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Preface

The present thesis consists of four papers, which constitute the result of my PhD study
at the Department of Mathematical Sciences, Aarhus University. This study has been
conducted under the supervision of Eva B. Vedel Jensen from February 2007 to July 2010.

Summary

The study of stereology can be traced back to the 18th century with the celebrated
Buffon’s needle problem, which was posed for the first time by the Comte de Buffon and
can be described as a method for estimating 7w by throwing needles on a parquet floor.
More generally, stereology is the study of intrinsic geometrical properties of a set through
measurements made on lower dimensional sections of that set. For practical reasons, we
may require that those sections go through a fixed point in space, instead of being randomly
positioned. The study of geometrical properties in that particular set-up is called local
stereology, the foundations of which were laid by Eva B. Vedel Jensen in 1998, cf. [§].

The focus of interest of the present thesis is integral geometric identities of the type

B(X) = / a(X NL)dL,

where « and [ are geometrical quantities of a set X, such as its volume, surface area
or, more generally, intrinsic volume, and the integration is over all sections containing
the fixed point origo. Our main result is a local stereological analogue to the well-known
Crofton formula. More precisely, we derive throughout Paper A, B and C integral ge-
ometric formulae that relate new flagged intrinsic volumes of a set X with the flagged
intrinsic volumes of its sections, X N L. The development of a potential local stereological
analogue of the famous principal kinematic formula will also be discussed. In the last
paper, Paper D, we present many new integral geometrical identities that were useful, if
not indispensable, for the formulation of our main Theorem. Hopefully, these formulae
will prove valuable to the further study of local stereology.
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1 Introduction

Imagine an object in space, e.g. a potato. How can we estimate the volume of the potato
by placing sticks through it, as shown in Figure 1.17 Is it possible to estimate the surface
area of the potato by proceeding similarly? These are some of the questions that can be
answered by stereology.

More generally, stereology makes it possible to draw inference on quantitative prop-
erties of spatial structures from measurements on randomly positioned and orientated
sections through the structure. Consequently, an important role is played by the integral
geometric section formulae

B(X) = / (X A T)dT,

where o and 3 are geometric quantities and X C R? is the spatial object of interest. The
integration is over all possible positions of the probe T'. In the potato example, the probes
are one-dimensional sticks in R3.

An important example of such a section formula is the Crofton formula, where a and
[ are intrinsic volumes,

cd,jkVa—j+k(X) = » Ve(X N Fy)dFy. (1.1)
J

Here, X is a d-dimensional subset of R, ]:Jd denotes the space of j-dimensional affine
subspaces of R%, dF ]‘-j is its motion invariant measure, Vi is the kth intrinsic volume and
¢4 jk is a known constant of proportionality, 0 < k < j < d. For specific values of k, the
intrinsic volumes have simple interpretations, e.g. Vy(X) is the volume of X, 2V;_1(X) is
its surface area and Vj(X) is the Euler-Poincaré characteristic. As a useful example, with
d =3, j =k =1, the Crofton formula shows how to calculate the volume of a potato
using sticks

27 volume(potato) = /length (potato N stick) dstick.

Other practical applications of classical stereology can be found in [5] and [8]. In the
literature, intrinsic volumes are also called Minkowski functionals or quermass integrals.

Figure 1.1: Sectioning a spatial object with randomly orientated and positioned linear
probes.



Assuming that the boundary of X is sufficiently smooth, the kth intrinsic volume of X is
then given by a simple boundary integral, for all kK =0,...,d — 1,

Vi(X) == P cr(X, z) HE Y (d), (1.2)

where H* denotes the k-dimensional Hausdorff measure, oq4_j, is the surface area of the

unit ball in R** and
(X, x) = Z H Ki(z) (1.3)
IC{1,....d—1} i€l
I|=d—1—k
is the kth symmetric function of the principal curvatures x;(x) of 0X at z,i=1,...,d—1,
cf. [10].

The characterization theorem of Hadwiger states that motion invariant measures on
the family of convex bodies in R% can be written as a linear combination of the intrinsic
volumes Vp,..., Vg, cf. [7], [11, 14.4.6]. This important result can be used to prove
Crofton’s formula and the well-known kinematic formula for convex bodies X and Y,

d
g Vi(XNgY)dg = kajuVe(X)Vars; (V) (1.4)
d k=j

where Gy is the group of rigid motions in R%, dg is the element of its normalized Haar
measure and kg jj is a known constant for j = 0,...,d, cf. [11].

Note that the Crofton formula requires integration over all j-dimensional affine sections
of X. For applications, e.g. in microscopy, random affine sections may not be optimal.
As an example, by sectioning a biological cell through a centrally placed nucleus, one
obtains images with better contrast than in the case of peripheral sections, cf. [9] and the
references therein.

In local stereology, the focus is on integral geometric identities involving sections
through a fixed point, i.e. formulae of the form

B(X) = /Ma(XﬁLj)dL;l, (1.5)

where integration is over the set /J? of all j-dimensional linear subspaces of R? and dL? is
the element of the rotation invariant measure on E;l. As opposed to classical stereology,
no equivalent of the Crofton formula, where both o and ( in (1.5) are intrinsic volumes,
exist in local (or rotational) stereology. Nevertheless, as we shall see, rotational version of
the Crofton formula can be derived, in particular when either « or 8 are intrinsic volumes.

A well-known classical result in local stereology is the Blashcke-Petkantschin formula,
cf. [8]. Under mild assumptions, the following formula holds for any non-negative mea-
surable function g: R¢ x ﬁ‘; — Ry,

d—j
g(x, L;) ALY HO 1 (dx) / / g(z, L; i Hi~Y(de) ALY,
/rB‘X/ i Ld 8XﬂL j)g(Tan (X’ x)vLj) ( ) J

(1.6)

cf. [8, Lemma 5.5] and [11, Section 7.2]. Here, E?(l) denotes the set of j-dimensional

subspaces containing the line through the origin spanned by x and dL;.l(l) is the element of
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Figure 1.2: (Left) Arbitrary line transects of a liver cell. (Right) Line transects passing
through a fixed point of the liver cell.

the rotation invariant measure keeping this line fixed. For any two linear subspaces L and
L', G(L, L") can be regarded as a generalized sinus of the angle between L and L’. A precise
definition of G is provided in Paper A. Recalling the definition of the kth intrinsic volume
in (1.2) and inserting g(z, L;) = ¢x(X N Lj,x)w in the Blaschke-Petkantschin

|z[4=
formula, we obtain an identity involving the rotational average | ra V(X N Lyj) dL?,
J

Ve(X NLj)dL}
£

1 1
_ / - / ex(X 1 L, 2)G(Tan (X, ), L;) ALYy, 1O~ (da).  (1.7)
oa—k Jox |zl L4y,

However, both sides of the equality are expressed in terms of curvatures measured on the
j-dimensional linear sections of X — this fact renders the above identity unsatisfactory
from a stereological point of view. Recently in [9], Jensen and Rataj made a new step
toward finding a rotational version of the Crofton formula. When the boundary of X
is sufficiently smooth and under mild assumptions on the choice of origo, the rotational
average takes the following form,

/ Vi(X N L) dLd = / S wl @ [ HE A, (18)
Ly X 1cq1,..d-1) icl

|=j—1-k
where wy ;1 is a non-negative function defined on 0X. Note that the right-hand side
involves curvatures measured on the original object X, as opposed to the representation
given in (1.7) by the Blaschke-Petkantschin formula. Also, it was shown in [9] that the
weight functions w‘}’ j i are given by

1 / G(Ar, Lj)?
d i) d
wh () = ——— AL Rt DA} i P00 1.9
rgl®) oj—k|z|4 L5 [p(n| L[+ 7w 9

where n = n(z) is the outer unit normal to 0X at x and Aj(z) is the linear subspace
spanned by the principal directions of curvature a;(x) with ¢ ¢ I. A closed form of w?’ ik
was derived in [9] for the particular cases |I| =0 and |I| =d — 2.

3



In the present thesis, we will derive a closed form of the weight functions w?’ I valid
for all possible I, j and k (Paper A), address the 'opposite’ problem of expressing intrin-
sic volumes as rotational averages (Paper B), define flagged intrinsic volumes that can
be espressed as rotational averages of flagged intrinsic volumes defined on sections (Pa-
per C) and present a number of integral geometric formulae that have proved useful in the
development of the results in the previous papers (Paper D).



2 Results

The purpose of the present chapter is to give an overview of the main results obtained in
this thesis.

2.1 Closed form of the weight functions

In Paper A, we derive an explicit expression for the weight functions w? ik valid for all
possible values of the indices j and k. The expression involves hypergeometric functions
(or Gauss hypergeometric series) defined for a,b,c € R and z € [—1,1] as

. . = k
F(a,b;c;z) = F(b,a;c;2) ;0 (O k"

where (z); is the rising sequential product or Pochhammer symbol defined for a non-
negative integer k and xz € R by

I'(z+k .
o { o
(-)restls iz <o,

For all integers 0 < k < j < d, j > 2, it is shown in Paper A, using extensive geometric
measure theory, that wﬁl i can be expressed as

wi ;1 (@) = Cap gl [f1(B(x)) + f2(B(x)) cos® ar(x)], (2.1)

where Cy . j is a known constant, ar(z) = Z(z, Ar(x)) and B(x) = Z(z,n). Whenever x
and n are in general position, fi and fo are defined as

R e L 0)

and

R(B) = G~ d— (@ = Door? o) (L35, 15T S in (o)

—kd—j d—1
2 2 ' 2

+ (d — 1) cot®> BF <J :sin? ﬁ(x)) .

In other particular cases, e.g. when j < 2 or when x and n are perpendicular or parallel,
the expression (2.1) becomes even simpler, cf. Paper A. Moreover, when extra assumptions
are made on the shape of the body X, the rotational integral (1.8) can be simplified even
more. At locally spherical boundary points x € 0X, where k;(z) = k(z),i=1,...,d —1,
the integrand of (1.8) is equal to

paf = E YT wf ).

