j, 7' in some subsets of N, as in

the following sofic shift

swﬁ/ /W
pz\ /pz

par

then there must be a y € PerY and words s',v",w’ € S(Y), such that both

lpz| (; Lpal i;ar o4t
/ Ipy\(Zd—H) / (id'+5")

s'py v' and s'p,’"! w' are in W(Y), for all i € N and j,j

Similarly if some synchronizing word s € S(X) satisfies upx s vadlﬂ s €

W(X), for some z € Per S and u,v € S(X) and all ¢ € N and j, j/ in some
subsets of N, then there must be a y € PerY and words s, v/, v € S(Y'), such

|pz | id+j |z | id +4
that both ?\pr\( ])s and v'p 'py‘( ])s’ are in W(Y).

This stronger requirement on 1ndividual periodic points is however not the
primary strength of the marked condition. As we will see next, the marked
condition is fundamentally different from the previous necessary conditions in
that it looks at several different periodic points at the same time.

Take a look at the shift X defined by the following graph:
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The strongest previously known necessary condition for X to factor onto a
sofic shift space Y comes from Theorem 7.4 in [T] :

Theorem 3.6.5 (Thomsen). Let X andY be sofic shift spaces, and ¢: X —'Y
a morphism. It follows that there is a map X. — Y,y from the irreducible
components of X to the irreducible components of Y, such that

P(Qu(x)) € | Qu¥ ™). (32)

mln

In particular ¢(X.) C Yy ()

Thus before the marked condition, all that we knew was required from an
irreducible sofic shift Y in order for Y to be a factor of X, was that there for
each periodic point in X had to be a periodic point in Y with similar affiliation
properties. If for example Y’ is the shift:

Then X and Y’ satisfy Thomsen’s condition: X and Y’ both have three
irreducible components, namely their top component, to which all periodic
points except a® and b>* are l-affiliated, since they contain synchronizing
words, and two components at level 1: {a>} and {b>*}. So by defining ¢ to
be the identity map on the components we see that (3.2) is satisfied, since

Unin Qm(YOI(%)) # () for all n > 2.

Thus X and Y” satisfy the strongest previously known necessary condition
for X to factor onto Y. But what does the marked condition tell us?

0X is the following shift:

aC-‘b>-Qb

And the marked condition implies that if X is to factor onto a sofic shift
Y, then there must be a marked morphism from 0X to Y. I claim that if
there exists such a marked map, then there is a word g € W(Y') and words
u,v € S(Y), such that

ua'gb’v € W(Y),

for all 7,57 € N: ([i]2, [j]3) € {(0,1),(1,0)}.

Note that we cannot expect to be able to choose g to be synchronizing
(take for example Y = X).

Thus the marked condition links the periodic points ¢® and b by requir-
ing something about allowed multiples of their periodis at the same time.
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Since Y clearly does not contain such a g, the marked condition tells us
that X does not factor onto Y’, even though X and Y’ satisfy Thomsens
condition.

In |T] it is suggested that Theorem 3.6.5 might describe all obstructions to
the existence of factors and embeddings between sofic shift spaces of different
entropy. This example shows that it is not the case.

To establish the claim, assume that ¢: 0X — Y is m-marked, and let
n > m such that 6/n — 1. Define a® = ¢(a®) and b> := ¢(b>). Then
on(a’) = a1 and o, (b*) = b+ for each i > n — 1.

Define g = ¢, (a” 16" ). Then ¢, (a’t/) = a'"Tlgb/="F! for all 4,5 >
n — 1. Note that MLW(0X,m) = {a'®’ | ([i]2, [1]3) € {(0,1),(1,0)}}. Let L
and ay,, wy, be ones from the definition of ¢ being marked, corresponding to n.
Define u = a, (b*~'cal*!) and v = w,, (bF+cat1).

Let i,j7 € N, with the property ([i]2,[j]3) € {(0,1),(1,0)}. Then ([i +
n —1]s,[j +n —1]3) € {(0,1),(1,0)} because 6|n — 1. Thus a*™ 1p/t=1 ¢
MLW (0X3,n). And by the definition of the marked property

ua'gh’v = o, (b tea ™), (T W, (B ea ) € W(Y).

This establishes the claim.

So the marked condition is a kind of generalization of affilliation, which
works with more than one periodic point at a time in that it works with words
of the form

uptwy phrwy - - - plro, (3.3)

where u and v are synchronizing, the w;’s are not necessarily synchronizing and
(k1, ka, ..., k) belong to some subset D of N™. The marked condition requires
that whenever a sequence {p{°} C Per X satisfies that (3.3) is a word in X for
all (k1,k2,...,ky) in D C N", then there must be sequences {¢°} C PerY
and {w}} € W(Y') as well as synchronizing words «/,v" € S(Y'), such that

/ kldl / deQw/ .

kndn !
wqy Wi, st

9 qn ,

where d; = ﬁ—:;, is a word in W(Y') for all (k1,ke,...,k,) € D. But more on
that in Chapter 5.

By Corollary 3.6.2 and the discussion above, the following result is a note-
worthy strengthening of Theorem 7.4 in [T]:

Theorem 3.6.6. Let X and Y be sofic shift spaces and ¢: X — Y be a
morphism. It follows that there is a map X. — Y, from the irreducible
components of X to the irreducible components of Y, such that the following
holds for all c:
1. (P(Xc) Q Y¢(C),
2. P, - 00X, — Y, (e) is marked,

3. Eymm - 8?0
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Proof. Let X, be an irreducible component in X. Then X, is an irreducible
sofic shift by Proposition 6.16 in [T, and it follows that so is ¢(X,). By Lemma
7.1 in [T], there is therefore a (unique) irreducible component Y.y in Y, such
that p(X,) Qng,(c) and p(Xc)o N Yy # 0. Thus W(p(Xe)) NS (Y # 0
and Plox, 0Xc — Y, () is marked by Lemma 3.5.3 and Lemma 3.5.6. And

Efmm C 90X, by Lemma 2.7.11. O

3.7 Recoding Marked Morphisms

Just like 1-block morphisms are preferable over general morphisms, 1-marked
morphisms are also preferable over general (m, n)-marked morphisms. It turns
out that the exact same idea of recoding morphisms to 1-block morphisms turns
marked morphisms into 1-marked morphisms. This follows from the following
two lemmas.

Lemma 3.7.1. Let S C X and Y be shift spaces. If ¢: S — Y is (m,n)-
marked, then ¢ o o? is (max{0,m — d},n + d)-marked for all d € N.

Proof. Assume that ¢: S — Y is (m,n)-marked and let L', o), and w), be the
ones from the definition of the marked property. Let d € N be arbitrary and
define m’ = max{0,m — d} and ' = n + d. I need to show that o o? is
(m',n’)-marked. Let therefore n” > n’. Since p: S — Y is (m,n” — d)-block,
@ oo?is (m/,n")-block and

(po ad)m/,n,l (:B[z',j}) = Ommnr—d(T [z‘+max{07d—m}vﬂ)’

for all z}; ;; € LW(S,m’ 4+ n + 1). That is the (m/, n”)-word map of ¢ o o is
almost equal to the (m,n” — d)-word map of ¢. The only difference is that it
trims off the first max{0,d — m} symbols.

Thus I can almost use the same o and w maps that work for ¢; I simply
define the new « by attaching those symbols at the end of the corresponding
words in the image of the original o and keep the w.

Define L = max{L',m +n" —d — 1+ max{0,d — m}}, apr(z_ 1)) =
(T, 1) Pmn—d(T[0,min’ —d—1+max{0,d-m}]), for each z_p, 1) € A(n", L),
and wyr (21— 1,1)) = Wi g(®[—1r,11), for each z_p 1) € Q(n”, L). Then

an”(ﬁ[z’—L,HL])(@ © Ud)m’,n” (x[i,j})wn” (x[jfL,jJrL]) =
O‘;z”—d(x[i—L/,i-i-L’])‘Pm,n”fd(x[i,j])w:z”—d(x[j—L’,j-i-L’]) € WH(Y),

for all z € X and [i,5] € MLW(S,m/ + n” + 1,z). Thus ¢ o 0 is (m/,n")-
marked. O

Lemma 3.7.2. Let S C X and Y be shift spaces. If ¢: S — Y is m-marked,
then ¢ = po Bd_l: Sl - Y is max{1,m — d + 1}-marked for all d € N.
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In order to prove Lemma 3.7.2, I need a connection between the entries
and exits of words in X with the entries and exits of words in X9

Lemma 3.7.3. Let S C X be shift spaces, and v € X. Then the following
holds for all d,n,L € IN:

1oa®, ) € Aga(n, L) =z € As(n+d—1,L).

2. :EELL] S Qs[d] (n, L) = T[—L[+d-1,L+d—1] € Qs(n +d—1, L).

3. [i,7] e MLW(S n, zld) o [i,j +d — 1] € MLW(S,n+d — 1, z).
Proof. Left to the reader. O

Note that both z_r, rj and z[_144_1,144-1) can be determined when know-
d

ing only T p)
proof of Lemma 8.7.2. Assume that ¢: S — Y is m-marked and let d € N.
Let n > max{1l,m — d+ 1} and find L € N corresponding to n +d — 1
and apig-1: Ain+d—1,L) - S(Y) and wyyg-1: Qn+d—1,L) — S(Y),
using that ¢ is marked. Define afl(a:‘[i_L L]) = apyd—1(7—p,1)), for each :c‘[i_L I
in A%(n, L) and wg(xf_L’L]) = Wntd—1(T|—[4+d—1,0+d—1]), for each x‘[i_L’L} in
Q4(n, L). This is well defined by Lemma 3.7.3.

Let z € X and [i,5] € MIW(0X4 n, %) and define n’ = n 4+ d — 1 and
j'=j+d—1. Then [i,j'] € MLW(0X,n/, z) and

Oéflz(fUé_L,HL] )@%@ﬁ',ﬂ )wg(x([ij—LJ-i-L}) =

n (Tfi—pig0) P (T g )wne (T~ o)) € WH(Y). O

3.8 Simplification of the Marked Property

When we want to verify that a given morphism S — Y is marked, the definition
of the marked property forces us to check that we can find an L € N and define
maps «a,, and wy, with the right properties for infinitely many values of n. That
can be cumbersome, as the reader may have noticed in Example 3.4.4. It would
therefore be nice, if there was a class of shifts for which the marked condition
reduces to the following;:

Definition 3.8.1 (Simply Marked). Let X and Y be shift spaces and S a
subshift of X. A morphism ¢: S — Y is called m-simply marked, if there is
an L € N and maps a: Ag(m,L) — S(Y) and w: Qg(m, L) — S(Y) such that

A(xfi—p 1) Pm ()i g))w (-1 jar)) € WH(Y),

for all z € X and [i, j] € MLW(S, m, x).
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Remark 3.8.2. To simplify notation, I have assumed that the morphism
S — Y has memory 0. But I could of course define (m,n)-simply marked in
the obvious way, and Lemma 3.8.3 below would still hold with m replaced by
(m,n).

The following Lemma shows that all that is needed to ensure that
'm-marked < m-simply marked’

is that S has synchronizing edges, X is irreducible and that m is large enough
to ensure that LW(S,m) # W% (X).

Lemma 3.8.3. Let X and Y be shift spaces, X irreducible and S a subshift
of X with synchronizing edges. If a morphism ¢: S —'Y is m-simply marked
for some m € N, such that LW (S, m) # W%, (X), then it is m-marked.

Note that if LW(S,m) = W% (X), then a morphism S — Y with block
length less than or equal to m is m-simply marked if and only if it is a morphism
from L(S,m) = X to Y, since there are no entries nor exits. So since I want to
use the marked property as a condition for a morphism ¢: .S — Y to extend
to a morphism X — Y, the assumption on m is natural, because otherwise
would already be a morphism from X to Y.

Proof. The idea of the proof is to exploit the fact that each word corresponding
to a maximum local word of order n > m is a local word of order m and hence
contained in a maximal local word of order m. Thus if [i, j] € MLW(S,n, ),
then I can find a y € X and [i', 5] € MLW(S,m,y) such that xj j C ypr 1.
This implies that oy —ri41))Pm (Vi j7)w (Y —1,57+1]), which has the form
apn ()b for some a,b € S(Y), is in W*(Y). Thus I can simply define o,
and w, to be a and b respectively.

The irreducibility of X and the assumption on m are used to ensure that i’
and j’ can be chosen to be finite if 7 and j are finite. The synchronizing edges
assumption is used to ensure that a and b can be found using only the entry
and exit.

Assume that ¢: § — Y is m-simply marked. It is convenient to assume
that the {L,}nen sequence from the definition of synchronizing edges is in-
creasing, that L, works for L in the definition of ¢ being simply marked and
that L, > n for all n € N.

Let n > m and define L = L,,.

In order to define ay,: Ag(n, L) — S(Y) Ilet z;_p ;.1 € As(n, L) be
arbitrary. The ¢ is of course irrelevant, but it turns out to be convenient
during the verification.

By the assumption on m, I can find a word v € W(X), which is not in
LW(S,m). And the irreducibility of X implies that I can find a w € W(X),
such that vwz_r ;1) € W(X). The definition of languages enables me to
choose a u € Wy, (X), such that wvwz_r ;1) € W(X). The purpose of
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u is to make sure that wowz_r ;4] contains an entry of order m. I define
Y|—kyi+L] = WWT[_f 44 p), ¢ =max{a <i| Yz ¢ LW(S,m)} + 1 and

n(Tli—r,i11) = Y[ = Lon,i'+ L)) P (Yo igm—1[)-

This is well defined since [i’ — Ly,,7 + L] U [/, + m — 1[C [k, + L],
because of my choice of u and because L > L,, > m by assumption, and since
Y(i'—Lon,i'+ L] € As(n, Liy) by my choice of 7'

The definition of wy, is analogous: Let z;_r, j ;1] € Q(S,n) be arbitrary. By
the assumption on m, I can find a word v € W(X'), which is not in LW (S, m).
And the irreducibility of X implies that I can find a w € W(X), such that
rij—rj+nwv € W(X). I choose a u € Wy, (X), such that xj;_p ;i jwvu €
W(X), and define yj;_r x5 = ojj—rj4nwvw, j = max{a > j | yj_rq ¢
LW(S,m)} — 1 and

wn(@(j-1,j+1) = Pm(WU)j=n1,)@ YLy g +Lon)-

This is well defined since |j —n + 1,5 | U [j' — Ly, + Ln| € [j — L, k] and
Y[/~ L'+ Lm] € $25(1, L) by my choice of u and j" and since L = L,, > n by
assumption.

To verify that L, oy, and w, work, I take an arbitrary x € X and [i,j] €
MLW (S, n,x). Then

an(x[ifL,iJrL})‘Pn(x[i,j])wn(x[jfL,jJrL}) =
Y[t — Lo '+ L] ) P Y ipm—10) P (T 5) P (V) =t 1,5 W Y — Lo+ Lom]) =
a(y[z"—Lm,i'+Lm})@m(y[z",j'])W(?/[j'—Lm,j'+Lm})-
So as yji—r,+r) and yjj_r j+r) both are synchronizing by my choice of L,

Y[i'—Lm,j'+Lm] 18 0 W(X). T can therefore find a point y € X such that
[i',j'] € MLW(S,n,y), by my choice of ' and j'. This implies that

O‘(y[i’fLm,iUer])@m(y[i’,j’})w@/[j’fLm,jUer]) € WH(Y),

and hence that

an(Tli—r,ir1) P (T j))wn (Tj—1 j41]) € W (Y),
which is what I needed to prove. O

Example 3.8.4. This example is a continuation of Example 3.4.4 in which I
show that for n = 1, I can find L, «, and w,, which work in the definition
of the marked property for the map ¢: 0X — Y, which maps 90X = {0®}
to itself, and then I leave the verification of the rest of the n’s to the reader.
Lemma 3.8.3 implies that the reader did not have to do anything, since the
argument for n = 1 implies that the map 0> — 0 is 1-simply marked and
therefore 1-marked.






CHAPTER 4

The Factor Problem

I am now ready to prove my main result on the lower entropy factor problem.
It gives a necessary and sufficient condition for a morphism ¢: S — Y to
extend to a factor map X — Y, when X is irreducible sofic, Y is mixing sofic
such that h(Y) < h(X) and S is a subshift of X with synchronizing edges such
that EX,Y CSCoaX.

4.1 Extension Results

Recall that
Exy ={zecPeaX | | Qu(¥

m||paz|

and that if X — Y, then Fxy C 0X.

Theorem 4.1.1 (Main Result). Let X be an irreducible sofic shift, Y be a
mixing sofic shift such that h(X) > h(Y) and S be a subshift of X such that
Exy C S C 0X. Then a morphism pg: S — Y extends to a factor map
p: X — Y if it is marked. And the converse holds if S has synchronizing
edges.

Proof. If pg is marked, it extends to a factor map X — Y by Proposition 4.1.3
below. And if ¢ is a factor map from X to Y and S C X has synchronizing
edges, then ¢|g is marked by Lemma 3.5.4. O

Corollary 4.1.2. Let X be an irreducible sofic shift and Y be a mizing sofic
shift such that h(X) > h(Y). Then a morphism psx: 0X — Y extends to a
factor map ¢: X =Y if and only if it is marked and Exy C 0X.

Proof. =: That pyx must be marked follows from Theorem 4.1.1, since 90X
has synchronizing edges by Lemma 3.5.6. And Exy C 0X follows from
Lemma 2.7.11. «<: Follows from Theorem 4.1.1 since X has synchronized
edges by Lemma 3.5.6. O

67
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The following result shows that the existence of a marked map S — Y, for
some Exy C .S C 90X, is always sufficient to ensure that X factors onto Y.

Proposition 4.1.3. Let X be an irreducible sofic shift, Y be a mizing sofic
shift such that h(X) > h(Y) and S be a subshift of X such that Exy C S C
0X. If a morphism ¢g: S — Y is marked, then pg extends to a factor map
p: X —»Y.

Proof. T am going to use the marker strategy from Section 2.10, i.e. I want to
apply Lemma 2.10.9.

I am going to define five different types of locally recognizable intervals
that may occur in a point in X:

1. The W intervals, Iy,

the local intervals, Ityy,

the long marker intervals, liong,

the moderate marker intervals, I,,q, and
the remaining intervals, Iiem.

Define 7 = {W, LW, long, mod, rem}.
The intervals will be constructed in a way such the intervals in

U (=)

ter

U W

are disjoint and they cover all of Z for all x € X. Because then the map
I X > Iz xT

defined by I(x) = Ui, L¢(x) is a splitting map.

For each (w,t) € Wy -, for some M, I define (w, t), such that G: Wy, —
W*(Y') satisfy the four properties in Lemma 2.10.9. Then the induced map ¢
is a morphism X — Y. To ensure that ¢ is a factor map and that it extends
g, I find a subshift W C X and a factor map ¢y : W — Y using Lemma
2.8.4 and make sure that ¢ extends both ¢y and ¢g, by defining Iy and Itw
such that they send points in W and S to Z respectively, and defining  such
that it behaves like oy, on the W words Wy and like ¢g on the local words
Wrw using that ¢g is marked.

Set up. Assume that pg: S — Y is (m,n)-marked.

Let W, D and T'L be as in Lemma 2.8.4. and let ¢y be the factor map
W — Y. By replacing T'L by a multiple of T'L if necessary I can make sure
that T'L is a transition length of Y.

Using Lemma 3.7.1 and 3.7.2 T can pass to a higher block shift of X to
ensure that W is 1-step, D = 1, ¢ is 1-block and ¢g is 1-marked. i.e W C X
is a 1-step SFT with the following three properties:

1. Zw C S(X).
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2. pw is a 1-block factor map from W onto Y.

3. Any two words in W(W) can be connected by a word in Wpp (W).

Let L, N, ay: A(L,k,L) — Sy(Y) and wi: Q(1,L) — Sy(Y) be the
numbers and functions corresponding to n = 1 in Lemma 3.4.7. Then

1k (Tfi—1,i+k)PS (Tfigr,j)) W1 (-1 j41) € WH(Y),

forall k > L, x € X and [i,j] € MLW(S, 1, ).
Fix an s € S(Y) and let R be the number from Lemma 2.7.16 corresponding
to Y.
Define
T =|s|+3I'L+ L+2R+2N.

Construction. When defining ¥ I only need to work with W, - on the local
words. In all other cases I don’t need the M, and therefore define for example
@: Wy x {W} — W*(Y). The resulting @ can of course be seen as a map
W = W*(Y), since it corresponds to ignoring the first and last M symbols
of the word w in a point (w,t) € Wy ;, if ¢ # LW.

The W words. Let z € X and [i,j] be an interval in MW (W, z) which is
longer than 27". Then I call i +T7 + N +TL,j] a W interval in z. In other
words Iyy: X — Iz is defined by

Tw(z) ={[i + T+ N +TL,j] | [i,j] €« MW(W, ), |[i, j]| = 2T'}.

Note that the W intervals in a point in X are disjoint because W is 1-step.
I claim that Ny = 21T — 1 works in the definition of locally recognizability
for the W intervals (Def. 2.10.3). To see that, let z € X and k € Z. Then
k occurs in a W interval in z if and only if zp,_ny, x4, contains a word in
Woor(W) and zj_(rynyrryh € W(W). And if k occurs in a W interval,
then it is an endpoint if and only if 21— (ryny7L) k- (rrN+TL)] E WV,
Thus Ny works, which proves that Iy is locally recognizable.

Using the surjectivity of ¢y, I find an sg € W(W), such that pw(sg) = s.
And for each w € W*(W) I find a pair of words a_,a; € Wy (W) such that
spa—way sy € W*(W). This can be done by knowing only the start and end
symbol of w respectively, since W is 1-step. Then pw (spa_way)s € W*(Y)
for all w € W*(W).

Let Wy be the W words:

Wy = U {zig | [, 4] € Iw(2)}.
zeX

Define for each x; ;) € Wyy:

(x5, W) = ow (500 T |s|+7L,j—TL] 0+ )-
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Then @ is well-defined on the W words because
@it isj+rL—rry| = [ 9]l = (|s|+2TL) > 2T = (T+ N+TL) - (|s|+2T'L) > 0,

and because s0a— (i |s|+7r j—1L)0+ € W*(W) by definition of the a’s.
The definition is illustrated in the following figure:

MW(W, z)
; i+|s|+TL j—TL j
x : : ; |
' [
| |
T L i | |
#() v ° ewleo) pw ow (at)

Now ¢ extends ¢y because if x is a point in W, then x is a W word, which
implies that ¢(z) = @(xz, W) = ow(x).

I will now show that © satisfies the four properties from Lemma 2.10.9 on
the W words. The first two follows from my choice of a_, a1 and sg. The third
follows from the fact that ¢y is 1-block and that |soa— (it |sj+7L j—T)0+] =
[¢,7]]- And Kw = |s|+ T'L + 1 works in the fourth property: Let w € Wy,
and k € [0, |w|[. I need to show that I can determine @(w, W) when knowing
only wig p) = Wi, jw|[n[k—Kw k+Kw]-

If a > k — Ky, then a = 0 and I know wjq 5477, since [0, Kw] C [a, b].
I can therefore determine the a_ used to define ¥ on w, because a_ only
depends on w47 I can therefore determine ¥(w, W)y as the kth symbol in
ew (S0a—w[s|41L])-

If b < k+ Kyw, then b = |w| — 1 and I can determine the a used to define
® on w, since I know wy,,|_7r_1, which is all a; depends on. I can therefore
determine B(w, W)y, as the kth symbol in @y (Wi, |w|-TL[0+)-

If [a,b] = [k — Kw,k + K], then I don’t know the endpoints of w, but
it doesn’t matter since on the center of w,  is simply the 1-block map .
Thus @(w)r = ew (wg).

The local intervals. Define for each i, j € Z:
io=i+T+N+TLand jo=j+N+TL.

Let z € X and [4,j] be an interval in MLW (S, 1, 2) which is longer than 2T
Then I call [ig, jo] a local interval. In other words Iy is defined by

Iuw (z) = {lio, jo] | [¢,5] € MLW (S, 1, 2), [[i, j]| = 2T'}.

Note that the local intervals in a point in X are disjoint by Lemma 3.1.10. I
claim that Niyy = 27+ N+T L—1 works in the definition of locally recognizable
for the local intervals. To see that let x € X and k € Z. Then k occurs in a



4.1. Extension Results 71

local interval if and only if there is a subinterval [i, j] C [k — Npw, k + Now]
such that x; ; € LW(S, 1, 2), |[1, j]| > 2T and k € [ig, jo]. And if k occurs in a
local interval, then it is an endpoint if and only if xx_7_ny_7r—1 ¢ LW(S, 1, x).
Thus Npw works, which implies that Ity is locally recognizable.

Find for each s’ € Sy(Y) words u,v € Wrpr(Y) such that sus’, s'vs €
W(Y') and define

k=ip—i+|s|+TL+N=T+|s|+2N +2TL.
Then k£ > T > L, which implies that

suay k(- ,i4k) LS (Tfiph ) ) W1 (T L j4+0))vs € WH(Y),

for all € X and [¢, j] € MLW(S, 1, z) by Lemma 3.4.7.
Let Wy be the local words:
Wiw = |J {%jiojo) | [0, o] € Tuw ()}
zeX

Define
M=i—1+L=T+N+TL+1L

and for each x;, ;1 € Wrw:
¢($[iofM,jo+M}7LW) = Sual,k(x[z‘fL,i+k[)90S($[i+k,j])W1($[jfL,j+L])v'

Then % is well-defined on the local words because [i — L, j + L] is a subset of
[io — M, jo + M], by my choice of M.
The definition is illustrated in the following figure:

MLW (S, 1, z)

i—L ? 20 i+k ]TL 7 jfL Jjo

T+N+TL

@ maps the local words into W*(Y') because of my choice of v and v and
because a1 (z(i—r,iyx[) and wi(z[j_z j4+r)) are synchronizing words in Y.

Now ¢ extends g because if = is a point in S, then x is in Wy, which
implies that p(z) = p(x, LW) = pg(z).

© satisfies the four properties from Lemma 2.10.9 on the local words: The
first is obviously satisfied. The second follows from my choice of v. The third
follows from the choice of k, iy and jy. And with an argument very similar to
the one used to prove that Ky works for W words, Kiyww = L + k + 1 works
in the fourth property for local words.
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By removing T' 4+ N + T'L symbols from the beginning of each interval
in MW(S,z) and MLW(S, 1, ), the distance between any two intervals in
Iy () U Iuw(z), is at least T, for any = € X, since words from MW (W, z) and
MLW (S, 1, x) are disjoint because Xy C S(X) and S C 0X. This is illustrated
by the following figure, where the wavy stretches correspond to intervals for
which ¢(z) has been defined:

MLW(S, 1, z) y MW (W, z)
x % — h f
S@(x) VI ~ : —I e~ ————
T+N+TL W T+N+TL

The long marker intervals. There may still be arbitrarily long intervals for
which ¢(z) for a given x is undefined. To remedy this I use Krieger’s marker
lemma, which for each & > T splits an = € X into (k,T")-marker intervals.
Using Lemma 2.9.7 I choose k > 4T + N + T'L so large, that when [i, j] is a
marker interval which is at least 27" long, then there is a unique (up to shifts)
z € Percr(X) such that 7t j—744 S 2. Let [F| be the number from
Lemma 2.9.8 corresponding to k and T

I claim that there for any « € X is a distance of at least T" between a marker
interval [i, 7] in x, which is at least 2T long and for which ¢(z), is undefined
for some n € [i,j] and any interval for which ¢(z) has been defined so far,
i.e. any interval in Iy () U Inw(x). To see that, assume on the contrary that
there is an interval [i/, j'] € Iw (z) U Itw(x) such that [¢' =T, j'+ TN [i, j] # 0.
Then [¢/,j'] and [i+T —k, j — T + k] overlap by at least k —2T > 2T+ N +TL
symbols. This implies that [ + T — k,j — T + k| overlaps an interval in
MLW(S, 1,z) U MW (W, z) by at least 2T symbols. So as @[ 7 g j_744 IS
< T-periodic, [i + T — k,j — T + k] is a subinterval of one of the intervals
in MLW (S, 1,2) or MW (W, z) by definition of MLW (S, 1, z) and MW (W, ).
But then ¢(x)}; ;) is defined by the rules above, since |wj g j_rix| > 2T
and k —T > T + N + TL. This contradicts the assumption that ¢(z), is
undefined for some n € [i, j]. I have therefore established the claim.

Let z € X and [i, j] be a marker interval in « which is longer than 37" and
for which ¢ is undefined for some n € [i,j]. Then I call [i,j] a long marker
interval. In other words liong() is the set

{[i,] € Ter(2) | [[i,4]] = 3T, 3n € [i, j]V[i’, §'] € Iw(2) U Tuw(@): n ¢ [, 5]}

Then the intervals in Ijong () are disjoint for all z € X by the marker lemma. I
claim that Niong = max{37 + |F|, Nw, Niw} works in the definition of locally
recognizable for the long marker words. To see that let x € X and i € Z.
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By inspection of zj;_sr_|p|i+374|F|), | can determine whether ¢ occurs in a
marker interval of length at least 37". If it does, I look at xj_ny, i+, and
T[i— Ny, i+ Niw] 10 check whether ¢ occurs in a W interval or a local interval. If
and only if ¢ does not occur in either, then it occurs in a long marker word by
definition. Thus )4y, is locally recognizable.

By the argument above there is now a distance of at least T between any
two intervals from Iy (z) U Itw(x) U liong () for all z € X.

Since Per X — PerY by Corollary 3.6.2, there is a shift-commuting map
A Per X — Exy — PerY such that

2 € Qu(X) = Mz) € | Qu(vy™), (4.1)

mln

for all z € Per X — E'xy. Choose for each z € Per X — Fx y a minimal period
p, € W(X) such that p, = p,» when z = ¢"(2’) for some n € N. Choose also
i € 7 such that 2[4 ,, = p-. Since R is the number from Lemma 2.7.16
corresponding to Y and T'L is a transition length for Y, it follows from (4.1),
that I for all n,m > R+TL can find u, € S,(Y) and vy, € Sp(Y) depending
only on p,,n and p,, m respectively such that

supA(2) vms € W(Y),

k
[i7i+|pz ‘

for all k € N U {oc0}.
Let Wiong denote the local words:

Wlong = U {x[i,j] ‘ [Zaj] = IlOHg(x)}'
zeX

Define for each z[ij) € Wiong:

(@i g1, long) = sunA(2)ig,jo [V

where ip = min{k > i + |s| + TL + R | p. = Ty pp.|[}> Jo = max{k <
J—(TL+ R)|p: = T[—jp, |k}, =10 —i— |s| and m = j — jo + 1.

io and jo are well-defined because |T(it|s|1714Rj—(TL+R)| > 2T > 2|pal,
which implies that p, C Ty sj+11+R,j—(TL+R)]- And Up, vy are well-defined
because n,m > TL + R.