ICq{1,...,d—1}
T|=j—1-k

In Paper A, it was shown that the above sum has a surprisingly simple expression

Cd—1,5—1 — k-2 d—j d—1 .
> wngata) = S (T i (T2 L i (o))

IC{1,...,d—1} —k
[I|=j—1—k




Figure 2.1: The special case where X is a disjoint union of spheres.

where c4_1 j—1 is a known constant. Thus, whenever X is a disjoint union of spheres, the
rotational average over all j-dimensional sections becomes

/m Ve(X NLj)dL]

J
_ Cd—1,j-1 jodp (J-k—-2d—j d—1 .., -1-k gd-1(q
[ e (7 it (PR S it ) (e )

However, a more insightful representation of the weight functions w? ik first became
apparent under the study of the ’opposite’ problem of finding functionals whose rotational
averages are equal to intrinsic volumes.

2.2 Expressing intrinsic volumes as rotational integrals

As we have seen, the rotational average |, ra V(X N Lj) dL? is a complicated geometric

measure depending on the principal curvatures and their principal directions of the set X.
In contrast to Crofton’s classical formula, it has no simple interpretation as an intrinsic
volume of X in general.

In Paper B, we address the problem of finding functionals defined on X N L; with
rotational average equal to the intrinsic volumes of X. More specifically, the problem is to
find, for each j =0,1,...,dand £k =0,1,..., 7, a functional aik satisfying the geometric
equation

/Ed o (X N L) ALY = Vy_p(X). (2.2)

Once again, the Blashcke-Petkantschin formula suggests a solution to this equation. By
inserting g(z, L;) = ¢(X, x) in formula (1.6) and combining with (1.2), we obtain

Ed i—1 d
Vie(X X J=H(dz) dLS.
Ot a1 Vil /ﬂd/aXﬂL gTan (X,z), Lj) ex( X, 2) M (dr) AL



Sadly, the inner integral in the last expression depends on information outside the inter-
secting subspace L; and therefore, it cannot be considered, from a stereological perspective,
as a viable solution to (2.2). We showed in Paper B that a more satisfactory solution to
(2.2) is the functional O‘il,k defined for all j =0,1,...,d, k=0,1,...,75, by

1

(V) = ——— /f], Vi k1 (Y N Fjo1) d(O, Fj1)* 7 dF)_,. (2.3)

Cdm]_lm]_k;_l j—1

Here, Y is a compact subset of R7 satisfying some regularity conditions and d is the distance
function. Furthermore, in Paper B, a more explicit expression of ;) was obtained for

k=0,
. 1 o
o’ Y:/ 2|77 427
d’o( ) Cd—1,j—1 Y| |
and for k =1,
: 1 » 1 d—j j—1 N
(V)= 4R (o, = sin? IHdz). (24
a0 = g [ (= ) ) a0, 2

Motivated by the results obtained in Paper B for afl o and afl 1, our new goal was to derive,

for all aé «» the corresponding integral representation over the boundary of X.

2.3 A rotational Crofton formula for flagged intrinsic
volumes of sets of positive reach

In Paper C, we give an explicit expression for afl x(X) as an integral over the boundary of
the section X N Lj, for all 1 < k < j, or, as an integral over X N L;, when k = 0. If the
boundary of X is smooth, we obtain, under mild assumptions on the choice of origo,

oy (X NLj) _/E)XOL Yo wigar@ ][ ri(@) H T (da), (2.5)

i ICq{1,....j—1} iel
[I|=k—1

where the weight functions w? Tdd—k 8re similar to those found above. This connection
between (1.8) and (2.5) led us to define flagged intrinsic volumes.

Flagged intrinsic volumes: Let Y € R" be a compact set with smooth boundary. Define
forallk=1,....r,r>1and j >k,

1 )
ai oY) i = —— " dy"
o) = = [ ety
and
o (V) = §,k/ > [ i n) Qe n, A H (da),
oY “ ,
[I|=k—1 el
Ic{1,..,r—1}
where
r o J—r kr+1 .4
Qj7k($,na Ap)=F <— 5 g g sin (m,n))

(j—r)(r—k+1)cos®(x, Ar) j—r kr+3 .,
F _ 17.7.
r+l r—k g Tlgigsien)



and
. 1 L(r—k+1)T()
R o DTG — k4 1)

. . 2(z,A _
Here, A; = span{a; : i ¢ I} and, for the special case r = k, we set (@ {01 """ ry) g

Note that cj_1,-1 := forj <.

Cr—1,j—1

The appellation 'flagged intrinsic volumes’ is motivated by the concept of flag spaces,
cf. [11], and the fact that flagged intrinsic volumes are identical to classical intrinsic vol-
umes for particular values of their indices:

1 _
a:,k(Y) = ; Z H Kj dH" 1= V}_k(Y),
kJOY 51 2k—1 jed
Jc{1,...,r—1}

ol (V) = /Y W (dx) = Vo (Y),

for any compact set Y € R" with smooth boundary. Note that in Paper C, our results
are formulated and proved in the more general setup of sets having positive reach. As a
consequence, the combination of the two key results (1.8) and (2.5) yields the following
proposition, under mild assumptions on the choice of origo.

Rotational Crofton Formula: Let X C R¢ be a compact subset of positive reach. Then,

a;l,k(X) = Cd—rj—r /d a;,k(X N LT) dL,,
L

T

forall0 <k <r<j<d.

Notice that the last statement is a natural generalization of the results obtained in [9]
and in Paper B.

2.4 Integral geometric formulae

The resolution of the geometric problems mentioned above involves computation of com-
plicated geometric integrals, and the task of expressing those integrals in explicit forms is
indispensable for making the formulae manageable for applications. Moreover, the com-
plexity of the integral formulae obtained makes it difficult and time-consuming to check
their validity. With that in mind, we have developed integral geometric tools that have
proved useful for deriving the results in Paper A, B and C. Paper D contains several such
useful original identities, involving the area and co-area formulae. One of the main results
is a relation between integrals over the unit sphere contained in different linear subspaces
of RY. Tt is formulated below.



Let By € Eg and A, € Eg such that Ay N (BpL N Ay)* = p. Define the mapping

p: 8T (Ag) — SPTH(By)

p(x|Bp) .
5~ — Z0-
p(z|Bp)|
Let ay,...,aq—q be an orthonormal basis of Aé. Then, for almost all x € Sq_l(Aq), the

(p — 1)-dimensional Jacobian of ¥ is

1422 /sin® 0; + cos? 0; cos?(w (x| By), m(ai| By))
[p(u|By) [P~ ’

where 0; = Z(a;, By) (set Z(n(z|By),m(a;|By)) =0 when a; L By).

Jp—1¢(z) =

This result is a general formulation of several integral geometric identities which were
used extensively in [9] and also in Paper A. The second important result in Paper D is
again an integral geometric formula, which has been the key to our boundary integral
representation of a solution to the aforementioned 'opposite’ problem, cf. Paper B.

Let z,y € S% ! and m,n € N. Then,

/ V1—(r-w)? |y w|/"dw
Gd—1

_ n+1l m d-1 m nd—1 .,
=04-1B (2,2 + 2) F <27272a81n 4(%?/)) .

Later, we found a generalized version that proved to be an indispensable tool for the
definition of the flagged intrinsic volumes.

Let z, y and z be unit vectors in R with yLlz and let a,b,c € Z. Then, if x # y and
x ¢ y*, the following identity holds,

b
/ |z w|®/1 = (y-w)? |2z - w|¢dw??
Sd—1

190 d—1 1 d—2
_0d2$.y,a3<a++6+>3<0+ )

2 2 2 227 2
00 a btctd—1 9
_ —1)s 1
% Z ( 2)50—"(_d—12 )s( ') tan2s(m,y)F <—S7—C;;C‘OSQ(;U7Z)> ’
s=0 ( 2 )s §: 2°2 s (‘T7y)

whenever both sides of the equation converge.



2.5 Discussion on a rotational kinematic formula

As mentioned earlier, a well-known result of classical integral geometry, the kinematic
formula, states, for any two convex bodies K and M, that

d
/g Vi N gM)dg = 3 Bax Ve(K) Vi (M), (2.6)
d k=j

where G is the group of rigid motions in R? and kq,jk is a known constant. The kinematic
formula can easily be proven using the Crofton formula and Hadwiger’s characterization
theorem. Is it possible to derive a rotational kinematic formula? A characterization
theorem such as the one formulated by Hadwiger does not yet exist in rotational integral
geometry, even though Alesker came very close to such a result in [2] and the erratum to
match, cf. [3]. Thus, for the time being, other strategies must be employed in order to
prove a potential rotational kinematic formula. For the rest of this section, we derive such
a formula in two special cases.

Let K and M be d-dimensional compact convex sets in R?. We shall examine integrals
of the type

/ Vi (K N pM) dp, (2.7)
SOy,

where SOy is the group of rotations in R%. For simplicity, we set the total measure of SOy
to be 1. In the special case k = d, a simple expression for (2.7) can be derived. First, note
that

Va(K N pM)dp = / 1KmpM(a;)dxddp:/ 1K(:1;)/ Loa(z) dpda.
SOd SOd R4 R4 Sod

Recalling that the group of rotations acts transitively on the unit sphere and that the
surface area of a d-dimensional convex body is 2V;_1, we obtain

/ 1pM($)dp—/ Ly(p~'z)dp
S04 SOq

x
= I d— (P) dp
/sod g MNST 2|

= 2lz[~@Dy,_, (M N |x|Sd_1> ,
Hence,
V(K O pM)dp = 2/ 2|~ @Dy,_, (M N |x\5d*1) da?
SOy4 K

and an application of the coarea formula with g(x) = |z| yields
/ V(K N pM) dp = 2/ / |~ @Dy, (M N |:c|sd—1) dzd1 dr
S04 0 JKNg=H(r)

- 4/000 r—@=Dy, (K N rSd_l) Vi (M N rSd_1> dr.  (2.8)

10



Assuming 0K NpM has (d—1)-dimensional Hausdorff measure 0 for almost all p € SOy,
a similar result can be obtained in the case k = d — 1. We find

/ Va1 (K N pM) :/ U dmd_1~|—/ da:d_l] dp
SOq4 SOq4 OKNpM OMNp~1K

- 2/ [ ~E@=DV, (M A ] §% 1) gt
0K
+ 2/ 2|~ @DV (K N 2|S971) de? L
oM
and, once again, the coarea formula implies

/ Vi (K pM) = 4 / p(d-1) [Vd_g(aK ArSTIV, (M ArseY)
SOq4 0

+ Vyo(OM NrSTHVy 1 (K nrSeh) | dr. (2.9)

Thus, in the very special case d = 2,

oo 1 1 1 1
/ VA(K 0 pM) dp :4/ x(OK NnrSHVI(M N 7S )jx(aMms WA(KNrs) |
SO 0

Similar formulae for £ < d — 1 remain to be studied. Notice that the two identities
(2.8) and (2.9) suggest that results from spherical integral geometry may be helpful in
such an endeavour, cf. [11, Section 6.5].

11
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Abstract

The closed form of a rotational version of the famous Crofton formula is derived.
In the case where the sectioned object is a compact d-dimensional C? manifold with
boundary, the rotational average of intrinsic volumes measured on sections passing
through a fixed point can be expressed as an integral over the boundary involving
hypergeometric functions. In the more general case of a compact subset of R? with
positive reach, the rotational average also involves hypergeometric functions. For
convex bodies, we show that the rotational average can be expressed as an integral with
respect to a natural measure on supporting flats. It is an open question whether the
rotational average of intrinsic volumes studied in the present paper can be expressed
as a limit of polynomial rotation invariant valuations.

Keywords: Geometric measure theory, hypergeometric functions, integral geometry, intrinsic volume,

stereology

MSC: 60D05; 53C65; 52A22

1 Introduction

Local stereology is a collection of sampling designs based on sections through a reference
point of the structure under study, cf. [14]. The majority of the local stereological methods
has been derived in the eighties and the nineties, including methods of estimating number,
length, surface area and volume. These methods have found numerous applications, in
particular in the microscopic analysis of tissue samples, cf. [8, 13, 15, 16, 20, 26, 28] and
references therein. As pointed out in [11], local stereology is closely related to geometric
tomography, especially to central concepts of the dual Brunn-Minkowski theory, see also
[10]. Up-to-date monographs on stereology are Baddeley and Jensen [6] and Benes and
Rataj [7].

Rotational integral formulae are the fundamental tool of local stereology. A theory of
rotational integral geometry, dual to the theory of translative integral geometry [25], has
evolved, including rotational integral formulae for number, length, surface area and volume
[14]. A basic tool in these developments has been the generalized Blaschke-Petkantschin
formula, see [17] and [31]. Only very recently, rotational integral formulae have been
derived for intrinsic volumes in general, cf. [4, 12, 18]. These new formulae open up the
possibility for developing local stereological methods of estimating curvature (for instance,
integral of mean curvature).
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One of these formulae shows how rotational averages of intrinsic volumes measured
on sections are related to the geometry of the sectioned object X C R?. The rotational
average considered is of the following form

/Ed Vie(X ﬂLj)dL?, (1)

0 <k <j<d, where ll;l is the set of j—dimensional linear subspaces in R?, Vj, is the
kth intrinsic volume and dL? is the element of the rotation invariant measure on E? with

total measure
d __
/ dLj == Cd,j’
z

__9d0d—1"""0d—j+1
“dj = 0010 ’
jvi-1 1

Here,

where o), = 273 / F(%) is the surface area of the unit sphere in R*.

The rotational average (1) is an example of a rotational invariant valuation. Such
valuations have been studied in recent years by Alesker [2] among others. For k = j, (1)
is the jth dual elementary mixed volume, cf. e.g. [19], and we have

Vi(X N Lj)dLY = cq_1,j-1 / ||~ dg?,
ﬁ;ﬂ X

where dz? is the element of the d—dimensional Lebesgue measure, cf. e.g. [18, (9)].

The situation is more complicated for k& < j. Assume (for simplicity) that X c R?
is a compact d—dimensional C? manifold with boundary. For a boundary point « € 90X,
let n(z) be the unit outer normal vector to X at z, let x;(x), i = 1,...,d — 1, be the
principal curvatures at € 90X and a;(z), i = 1,...,d — 1, the corresponding principal
directions. In [18], it was shown under mild regularity conditions (O ¢ 0X and for almost
all L; € E?, there is no « € 0X N L; with n(x) L L;) that the rotational average (1) is of
the following form

Vi(X 1 L)AL = /8 Y @] s@n ), 2)

IC{1,..d—1} iel
[I|=j—1-k

E d

provided the integral exists. In (2), H* denotes the k—dimensional Hausdorff measure.
The weight functions wr ;; are non-negative functions defined on dX. The function
wr jx(x) depends on the linear subspace spanned by the principal directions a;(z), i € I.

If X is a ball, the function wy ; is constant and the rotational average is therefore
proportional to the (d — j + k)th intrinsic volume of X which has the following integral
representation

Vi—jn(X

/8 [ 7i@) 1 (da),

agj;
Ik JOX 12T kel

cf. [24, Section 13.6] or [27, Section V.3].

In the present paper, we derive a simple closed form expression of wy ;, involving
hypergeometric functions. We show that wy ;x(x) depends on the norm of z and of two
angles: the angle ((z) formed by x and n(x), and the angle aj(z) formed by z and
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span{a;(x) : i ¢ I}. This expression allows us to understand the geometric structure
of the rotational average and derive a simplified form of the integrand at the right-hand
side of (2) at locally spherical boundary points. Furthermore, it will be shown that for
convex bodies the rotational average can be expressed as an integral with respect to a
natural measure on supporting (j — 1 — k)—dimensional flats. This result gives new insight
concerning the question of characterizing rotation invariant valuations [2, 3].

The paper is organized as follows. In Section 2, we provide background knowledge on
hypergeometric functions and angles of subspaces. In Section 3, the closed form expression
of wy ;1 is presented. The proof of the result is deferred to the Section 7. In Section 4,
further simplifications are derived for locally spherical boundary points. In Section 5, a
reformulation of (2) is derived in terms of an integral with respect to a natural measure
on supporting flats. In Section 6, we discuss the possibilities for expressing the rotation
average as a limit of polynomial rotation invariant valuations.

2 Preliminaries

2.1 Hypergeometric functions

A hypergeometric function can be represented by a series of the following form

. T'(a+ k)T b—l—k‘)z

I
F(b — I'(c+ k) k!

F(a,b;c;z) =

When a = 0 or b = 0, the hypergeometric function is identically equal to 1. The series con-
verges absolutely for |z| < 1. In case 0 < b < ¢, we can also represent the hypergeometric
series by an integral

1
F(a,b;e;2) = m/ (1—2y) %" (1 — )" dy. (3)

Here B(s,t) =T'(s)I'(t)/I'(s +t) is the Beta function. When z = 1, the extra assumption
¢—a—b> 01is necessary. Transformation formulae for hypergeometric functions are often
useful. In particular, we shall use the following formulae, cf. [1, (15.2.17), (15.2.20) and
(15.2.24))],

(c—a—1)F(a,b;c;2) +aF(a+1,b;¢;2) = (¢ — 1)F(a,b;c — 15 2), (4)
c(l1—z)F(a,b;c;z) + (c—b)zF(a,b;c+ 1;2) = cF(a — 1,b;¢; 2), (5)
bF(a,b+1;¢;2) = (c—1)F(a,b;c — 1;2) — (c—b—1)F(a, b; ¢; 2). (6)

We shall also use the following integral representation which can be obtained from (3),
using the substitution y = r2/(1 + r?)

b Z h c = 1 . .
/O ( HTQ) (r) =3 (1 +72)~ dr = S B(b,c~ b)F(a,bic;2). (7)

This integral representation is valid under the same assumptions as in (3).
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2.2 Angle of subspaces

For zq,...,x2p € R?, p < d, we let P(x1,...,xp) be the parallelotope spanned by z1, ..., z,,
P(xy,...,zp) ={ Mz + -+ XA : 0< A\ < 1i=1,...,p}.
We denote its p-dimensional volume by
Vp(z1,...,xp) = HP(P(z1,...,2p)).

This quantity equals the norm of the corresponding p-vector z1 A --- A x.

Definition [30, p. 532]. Let L, € Eg and L, € ,Cg. Choose an orthonormal basis of
L, N L, and extend it to an orthonormal basis of L, and an orthonormal basis of L,. Then,
G(Lyp, Lg) is the d-dimensional volume of the parallelotope spanned by these vectors. [

For any two linear subspaces L, and L, G(Lp, Ly) can be regarded as a generalized
sinus of the angle between L, and L. In particular, for d = 3 and 0 < p,q < d, it is easy
to show that G(L,, Ly) is simply |sin | where « is the angle between L, and Lj.

If dim(Ly, + Ly) < d then G(L,, Ly) = 0. In the case dim(Ly, + L,) = d and either p =0
or ¢ =0, then G(Ly, Ly) = 1. Finally, if dim(L,+ Ly) = d and 0 < p, ¢ < d, we can choose
orthonormal bases for

L,NLy : a1,...,0p19—d
LyN(LyNLy)* & b1y bayg
LoN(LyN L)t & ceryeeycap

Then,

Q(Lp, Lq) = Vd (al, cooy Optg—ds bl, ce ,bd_q,cl, N ,Cd_p)
- vd—q (p(b1|LqL)7 e 7p<bd—q|LqL))

= vdfp (p(cl|L;_)7 oo 7p(cd*p|L;_)> )
cf. [14, Proposition 2.13 and 2.14].

If both L, and L, are contained in a subspace L, of R?, we can consider the G-function
relatively in L,. This will be denoted by GU)(L,, L,). If L, L 2 (xr € R% 2 # O), then
the following identity holds, cf. [14, Proposition 5.1],

(z ) 1
g(LP7Lq) = COSZ(vaq)g (L%Lqu ) (8)

where z is the orthogonal complement to the linear subspace spanned by x.
The integral over the whole Grassmannian of the squared G-function is constant

. G(Li, L;)*dL{ = Kicqg, 9)

where Kidj = m if i + j > d and 0 otherwise, see e.g. [21, Lemma 4.3].
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3 The closed form of wy

We shall formulate the main result, the closed form of wy ;, for a compact set X with
positive reach, in order to cover both important applications, convex bodies and sets with
C? smooth boundary. The reader can for his/her convenience always imagine one of these
two particular cases.