The following figure illustrates the definition:

Ik7T(l')
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Now p satisfies the four properties from Lemma 2.10.9 on the long marker
words: The first is obviously satisfied. The second follows from my choice of
Um. The third follows from the choice of iy and jg. And with an argument
very similar to the one used to prove that Ky works for W words, Kjong =
|s| + TL 4+ R + 3T works in the fourth property for long marker words, since
|sun], |vm| < Kiong — 27T and it requires only knowledge of 27" consecutive
symbols in a word w € Wig,g to determine z and therefore p, by Lemma 2.9.5.

The moderate marker intervals. Let 2z € X and [i, j] be a marker interval
in = whose distance to any of the intervals in Iy (x) U Ity (2) U Liong(2) is at
least T'. Then I call [i, j] a moderate marker interval. In other words Iyoq ()
is the set

{[i,4] € Iy r(x) | V[, 5] € Iw (z)UIuw (@) ULiong(x) : [i', 5'1N[i =T, j+T] = 0}.

The intervals in Ij,0q(x) are disjoint for all z € X by the marker lemma. I claim
that Nmoa = 47+ |F'|+max{ Ny, N1w, Niong } Works in the definition of locally
recognizable for the moderate marker intervals. To see that let x € X and
k € Z. By inspection of (|| k1 |F| I can tell whether or not k is a marker in
x. And by inspection of Z[,_37_|F| k437+|F|) | can determine whether k occurs
in a marker interval [a, b] of length strictly less than 37. If it does, I look at
Tla—T— Ny b+T+Nw]s Lla—T—Npw b+T+Niw] 8 Lo TNy, b+T+Nigp,] 10 check
whether the distance between [a, b] and any interval in Iy () Ultw () ULiong ()
is at least T'. If it is, then k occurs in a moderate marker interval. Since the
converse is clearly also true, I have established the claim. Hence I};,4q is locally
recognizable.

Let for allm € N ¢: W,,(X) — W, (Y) be an arbitrary map. Find for each
word w € W(X) a pair of words b_,b; € Wy (Y), depending only on s and
w, such that sb_p(w)bys € W(Y).

Let W04 denote the moderate marker words

Winod = U {2 | [i,7] € Imoa(2)}
zeX

and define for each z|; j; € Wiyoq:

P(z};,5, mod) = ()5 ;) = Sb— (X [iy|s|+TL,j—TL)) O+

That is possible because a marker interval is at least T' symbols long by defi-
nition, which implies that [i + |s| +TL,j — T'L] is non-empty. Note that [i, j]
is strictly shorter than 3T, since otherwise x; ;) would be a long marker word.



4.1. Extension Results 75

The following figure illustrates the definition:

[k,T(x)

i+|s|+TL j—TL

4 e,

The argument from the ’long marker words’ section of the proof implies
that ¢ has now been defined on all marker intervals of length at least 27'.

@ satisfies the four properties from Lemma 2.10.9 on the moderate marker
words: The first is obviously satisfied. The second follows from my choice
of by. The third follows from the fact that ¢ is length preserving. And
Kioa = 3T works in the fourth property for moderate marker words, since
W0, | [N[k—Kw k+ Ky ] = W for all w € Iyoq and k € [0, |[w][. So I can see all of
w, which means that I can find b_ and b4 by local inspection.

The remaining intervals. Now there is a gap of at least T' symbols and at
most 67 —4 symbols between intervals for which ¢ is defined on an x € X. This
perhaps surprisingly high upper limit is the smallest possible, as illustrated by
the following figure, where x’s correspond to markers and the wavy stretches
correspond to intervals for which ¢(x) has been defined so far.

<T <2T <2T <T

e | |~~~

Let z € X and define Iy () to be the set of these remaining intervals. i.e.
Liem () is the set

{[i, 3] € Lundefinea(w) | [i — 1, 5] ¢ Tundefined (%), [i,5 + 1] & Lundefined ()},
where Iindefined () is the set
{6, 31 | V', 5] € Tw () U Tuw () U Diong(2) U Imoa (%) : [, 5] N [i, 5] = 0}
Then clearly the intervals in Iem () are disjoint for all z € X and
Nrem = max{Nw, Ntw, Mong, Nmod} + 1

works in the definition of locally recognizable for the remaining words, since
ak € Zis in Lem(x) for some x € X if and only if k is not in [;(x) for all
t € {W,LW, long, mod}, and if so it is an endpoint if and only if k—1 ¢ Iem ().
Hence I;ey is locally recognizable.

Let Wy denote the remaining words:

Weem = | {2 | [i:4] € Leem(2)}
zeX
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and define for each Z[i ;] € Wrem:

D(x ), rem) = @) 5] = sb—d(T)iy s+ 7L, j—7L]) b+

where ¢: W(X) — W(Y) is an arbitrary length preserving map.

Then P is well-defined on the remaining words because [i+|s|+TL, j—TL]
is a non-empty subset of [i, j], since |[i,j]| > T.

© satisfies the four properties from Lemma 2.10.9 on the remaining words:
The first three and that K.om = 61" works in the fourth follows in the same
way as for Ioq.

Conclusion. Let 7 be the set {W,LW,long, mod, rem} and define I,: X —
Iz x 1 by

I (z) = Iy (z) U Itw (x) U liong () U Imod (%) U Irem ().

Then I, is a splitting map thanks to my definition of I; for each ¢ € 7.
@: Wy — WH(Y) satisfies the first three properties from Lemma 2.10.9,
since it does so on each of the sets Wy, ¢t € 7. And by defining

K = maX{KW> Kiw, Klonga Kiods Krern} = 6T

K clearly works in the fourth condition.

Thus I have defined a splitting map I and a map @: Wy, — W*(Y) which
satisfies all four properties in Lemma 2.10.9. The induced map ¢: X — Y is
therefore a morphism. And since ¢ extends ¢y, it is a factor map. So because
it also extends ¢g, I am done. O

Remark 4.1.4. Let X and Y be sofic shifts, X irreducible and Y mixing
such that h(X) > h(Y). One advantage of working with general subshifts
S C X in stead of always dX is now clear: It may be the case that 0.X is
very complicated, which makes finding a morphisms from X to Y difficult,
not to mention checking whether such a morphism is marked. But Proposition
4.1.3 says that if there is some (potentially simple) subshift S C X, for which
Exy € S C 0X and there is a marked morphism S — Y, then X factors
onto Y.

If for example Exy = (), as in the case handled by Boyle, then Proposition
4.1.3 implies that X — Y, since the morphism () — Y is trivially marked. But
0X can be any sofic shift when Exy = 0; just make sure for example that
Y has a fixed point, which is 1-affiliatied to the top component of Y. Thus
Corollary 4.1.2 may be difficult to apply.

Example 4.1.5. Proposition 4.1.3 implies that the map 0°° +— 0% extends to
a factor map X — Y, where X is the shift presented by

0
aC~m-Qb
A S
0
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and Y is the shift presented by
0
T
O
0

That follows from the fact that Exy = {0}, h(X) > h(Y) and that 0°° —
0°° is marked by Example 3.4.4. Thus Proposition 4.1.3 solves the problem
from Example 2.10.1, which we only had ad-hoc solutions for.

The morphism produced by the proof of Proposition 4.1.3 is however far
more complicated than the one in Example 2.10.1. So although the proof is
constructive, it is far from practical.

4.2 Extending to X — Y.

By ignoring everything concerning W in the proof of Proposition 4.1.3, I get
a proof of the following:

Proposition 4.2.1. Let X and Y be sofic shift spaces. X irreducible and 'Y
mizing. And let S be a subshift of X such that Exy C S C X. If a morphism
ws: S =Y is marked, then pg extends to a morphism p: X =Y.

Which by Lemma 3.5.3 implies

Theorem 4.2.2. Let X and Y be sofic shift spaces. X irreducible and Y
mixing. And let S be a subshift of X with synchronizing edges such that Exy C
S C X. Then a morphism pg: S — Y extends to a morphism ¢: X =Y if
and only if it is marked.

Corollary 4.2.3. Let X and Y be sofic shift spaces. X irreducible and Y
mizing. Then a morphism pgx: 0X — Y extends to a morphism ¢: X =Y
if and only if it is marked and Exy C 0X.

4.3 Existence Results
The results from the previous section clearly imply the following results:

Theorem 4.3.1. Let X be an irreducible sofic shift, Y be a mizing sofic shift
and S be a shift space, such that h(X) > h(Y) and Exy C S C 0X. Then

Jp: S =Y marked = X - Y.
And if furthermore S has synchronizing edges in X, then

X —>Y =3dp: S =Y marked.



78 Chapter 4. The Factor Problem

Corollary 4.3.2. Let X be an irreducible sofic shift and 'Y be a mizing sofic
shift such that h(X) > h(Y'). Then

X Y & Exy C0X,3p: 0X =Y marked.

Example 4.3.3. Take a look at the shift X defined by the following graph:

where A is an SFT with no fix-points. Then 0X is the sofic shift presented

by:
Gt D

And 90X is SFT relative to X with step length 0, since the only extra words we
forbid are {c} U¥ 4. Thus in order to decide whether X factors onto a mixing
sofic shift Y of strictly lower entropy, we need only decide whether there is a
simply marked morphism from X to Y.

The MLW (90X, 1)-graph looks like

We see that both periodic points in this have the same affiliation number (2)
to the top component of X and the length of all maximal X words have the
same parity (odd). This implies that all that is needed to guarantee a 1-simply
marked map from 9X to a shift space Y, is that Y has a fix-point which is
2-affiliated to the top component!. That is however ensured by Thomsen’s

necessary condition Per X (iz PerY. So in this case Per X (iz PerY is both
necessary and sufficient for X to factor onto a mixing sofic shift Y of lower
entropy by Lemma 7.1.3, corollary 4.3.2 and corollary 3.6.2.

Note that a® is neither 1-affiliated to the top component of X, nor does
it have marked exits. Thus X does not have transparent affiliation pattern.
The result above therefore doesn’t follow from Thomsen’s result. And since

! Because if ua®™v € W(Y) for some a® € Q1(Y), u,v € S(Y) and all d € N, then
we define p: 0X — Y by ¢(z) = a* for all z, and L = 1, a(caa) = a(cab) = ua and
w(abc) = w(bbe) = v.
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it is clearly possible to construct a shift space Y such that Ql(YO(2)) # (), and
Q) =0, eg.

it doesn’t follow from Boyle’s result either.

Theorem 4.3.4. Let X be an irreducible sofic shift, Y be a mizing sofic shift
and S be a shift space, such that Exy C S C X. Then

Jp: S =Y marked = X — Y.
And if furthermore S has synchronizing edges in X, then
X =Y =3dp: S —Y marked.

Corollary 4.3.5. Let X be an irreducible sofic shift and Y be a mizing sofic
shift. Then
X =Y & Exy C0X,3p: 0X =Y marked.

Example 4.3.6. Let X be the shift from Example 4.3.3 and Y be a mixing
sofic shift. Then with the same argument as in Example 4.3.3, Corollary 4.3.5
implies that

X =Y e Qq®) £0.
Corollary 4.3.2 and 4.3.5 imply:

Proposition 4.3.7. Let X be an irreducible sofic shift and'Y be a mizing sofic
shift such that h(X) > h(Y'). Then

XY XY

Thus the lower entropy factor problem, when X is irreducible sofic and Y
is mixing sofic, is equivalent to the problem of deciding whether it is possible
to find a morphism, which hits a synchronizing word. So instead of checking
if it is possible to hit everything, we only need to check if it is possible to hit
a single synchronizing word.

This is almost a direct lift of the result for irreducible SFTs:

Proposition 4.3.8. Let X and Y be irreducible SFTs such that h(X) > h(Y'),
then
X=»Y& XY

Which follows from Boyle’s lower entropy factor theorem for SFTs.
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Proposition 4.3.9. Let X and Y be sofic shift spaces. X mizing. Then there
is a morphism X — Y if and only if there is a mizing subshift Y' C'Y such
that Exyr C 0X and there is a marked morphism 0X — Y'.

Proof. If there is a morphism ¢: X — Y then define Y' = p(X). Then Y’ is
mixing sofic and Exys C X and there is a marked morphism 0X — Y’ by
Lemma 3.5.3 and 3.5.6.

The converse follows from Corollary 4.3.5. O



CHAPTER D

Conditions on the Periodic
Points

In this chapter I investigate just how much of the structure of the periodic
points that is preserved under morphisms. The first point is a generalization
of affiliation which works with several periodic points at the same time:

5.1 Simultaneous Affiliation

Definition 5.1.1 (Simultaneous affiliation). Let X be an irreducible sofic shift
space, n € N, ¢ € (Per X)", d € N* and F' C x] ,{0,1,...,d; —1}. Then

x is said to be simultaneously (d, F')-affiliated to the top component of X,

denoted by x € Xéd’F), if there are synchronizing words u,v € S(X) and

words w1, ws, ..., wy—1 € W(X) such that
upl;id1+f1w1p];§d2+f2w2 . ~pﬁzdn+fnv c W(X),

for all k € N™ and f € F.
Define Xéd) = X(gd’w)

I leave it to the reader to verify that the choice of the p;,’s is irrelevant.

Example 5.1.2. Let X be the shift:

[

"
Then (a®,b>) € Xé(Z’g)’{(O’l)v(LO)})_

81
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By Proposition 6.16 in |T], which says that if X, is an irreducible compo-
nent in a sofic shift X, then X, is an irreducible sofic shift space, the following
definition of simultaneous affiliation to general irreducible components in a
sofic shift makes sense:

Definition 5.1.3. Let X, be an irreducible component in the sofic shift X.
Then
X0 = (X",

And by Lemma 7.3 in [T| Definition 5.1.3 ensures that simultaneous affili-
ation generalizes the affiliation concept introduced by Thomsen.

In order to work with simultaneous affiliation I need some notation:

Let k,p € N, € X* and n,m € N¥. Then I define

Qn(X) = x4 Qn, (X),

p] [p p
m[p]:(x[l],mg],...,xgc]),
n<m<sVi:n, <m,,

n ny n9 ng
n(mm ey
m mi1 Mg my

m @5 = (b mF)

where all the m;’s are non-zero in the definitions involving division by m and
the following product on vectors in N¥ is used in the last definition:

nm = (nymy, nema, . .., NEMmy). (5.1)

In short: Everything done on vectors is done coordinatewise.
I also introduce the notation:

p’;dJrf’w — pgdﬁrﬁ w1p§§d2+f2w2 B .pﬁzdnJrfn? (5.2)
which makes sense when one sees pr™ as the vector (pléi.dﬁf O, and w as
the vector (wi,...,wnp—1,€), where € is the empty word, because then it is
just the vector product (5.1) and the identificiation x?_, %% — ¥*i=1%  which
maps a vector (x1,xa,...,Z,) to the word z1z2. .. 2.