Let X C R¢ be a compact set with positive reach and let nor X denote its unit normal
bundle. Let k1(x,n),...,k4—1(x,n) be the principal curvatures and a1 (z,n), ..., aq-1(z,n)
the corresponding principal directions defined almost everywhere on (x,n) € nor X, see
[18] for further details. If X is smooth, then the unit normal n = n(z) is a function of
x € 0X and

nor X = {(z,n(x)): x € 0X}.

Hence, all the functions defined on the unit normal bundle nor X can be considered as
functions on 0X.
In [18, Theorem], it was shown for 0 < k < j < d that, under the following assumptions

(Al) O € 90X,
(A2) for almost all L; € ﬁ;l, there is no (z,n) € nor X with z € L; and n L z,

the rotational integral equals

/Vk(Xij)dL;-l
£
:/ S wrjlz,n) dHl“ ) i1 4, m)), (10)
nor X rery a1} [T50 /1 + K2 (2,n)
Tl=j -1k

provided that the integral exists. Here,
wy g, n) = o5 2P ~1Q; (x, n, Ar(x, ), (11)

where
Ar(z,n) =spanf{a;(z,n): i ¢ I} € Eill—l—m'

For A, € [,g, the function @); is defined as the following integral

g(LJ"Aq)2

2l grd 12
plnl L[5 1 E00 -

Qi A) = [
L
J(1)
where £?(1) is the set of j—dimensional subspaces containing the line spanned by x and
p(-|L;) indicates orthogonal projection onto L;. If j =1 and « L n we set Q;(z,n, Ay) :=
0. In the case where X is smooth, (10) reduces to (2) with wr ;r(z) = wr jx(x,n(x)) and
ki(z) = Ki(x,n(z)).
Our main result formulated in Theorem 1 below follows from an expression of @); as a
linear combination of hypergeometric functions. We use the notation

B(z,n) = ZL(x,n) € [0,7], ar(x,n):=~L(z,Ar(x,n)) € [0,7/2].

Note that « # O if (z,n) € nor X by (Al). The proof of Theorem 1 is deferred to Section
7. The cases j = 1 and j = d are treated separately in Remark 1 below.
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Theorem 1. Let 0 < k < j < d, j > 2 and let I be a subset of {1,...,d — 1} with
\I| =7 —1—k elements. Let X C R be a set with positive reach. If (A1) and (A2) are
satisfied, then (10) holds with

wr jk(,n) = Capslzl = [f1(B(z,n)) + f2(B(x,n)) cos® ay(x,n))]

and
- (-DWd+Fk—j—1)!
Cakj = ) kCd-1,-1 T

The functions fi and fa, defined on [0,7], are given by

h(B)=(d+k=3)F (j%k»?;d%l;sin%),

07 ﬂ:O,ﬂ',
G = dF (58, 545, =%
f2(B) = (j—d—(d—1)cot? B) Tk,TJ,% sm25>
k

+(d—1) cot? BF (JT, di d-l.g Qﬁ) . B#£0,T,m

Remark 1. Note that if j = 1 then, necessarily, &k = 0, I = @ and Qi(z,n,n") =
|cos B(x,n)|; hence, wyo(z,n) = i|z|'~% cos B(z,n)|. If j = d then no integration is
carried out in (1) and we have wy 4 = U;_lk. These two particular cases are not included
in Theorem 1. O

Two special cases were already derived in [18]. Let & = 0 and j = d — 1. Let
Ar(x,n) = span{a}. Assume that as(z,n) = Z(z,a) > 0 and 0 < B(z,n) = Z(z,n) < .
Let 6(x,n) be the angle formed by the projections p(n|zt) and p(a|z’) (cosd = Csfrslz;orfg,
see the end of Section 7). Then, we find, using (6),

1
wrd-10(x,n) = mm_l sin? oy (z, ) [sin2 O(x,n)F (d;—l, %; %; sin? ﬁ(x,n))
+ cos? O(x,n)F (d;—l, %; %; sin? Bz, n)) } ) (13)
This agrees with the result presented in [18, Section 4.2].
When k = j — 1, we have I = (), A;(x,n) = span{a;(z,n): i =1,...,d—1} = n* and

Z(x, Af(z,n)) = § — Z(x,n); hence, cosas(x,n) = sin B(x,n). Then, by applying (5), we
obtain

Cd—1,j— —(d—j i de1. -
wrgjo(w,n) = o]~ E (<4, 4k Shisin? B, m)) (14)

Combining (2) and (14), we find in case of C? smooth boundary (cf. [18, Section 4.1])
/ Vio1(X N L;)dLY
e
_ G-l / ]x|_(d_j)F (—%7 %; %; sin? 5(%)) dz® 1,
0X

2
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4 Further simplifications

At locally spherical boundary points, the rotational formula may be further simplified.
First, we derive a simple expression for the sum of wy ;i (z,n).

Lemma 1. For 0 < k < j <d,

Z wr j k()

1C{1,...,d—1}
[I|=j—1—k
Cd-1,5-1 (J =L\, \—(da—j (j—k—Q d—j . d—1. . 2 )
= —r x F ==, ; ;sin” B(z,n) ) .
et (1 2, 4 85sind (o)

Proof. Recall that Ar(z,n) = span{a;(z,n): i ¢ I} and ay(x) = ZL(z, Ar(x,n)). We find

Z cos® ay(z,m) = Z Ip(z|Ar(z,n))|* = Z Z x - ai(z,n)

|I|=j—1—k [I|=j—-1—k [I|=j—1—k i¢I
d—1
- Y Yeatwnr=3(, " )@-ai(x,n»?
[I|=d—j+k i€l o\t k -1

- (j f ;E 1) Ip(z| span{ai(z,n),...,aq_1(x,n)}?

d— d—
= (02 ety = (42 ) s o)

Using Theorem 1 and (5), we arrive at the following formula

gkl Y wrjk(z,n)

[T|=j—1—k

G-tk —j-1) d-2
— G-l (d— D)k! j—k—1

X [(] — 1)sin? B(z,n)F (%, %; %; sin? g (z, n))

+ (d — 1) cos? B(z,n)F <J%k, %; dg—l; sin? B(z, n)) ]

Jj—1 k2 dej de1. -
ZCdl,j1< I )F(J L Q,dTJ;%;SlfPﬁ(l’an))-

O

In case k =0 and j = d — 1, the expression above reduces to the one in [18], namely

Cd—1,d-2, |— _ 1 .
> wramro(e,n) = 2 a| TF (453, 5 4 hisin® B(a,m))
|I|=d—2

Let us look at the simplifications of the rotational formula implied by Lemma 1 in
the case where X is a compact d—dimensional C? manifold with boundary. In this case,
there is a unique unit normal n(x) at each x € 0X. The weight functions wr j and the
curvatures k; can be regarded as functions of z only.
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It follows from Lemma 1 that at locally spherical boundary points x € 9X where
ki(z) = k(x), i =1,...,d — 1, the integrand of (2) simplifies to

> wrk@) [ rix)

Ic{1,...,d—1} iel
[I=j—1—k

_ Cd-15-1(J—1 —(d—j j—k—2 d—j.d—1, : 2 i—1—k
_H< I >|$| @ p (J 5 50 Tg;sin 3(@) K(z)’ :

For k = j—2, this hypergeometric function is identically equal to 1. If almost all boundary
points are locally spherical, we get
Doy o '
/ Vi_o(X N Lj)dLY = G = Dearj / 2|74 () dz? 1.
cd 2m ox

Unfortunately, locally spherical boundary points are rare unless X is a finite union of
disjoint balls.

5 The rotational average as valuation on convex bodies

In this section, we will show for convex bodies that the rotational averages of intrinsic
volumes can be represented as integrals with respect to natural measures on supporting
flats.

For this purpose, let X be a convex body in R?. For convenience, we introduce the
following short notation for the rotational average

Py ;(X) = /ﬁd Vi(X NLj)dLY,
J

0 <k < j <d. According to [18, Proposition 2|, ®; ;(X) < oo whenever X is a convex
body. Clearly, ® ; is a valuation which is continuous with respect to the Hausdorff metric
on convex bodies and O(d)-invariant (see [2]).

We shall find an expression of ®; ; as an integral with respect to a certain measure
Lgyr—j(X;-) associated with the convex body X. This measure is supported by (j —
k — 1)—dimensional affine subspaces “locally colliding” with X. The measure has been
introduced by Firey [9], see also Weil [29], and, independently, and in different settings,
in connection with absolute curvature measures by Baddeley [5] for smooth bodies and by
Rother and Zahle [23] for sets with positive reach.

Given a convex body X and 0 <¢<d—1, let

FUX) = {(z,n,L;) : (z,n) €nor X, L; € LI (n1)}.