With (5.2) the requirement in the definition of simultaneous affiliation sim-
plifies to
up®Fwn e W(X),

for all k and f € F.
The following lemma shows that the properties of affiliation lifts nicely to
simultaneous affiliation.

Lemma 5.1.4. Let X, be an irreducible component in the sofic shift space X
and1=(1,...,1),d, ce N*, F; C x? ,{0,1,...,d; — 1} and p € N. Then
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i particular

G g xn x () = x (@,

= x!

2. X\ ¢ x(@F) hen By C By,

3. Xc(d,F) C Xc(Cd’ui<cF+id),

4o x\c xled,

5. (Per X" € XV,

6. xM c x\4f)

7. x € Xc(d’F) o gl e (X[p})gd,F)'

Proof. Without loss of generality I can assume that X is irreducible and X, =
Xo. In 1. through 6. this follows from Definition 5.1.3. To see that it works in
7. as well I need that (X.)lP! = (X)), but that follows Lemma 2.2.13 which
implies that £,(S(0"X)) = S(9" X)) for all n € N. The assumption makes
the notation somewhat less cumbersome in what follows.

1. C: Let ¢ = (z;), € x?leédi’Fi). By definition of X(()di’Fi), there are

for each i words u;,v; € S(X) such that uipﬁidi+fiwivi € W(X) for all
k; and f; € F;. Use that X is irreducible to find words w/] such that
viwluir1 € W(X) for all 4. Then

Ulpklld1+f1wlvlw1u2p§2d2+f2w202wéu3 pﬁzdn—i-fnwnvn c W(X),
for all k = (k;)?_; and f = (fi)} » F;, since the u; and v;’s are

£)

synchronizing for X. Thus = € X (d X’ 17*" by definition.

D: Let @ € X(d X1 P Then by definition, there are words u,v € S(X)
and w; € W(X) such that

UpPy 1d1+f1'w1w1pk2d2+f2fw2w2 pkﬁd”+f”’wnv € W(X),

for all k = (k;)!; € N" and f = (fi)l~, € x| F.
Define for each 1,

fi—1
u; = upflwiwipRwaws . pr T wiwioa,

it fir
Vi = Wi Wi 1 Wi 1 P 2 Wi o Wit - . I wv

for some f; € Fj, j # i. Then uipﬁidﬁfiwivi € W(X) for all k; and

fi € F;, which means that x; € X(()d“Fi), since u; and v; are synchronizing

for X because they contain the synchronizing words uw and v respectively.
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2. If upFawv € W(X), for all k and f € F;. Then it is clearly also a
word in W(X) for all k and f € Fj, since Fy C F}.

3. Assume that © € X(gd’F). Let k' = kc + 1 for some 2 < ¢ € N?. Then
Kk’ € N” for all k € N™, which by definition of X(gd’F) implies that

upg(Cd)Jr(fHd)wv = upl Hfw e W(X),

for all k € N* and f € F. Thus @ € X¢# i<ef i),
4. Follows from 3. using 2. with Fy = ().
5. (Per Xp)" C (Xél))” which by 1. equals X(()l).
6. Follows from 3. (with F =0, ¢ =d and d = 1) and 2. (with Fy = F).

7. By Lemma 2.2.13 (XP)g = (X)IPl. To finish the proof use 8, and ﬁ;&
on the words on the form:

up®dtFapy

and use that both maps preserve the period of periodic blocks. O

Remark 5.1.5. Note that when o € X(()d’F) and a synchronizing word occurs
somewhere in pgkc’dJrf w, then 1. in Lemma 5.1.4 implies that a splits into a
pair (x1,xs) such that @ = (@1, x2), 1 € Xédl’Fl) and x5 € X(()dz’Fz)
d= (dl,dg) and F - F1 X FQ.

, Where

5.2 Preservation of Simultaneous Affiliation

Lemma 5.2.1. Let X and Y be sofic shift spaces. Assume that a morphism
w: 0X =Y is m-marked. Then

P(Qu(X§* ) NLOX,m)") € | Qmyy™ ™),

m|n
for allm,d € N* and F C xk_{0,1,...,d; — 1}.

Proof. By 7. in Lemma 5.1.4 I can recode ¢ to ensure that it is 1-marked. Let
x € Qn(Xéd’F)), such that z; € L(0X,1) for all . Then

kT
is a word in W(X) for all k and all f € F. By Remark 5.1.5, I can without
loss of generality assume that pkd+f w ¢ S(X) for all k and f € F. Thus
T w e LW(0X,1) for all k and f € F.
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Extend u and v to ensure that u/pEd™Twu’ € MLW((?X 1,z) for some

suffix v’ of u, some prefix v/ of v and some x € X in which upw d+f
and that u is an entry and v is an exit.

Then

wv occurs

a ()1 (W' pET T wv)w(v),

has the form " (g
apy;( +f)w/b

for some a,b € S(Y), w;, € W(Y) and y = ¢(x). Which by the definition of the

marked property and Lemma 2.3.3 implies that y € Um‘n Qm(Y’"(d F)). 0

Example 5.2.2. Let X be the shift from Example 5.1.2. Lemma 5.2.1 im-
plies that if there is a marked map 0X — Y for some sofic shift Y, then

Ql,l (Y0(273)={(071)=(170)}) ?é @

Theorem 5.2.3. Let X and Y be sofic shift spaces, and p: X — Y a mor-
phism. It follows that there is a map X — Y ey from the irreducible compo-
nents of X to the irreducible components of Y, such that

P(Qu(X) € | Qm(v ™).

m|n

In particular o(Xc) C Yo ().

Proof. If x € X¢ (d,F) then, by Remark 5.1.5, I can without loss of generality
assume that x is either a single pomt in (X.)o or else all the xl s are in 0X,. In

the first case p(x) € Uy pp @m (Y] F)) = Unjn @m(Y, so(c )) by Corollary
3.6.2 and Theorem 3.6.6 and in the second case T € Uy Qm(Y"‘gd F)) by
Theorem 3.6.6 and Lemma 5.2.1. O

Corollary 5.2.4. Let X and Y be sofic shift spaces, and ¢: X — Y a mor-
phism, which hits a synchronizing word. Then

P(Qu(X5)) € | Qm(Yg™ ).

m|n

Corollary 5.2.5. Let X and Y be sofic shift spaces, and p: X — Y an
embedding. It follows that there is a map X. — Y, from the irreducible
components of X to the irreducible components of Y, such that

(d,F) (d,F)
@(Xc ) C Y(C) .

Theorem 5.2.3 gives a very strong necessary condition on the periodic
points for the existence of a morphism X — Y
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(d,F)

Definition 5.2.6. Let X and Y be shift spaces. We write Per X (1—’1; PerY
if there is a shift-commuting map A: Per X — PerY and a map X. — Y)(
from the irreducible components of X to the irreducible components of Y, such
that

- (d,F
MQn(XE) € | Qmryn ™). (5.3)
m|n
C . (d,F) .
If A\: Per X — PerY is injective we write Per X — " Per Y. And if Xy maps

(d,F)
to Yy we write Per X — PerY.

d,F
Note that in Per X (<—>) PerY (5.3) simplifies to

/\(Xc(d,F)) C Y)\((dc,)F)

and that
X 5V = PerX W pery,

(d,F)
X <Y =PerX — PerY and

(d,F)
X =Y =PerX — PerY.

d,F
in particular X - Y = Per X (—») PerY.

Per X (d—’f) PerY captures a lot of the information that the marked prop-
erty does. It has two immediate shortcomings: The first is of the same nature
as the one in Remark 3.6.4 in that the condition doesn’t require that if the
same synchronizing word can be used in two different instances of simultane-
ous affiliation in X, then the same must be true in Y. The second is that it is
missing information about the relationship between the words linking the pe-
riodic points in X and the words linking the periodic points in Y as illustrated
by the following example:

Example 5.2.7. Let X be the sofic shift presented by the following graph:

And Y be the shift:
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Then X and Y have the same two irreducible components: The top compo-
nent and {(ab)*}. And by defining A to be the identity on both the peri-

odic points and irreducible components Per X ((if PerY is satisfied: There is
only one set of periodic points, which are non-trivially simultaneously affili-
ated to Xo, namely ((ab)>, (ab)>) which is in Q3 ) (Xé(2’2)’{(0’0)’(1’1)})). And
since A((ab)™, (ab)™)) = ((ab)™, (ab)*®) € Q(a.2)(Yy DD "hecause
d(ab)?*1+/1ch(ab)?k2+2qd for all k € N2 and f € {(0,0), (1,1)}, the condition
holds for that pair.

But in spite of that, there is no morphism from X to Y. In fact there is
no morphism from 9X to Y and therefore of course no marked map 0X — Y.
The reason is that in X, words of the form (ab)* can only be connected by
words of odd length and in Y they can only be connected by words of even
length. To see why that is a problem let x € X be the point such that z¢y = c.
If p: 0X — S is a morphism, then, since it is a sliding block code, it works
like A far from index 0. Thus () has to have the form (ab)>w(ab)> for some
word w € W(Y') of odd length, which is impossible.

F
In spite of these shortcomings, Per X — PerY is still sufficient in some
cases. It is of course sufficient in the cases handled by Thomsen and Boyle,

d,F d
since Per X (—») PerY is stronger than both Per X (—>3 PerY and Per X % PerY.
And as illustrated by the following example it is sufficient in more cases.

Example 5.2.8. Let X be the sofic shift from Example 5.1.2:

[

~
and Y be a mixing sofic shift.

d,F
In this example I show that Per X (—») PerY is necessary and sufficient for
X — Y and therefore

(d.F)
X »Y & PerX — PerY,

if h(X) > h(Y") by Proposition 4.3.7.
So for example X — Y, when Y is the shift:



88 Chapter 5. Conditions on the Periodic Points

d,F
That Per X (—») PerY is necessary follows from corollary 5.2.4. To prove

(d,F)
that it is sufficient, assume that Per X — PerY. Then Exy C 0X, which
by Corollary 4.3.5 implies that I only need to construct a marked morphism
0X — Y. Note that 0X is the following shift

G

d,F
Per X (—») PerY implies that there are words u,v € S(Y), ya, y» € Xy and

w € W(Y') such that
uygk1+flwy§k2+f2v e W*(Y)7

for all k € N2, and f € {(0,1),(1,0)} since (a*°,b>) € XS(Q’S)’{(O’I)’(LO)}) as
seen in Example 5.1.2. Define a (0, |wl|)-block map ®: W\,,11(0X) — Xy by

"t Ya,
alwHIEE

b|w|+1 — .
And let ¢ be the sliding block code induced by ®. Then ¢ is a |w| 4+ 1-block

morphism 0X — Y, which in a point a®b> removes the last |w| occurrences
of a and inserts w in stead and afterwards replaces each a by y, and each b by

Yo-

o0 bOO

|
Y Yoo

I claim that ¢ is |w| + 1-marked.
To see that let L = |w| and define a: A(Jw|+ 1,L) — S(Y) by

u [wl =0
Ya t=
a(?caL“*ibi) = uyé“fiw[o,iq[, i€ [1, |w]]
and w: Q(|lw| +1,L) = S(Y) by
v, L=
W(G/L—'—l_ibiC?) - w[2,|w|[y[z)7 1€ [17 ‘w”

e, = w41
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Let [4,j] € MLW (0, |lw| + 1,x) for some x € X. Then x = caPblc for some
P, q € N such that ([p]e, [q]3) € {(0,1),(1,0)} and

Oé(iL‘[z'—L,i+L])90|w|+1(x[i,j])w(33[j—L,j+L]) =

a(m[i_L’_l]cai“ bib)gp|w|+1 (aPb?)w(alb) = uybwyv,
where

i = min{p, |w| + 1}, iy = |w| + 1 — g,
Ja = |w|+1— g, Jjb = min{g, Jw| + 1}.

So as uyhwylv € W*(Y') by definition of u, v and w, ¢ is |w|+ 1-simply marked
and therefore |w| + 1-marked by Lemma 3.8.3.
Hence Corollary 4.3.5 implies that X — Y.

To formulate a condition on the periodic points, which does not have those

two shortcomings, I need to add three maps to the Per X (OEE PerY condition;
two maps similar to  and w in the marked condition to take care of the first
and a map from the words linking periodic points in X to the words linking
periodic points in Y, which preserves some information about the length, to
take care of the complication in Example 5.2.7. Obviously that makes the
condition more complicated.

Through the rest of this section the p,’s are fixed for all x € X such that
Pz = Do, when o’ = o™(x) for some n € N. And when \: PerS — PerY is
shift-commuting, then for each y € A(PerS), p, is chosen such that if p, =

L[ i+|pal for some ¢ € Z, then Da(z) = )\(x)[i,iHPA(z)H'

Condition 5.2.9. There are maps
A: Per X — PerY shift-commuting,
a,w: S(X) xPer X — S(Y),
L: Per X x W(X) x Per X — W(Y)
with the following properties:

1. For all u,v € S(X), z € Per X", d € N", FF C x {0,1,...,d; — 1} and
w € L(X)" the following holds:

If
up@Ftfwy € WH(X),

for all k € N™ and f € F, then

‘p‘ffm‘ﬂ (dk+5) / *
a(u,xl)p/\(w) L(w")w(v,x,) € WH(Y),

for all k € N and f € F, where w’ = ((xi,wi,xi+1))?:_11.
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2. For all (z,w,y) € Per X x W(X) x Per X there are a,b € N such that:
1Lz, w, y)| = [w] + alpz| + blpy-

Remark 5.2.10. The condition can of course be extended to take care of
simultaneous affiliation to all the irreducible components in X, but I think
that it is complicated enough as it is.

Note that when Y is mixing, then the condition simplifies a bit. Because
then we only need to define L on the points in Per 90X x W(9X) x Per0X,
because the existence of L is automatic on the remaining points. Because if
x or y lies in the top component of X or w ¢ W(9X), then the definition of
L(xz,w,y) is simple:

For all x € X there is an m» € N such that p? is synchronizing for X.

Hence the existence of o and w imply that there are words ug, v, € S(Y) such
|pa |

that ump;;()x)l vy € W(Y) for all k£ € N. And if both z and y are in X but

w ¢ W(OX) then by Lemma 3.5.5 there are 4, j € N such that plwp], € S(X).
Define L on Per X x W(X) x Per X — Per 0X x W(0X) x Per0X by

VW Uy, if z,y € Xo
Lz w,y) = vpw'a(pllw, y), if v € Xo,y € 0X
T w(wpy, T)w'uy, ifxedX,ye X

w(piwp%,x)w’a(péwpi, y), ifz,yedX

where in each case w’ € W(Y) is chosen of appropriate length, such that
property 2. of Condition 5.2.9 is satisfied, using that Y is mixing.
I leave it to the reader to verify that these definitions of L work.

To show that Condition 5.2.9 is necessary for X — Y, when X and Y are
shift spaces the following definition is convenient:

Definition 5.2.11 (d;). Let X be irreducible sofic and x € Per X. Define

i - lem{period(p) | p € 7~ 1(z)}
o [Pz ]

Example 5.2.12. Let X be the irreducible sofic shift presented by the follow-
ing graph:

b
Pz —_— .
//

Pz pas{x | Pz

N v

b

Then there are essentially two different paths presenting x; one with minimal
period 2|p,| and one with minimal period 3|p,|. Hence d, = 6.
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My reason for introducing d, is that it has the property that if & € Xéd’F)

then @ is also in X(gd’F+Cd’”), for all ¢, where dg, is the vector whose ith coordi-

nate is d;,. Or in other words if upgk+fwv € W*(X) for some u,v,z,d,w, F
and all k and f € F, then up ™=, € W*(X), for all k,c and f € F.
That follows easily from the fact that the minimal period of any path present-

ing a periodic point x divides d.
Lemma 5.2.13. Let X and Y be shift spaces, X irreducible sofic. Then
X =Y = X,Y satisfy Condition 5.2.9.

Proof. Let X and Y be shift spaces and ¢: X — Y be an (m,n)-block mor-
phism, which hits the synchronizing word s € S(Y'). Choose sg € W(X) such
that ¢m n(so) = s and use the irreducibility of X to find, for each v € S(X),
words u+ € W(X) such that spu_uuyso € W(X).

Choose for each z € Per X numbers a,,b, € N such that [p??| > m and
[pd=| > n.

A: Define A: Per X — PerY by A = ¢|per(x). Then clearly A is shift-
commuting.

a: Let u € S(X) and = € Per X. Without loss of generality I can assume
that up® € W*(X), because otherwise a(u,x) can be any word in S(Y") since
it has no influence on whether o works in condition 1. Define

a(u, ) = @mn(sou-upz*™ (p3°)on))-

w: The definition of w is analogous: Let v € S(X) and x € Per X. Assume
that p°v € W*(X). Define

w(©, ) = P (D) [ m 0P V050
L: Let (z,w,y) € Per X x W(X) x Per X. Define

byds

d
L@, w,y) = Pmn((pF) [-m,0pa” " wpy”™ (

pzo)[o,n[)-
Then |L(z,w,y)| = |w| + a|pz| + blpy| with a = ayd, and b = byd,. Thus
condition 2. is satisfied.
To verify that condition 1. is also satisfied let u,v € S(X), * € Per S9,
w € (Per X x W(X) x Per X)? !, d € N?and F C x/_,{0,1,...,d; — 1} and
assume that
upPEtFwoy € W(X),

for all k € N%, and f € F. Then

sou_upgk+(a“°+bz)dm+fwvv+so € W*(X),
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for all k € N, and f € F by definition of d,. Hence

el (dk+f)
a(u,xl)p)\(af)"’” L<w )w(v,xn) =
cpmﬂ(sou_upgk+(a”‘+bm)dm+fwvv+so) e W*(Y),

for all k € N4 and f € F, where w' = ((xi,wi,xiJrl))?;ll, which is what I
needed to prove. O

The added complexity of Condition 5.2.9 makes it hard to work with, when
trying to prove sufficiency. In fact in all examples that I have found of shifts
X and Y, for which Condition 5.2.9 ensures that X — Y, X and Y are so
simple that it is just as easy to verify that there is a marked map from 0X to
Y and that Exy C 0X.

All my attempts to turn Condition 5.2.9 into a necessary and sufficient
condition have only resulted in a more complicated formulation of the marked
condition. But that is in fact not very surprising. Because if you want to use
Condition 5.2.9 to construct a morphism, then it is apparent that the map
L has to work like a sliding block code, because the w’s may be of arbitrary
length in general. And if X is irreducible, any word in W(X) may occur
between two periodic points, which means that L has to be the word map of
some morphism X — Y. So Condition 5.2.9 involves a morphism from X — Y
and not just the periodic points. Even the weaker condition mentioned in
Remark 5.2.10 requires the existence of a morphism from X — Y in general.
Hence Condition 5.2.9 brings us back to extending morphisms.

In conclusion: A lot more of the structure of the periodic points in a shift
space is preserved under morphisms than was previously known. And it seems
that there is no simple tractable condition on the periodic points, which is
both necessary and sufficient for a factor map or embedding to exist between
sofic shifts.
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The Embedding Problem

The purpose of this chapter is to investigate if the ideas used on the factor
problem can be used on the embedding problem as well.

6.1 Extension Results

Similar to Krieger, I want to define the word map @ to be injective on each
interval and I want to somehow code the transition between different intervals
in such a way that given a point in ¢(X), it is possible to find the intervals
[ik,ik+1] used to define it.

Because then ¢ is injective, since each y = ¢(x) € ¢(X) can be the image
of at most one point in X, since I can reconstruct x from y by finding the
intervals [ix, ix+1[ used to define it, and use the inverse of @ on each Ylig,ipsa-

The coding is done by inserting different powers, depending on the type
of the interval, of some fixed word s € S(Y') at the beginning of the image of
each interval, and then making sure that s is not used anywhere but at the
transitions.

When working with only marker intervals it is relatively easy to make
sure that the word map is injective, since I can do almost what I want on
the short intervals, and the long intervals correspond to periodic points of
period < T, for some T € N. So by assuming that I have an injective map
A: Perer X — Peror Y| I can find z when knowing only a subword of length
2T + 1 of M(z) by Lemma 2.9.5. Thus by making sure that the image of
each long marker interval contains a word of form A(z); i427), the word map
becomes injective.

In my approach I am however forced to define the word map on arbitrarily
long non-periodic words from MLW (S, n,x). So how do I make the word map
injective on those words? It would of course be natural to assume that the
map ¢: S — Y is injective, since I want to extend it to an injective map. But
does that imply that the corresponding word map ¢, is injective on LW (.S, n)?

The following example show that the answer is 'No’, even on ’long’ words:

93
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Example 6.1.1. Let X = S be the sofic shift presented by the following
labeled graph:

c

b
;/»'\'
aC \‘g*'/ e

Let Y be the sofic shift presented by the following labeled graph:
b
AL T
a C . \?% . \\J e

And let ¢p: X = L(S,1) = Y be the 1-block morphism induced by the block
map:

ara
b—b
c,d, e e.

Then 1 (ce®) = @y (de¥) for all k € N even though ¢ is clearly injective.

By adding an edge labeled f from the c-cycle to the a-cycle in the first
graph and similarly an edge labeled f from the e-cycle to the a-cycle in the
second and extending ¢ by defining f — f, I see that it is still false even if I
assume that S is mixing.

The word map will however be injective on the center of words in the
following sense:

Lemma 6.1.2. Let X be a sofic shift space, S C X and Y be shift spaces and
¢: L(S,1) = Y be an injective 1-block morphism. Then there exists a v € N,
such that the following holds for all x,y € LW>241(5,1):

P1(x) = P1(Y) = Ty Je|—] = Yl ly|—)-

Proof. Let G be a presentation of X and let E be the set of edges in G. Define
v =FE?+1. Let z,y € LW>2,41(S, 1) such that ¢1(z) = ¢1(y). Let p and ¢
be paths in G which present x and y respectively. By the pigeon hole principle
I can find a, b, c,d € N such that

0<a<b<ry,
[z| =y <e<d <z

and such that p, = py, ¢ = q» and p. = pg, ¢ = qq- This implies that both
Tl T, Ty A0 YLy Yib, Y AT N L(S,1). And because ¢1(z) = ¢1(y)
and ¢ is 1-block gp(m‘[’;b[ac[bﬁ]xfzd]) must be equal to w(yﬁl‘ib[y[b,c}y]ocf’d]). Thus
the injectivity of ¢ implies that x‘[’;b[x[b,dxf:d} = yﬁzb[y[b7c]y]°cf’d], which by my

choice of a, b, c and d implies that @[y |z/—y] = Y[y, [y|—]- O



6.1. Extension Results 95

By letting S = X in Lemma 6.1.2 I get:

Corollary 6.1.3. Let X be a sofic shift, Y be a shift space and p: X — Y
be an injective 1-block morphism. Then there exists a v € N, such that the
following holds for all x,y € W>oy11(X):

o1(x) = e1(y) = Ly, |zl =] = Yly,lyl—]-

Lemma 6.1.2 is all I need to use the idea from the factor problem on the
embedding problem:

Proposition 6.1.4. Let X and Y be sofic shift spaces, X irreducible and Y
mizing, such that h(X) < h(Y). Let S be a subshift of X such that Exy C
S. Let pg: S — Y be an injective morphism and \: Per X — PerY be an
injective shift-commuting map with the following properties:

1. )\(Xén)) C Yo(n), for alln € N,

2. pg is marked,

3. ¢g: L(S,n) =Y is injective for some n € N,

4. g and X agree on their common domain.
Then pg extends to an injective morphism X — Y.

Proof. The proof is very similar to the proof of Proposition 4.1.3 in that I
apply Lemma 2.10.9 and more or less reuse the different types of intervals.
The main difference is that the problem of extending two morphisms at the
same time is exchanged with the problem of making sure that the resulting
map is injective. I solve that by ensuring that % is injective on each type of
word and that I, given a point in ¢(X), can find the intervals that were used
to define it. Because then I can reconstruct x, when given ¢(z).

Set up. Recode to ensure that (g is 1-block, 1-marked and injective on
L(S,1). Let L, N, o and w be the numbers and functions corresponding to
n =1 in Lemma 3.4.7 such that

(- ik P (Tl )W (-1 1)) € WH(Y),

forall k > L, x € X and [i,j] € MLW(S, 1, ).

Let T'L be a transition length for Y and let R be the number from Lemma
2.7.16 corresponding to Y.

By Lemma 5.7 in |T] there is a strictly increasing sequence of mixing SFTs
{A, }nen, such that A, C Y, foralln € N and lim,,_,o h(A4,) = h(Y). Choose
a K € N such that h(Ag) > h(X).

If Ak =Y, then Y is a mixing SFT and the result follows from Theorem
8.5 in [T]. Assume therefore that Ax # Y. I claim that I can find a word s
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in W(Y'), which is in neither pg(LW (S, 1)), W(A(Per X)) nor W(Ag). To see
that note that LW(S,1) UPer X C X. So as h(X) < h(Y), ¢s and A cannot
hit every word in Y. I can therefore choose a word s’ € W(Y) which is in
neither pg(LW(S, 1)) nor W(A(Per X)), and a word s” € W(Y') which is not
in W(Ag). Since Y is mixing I can find an € W(Y) such that s = s'xs”
is a word in W(Y). This s is clearly not in ¢g(LW(S, 1)), W(A(Per X)) nor
W(Ak), which establishes the claim.

Since Y is mixing, [ can extend s to ensure that it satisfies the following:

s is synchronizing,

. s"eW(Y) for all n € N,

s longer than max{2(T'L + R), N},

. s8¢ os(LW(S,1)) UW(A(Per X) U Ag) and

s occurs exactly once in a word of the form ws or sw, when |w| < |s|.

T 00 0

Let v be the number from Lemma 6.1.2.
Since h(X) < h(Ag), I can choose constants A, W € N, such that

Wsj4at2rn+ N+~ (X) < Wa(Agk) and
Wi Nwrarn(X) < Wy (Ag).

Again using that h(X) < h(Agk), I choose a constant M € N, such that
for all n > M:
Wy (X) < W, _3p5—27(Ak)

Define
T=10|s|+8TL+A+W +2y+ L+ M+2N +2R.

Using Lemma 2.9.7 I choose k > 5T so large, that when [i, j] is a (k,T)-
marker interval, which is longer than 27, then I can find a z € Per.p(X), such
that @ 7 j-718 € 2.

Construction. [ am going to use the following four types of locally recog-
nizable intervals that may occur in a point x in X:
1. The local intervals,

Iuw (x) = {lio, jo] | [¢,5] € MLW (S, 1, 2), [[i, j]| = 2T'}.

where ig =i+ T+ N+ W +2TL and jo =57+ N+ W +2TL.
2. The long marker intervals,

Tiong(%) = {[i, 5] € Ix(2) | |[i, j]| = 5T, 3n € [i, j]V[I', j'] € Tuw(z): n & [/, 5]}
3. The moderate marker intervals,

Inoa(w) = {[i, ] € Iy (%) | VIi', 5] € Tuw (2)ULong () [i', 5']0[i=T, j+T] = 0}.
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4. The remaining intervals,

Irem<1') - {[Z,]] € Iundef(x) ’ [Z - 17.7] Qf Iundef(w)y [2;.7 + 1] ¢ Iundef(w)};
where Iypgef(x) is the set
{l2,5] | VI7', 5] € Tw (2) U Tuw (2) U Dong(2) U Imoa () : [¢', 5] N [4, 1] = 0}
Let 7 = {LW,long, mod,rem}. The same argument used in the proof of
Proposition 4.1.3 shows that I defined by I,(z) = Ui Ii(x) is a splitting
map. So all that remains is to define a map @: Wy, — W*(Y') with the four

properies in Lemma 2.10.9, with the extra property that it is almost injective
in the sense that ©(x[;_ps j4ar)) determines xp; j.

The local intervals. Let w be a word in X. By Lemma 6.1.2 the information
about wyg [ and wjjy|—, ||| 15 lost after applying ¢g on w. So I need a way of
encoding that information into ®(w), when w € Wrw. I do that by defining
two injective maps a and w.

Choose for each pair (v,sy) € W(Ag) x Sy(Y) words w_, w, wq, w,, in
W (Y) such that both swivwysy and syw,vw_s are words in Y. I have
chosen not to include v and sy in the notation, since it will be obvious from
the context which words that w4, w_,w, and w,, are supposed to connect.

By my choice of A and W I can define injective maps

a: W4 Ar2r L+ N4~ (X) = W4 (Ak) and
w': W nywaorn(X) — Wi (Ak).
Define |a| = A+ 2TL, |w| = W +2TL and
a: Wig a4 N4, (X) X SN (V) = Wy (Y)
(v,sn) = w_d (v)w,
and
w: Woy Ny (X) X SN(Y) = W,y (V)
(v, 8N) = wew (V)wy.

Then a and w have the property, that both a(v, sy) and w(v, sy) determine v,
and that sa(v, o) € W(Y) and ww(v,w)s € W(Y') for long enough v € W(X)
and a,w € Sy(Y).

Let M:io—i+Landk:io—i+]3]+]a\+N.

Define for each z[;, j,; € Wrw:

B(L) 19— M, jo+ M), LW = 50005 (T4 ) ) wWw.

Then ® maps the local words to W*(Y') by Lemma 3.4.7 since k > T.
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The definition is illustrated in the following figure:

MLW (S, 1, z)

i 20 i+k J Jo
I
I
I
I
I
} ‘
90(1:) FIrE— ©s Tw T w

I I I
| | |
| | |
| |
| ! |
! | !

I have omitted the arguments for the functions involved in order to make
it easier to read. The functions with arguments:

a(m [ig,i+k+[> a(x [z;L,mc[))
(T (i—Livk])
W(x ,g+L])
W)y o) W[ —L,j+L))-

Thanks to Lemma 6.1.2 and my definition of @ and w, I can now reconstruct
T(jy,jo) When knowing O(x(;,—ar jo+a)- The idea is illustrated in the following
figure, where dotted lines indicate which word is given by which:

2 v Jo

| | |
B T

io
v 2
:
|
|
|
|
T

1

I

|7

BN

T

|

|

T

1 L

(P(x) 5' a ! 6] : ps UJ: w

In symbols:

Lligitk+y] = a (90(x>[zo+| |,it+k— N[)
Tlithirjn] = 5 (P itk ) ithtri)s
TYj—ryjo] = W 1( (x)]jJrN,joH)'

Thanks to my choice of k and w, @ satisfies the first three properties of
Lemma 2.10.9. I leave it to the reader to verify that Kiw = L + k + v works
in the fourth.