Note that for (x,n, L;) € F4(X), z+ L; is an i—dimensional affine subspace that supports
X at z. The projection

maps FZ(X) into the set of i—dimensional affine subspaces in R? supporting X. The image
of f will be denoted by A¢(X). Consider the following natural invariant measure p;(X; )
on A%(X), defined by the following equation for an arbitrary nonnegative measurable
function on A¢(X),

|, neromesae = [ f Bz, L) HO— 1 (d2) L.
AHX) £4 J{z: (2,L;)€AL(X)}
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Then, the measure I'y_;_;(X;-) on F3(X) is defined as
[, en LT i(Xid(om L)
FHX)

- /A Z g(x,n, L) pi(X;d(z, L)),

1 (e, Loef 1 (L)

where g is now any nonnegative measurable function on F&(X).
The following integral representation for I'y_1_;(X;-) was derived in [23]

[ 960 B Pt s e, £0) (15)

_(d=1\ 4 Z [Licr mi(z,n)
- Z O-i—‘rl X d—1 2
nor X g1 [Tioy /1 + i (2, )

8 / g(li, n, L’L) g(nL)(L“ AI($> n))Z szdil Hd_l(d<$a n))
i (nt)

The result of this section follows:

Theorem 2. Let X be a convex body in R* with O ¢ 0X. If0 <k < j <d, j > 2, then
O 5(X) —/ g(x;n, Lj1-1) Parr—j(X;d(z,n, Lj—1-1))
FL ()

with
g(x,n, Li_1_1) = Ciy. ilal~ [91(B(2,n)) + g2(B(x, n))|p(Z[ Lj—1-x)[*]

Here & = z/|x|,

d—1 \"
Cél,khj = Cd’kvjajk< k,) ?

j—1-
1
(B) = —= —— f2(83)
R T T
" o VL
Y e B j—1- .9
a1(B) = CdLdrig (fl(ﬁ) M;l:ffk ~ N}i:f,k sin ﬁf2(ﬁ)> )

The functions fi and fo are given in Theorem 1 while the constants M;l__ll_k and N;.l__ll_k
are given in Lemma 4 in the Appendiz.

Proof. Let us decompose T as
z = p(z|Ar) + p(z| span{n}) + p(z|Af Nnb).

If x X Ap, ie if a # 7/2, we can write p(Z|Ar) = (cosa)m(z|As), with the spherical
projection

y = m(z|Ar) = p(z[Ar)/Ip(z|A7)]-

(Note that we can use this identity even when oo = /2, choosing any unit vector for y.)
Analogously, we denote 2z = m(Z|A7 Nnt) and we get

T = (cos )y + (cos ) n+ /1 — cos? o — cos? 3 z.
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For L = L;_1_j L n, we have

p(2|L)|* = cos® alp(y|L)[* + (1 — cos® a — cos? B)|p(z|L)[”
+ 2cos ay/1 — cos? o — cos? B p(y|L) - p(z|L).

Integrating with respect to dLd- . 1 o the last summand vanishes. Thus, we get, using
Lemma 4,

/Ld L (L)| P(Z|Lj—1-k)] g(n )( j—1—k> Ar(z, n))2dL;j:%_k (16)
j—1— kT

2

= cos aMd 1+ (1 —cos o — cos? B)N4- -,

J
_ d-1 d-1 2 o ard
= cos a(Mj 1k — N ) +sin 5Nj717k

Omitting for brevity the indexes at M and N, we get from (15), (9) and (16)

Joar; e
= Cajjlzf ™ [Cd—l,j—l WK 1 gk o1 + (M = N) cos 04+Nsm2ﬁ)92}-

The proof is finished by comparing the last expression with Theorem 1. Note that the
assumptions (A1) and (A2) of Theorem 1 are fulfilled. In particular, (A2) is fulfilled for
convex bodies, as shown in [18, Proposition 1]. O

6 An open question

An O(d)-invariant valuation ® on the set of convex bodies is called polynomial if z —
®(K + x) is a polynomial for any convex body K. Alesker [2] showed for d > 3 that any
continuous polynomial O(d)-invariant valuation ® can be expressed in the form

d—1
X) = z% /nDrXpi(|x|2,m 1) ©;(X, d(z,n)),

where p1,...,p4_1 are polynomials in two variables and ©;(X,-) are the (extended) cur-
vature measures of X defined as

/h(m,n) O;(d(z,n))

-1 Hze] R (l‘ n)

:Ud—i/ h(z,n) Z -
nor X =i [T /14 K2 (2, n)

He also showed that any continuous O(d)-invariant valuation is a locally uniform limit of
continuous polynomial O(d)-invariant valuations, but he later found a gap in the proof
(see [3]) and the validity of this assertion remained open. It seems plausible to expect
that if this conjecture was true, then every continuous O(d)-invariant valuation could
be expressed as an integral over the unit normal bundle. The valuations ®; ; given by
rotational integrals are expressed as integrals over the larger flag manifolds ff_l_k(X )
and we doubt that they could be given as integrals over nor X if k < j — 1. This leads us
to conjecture that these continuous O(d)-invariant valuations cannot be approximated by
polynomial valuations.

HEL(d(x,n)).
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7 Proof of Theorem 1

Let X be a set with positive reach fulfilling assumptions (A1) and (A2), let (z,n) € nor X,
0<k<j<d,j>2,and let A; be a subspace perpendicular to n and of dimension

g=d—1-(j—1-k) =d—j+k

(Note that j + ¢ > d.) We will derive a closed form of Q;(z,n,A,) from (12) that will
prove Theorem 1.

We first rewrite the integrand in (12), using subspaces in 2. We use here and in the
following the notation L;(M) for the set of r-dimensional linear subspaces contained in
M € £2. Recall that 8 = B(z,n) = Z(z,n) and a = £(x, A,).

Lemma 2. Let A, € Cg_l(nj-) and let Ly = Lj_1 @ span{z}, where L;_1 € E?j(xJ-).
Then,

G(L;, Ay)? = sin? ag@“(Lj_l,p(Aqu))? +cos?a g@”(Lj_l, Ay nat)2 (17)

Proof. If a = m/2 then A, L =z, p(A,|z+) = A, and (17) is obvious. If a = 0 then (17)
follows from (8). It is thus sufficient to consider the case 0 < o < 7/2.
Consider first the case j + ¢ = d. Then,

dim(Lj_; + A;nat) <d—1

and the second summand of (17) vanishes because Q(mL)(Lj_l, AgNat) = 0. In order to
prove (17) in the case j 4+ ¢ = d, first notice that if dim(L; + A;) < d, then left- and
right-hand sides of (17) are both zero. If dim(L; + A,) = d, we can proceed as follows. Let
{a1,...,aq} be an orthonormal basis of A, such that a; = m(z|4,) and a; Lz, i=2,...,q.
Then we have
G(Lj, Ag) = Vg(p(ar|Ly), plas|Li), - ,plag|L;))

= Vy(p(p(ar|at)| Ly ), paz| Ly ), - -+ plag| L))

= \p(a1|$L)|Vq(p(7T(a1|$L)|Lf)ap(a2|le)7"' 7p(aq|Lj_))

= |p(ar]a)|Vo(p(m(arlet )| Li_y1), plas| Li1), - plag|Li1))

= [sin £, 4|6 (Lj—1, p(Aqleh).
Let now j + ¢ > d and choose an orthonormal basis {u1,...,u;_1} of L;_;. Given an

index set I C {1,...,j — 1}, we shall write L for the linear hull of {u; : i € I}. We have
by [18, Lemma 1],

G(Lj, Ag)* = Y G(Lr,A)*+ D G(Li+spanfz}, 4,)°.

[1]=d—q |T=d—q-1

By applying (8) to each summand in the first sum and by repeating the above procedure
from the case ¢ + j = d to each summand of the second sum, we obtain

g(Lijq)2
= Z COSQOég(xL)(L],Aqﬂxl)Q—F Z Sin2ag(xl)(L[,p(Aq|xl))2
[1|=d—q |I|l=d—q—1

= cos? ag(ml)(Lj,l, A, Nxt)? + sin? ag(zl)(Lj,l,p(Aj,1|:Jcl))2.
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The case z||n will be treated separately, hence, we assume that § = 3(z,n) € (0 ).

We introduce a function of a unit vector and a linear subspace in R4 2 2+ which
will be needed for the computation of Q;. Let d—j <p <d—-1, B, € Eg Land m e S92,
Define

L;_1,B,)?
191 (m, B,) = / (L1, By) —dri. (18)
£571 (cos? B+ [p(m|Lj—1)|?sin® §) 2

Note that using Lemma 2, we have by (12)
Qj(z,n, A;) = sin? aId L(m, p(Aglzt)) + cos aId L(m, Ay nat), (19)

where m = 7w(n|zt). We thus need to evaluate the integral (18) which is done in the
following lemma. Recall that the constants ng are defined after (9).

Lemma 3. Let p,q, By, m, 3 be as above, and denote 0 = Z(m, By). If 3 # w/2 then,
_ 1 _ _; .
1=} (m, B) = ]—)cd,m,lK;l_ip [(p —(d—1)cos’9)F (Tq, iy AL gin? g)
+(d—1)cos? OF (Tq, %; 6521,51n2 ﬁ) }
If 6=0=m/2 then

d— d—j
= (m, By) = ca_1 ;1K1 F (Tq 7 ) :
Proof. We shall treat only the case 5 € (0,7/2)U (w/2,7); the case § = 6 = 7/2 is similar
but simpler.

The first step will be to transform the integral over a Grassmannian into an integral
over a sphere. To achieve this, we apply the coarea formula to the mapping g : L;_1 +—
7T(m|Lj{1) defined on E;»lj N{L:m ¢ L} with Jacobian Jy_2g(L;j_1) = tan?==1 ¢, where
¢ = é(m,Lj‘_l) = Z(m,u) and u = 7T(m|Lj-_1) (cf. [21, Lemma 4.2]; note that L;_; —
Lj;l is an isometry). The range of ¢ is the semisphere 51_2 ={y €81 y.-m > 0}.
Using that

g 'u) ={L;j—2 ®span{v}: L; o € £?:§’(vL nm*)}, uweSsi?
where v = m(m|L;j_1), we get
17 (m, B,

)
_ / / g(LJ 1vB )2 1 de_ng_z(dU)
5972 Jg=1(v) (cos? B + sin? ( sin? ﬁ) ot Jj2g(Lj1) 77

1
/512 (cos? 3 + sin? ( sin? B)% tand—Ji—1¢

X / G(Lj—2 @ span{v}, Bp)QdL;-l:g’Hd_2(du).
£373(wtnmL)

In order to evaluate the inner integral, we first apply (8):

G(Lj1, By)? = cos® Z(u, B,)G" (L1, By nut )2,
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and then, we use Lemma 2 for the decomposition of Q(“L)(L]—_l, B, Nut)%
g(“l)(Lj_l, B, Nut)? = sin® Z(v, B, N uL)g("lﬂ”L)(Lj_g,p(Bp Nutlot))?
+cos? Z(v, B, N ul)g(“Lﬂ”L)(Lj_z, B, Nnut not)?.

Note that the second term vanishes when d = p+ j. Using now the identity (9), we obtain

L g( _o @ span{v}, Bp) dL? 3 = cos® Z(u, B,)
£i-

X (Sin2 Z(v, By Nub)eq 3. 2K 2p L+ cos? Z(v, By Nut)eq ;- 2K3_2p 2)

= cos® Z(u, Bp)cq—3 - QK]_QP 1 (1 - ]llcos Z(v,BpyNu ))

Due to the definitions of v and v, we can write
m = p(m|v) + p(m|vt) = vsin ¢ + ucos ¢,

hence L
B, N
cos® Z(v,BpN ul) = [p(m| By O u)| )

sin? ¢
Consequently, we obtain
I;»lfll(m7Bp) = Cd—3j— 2K i (Gl ﬁIIGQ) ; (20)

where )

Gy = / Ip(u]B,) M2 (du) (21)

d— .
5972 (cos? 3 + sin? ¢ sin® B) 2" tand—i-1¢

and

G2 — /S \p(m|BpﬂuJ-)|2|p(u|Bp)|2cosd*j*1 CHd72(dU). (22)

172 (cos? 3 + sin? ( sin? ﬁ)% sind=it1¢
Using the coarea formula with ¢ : ST2 \ span(m) — S%3(m') defined by p(u) =

m(ulmt) =: ug and with Jg_sp(u) = (sin Z(u,m))~(4=3) we obtain (recall that { =
Z(u,m))

By) 2Tt
G = / / PClBp)PacsPlt) g qyp0-3quy)
§4=3(m) Jo=1(uo) (cos? B + sin’ ¢sin? B) 2 tand—I—1¢

2 d—j—1 7j—2
/ / |p(u|Bp)|* cos Csm T C'Hl(du)Hd_?’(duo).
Sd=3(mL) Jo=1(ug)  (cos? B + sin? ( sin? ﬁ)

Define € : Ry — ¢~ !(ug) by &(r) = 1t — 4 with J1£(r) =

2 |u0 “rm] Note that cos?( =
cos? Z(&(r),m) = = and sin? ¢ =

1~|»7"2
The area formula implies

1+7"2

d—j—l

oo B 2/ 12 1 % d
G [ [HOBPE T GT 0,
§4=3(mL) Jo (cos? B + 22 ﬁ)T 1+r

We now use that

[p(uo| By)[? + rp(m| By)|* + 2rp(uo| By) - p(m| By)
1472

[p(&(r)| By)|* =
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which, using the equality fsd,3(ml)p(u0|Bp) -p(m|B,)H33(dug) = 0 and (7), lead us to
the following expression

—j—1

B 2 2 B 2 2
a :/ > (Ip(uo| Bp)|” + 7 |p(m|d,f)| )(r)* 2 4rH(dug)
sd=3(mt)Jo  (cos? 3+ 14} ssin?B) 2 (14 7“2)7
1 d—j j+1 d—q d—j.d 2
=3B (TJ jT) F (Tq L s 5) H, (23)
38 (52 50 F (%54 52 4 sin? ) [p(m] By) Pou

with
H = / Ip(uio| B,) 2H3 (du).
54-3(mL)

The convergence criterion in (7) is satisfied since 1 < j < d and 0 < 3 < § by assumption.
Note that the differences between G; and G5 are the extra terms sin2C and

ulBy Nm>)[?

1y2 2 |p(

Hence, G2 can be rewritten as

Ip(u|Bp N m™>)|? cos?I71¢

i) | T ggira)
! 5972 (cos? 3 + sin? ( sin? B)% sind=it+1 ¢

By applying the area formula for the mappings ¢ : u — 7(ulm™’) and € : r — ‘Zgi:%, the
integral above becomes

B IV[2 eoad—i—1 f qini—4
/ / |p(u| P nm )l COoS Cjil CHl(du)Hd—S(duO)
§d=3(mt) J o= (uo) (cos? 3 + sin?  sin? ,8)_

> (p 1472
_/Sd . |p(u0|BpﬂmJ‘)|2/ ()7 ( >d — der 3(dug),

0 (Cos2 8+ S{Lﬁ)

where we used |p(¢£(r)|B, N mL)? W%N for the last equality. Using (7), we
obtain ,
B o ,
Go = B (150, 421) (0, 450 85 6) 20
with
o= [ ol Byt PR )
Sd—‘%(mL)

Note that |p(uo|B, Nm™b)|?> = G(ug, B, "' m*)? and, since the integration over S9=3(m™)
is, up to a factor 2, the integration over the Grassmannian Cg:g(mJ—), we can apply (9)
and obtain

Hy =04 3K{5, | =waalp—1), (25)

where wy = o1 /k is the volume of the unit ball in RE. In order to calculate Hi, we use
the decomposition

[p(uo| By)|? = |p(uo| By nm ) + (ug - mo)?,
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where mo = 7(m|B,). We have ug - mo = sinf(ug - m1) with my = m(mg|lm*). Since,
again by (9),

/ (uo - 1) H* 3 (dug) = wa-,
Sd S(mi)
we get
Hy = wg_o(p—1) 4 sin® bwy_o = wy_o(p — cos® 6). (26)
By inserting (26) into (23) and (25) into (24) we get

G- wq—2(p — cos 9)B <%g j+1> r (d—q dj. dtl g2 ﬂ)

2 ) 2 972 0 2
o) 2C0529 d—j+2 j—1 d d—j+2 . d+1 2
+ B( 7 )F(_qu 5 Ssin B),

and

o(p — 1) cos? 6 . .
G, = Ya2p . ) cos B(d’J H)F(H d*ﬂ-ﬂﬂinzﬁ),

— D (p— 1) cos?OF (T‘I,%;%;sirﬁﬁ)]-
Applying (6) to the middle hypergeometric function, the expression above can be rewritten
LY m By) = deama -2k, waaB (%52 55)
X %(p —cos? 0 — (d — 2) cos? O)F (Tq, %; 4L sin® 5)
T (j — 1) cos? eF(Tqv%d;;asmzﬁ)]
Use

, —1
(J — Dca—3,5- 2K 2p 1Wd— 2B( 2jv 5)
j=lp ™ 2(d—1)

and the proof is complete. O

Proof of Theorem 1. If B =0 or 7 then z||n, a = 7/2, p(Ay|zt) = A, p(n|L;) = n and
()j can be obtained by using Lemma 2:

Qi Ay) = [ 6Ly, 4, AL,

The result is then obtained using (9).

In the case # = 7/2 we have m = n, hence, § = m/2, and the result follows using (19)
and Lemma 3.

Assume in the following that 8 € (0,7/2) U (7/2,m). We use the form of Q; =
Qj(xz,n,Ay) given in (19). In the first summand in (19) we have a factor of the form
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I;ljll(m, Byp) with p = dimp(A,|zt) = ¢, unless @ = 0. Assume thus that « > 0. Let
0 := Z(m,p(Aqlzt)). We shall show that

cosf = M. (27)
sin a sin 8
Since
n — p(n|x) 1 ( cos 3 >
= T = " n — xX s
lp(nlz+)[  sinj ||
we have

p(mlp(Aqla™)) (nlp(Aql2)).

1

~ sin ﬂp
If o = 7/2 then p(A,|zt) = A; L n and we get cosf = 0, verifying (27) in this particular
case. Assume now that « € (0,7/2). By using the decomposition 4, = span{a}®(A,Nz"),
where a = 7(z|A4,), and that nl A,, we get

p(nlp(4g|z™)) = p(nlm(ala™)),

where

) L o).

Since n_La, we obtain

1y, .
cos ) — \p(m|p(Aq|£EJ‘))| _ |7T(CZ|1' ) ’IL| — 1 (COSOz_x| n) s

sin 3 sinasin 3 x|

verifying (27) again.
In the second summand we have a similar factor with p = dim(4, Nzt) = ¢ — 1 and

0 = 3, i.e cosf =0. Lemma 3 together with the identity

imply

e |
+COS204%(Q— DF (452, 454 4 isin? ) }

The result now follows by using (27). O
Appendix

The following lemma gives the values of the constants appearing in Theorem 2.

Lemma 4. Let Ac L3 .,y LA z€A, |yl =|z|=1. Then

-1
d. 2 9 jvd_ Cdvi-1(d—1 itd d—i
M= [ QA VPV v = S (17 ) (5t 451),

2\ L
N = [ GV plelv)P avy = d() Mg
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Proof. First, we apply the coarea formula with
o: Vi aylVi) =1v, Ji_1p(Vi) = tan’~ !,

with v := Z(y,v) = Z(y,V;) (cf. the beginning of the proof of Lemma 3). We get

2
M = ST G(A, Vi)? AV HY (dw) (28)
s Ty Sy

a1 tan®~ " vy
(ST ={ve ST :v.-y>0}). Sincey L Aand v L V;Nyt, we obtain using twice (8):

G(A,Vi)? = cos®vGW ) (A, Vi N yt)?
= cos?4|p(v]A) PG (A NtV Nyt

Further, o~ {v} = {V/_, @span{v} : V/; € LI Z(y* nwvt)}, thus
[ GV = ot slpela) [ G0 AN et in gt v
Mo}
d—2\""
— ot slp(ul)Pes2ia ()

by (9). Inserting this into (28), we get

d—2\ " cosit3 B
MY = ey iy ( ) / 7 (o] A) P HA (o).
S

1—1 d-1 gin®~
o v

~

We apply now the coarea formula with ¥ : v +— v -y, Ji(v) = sinvy, v~ H{r} =

VI 12502

M =c <d B 2) B /1 77##3 / |p(v|A)\2 Hd_Q(dv) dr
i — Cd—2,i— . - )
2 ! 71— 1 0 (1 — 7“2)1/2 ¢—1{T}

where

/ Ip(o] ) 12 (dv) = (1 — 12)@-D/2 / Ip(o] 4)2 dv
¢_1{r} Sd—2

— (1 _ ,r,2)(d72)/2 g(A/UL)Q dv

gd—2
_ d—i,d—
= (1-r%)¢ 2)/20d—1Kd—id—12'—1
=g I 2y

d—1

(we used (9) in the last but one equality). Hence,

d—2\ ‘'d—i [ i
M =cq 9 1041 (z B 1) 771 /0 P31 — p2)di=2/2 gy

After routine calculation of the integral we finally arrive at

-1

d_ Cd—1i—1 (d—2 4 dei

M = —= (._1> B (42,41,
d—i ¢
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For the second integral, we use:
N = [ Gt Vb - VR avit

_ / G(AL, V2 AVt — / (A, Vi 2 p(=| Vi) 2 vt
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1 Introduction

For a compact subset X of R?, satisfying certain regularity conditions, the classical Crofton
formula relates integrals of intrinsic volumes defined on j—dimensional affine subspaces to
intrinsic volumes of X,

/d V(X N F)AFY = cqjxViejoi(X),
s
J

j=0,1,...,d, k=0,1,...,j. Here, .7-']4 is the set of j—dimensional affine subspaces and
dFJd is the element of the motion invariant measure on j—dimensional affine subspaces in
R?. Furthermore, Vi(X), k=0,1,...,d, are the intrinsic volumes of X. Finally, ¢4 is
a known constant.