The long marker intervals. Choose for each z € Per X a minimal period
p. € W(X) such that p, = p,» when z = ¢™(z’) for some n € N. Choose also
i € 7 such that z[; ;4 p. | = P2

Similar to the proof of Proposition 4.1.3, I need sequences of words {u,}
and {v,}, such that u,,v, € S,(Y) and

supA(2)F

fiict e[ VS € WH(Y),
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for all z € Per X — Exy, p € N and large large enough n and m. But in order
to make sure that I can recognize the endpoints, I need to be able to recognize
Uy, and v,, which makes their definition more complicated. The idea is to make
sure that all u, and v, have the form wjsPws, for some 0 < |wi|, |wa| < |s
and p > 4.

Since R is the number from Lemma 2.7.16 corresponding to Y, it follows
that I for each n,m > TL+ R can find u, € S,,(Y) and v},, € S;,,(Y') depending
only on p, and n and m respectively, such that suﬁl)\(z)?iﬂpzuvgls € W*(Y)
for all &k € N. Choose for each n > TL a word s, € W(Y), such that
ssps € W(Y').

Define for each n > 2T'L + R + 4s|:

n—R—2TLJ
P=|\—7"F7—"1>
L ||
— kls| —

n = n|28|RJ+Rand

//__n_k‘s‘_R

n' = — s |
Then

|s|

TL+R<n'<TL+ R+ — <]s|,

2
TLgn”<TL+‘;‘<]s

and n’ +n” = n — p|s|, which makes the following well-defined and ensures
that uy,, v, € S,(Y) and that p > 4:

/
Up, = SprrsPUy,

/
Uy, = Uy SP Sy

In an attempt to make the upcoming definition easier to understand I introduce
the name miny,| |, for the minimal length of u, and vy, i.e.

miny,, |y = 27L + R + 4]s].
Define for each z; jj € Wigng:
@(x[i,j]’ long) = SQUN)‘(Z)[ioJo]Um’
where

io = min{k > i + |s°| + minjy) o | P2 = Tk gt pa) >

jo = max{k < j —minj, |y | Pz = Tjp—|p. |k}
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4+ — — — — .
4 — - —

p(z) 5 ™=

)‘(Z)[i()»jo] om

This is well defined since n,m > miny,| |, and |[io, jo]| > 0, because [io, jo] is
contained in [i + |s%| 4+ minyy |y +|pz|,j — (miny, |, +|pz|)], which contains at
least one occurrence of p,, since |[i+|s?|+min, |, +[p-|, j—(ming, ) +p=))]] =
1[4, 51| = (2ls] + 2 minyy o +2[ps]) > 2T > 2|p.|.

@ maps the long marker words to words in W*(Y) because the z in the
definition has to be in Per X — Fxy because otherwise the marker interval
would be part of a local word interval by my choice of k.

Note that So(x)[i+|82\+min‘u‘y|v| +T,j—(minyy, o +7)] determines A(z) and hence
z by Lemma 2.3 in |B], since [i—l—\s2|—|—min|u|7‘y| +T, j— (miny, 1, +7)] € [do, Jol,
and |[i + |s%| 4 miny,| j,| +7, j — (miny, | +7)]] > 27. Hence ¢ is injective on
the long marker intervals.

Thanks to my choice of n,m and v,,, @ satisfies the first three properties
of Lemma 2.10.9. I leave it to the reader to verify that Kjone = 3T works in
the fourth.

The moderate marker intervals. By my choice of M I can for each n > M
define an injective map ¢: Wy, (X) — W, 35971 (Ak).

Choose for each v € W(Y') a pair of words b_,by € W(Y) such that
sb_vbys € W(Y).

For each moderate marker word x4 € Wimoda I define:

P ) = 335—¢(1’[i,j])b+~

This is possible because a marker interval is at least T' > M symbols long by
definition. Note that 57" is an upper limit on the length of these intervals.

The first three properties of Lemma 2.10.9 are clearly satisfied for % on the
moderate marker words. And K,o.q = 5T works in the fourth because 5T is
an upper bound on the length of the moderate marker intervals.

The remaining intervals. For each remaining word z(; jj € Wyey I define:

P ) = sSw_d(x) ;)W

Note that @ is injective on the moderate marker words and the remaining
words, since w = ¢71(@(w)[3|s|+TL,|w|—TL[)-
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The first three properties of Lemma 2.10.9 are clearly satisfied for @ on
Wiem and just like in the proof of Proposition 4.1.3, my choice of k£ implies
that any marker interval of length at least 27 is a subinterval of either a local
word interval, a long maker interval or a moderate marker interval. Hence
61 — 4 is an upper bound on the length of the remaining intervals, which
implies that Kyem = 617 — 4 works in the fourth property.

Conclusion Since I, is a splitting map and @: Wy, — W*(Y') satisfies the
four properties on each type of interval the induced map ¢ is a morphism from
X toY by Lemma 2.10.9.

All that remains is to prove that ¢ is injective. To see that, I take an
arbitrary point ¢(x) € ¢(X). Thanks to the third, fourth and fifth property
of s and my definition of u,,v, the locations of words of the form s* for
k € [1, 3] give away the left endpoints of the intervals used to define p(z). So
if I could figure out the type of each interval, I could use the injectivity of the
map on each interval to recover x, which would complete the proof.

The type of each left finite interval is given away by the number of s’s
in the beginning of it, so all that remains are the left infinite intervals. By
the definition of v,,, an interval which is left infinite and right finite is a long
marker interval if and only if s* occurs in the last 27" symbols. And if s*
does not occur, the interval is a local word interval, since infinite intervals
are either local or long marker intervals. Finally, if the interval is both right
and left infinite, then it is a local word interval if it is not <7 periodic, and
if it is < T periodic, I can’t tell its type, but it doesn’t matter since I can
tell which periodic point it is the image of, since pg(z) = A(y) = =z =y by
assumption. ]

Note that when S is almost SFT relative to X, then the third requirement
is superfluous.

6.2 Existence Results
Definition 6.2.1. Let X and Y be sofic shift spaces. X and Y are called
correlated if there exists injective maps, py: 0X — Y and A\: Per X — PerY
with the following properties:

1L AX™) Y™, for all n € N,

2. g is marked,

3. @g: L(0X,n) =Y is injective for some n € N,

4. pg and A agree on their common domain.
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Theorem 6.2.2. Let X and Y be sofic shift spaces, X mizing. If X embeds
ito Y, then there is an irreducible component Y, in'Y , such that
1. X and Y. are correlated and

2. h(X) < h(Y,).
Conversely, if there is an irreducible component Y. in Y, such that 1. holds
and

2’ h(X) < h(Yo),
then X embeds into Y .

Proof. Assume that ¢: X — Y is an embedding. Then by Lemma 7.1 in [T
I can find an irreducible component Y, in Y, such that ¢(X) C Y., ¢(X) N

S(Y:) # 0 and gp(Xén)) € Yo(n), for all n € N. Define A = ¢|pe, x and
o = plax- Then

. )\(Xén)) C Yo(n), for all n € N by definition,

—_

2. g is marked by Lemma 3.5.3,

3. py: L(OX,n) — Y is injective, when n is the block length of ¢, since
L(0X,n) C X and ¢ is injective,

4. s and X agree on their common domain, since they are restrictions of
the same function.

For the converse assume that there is an irreducible component Y, in Y,
such that h(X) < h(Y;) and X and Y, are correlated. AllIneed to prove is that
Y. is mixing, because then X embeds into Y, C Y by Proposition 6.1.4. To see
that Y, is mixing I observe that the existence of A implies that period(Yc(l))
divides period(X(()l)), which is 1, since X is mixing. Thus period(Yc(l)) =1
and Y, is mixing by Lemma 6.2.3 below. OJ

The following Lemma is due to Thomsen.
Lemma 6.2.3. If period(Yc(l)) =1, then Y, is mizing.

Proof. Lemma 5.7 in |T] provides an increasing sequence of irreducible SFTs
{A,} in Y., such that Up,en4, = Y. and period(4,,) = period(Yc(l)) =1, for
all n € N. Since each A,, is an SFT of period 1, they are all mixing by Lemma
3.6 in [T]. I claim that the fact U,enA, = Y, implies that Y, is mixing. To
see that, observe that W(Y.) = W(UpenAyn) = W(UpenA4y). Thus any pair of

words in W(Y,) lie in the same mixing SFT within Y. O

Example 6.2.4. Let X be the mixing sofic shift presented by the following

graph:
b/ \b
VARN
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And let Y be a sofic shift. Then Theorem 6.2.2 implies that if X embeds into
Y then there is an irreducible component of Y, Y, for which h(Y.) > h(X),
and an injective, shift-commuting and affiliation preserving map A: Per X —
PerY,.

And conversely if there is such an irreducible component Y. which has
strictly larger entropy than X and a map A, then X embeds into Y.

Hence in this example it is possible to tell whether X embeds into a sofic
shift Y by looking only at periodic points.

Note that X does not have transparent affiliation pattern and that Y
doesn’t have to contain a fixed point which is 1-affiliated to Yy, which means

that this example does not follow from Thomsen’s, Boyle’s or Krieger’s results.






CHAPTER [

Special Cases

Chapter 4 and 6 indicate that understanding the marked property is critical
when trying to solve the lower entropy problem and higher entropy embedding
problem.

In this chapter I investigate the marked condition under different simplify-
ing assumptions on S. In Section 3.8 I showed that under mild assumptions,
the marked condition is equivalent to the simpler condition called ’simply
marked’. In the next section I show that if S is SFT relative to X, then the
marked condition simplifies further and there is even a finite time algorithm,
which decides whether a given morphism S — Y is marked. And when S
contains only finitely many points the marked condition involves only periodic
points and there is a finite time algorithm, which decides whether X — Y.

7.1 When S is SFT-like.

When a shift S is SFT-like with respect to a shift X and L € N, I denote the
set A(SLx(S),L) by A(L) and the set Q(SLx(S), L) by Q(L), for all L € N.
The reader easily verifies the following lemma:

Lemma 7.1.1. Let S be a subshift of a shift space X. If S is SFT-like with
respect to X, then A(n,L) = A(L), Q(n,L) = Q(L) and MLW(S,n,x) =
MW, (S,z), for all L > n > SLx(S) and z € X.

Thus when S is SFT-like, the definition of m-simply marked from page 63
reduces to the following:

Definition 7.1.2. Let X be a shift space and S be a SFT-like subshift of X.
A morphism ¢: S — Y is called m-simply marked, for some m > SLx(S), if
there exists an L € N and maps a: A(L) — S(Y) and w: Q(L) — S(Y), such
that

A(xfi—p 1) Pm ()i g))w (-1 j41)) € WH(Y),
for all z € X and [i, j] € MW>,, (S, z).

105
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The following Lemma proves that when S is SFT-like with respect to X,
then a morphism S — Y is marked if and only if it is simply marked. The point
being that S does not have to have synchronizing edges as in Lemma 3.8.3.

Lemma 7.1.3. Let S be a subshift of a shift space X, and letY be a shift space.
If S is SFT relative to X and m > SLx(S), then a morphism ¢: S — Y is
m-simply marked if and only if it is m-marked.

Proof. <=: Follows directly from definition 3.4.3 and Lemma 7.1.1.

=: Assume that ¢: S — Y is m-simply marked, for some m > SLx(S). Let
L', o and w be the ones from the definition of simply marked. Let n > m and
define L = max{L',n—2}. Then z|_r/ 1) € A(L') for each z_p ) € A(n,L) =
A(L) and z_ € QL') for each x_r ;) € Qn,L) = Q(L). Define
an: A(n, L) = S(Y) by an(zi_1,1)) = a(r—p 1) and wy: Q(n, L) — S(Y)
by wn(T—1,1]) = Ym(T(—nt2,0)w(T(=1/, 1) Then wy, is well-defined because
L>n-—2.

Let z € X and [i,j] € MLW(S,n,z). Then

an(x[ifL,iJrL})‘Pn(x[i,j])wn(x[jfL,jJrL}) =

(wpi—rr i 1)) em (@)W (@1 ) € WH(Y),
since MLW (S, n,z) = MW>,(S,2) € MW>,, (S, ). O

Remark 7.1.4. To simplify notation I have assumed that the morphism
S — Y has memory 0. But I could of course define (m,n)-simply marked
in the obvious way, and Lemma 7.1.3 would still hold with m replaced by
(m, n).

7.1.1 Decidability of the Marked Condition

In this section I will show that, when S is SF'T relative to X, then there is a
finite time algorithm, which decides whether or not a given morphism S — VY
is marked. In order to do that I show that it is possible to find upper bounds
on each variable in the marked condition.

Definition 7.1.5. Let X and Y be shift spaces and S be an SFT-like subshift
of X. A morphism ¢: S — Y, is called (k, L, 1)-marked, if there exists maps
a: A(L) - S(Y) and w: Q(L) — S(Y), such that

Oé(vf[z‘—L,z‘JrL})@1(l‘[i+k,j—k})W(x[j—L,jJrL}) € Wi(Y),
for all z € X and [4, j] € MW>o541(S, x).

Lemma 7.1.6. Let X and Y be shift spaces and S be an SFT-like subshift
of X with SLx(S) = 0. If a morphism S — 'Y is (k, L, 1)-marked, for some
k,L € N, then it is marked.



7.1.1. Decidability of the Marked Condition 107

Proof. Note that ¢1(wjykj—k) = @rk(7) ) and apply Lemma 7.1.3 (and
Remark 7.1.4) to prove that ¢ is (k, k)-marked. O

Thus (k, L,1)-marked is a sufficient condition for a morphism ¢: S — Y
to be marked. The following lemma shows that it is also necessary for some
recoding of ¢. It even gives (weak) upper bounds on k and L, which can be
determined by knowing only X,Y, S and pg.

Lemma 7.1.7. Let X be an irreducible sofic shift, Y be a shift space, S C X
be SFT-like and ¢: S — Y be marked. Assume that

1. SLx(S) =0,

2. p: S =Y is 1-block,

3. The Fischer cover of X has V wertices.
Then ¢ is (VV +1,VV 1)-marked.

Proof. Define k =VV + 1 and L =VV. And assume that ¢ is (m, n)-marked
with Ly, n, i and wp, p.

Let z = x_p, 1) € A(L). Using the pigeon hole principle, I can pump both
the right and left half of x to obtain a word u = ui_r, . € W(X) with the
following properties:

1. k> max{Ly,,,m},
2. ULy L] € A(Ly, ) and Ujo,k] € W(S),

3. for each path p € 7~1(z), there is a path in 7~ !(u) with the same
terminal vertex as p.