Motivated by applications in local stereology, a rotational version of the Crofton for-
mula has recently been derived, cf. [8]. This formula shows how rotational averages of
intrinsic volumes measured on sections passing through a fixed point are related to the
geometry of the sectioned object. More specifically, for a compact subset X C R? of
positive reach, the functionals 3; i, satisfying

/[,d V(X N L)dLT = B 1(X),
J

j=0,1,...,d, k=0,1,..., 7, have been determined in [8]. For k = j, 3;,;(X) is a simple
integral while in the case k < j, (;1(X) is a complicated integral over the unit normal
bundle of X, involving principal curvatures and hypergeometric functions.

In the present paper, we address the 'opposite’ problem of finding functionals «; ,
satisfying the following rotational integral equation

/Ed aj k(X N L)AL = Vo jr(X), (1)
J

7=0,1,....dand k=0,1,...,5. The solution of the problem is inspired by some recent
work reported in [3] and [4].

2 The general solution

The main tools for deriving solutions to (1) are the classical Crofton formula and a well-
known geometric measure decomposition from integral geometry.

The motion invariant measure on j—dimensional affine subspaces can be decomposed
as follows. For F; = x + L;, where L; is a j—dimensional linear subspace and x € Lj-, we

have dFjd = dgd-7 dL;l where dL? is the element of the rotation invariant measure on L‘?,
the set of j—dimensional linear subspaces and, for given L; € ﬁ;l, dz?7 is the element of
the Lebesgue measure in Lj-. The total mass of dL? is chosen to be

dLd = ¢y,
Le ! !
J

0d0d—1"""0d—j+1 (2)
0j0j-1""01

where

Cd,j =
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and oy = 2%/2/T'(k/2) is the surface area of the unit sphere in R¥. With this choice, the
constant in the classical Crofton formula becomes

2

D (4)

1‘\(]‘*‘1)1“(%)
+1

3)

Cd?j!k = Cd7] :

The geometric measure decomposition used in the derivation of solutions to (1) con-
cerns the motion invariant measure on r—dimensional affine subpaces in R?. According
to Gual-Arnau and Cruz-Orive [4], we have for r =0,1,...,d — 1 that

dF! = d(0, F)" "M AE LY, )

where dF*! is the element of the motion invariant measure on r—dimensional affine
subspaces in L,y and d(O, F,) denotes the distance from F, to the origin O. Note that
for r = 0, (4) reduces to the standard polar decomposition of Lebesgue measure

dz? = |z|4 " Ldztd LY.
We formulate the main result of this paper in the proposition below.

Proposition 1. Let X be a compact subset of R® of positive reach. Assume that for
almost all L; € E;’}

(z,n) enor X,z € Ly =n L Lj, (5)

where nor X s the unit normal bundle of X. Then,
/ﬁ L 0k(X N Lj)AL] = Va_jir(X),
j

j=1,...,d, k=1,...,7, where

1 p ‘
k(X NLj) = P /j—‘j (0, Fj—1)" Vit (X N L) N Fj_1)dF) ;. (6)
s T LT j—

1

Proof. The condition (5) of the proposition ensures that X N L; is of positive reach for
almost all L; € C?, cf. [8, p. 550]. Using the Crofton formula and the measure decompo-
sition (4), we find that

/M aj (X NLj)dLY

J

1 . ,
= 7/ / (O, F 1) Ve (X N LN Fyy)dF)_ AL

1

1 . ,
—7/ / d(0, F;_1)"™ U=V _((X N Fj_y)dF/_ dLY
Cdj—1k=1Jcd JFi_

1

1
= 7/ Vel (X N Fj_1)dFy
Cd,j—1k=1 JFd |
= Va—j4r(X).
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3 The case k=

For k = j, Proposition 1 provides a functional with rotational average equal to the volume
Va(X). This functional can be simplified considerably, as shown in the proposition below.
We use here and in the following the notation p(x|L,) for the orthogonal projection of
z € R? onto L, € L%

Proposition 2. Let the situation be as in Proposition 1 and suppose that k = j. Then,

1 o
;i (X NLj) = / 2|77 d2.
Cd—1,j—1 JXNL;
Proof. Using that Fj_; = Lj_1 + x, where x € Lj-_l, we find
1 » .
03V) = o [0 BV
dj-1j-1JF_|

1 ; )
- / / |2V, (Y N (L + 2))dz'dL)_,
Cdv]_17.7_1 L;‘—l L}—l

1 oo .
= 7/ / / 2|4 dy/ M datd Ll
Cdj—1j-1Jc) | JLE, JYN(Lj-1+a)

1 Lo
:7/ /Ip(zle_l)l JdAdL_
cdvjflvjfl £§,71 Y

1 . 2|LE [ )|dd ; .
— 7/ |24 / wd@_l dz?
Cdj-1,j-1Jy cl |z|¢7

j—1
1 / d—j [ _Cii-1 /1 oyt i3 j
=— | |z —=—— [ y 2 (1—y)2 dy|d<.
Cd,j—1,j-1 Y| | (B(%, 54 Jo 4=y
At the last equality sign, we have used [7, Proposition 3.9]. The result now follows imme-
diately, using (2) and (3). O
4 The case k <)

It is also possible to make the expression of the functional «;j; more explicit for k < j.
We will concentrate on the case where X is the compact closure of an open subset of R?
and 90X is a (d — 1)—dimensional manifold of class C2. For k = 0,1,...,d — 1, the kth
intrinsic volume has the following integral representation

vk(X)_L/ax S L (da), 1)

Tq—
d=k \T|=d—1—Fk i€l

where r;(z), i = 1,...,d — 1, are the principal curvatures of X at x € X and H¢!
denotes the (d — 1)—dimensional Hausdorff measure. We will assume that for all j =
1,...,d, almost all z € 9X and almost all L; € £;-l

z € (0X)N(Lj+z) = n(x) L Lj. (8)
For an affine subspace F; = L; + z, satisfying (8), we have, cf. [5, p. 59 and 60],

X NE)) = (0X)NF,

42



and (X N F}) is a (j — 1)—dimensional manifold of class C?. The principal curvatures of
O(X N F;) at z € (X N Fj) are denoted by kg, i(z),i=1,...,5 — 1.

The proposition below gives a more explicit expression for «;;, for £ < j than the one
given in (6).

Proposition 3. Let the situation be as in Proposition 1 and let k < j. Suppose that X is
the compact closure of an open subset of R and 0X is a (d — 1)—dimensional manifold
of class C? for which (8) is satisfied. Then,

Cd,j—1,k—1 Oj—k j (X N Lj)
= oy Joy e A LD AL )AL ),
where n(z) is the unit normal of (X N L;) at z and
1 ifk=37—-1
wlz Fjm) = { 2it=j—tk—1 1 Lier £, i(2) iﬁk < j -1
Proof. Note that the condition (8) ensures that for almost all L; € ,Cd z € 0(XNLj)and

Li_ € [,] 1L OXNL;)N(Lj—1+ 2) is a (j — 2)—dimensional mamfold of class C?. This
can be seen by first noting that

8(X N Lj) N (Ljfl —+ Z) = (8X) N Lj N (Lj,1 + Z)
= (0X)N(Lj-1+2),
and then combining (8) with [7, Proposition 5.4]. The function x(z; Lj_1+z) is well-defined

when (X N L;) N (L;j—1 + 2) is a (j — 2)—dimensional manifold of class C?.
Letting Y = X N L;, we have according to (6)

1 B .
alV) = ———— [ (0 Fy) Vi (Y N E) L
Cd,j—1k—1 JFI_| J
_7/ / |2|" I Veoy (Y N (Lo + ) da' dL)_ .
Cd,j—1,k—1 z:f Ly,

Using the integral representation (7) of intrinsic volumes, the expression above becomes

Cd,j—1,k— la]k

= / / / "43(%Lj—1+$)7'{(j_1)_1(dy) dzt dL; 1
U(J D—(k=1) J£I_y JL YN (Lj—1+x)

SN / LI Inys Ly 1 + )20 (dy) Ao AL,
Tj—k Jol_ JLt Jovn(L; 1+a)

At the first equality sign we have used that 9(Y N Fj_1) = 9Y N F;_; for almost all F;_;.
Using [7, Propositions 2.10 and 5.2] and Fubini, we finally get

Cdj—1,k— 1% k(Y)

- /LJ /8Y z)|Lj-1) |p(z|Lj‘_1)\ - (Z L;_ 1—|—z)'H] 1(dz)dL] 1

ajk

B /ay/ﬁj w2 Ljm1 + 2)lp(n()|Lj-0)]| [p(z| L) "7 AL 7! (dz).

Oj—k )

43



For k = j—1, the expression for a; 1(Y") given in Proposition 3 can be further simplified,
using the following proposition. The proof is deferred to the Appendix.