Define ua = u[_r,, ,,Lm.n]> 4S = Ujo,x] and

a(r) = amn(ua) Ty (e1(us)),

where T, is the map Wx,,(X) — W(X), which removes the first m symbols.
The definition of w is analogous:
Let e =z _pp) € Q(L). Using the pigeon hole principle, I can pump both
the right and left half of z to obtain a word v = v_y r,, .} € W(X) with the
following properties:

1. k> max{Ly,,, m},
2. Ul—Lom.n,Lm.n) c Q(me) and V[—k,0] S W(S),

3. for each path p € 771(z), there is a path in 7~!(v) with the same initial
vertex as p.
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Define vo = v[_r,, .Lm.n]> VS = V[—k,0] and

w(@) = T, (¢1(05))wm,n(va),

where Tt is the map W, (X) — W(X), which removes the last n symbols.
To verify that o and w work, I'let z € X and [i, j] € MW>ox41(S, ). Then

Oé(x[i—L,z'JrL])SDl(Jf[z‘+k,j—k])W($[j+L,j+L})

= amun(ua)T,, (01(us))p1(T)irrj— )Ty (91(vs))wmn(va)
= amn(ua)(Ty, 0 Trj)(@l (USx]iJrL,j—L[”S)wm,n(UQ)
)

= am,n(uA Som,n(usx]z‘—f—L,j—L[US)wm,n(UQ)7

which T claim is in W*(Y'), since ¢ is (m,n)-marked. To see that, observe
that uwy;, ;v € W*(X), by property 3 of u and v, and that usz)i 1, j_r[vs
corresponds to an interval in MW, 4pn41(S,2’), for some point 2/ € X in
which way; 1 ;v occurs, by property 1 and 2, since SLx(S) = 0. O

If I had an upper bound on the length of the words in the image of a and
w in the definition of (k, L, 1)-marked, i.e. if i could find an R € N depending
only on X, Y, S and ¢, such that o: A(L) — S<pr(Y) and w: Q(L) — S<r(Y),
then, since A(L) and Q(L) are finite sets, there would be only finitely many
possibilities for defining o and w. So when trying to decide if a morphism is
(k, L, 1)-marked, I could simply try each map from A(L) to Sr(Y') for a and
each map Q(L) — Sg(Y) for w. And if one combination works, then the map
is marked and if not, then it is not marked.

Fortunately Lemma 2.7.17 provides such an R.

Proposition 7.1.8. Let X be an irreducible sofic shift, Y be a mixing sofic
shift of strictly lower entropy than X, S C X be SFT relative to X and ¢ be
a morphism from S to Y. Then there is a finite time algorithm, which decides
whether or not ¢ is marked.

Proof. The algorithm in pseudo code:
1. Recode ¢ to ensure that SLx(S) =0 and ¢ is 1-block.

2. Let Vx and V3 be the number of vertices in the Fischer cover of X and
Y respectively. Define L = V)‘(/x .

3. Find an s € S(X) and define R = Vy'¥ + 2V + |s|. !

4. Find all elements in the sets A(L), (L) and S<r(Y).

'To find s, pick a word in W(Y") — W(AY") and extend it by Vi? symbols to the right and
left to a word in W(Y). Then the resulting word is in S(Y) by Lemma 3.5.5.
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5. Define maps ¢: A(L) — 2V% and i: Q(L) — 2" by t(a) = (7" (a)) and
i(w) = i(ryt (w)). 2

6. Construct the local word graph, by deleting all edges, whose labels are
not in Xg.

7. Relabel the graph by using ¢g on each label.

8.  for each pair of maps a: A(L) = S<r(Y) and w: Q(L) — S<g(Y) :
for each a € A(L) :
Attach a path with label a(a) at each vertex in t(a).

for each w € Q(L) :
Attach a path with label w(w) at each vertex in i(w).

if the language presented by the graph is a sublanguage of Y then
return YES.

else
Delete all the added paths.

return NO.

Since there are only finitely many possible choices for @ and w, the last for
loop takes only finite time, because the sublanguage problem is decidable. [J

Theorem 4.3.1 together with Proposition 7.1.8 implies:

Corollary 7.1.9. Let S be a SFT-like subshift of an irreducible sofic shift X,
Y be a mizing sofic shift of strictly lower entropy than X such that Exy C
S C 9X, and ¢ be a morphism from S to Y. If S has synchronizing edges
then there is a finite time algorithm, which decides whether or not ¢ extends
to a factor map X - Y.

Corollary 7.1.10. Let X be an irreducible sofic shift such that 0X is SFT-
relative to X, Y be a mizing sofic shift of strictly lower entropy than X, and
@ be a morphism from 0X toY. Then there is a finite time algorithm, which
decides whether or not ¢ extends to a factor map X — Y.

Proof. Given the algorithm for checking whether ¢ is marked, Corollary 4.3.2
implies that all we need is an algorithm for checking whether Exy C 0X.
But since Y is mixing there are only finitely many candidates and for each
candidate there are only finitely many points in Y we need to inspect. Thus
Exy C 0X is also decidable. ]

%i.e. t finds the set of terminal vertices of the paths in the Fischer cover, which present
a given entry, and ¢ finds the set of initial vertices of the paths in the Fischer cover, which
present a given exit.
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7.1.2 When S is SFT-like and X is AFT

In this section I show that if we assume something more about X, then the
upper limits from the previous section can be improved significantly. The extra
assumption is that X is an AFT, which is defined by:

Definition 7.1.11 (AFT). An irreducible sofic shift is said to have almost
finite type if the Fischer cover of X" is left-resolving for some n € N.

Lemma 7.1.12. Let X be an irreducible sofic shift, Y be a shift space, S C X
be SET-like and ¢: S =Y be marked. Assume that

1. The Fischer cover of X is left-resolving and has V vertices,
2. SLx(S) =0 and A(Ls),2(Ls) C S(X) for some Ls € N,
3. @: S =Y is 1-block.

Then ¢ is (V, L,1)-marked, where L = max{Ls, V'}.

Proof. Denote the Fischer cover of X by Fx. Construct the first local word
graph of 0X. Assume that ¢ is I-block and (m, n)-marked with L;, oy and wy,
and that A(L;), Q(L;) C S(X).

Definition of «:

Put a © at each vertex to which there is a path of length V from a ®,
and enumerate these ©’s in some arbitrary way {S;}ic;. Then by the pigeon
hole principle, I can to each such ©; assign a ®; and a word w;v;w; € W(S) of
length V', such that there is a path from ®; to ©;, with label uivfwi, for each
keNandiel

v;
()
©i g T S

I |
I 1

\%4

Define p; = uiv;nax{m’Ll}wi and S_: I — S(Y) by

S—(i) = cu(ai) Ty (¢1(pi),

where T, is the map W>,,(X) — W(X), which removes the first m symbols,
and a; = (a;)[—r,,r,) is an entry in A(L;), such that (a;)p,r,) is a prefix of p;
and such that the path presenting a; in Fx goes through ®; at index 0.

a;

©i Di

I Il |
r T 1

L L

S

All T need now is a map I: A(L) — 1.
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In order to define I let x|, 1) € A(L) be arbitrary. Then z_r, ] is syn-
chronizing for X, since L > Ls. Thus there is only one path in Fx, Pl-L,L]:
with label z_p, 1), since Fx is left-resolving. By definition of the &’s, I can
therefore find an ¢ € I, such that ©; is the terminal vertex of py. Define
I({Z}[,L’L]) = 1.

Define

a=5_ol.

The definition of w is analogous:

Put a @ at each vertex from which there is a path of length V to a ®, and
enumerate these ®’s in some arbitrary way {®;};cs. Then by the pigeon hole
principle, I can to each such @; assign a ®; and a word ujvjw; € W(S) of
length V', such that there is a path from ®; to ®;, with label ujvfwj, for each

k € N and j € J. Define p; = ujv?lax{n’Ll}wj and Sy:J — S(Y) by
S+(7) = T (1(p)))wn(by),

where T, is the map W, (X) — W(X), which removes the last n symbols,
and b; = (bj)—r, 1, 18 an exit in Q(L;), such that (bj)_r, 0 is a suffix of

max{n,L;}

ujv; w; and such that the path presenting b; in Fx goes through ®;
at index 0.
b;
@i Pi ©i
—

All I need now is a map J: Q(L) — J.

In order to define J let z_ ;) € Q(L) be arbitrary. Then z_, 1) is syn-
chronizing for X, since L > Ls. Thus there is only one path in Fx, p_r, 1),
with label x_p, 1), since Fx is left-resolving. By definition of the @&’s, we can
therefore find a j € J, such that @; is the terminal vertex of p_y. Define

J(—pn)) = 7.
Define
w=S o

In order to check that o and w work, Ilet z € X and [z, j] € MW(S, z) be
arbitrary. And to simplify the expressions involved, I define i' = I(z;_1, ;1))
and j/ = J('r[j—L,j-i-L})' Then

(@i ,i+1) 1 (@i v, j—v))W (T4 L1 1))
= ay(ai) Ty (1 (i) o1 (v j—v) T (1(py))wi(byr)
= ay(ai)(Tr, o T ) (e1(pin)p1 (v j—v)) 1 (pye) Jwr (bjr)
= (@i ) P (PirTligv,j—vps )wi(bjr),
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Lli,i+ V[ ZL[i4+V,j—V] 215 —V,j]

® O Dy ®
Pyt pjr

(ai’)[le,fl] (bi’)[l,Ll]

@i’ ®]/

which is in W*(Y), since ¢ is (m,n)-marked and since pyz(iyj_y)p; is in
MW s, 4n41(S, z), because there is a path in the local word graph from a ®
to a ® with that label. O

Let S be an SFT-like subshift of an irreducible AFT, X, and let Y be an
irreducible sofic shift. If S has synchronizing edges, then Lemma 7.1.12 and
Lemma 2.7.17 give a finite time algorithm, which decides whether or not a
given morphism ¢pg: S — Y is marked. Soif Exy € .S C 0X and Y is mixing
sofic with strictly lower entropy than X, the algorithm tells us whether or not
ps extends to a factor map X — Y, by Theorem 4.1.1. Algorithm:

1. Recode ¢ to ensure that the conditions in Lemma 7.1.12 are satisfied.
2. Find L, V3 and an s € S(X). Define R = 2V + |s|.

3. Construct the local word graph and insert &’s and @’s as in the proof of
Lemma 7.1.12.

4. Relabel the resulting graph by using ¢g on each label.

5. Try all combinations of words in S<r(Y’) on the &’s and &’s and check
whether the resulting regular language is a sublanguage of W (Y).

Since there are only finitely many words in S<r(Y’) and only finitely many
vertices in the local word graph, 5. can be done in finite time, because the
sublanguage problem is decidable.

The small size of R compared to the one in the proof of Lemma 2.7.17
is possible because when the Fischer cover is both left- and right-resolving,
there is only one path p presenting a given synchronizing word w € S(Y).
This makes it easy to replace w by a synchronizing word w’ of length at most
2Vy + |s|: Choose a path of length at most V3 from the initial vertex of p to
the initial vertex of the path presenting s and a path of length at most V3
from the terminal vertex of the path presenting s to the terminal vertex of p.
Then the concatenation of these paths present a synchronizing word w’, with
the property from Lemma 2.7.17.

7.2 When S is Finite

If S is a finite subshift of X, then S must be a subset of Per X, since it is shift
invariant. Thus there are only finitely many morphisms from S into a shift
space Y, since morphisms respect periods. And since Lemma 2.4.21 implies
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that S is an SFT with SL(S) = 2max{|p;| | = € S} — 1 Proposition 7.1.8
implies that if X is irreducible sofic, then there is a finite time algorithm
which decides whether X factors onto a mixing sofic shift of strictly lower
entropy.

The algorithm is however not very practical due to the size of the upper
bounds involved. I therefore investigate what the marked property looks like
when S is a finite set.

Since S C Per X the S entries and exits are entries and exits of periodic
points.

Definition 7.2.1 (Periodic entries and exits). Let X be a shift space and
x € Per X. A word y_r, 1) € W(X) is called an L-entry of x, if yjg 1) € * and
Y[-1,1) ¢ x. And it is called an L-exit of z, if Y-r,0 € = and y_p 1 ¢ x. The
set of all L-entries in z is denoted by Ape,(z, L) and the L-exits by Qpey(z, L).
The set of all L-entries of periodic points is denoted by Ape,(L) and the exits

by Qper(L).

And since S is an SFT, Ag(n,L) C Ape(L), Qs(n,L) C Qpe(L) and
MLW (S, n,x) = MW>,(S,z), when L > n > SL(S), by Lemma 7.1.1, since
SL(S) > SLx(S). The following is therefore a special case of Lemma 7.1.3.

Lemma 7.2.2. Let X, Y and S be shift spaces and S C X be a finite set.
Then a map ¢: S — Y is m-marked for some m > SL(S) if and only if
AL € N,a: Ape; (L) = S(Y),w: Qper(L) — S(Y), such that

A(xfi—p 1) Pm ()i g))w(Ti— 1 j41)) € WH(Y),
for allx € X and [i,j] € MW>,, (S, x).

Definition 7.2.3. Let X be a shift space. A point x € Per X is said to
have synchronizing entries if there exists an L € N, such that Ape(z, L) C
S(X). And it is said to have synchronizing exits if there is an L € N, such
that Q(z, L) C S(X). =z is said to have synchronizing edges if it has both
synchronizing entries and exits.

Lemma 7.2.4. Let X be a shift space and S C X be finite. Then S has
synchronizing edges if and only if each point in S has synchronizing edges.

Proof. Left to the reader. O

Definition 7.2.5. Let X and Y be shift spaces. We say that Per X — PerY
if Exy C 0X and there is a morphism ¢: Exy — PerY, and m > SL(Exy),
LeN a: Aper(L) = S(Y),w: Qper(L) — S(Y) such that

(T fi—1,i+1)Pm (T j))w (-1 1) € WH(Y),

for all z € X and [4, j] € MW>p, (Ex )y, ).
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Remark 7.2.6. Despite its immediate appearance Per X — PerY is in fact
quite similar to Per X — PerY. Per X — PerY is more or less Per — PerY
extended with the property from Remark 3.6.4.

Using Lemma 7.2.2 and Theorem 4.3.1, I obtain:

Theorem 7.2.7. Let X and Y be sofic shift spaces. X irreducible and Y
mizing. If Exy has synchronizing edges and h(X) > h(Y), then

X -Y & PerX —» PerY.

Corollary 7.2.8. Let X and Y be sofic shift space. X irreducible and Y
mizing. If 0X is a finite set and h(X) > h(Y), then

X »Y & PerX —» PerY.
Example 7.2.9. Let X be the irreducible sofic shift presented by the labeled

graph
A
b// \b
VRN

where A is a graph, which presents an irreducible SFT with no fixed points.
Let Y be a mixing sofic shift with lower entropy than X. Then 0X = {a*>}

and Theorem 7.2.8 implies that X — Y if and only if Ql(yb(?’v{ovl})) £ () and
Um|n Qm(y'o(ﬁ)) 7é ®7 for all n > 1.

I claim that Theorem 7.2.7 extends Theorem 1.3.6 in the sense that it
handles more shift spaces.

To verify that it handles more shift spaces, I have to show that if the points
in Fxy have marked entries and exits, then Exy has synchronizing edges.
But the definition of marked entries and exits implies, that all sufficiently long
periodic entries and exits are magic for mx, and therefore synchronizing for
X by Proposition 2.6.22. This means that Exy has synchronizing edges by
definition 3.5.1.

But how does one decide whether Theorem 7.2.7 applies to a given pair of
shift spaces X and Y7 I.e. how does one decide whether Ex y has synchroniz-
ing edges? First we need to find the points in it. But since Y is mixing, there
are only finitely many candidates. And checking whether a point z is in Fx y
is easy, since we only need to check the points in Y, whose period divides |p,|,
which is clearly a finite set.

The points in Ex y N Xo have synchronizing edges by definition of Xy. So
we need only a way of checking the points in Exy N9oX.

Definition 7.2.10 (Isolated component). Let X be a shift space and x be a
periodic point in X. {0"(x)},ez is called an isolated component in X if

JK e NVy € X: p& Cy =y € {0™(@) }nex.



7.2. When S is Finite 115

The reason for calling sets of the form {o"(z)},ecz, which satisfy the condi-
tion in the definition, for isolated components, is that any component reduced
graph presenting a sofic shift X would have to contain a subgraph, which
presents {¢"(x)}nez and is not connected to anything.

Lemma 7.2.11. Let X be an irreducible sofic shift. An x € Per(0X) has
synchronizing edges if and only if {o™(x)}nez is an isolated component in 0X .

Proof. =: Since z € 9X has synchronizing edges, there is a K € N, such that
Aper(z, L) C S(X) and Qper(z, L) € S(X) for all L > K. I claim that the
same K can be used to show that {o"(z)}nez is an isolated component in 0.X.
Assume that p& C y for some y € 0X. If y ¢ {0™(x)}nez, then y contains
an element in Qpe(z, K|pz|) U Aper(z, K|pz|). So as Klpz| > K, y contains
a synchronizing word. Thus y ¢ 90X, which contradicts our assumption on .
Thus y € {o"(2)}nez-
<: Assume that {0"(x)},ez is an isolated component in 0X. Choose K € N
such that p&X C y = y € {0™(2)}nez for all y € 0X. Let Y—kk De a
[pe| (K + 1) + V2-entry of x, where V is the number of vertices in the Fischer
of X. I claim that Y[~ |pe|(K+1),|pz| (K+1)] ¢ W(@X)

Assume that yi_j,, |(k+1),|p.|(K+1)] € W(0X). Then we can find a 3’ € 0X,

such that Yl pe|(K+1),pa|(K+1)] & y'. So since pf C Y[0,|pa|(K+1)]> y' must
be in {0"(z)}nez by our choice of K. But that contradicts the fact that

y[,1’|pz|(K+1)} ¢ x, since y[,k’k} is an entry of z. Thus y[,‘pz‘(KJrl)"pz‘(KJrl)] ¢
W(0X) as claimed.

This implies that y_j ;) is synchronizing by Lemma 3.5.5. The case when
Y[—k,x] s an exit is handled analogously. Thus z has synchronizing edges. [

This makes it easy to check whether the points in Exy NdX have synchro-
nizing edges, when X is irreducible sofic. Simply use the algorithm described
after definition 2.7.3 to construct a graph presenting 0.X. After deleting su-
perfluous components, check whether the points in Exy N dX correspond to
isolated components.
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Eventual Factors

In this chapter, I prove that if X and Y are mixing sofic shifts such that
h(X) > h(Y), then Y is a eventual factor of X. This result is not new. The
new thing is that my proof does not use Krieger’s marker lemma.

Definition 8.1.1 (Eventual Factor). Let X and Y be shift spaces. Y is called
an eventual factor of X, if there exists an NV € N, such that X™ — Y™ for all
n > N.

Lemma 8.1.2. Let X be a mizing shift space. Then X" is mizing for all
n € N.

Proof. Let n € N and a,b € W(X™). Since X is mixing, we can for each

k > TL(X) find an * € Wy(X) such that A~!(a)zA\"1(b) € W(X). This

implies that vk > [T4X))32 € W, (X): A (a)zA"1(b) € W(X). Thus

[%1 is a transition length for X™. O

Lemma 8.1.3. Let X be a shift space and x € W(X™) for some n € N. Then
reS(X") e\ (z) e S(X).

Proof. Left to the reader. O

Lemma 8.1.4. Let X be a mixing sofic shift. Then
Aa(Pera (X)) € Qu(x™)g,
for all n € N.

Proof. Let n € N and z € Pern(Xél)). Then z € Qm(Xél)) for some m|n. By
Lemma 2.7.16 we can therefore find u,v € Sk, (X), for some k € N, such that

upt,v € W(X), for all i € N, where p, = 2[g [ Define p = Xy (pi*). Then
An(upy'v) = u/piv’ € W(X™) for all i € N. So as u/,v € S(X™) by lemma
8.1.3, \p(x) =p™> € Ql(X")él). O

117
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Lemma 8.1.5. Let X be a shift space and n € N. Then
h(X™) = nh(X).

Proof. As |W;(X™)| = |[W;,(X)]|, we get that

1 1
h(X") = lim —|W;(X")| = lim =|W;,(X)| = lim Q_|Wj(X)| =nh(X),
1 1—00 1 j—oo ]

1—00
because {}|W;,(X)|}iew is a subsequence of {FIW;(X)[}jen- O

Definition 8.1.6. A pair of sofic shift spaces X,Y is said to be SFT-related
if there exists a W € SFT with the following properties:

1. WCX.
2. W—>Y.
3. AL € NVa,b € W(W)3x € WL (W): axb € W(W).
Remark. Y is irreducible, since it is a factor of W, which is irreducible by 3.

Theorem 8.1.7. Let X and Y be SFT-related sofic shift spaces. Then
QY #£0= X > Y.

Proof. Let W be a SFT with the properties in definition 8.1.6. As passing to
a higher block presentation of X is a conjugacy we can assume that that W is
1-step and the factor map ¢: W — Y is 1-block. The idea of the proof is to
extend ¢ to a factor map ¢: X — Y.

Pick a y> € Ql(YO(l)) and find u,v € S(Y) so that uy*v € W(Y), for
all k € N. Choose s € S(Y) and sp € ¢ 1(s) N W(W). Find «/,v" € W(Y)
such that su'uyfvv’s € W(Y), for all k € N. Such a pair exists because
Y is irreducible and u,v € S(Y). Find also for each w € W(W) a pair
Uy, Uy € W (W), such that spuewv,sg € W(W). wu, and v, kan be chosen
such that u,, depends only on the first symbol and v,, on the last symbol in w,
since W is 1-step.

Define T' = 2L + |s| + |v/uvd/|.

Let z € X. An interval [i, j] C 7Z, such that j —i > T will be called a W-
interval if @y, j,47) € W(W), for all k € [4, j], and [, j] is maximal with respect
to inclusion. Note that the distance between two different W-intervals must
be at least T" because two words in W, which both are maximal with respect
to inclusion, must be disjoint as W is 1-step. For W-intervals we define:

So(x)[i,j] = @(Souwx[i+|s|+L,j—L]vw)'
For the rest of x, which is a union of intervals of length at least T', we define

1o I —s|—|un/v'v]|,,, 1
o(x)} 5 = su uy!1=ls1=1 .
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Now ¢(z); depends only on x;_47;147], because all you need to know, is
if your distance to the edge of the nearest W-interval of length at least T,
is more than 7. Thus ¢ is continuous. So since ¢ obviously commutes with
the shift map and is an extension of the factor map ¢, p: X — Y is a factor
map. L]

Corollary 8.1.8. Let X and Y be sofic shift spaces. X irreducible, Y mizing
and h(X) > h(Y). Then

QY #£0=X - Y.

Proof. All T have to do is to show that X and Y are SFT-related. But this
follows from lemma 2.8.4. O

Lemma 8.1.9. Let Y be a mizing sofic shift space. Then
AN € N¥n > N: Q (Y™ 0.

Proof. Let s € S(Y) and define N = TL(Y) + |s|. Since Y is mixing, we
can for each n > TL(Y) find a y, € W,(Y), such that sy, € S(Y) and
(59n)® € Y. S0 as (sya)™ € Perjy1n(Y), Ayps((s1)) € Qu(y™HhiY by
lemma 8.1.4. O

Theorem 8.1.10. Let X and Y be mixing sofic shift spaces, such that h(X) >
h(Y). Then'Y is an eventual factor of X.

Proof. Lemma 8.1.9 gives an N € N such that Ql(Y")(()l) # (), for all m > N.
So since X™ and Y™ both are mixing for all n € N, by lemma 8.1.2, the result
follows from corollary 8.1.8. O
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Notation Index

Non-Alphabetizeable Symbols

[i]n i modulo n.

[x] min{n € N | n > z}.

|x] max{n € N | n < z}.

Ty {xi}ier

alb a divides b

A-B AN B¢

B F) (Zd{Zf]f€F}

Uer A Uier{(ad) | ac A;)

| X| The cardinality of the set X

- When between words: ’occurs in’. p. 8
|w] The length of the word w. p. 8
24 The subsets of set A.

2G The subset graph of G. p. 23
Noo N U {0, 00}

ax(; ;b ax; ;b, when i, j € Z.
AT [j oo, When ¢ € Z and j = oo.
T)oo,j10, When i = oo and j € Z.
T)oo,00[, When 7, j = 00,

Qn(X) = xI_, Qn, (X),

z!P! (x[f},xgp],...,x,[f}), p. 82
n<m Viin; <m; p. 82

% (s 2, k), p. 82

n n n

nm (nymy,nome, ..., ngmg), p. 82.
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124 Notation Index
Alphabetized List

Ag(n,L), As(n,k,L) The set of S-entries. p. 52

APer (.CC, L) ) APer(L)
B

B

block map
dy

0X

E

Exy

edge shift
endpoint
entry, exit

essential

even shift

Pm,n

Pn

F(v)

Fx

Fischer cover
follower separated
forbidden words
Glnl

graph

graph isomorphism
h(X)

higher block graph
I k7T(a:

Ii(z), I ()

Iz,

i(p)
initial vertex
irreducible

isolated component
L

L(S,n)

label map

The set of periodic entries. p. 113

The higher block map or the nth word map of
it. p. 13

The inverse of the nth word map of 5,. p. 13
p. 11

p- 90

R(X)S(X) P 26

The set of edges. p. 17, 19

|pz|
{z € Per X | Uy Qu(Ye ™) = 0. p. 38
p. 17
p- 39
Thomsen: p. 4
of S: p. 52
of periodic points: p. 113
p- 18,21
p- 20
The (m,n)th word map of ¢. p. 12
The nth word map of p. p. 12
The follower set of vertex v. p. 22
The Fischer cover of X. p. 24
p.- 24
p- 22
p- 9
The higher block graph of G. p. 20
p. 17
p- 22
The entropy of X. p. 30
p- 20
The (k,T)-marker intervals in z. p. 33
The t and 7 intervals in . p. 39
The set of intervals in Z, i.e. Iy = {[i,j] | i,5 €
Z}.
The initial vertex of the path p. p. 17
of an edge or path: p. 17

shift: p. 10
graph: p. 21
p. 114

The label map or first word map of it. p. 19
X NLW(S,n). p. 45
p- 19
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labeled graph p- 19
An The higher power map. p. 13
locally recognizable  p. 38
local word graph p. 49
LW(S,n) The local words of S. p. 45
Mg The merged graph of G. p. 24
My 1 () The (k,T)-markers in z. p. 33
magic p- 24
marked morphism: p. 54
entries and exits: p. 4
marker p- 33
marker interval p- 33
mixing p- 10
MLW (S, n, x) The maximal local words of S in x. p. 45
MLW (S, n) The maximal local words of S in points in X. p.
49

MLW (S, n)-graph The nth local word graph. p .49
MW (S, z) The maximal words of S in x. p. 45
morphism p- 10
N N U {0, c0}.
non-wandering p- 26
Q(n,L),Qs(n, L) The set of S-exits. p. 52
Qper(z, L), Qper (L) The set of periodic exits. p. 113
order a local word or point. p. 45
Da A minimal period of the periodic point . p. 14
path p- 17
Per X The set of periodic points in X. p. 14
Per X — PerY p- 28
PerX % PerY p. 2
Per X <% Per Y p. 1
Per X (iz PerY p- 4
Per X <(3)> PerY p- 4

(d,F)
Per X "= PerY p- 28

(d,F)
Per X "= PerY p- 86

(d,F)
PerX — PerY p- 86

(d,F)
PerX — PerY p- 86
Per X — PerY p. 113
period(z) The minimal period of z. p. 14
period(X) The period of X. p. 15
periodic word p. 32

%] p- 51
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s

Qn(X)

R(X)
right-resolving
S(X)

S(X)

Sn

Sn(Y)
sensible

SFT

SET
SFT-like

shift invariant
shift space

o

by

Ya

Xx

ZZ

simply marked
SL(S)
SLx(S)
sliding block code
sofic

splitting map
step

step length

subgraph
subshift

subset graph
subword
symbol

synchronizing edges

synchronizing word
TL(X)

t(p)
terminal vertex

transition length

Notation Index

The label map of the Fischer cover or the first
word map of it. p. 24

{z €Per X | |pz| =n} p. 14

The non-wandering part of X, Per(X). p. 26
p- 21

The synchronizing words in X. p. 10
S(R(X))/ ~. p. 27

SH(s)e- P 19

The words in S(Y) of length N.

p- 23

Shift of finite type. p. 15

M-step shift. p. 15

p. 47

p- 8

p- 8

The shift map o(x); = x41. p. 7

An alphabet. i.e. a finite set. p. 7

The shift presented by the graph G. p. 17, 19
The alphabet of the shift X. p. 9

The full X-shift, {zz|x; € ¥ for all i € Z}. p. 7
p. 63

The minimal step length of S. p. 15

The step length of S'1 X p. 47

p- 11

p- 20

p- 39

as in k-step. p. 15

of an SFT. p. 15

of an SFT-like shift. p. 47

p. 22

S is a subshift of X if S C X and S is a shift
space.

p- 23

p- 8

An element in 3. p. 2.1

Shift: p. 56

Point: p. 113

p. 10

The minimal transition length of X. p. 10
The terminal vertex of the path p. p. 17

of an edge or path: p. 17

of a word: p. 25

p. 10
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WM,T
Wna WSTL? WZTL

W, (X)°
word
word map
Wta WT
‘,r'n,

]
X(an)
Xo
X2n
X(gd,F)

X(gd,F)

x[n]
X’rb
Xr

XY
X—-Y

X =Y
X —=Y
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The set of vertices. p. 17, 19

G a graph: The set of paths in G. p. 17

G a labeled graph: The labels of paths in G. p.
20

The set of subwords in x. p. 8

The language of X. p. 8

The possibly infinitely long words occurring in
points in X. p. 8

p- 40

The words of length n, less than n and more
than n, respectively. p. 8

W, (B2) — W, (X).

p.- 8

p.- 12

The t and 7 words. p. 39

An(z). p. 13

Bn(x). p. 13

An irreducible component in X. p.27

The top component of X. p. 27

The even shift. p. 9

The points who are (d, F)- affiliated to the top
component of X. p. 27

The vectors of periodic points who are simulta-
neously (d, F)- affiliated to the irreducible com-
ponent X.. p. 81, 82

The nth higher block shift of X. p. 13

The nth higher power shift of X. p. 13

{reX |Wx)nF =0} p.9

The golden mean shift. p. 9

There is a morphism from X to Y. p. 11
There is a morphism from X to Y, which hits a
synchronizing word. p. 28

X factors onto Y. p. 11

X embeds into Y. p. 11