Proposition 4. Let L; € C?, j=1,...,d. Let x and y be unit vectors in L;. Then, for
all m,n € N,

[, wlnom sl grar

G—1

- 1 ) — 1 ) — 1
_ lB<n+ UL )F(—E _2d SinQA(a:,y)>.

2 2 72 2 27 27 27
O
Using Proposition 4 with m =1 and n = d — j, we find
1 i 1 d—jj-1 _, 1
a‘7-_1Y:7/ z JF(——,——; ;sin® Z(n(2),2) | H 7 (dz).
() =g [ S-S5 (n(=),2) ) 19! (d2)
Appendix

In this appendix, we will prove Proposition 4. Without loss of generality, we assume that
x -y > 0. For simplicity, we write dz/ instead of H’(dz).

The Gauss hypergeometric series or hypergeometric function is defined for a,b,c € R
and z € [—1,1] as

> (a P
F(a,b;c;z) = F(b,a;¢;2) = Z ( zf:)(:)ky’

k=0
where (x); is the rising sequential product or Pochhammer symbol defined for a non-
negative integer k and x € R by

T(z+k .
()i = { I >0

(Pt ifz <0,

Note that (z); = 0 whenever z € {0,—1,-2,...} and k > —=z.
An application of [7, Propositions 3.2 and 3.3] gives

L, welner o (i) rar

j—1

= [ bzt pim) 1 az
1

[p(zlspan{w} )™ |p (ylspan{w}) [* do’ !

<
|
—

I—(z-w)?2" |y w™dw! ™!

() [ loellywlaw )

N|—= N N =

WE

B
I
o

Now note that

/ |:c-u)|2k|y-a)|"dwj_1
5i-1

= [ ol ® i) P pto(ele @ )" det (10)

In order to compute (10), we will use the following lemma.
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Lemma 1. Let B, € Eg. Then, for any non-negative measurable function g : R — R,

1 —_ R S—
/Sd 9(p(a]By)) da = %/g - )/0 g (t%x())t’%g(l )t
) -

where SP~Y(B,) is the unit sphere in Bp.

Proof. First, we use the co-area formula with

¥ STN\B) — SPY(B,)
x — 7(x|Bp) = p(x|By)/|p(x|Bp)|-

The (p — 1)-dimensional Jacobian of 1) is given by
Tp19(x, S71) = |p(z|By)|~*7 V.
Hence, the co-area formula yields
/ 9(p(x|By)) dz® = / 9 (Ip(x|By)|m(2| By)) da"!
gd—1 gd—1

_ / / 9(Ip(|By) 20)|p(x| By) [P~ dz P daf ",
SP=1(Bp ~Hao}

(11)

Next, let xg € SP71(B,) be fixed and apply the area formula with

¢ By — ¢ Hxo}
w + Xo
|w + x|

The (d — p)-dimensional Jacobian of ¢ is

d—p+1

1 2
Jd—pg(waBpL) = (m)

Hence, since £ maps BpL bijectively onto 1~ '{zg} and Ip(€(w)|By)| = \wixol = (H_‘lle)

we have

[, B o) ot
o

— [ ollbtelBy)a)lptalB)P et
Y~ Hzo}
1 3 1 Pt
= _ - d d—p
/wl{m}g <<1+ |€1<x>l2> “) <1 + 51<x>|2> g
1 1 d—p+1
2
= - d—p
/Blg< 1—|—|3:|2 ) 1+]a:|2 <1+:1:|2> dz

P

:ng< 1—|—|LC|2

P

d—
1+ym|2 Caatr,
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Using [7, Proposition 2.8], we get

d
1 \? 1NE L
/Bpig<<1+|x2> ”“’0) (i) @
00 1 % 1 %
=04 — P14t 12
7d p/o g<<1+t2> xo) (1+t2> (12)

Substitution with s = # yields

1 d
~ L \? L \2 ap1
— P de
/0 g<(1+t2) 3:0> <1+t2)

1 ! _ e
:2/ g(s%xo) 5¥(1—s)d 2 ds.
0

Nl=

The last equation combined with (11) and (12) implies

1 - [ p—
/ 9(p(x|By)) dz?™" = Udp/ / g (trao) "7 (1= )5 atdaf .
Ggd—1 2 Sp—l(Bp) 0

O
Applying Lemma 1 with B = span{z,y}, we get
[ ol i) lotele & )l o™
N
. 1 _ o
- u/ / t*|p(wola) [2H/2 p(woly) "t (1 — )5 dt dw}
2 JsumyJo
1
gi_ n+2k j—4
= %2 [ il plenlo) dah [ 1= ar
S1(B) 0
O'j,QB (%-i-k‘-Fl,%) ok 1
- . L Iplal " plnlo) dut (13)
SY(B)

Successive application of 7, Proposition 3.2] and [6, Corollary 4.2] yield

/ [p(woly)"[p(wolz)[** dwg = 2/ [p(x|L1) P*[p(y|L1)|" AL?
SH(B) 1(B)

1
1
-1 B)Ny
1
) 2/1/51(3) l(l _t2)2 : 2|t|”|t(y.x) + V1 -2z w)** dwdt
— Ny

1 2—1-—2
=2 [ a-m t|“<|t<y-x>+m—twl—(y-xm%

1

It )~ VI BVT el e
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Using the binomial formula, the last expression becomes

2k 2k 1 B gy2=1=2 . g I 9\ 2k=1 — 22]67[
2§<1>/1<(1 Py (- )5 VT ()

2

(DN = )2 gy - 2) (1 — 2) 5 T = (2 y)22kl> u

k 1
= 2 )21 = (2 g2t _ 2yk—l-b il
=43 ) (21)/0<1 2yt g
- 2k n 1 1
=23 (- ) 1(21)3(5+1+5,k_z+5).

Applying the duplication formula for the Gamma function,

I'(2z) =T(2)I <z + %) 729221

we obtain
ok n 1 1 (=k), (5 +3), (= tan™> L(z,y))
2sin 4(m,y)B(§+§,k‘+§>Z Q) I
=0 271
1 1 n 11
—2sin? L(z,)B (24 S k4= ) F(—k S S /
sin™ Z(z,y) <2+2,k+2> <k,2+2,2, tan (fﬂ,y))

According to [1, (15.3.4)] with 2 = cos? Z(z,y),

1 1
sin?* L(x,y)F (—k, g + = 5 tan™2 Z(z, y)> =F <—k, —g; 3 cos® £(z, y)> .

N —

By insertion in (13), we get

/ |m-w|2k|y-w|"dwj71
5i-1

n j—2 1n 1 n 1 9
=0, 9B | = 1,2—|B — =+ | F |-k —=; = Z .
0j—2 <2+k+ — > (k‘+2,2+2> < k, 2,2,003 (z,9)

Hence, (9) becomes

L, iz (i) raz

j—1

i (BN, wp (P j—2
== kz—o<k>( 1)B<2+k+1,—2 )

n+1 1 n 1 9
B2kt 2 ) F(—k 22 cos? 2 .
X < 5 ,k+2> (k, 2727cos (:r,y))

Since
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we now have

/y‘ Ip(x|Li—1)[™ |p <y|Lj‘_1) " dLiﬁ

j—1
_ O (it ntl i(*%)k(%)kF(—h—%;%;cos?é(a?,y))
2 22 )& <ngj> Kl '

B k

Using the power series expansion of the hypergeometric function, then expanding the
polynomial (1 — sin? Z(z,y))* and applying the identities
() 11
(k+0!  UE!

and (@)g+1 = (a)i(a + D,

it is straightforward to prove that the last expression equals

0j-1 n+1 m j5—-1 m n j—1 4
——B —4— | F|—=,—=; ;8in” / .
5 (2,2+2> <2, 5 s £(z,y)

The proof is complete.
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Abstract

A rotational Crofton formula is derived relating the flagged intrinsic volumes of a
compact set of positive reach with the flagged intrinsic volumes measured on sections
passing through a fixed point. In particular cases, the flagged intrinsic volumes defined
in the present paper are identical to the classical intrinsic volumes. The tight connec-
tion between our main result and other recent rotational integral formulae involving
intrinsic volumes is pointed out.

Keywords: Crofton formula; Geometric measure theory; Grassmann manifold; Integral geometry;

Intrinsic volume; Rotational integral; Set with positive reach; Unit normal bundle

1 Introduction

In classical stereology, the well-known Crofton formula relates the intrinsic volumes of a
compact subset X of R? with the intrinsic volumes of its affine sections

Cd,r7kafr+k(X) = /d Vk(X N FT) dFﬁv (1)
f

T

r=20,...,d, k =0...,7r. Here, ff is the set of r-dimensional affine subspaces in R?
and dF¢ is the element of its motion invariant measure. The kth intrinsic volume of X is
denoted by Vi(X), k = 0,...,d. Finally, ¢4, is a known constant. In local stereology,

the focus of interest is instead on integral geometric relations of the type

BX) = /E “a(X N L)L, 2)

T

where o and 3 are functionals, £¢ denotes the set of r-dimensional subspaces in R¢ and
dL? is the element of its rotation invariant measure. In the special case where a is an
intrinsic volume of a compact set X of positive reach, i.e. for relations of the type

B(X)= [ Vi(XnL,)dLY, (3)
cé

Jensen and Rataj proved in [8] that § can be expressed as a certain integral over the unit
normal bundle of X. In the same paper, the problem was raised of finding functionals «
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satisfying the integral equation (2) in the particular case where /3 is an intrinsic volume
of X,

Vi r(X) = /Ld (X NL,)dLe. (4)

Recently, a solution to this problem was given independently in [3] and [6]. It was shown,
for all 0 < k < r < d and for any compact set Y of positive reach contained in L,, that
the functional a given by

o(V) = ——— [ V(Y AR d(F, 0T AR, (5)
Cdr—1,r—k—1 1

where d is the distance function, is a solution to (4). In the present paper, we shall
demonstrate that solutions to (4) can be expressed as an integral over the unit normal
bundle of the section X N L,, for all 1 < k < r, or, as an integral over X N L,, when
k = 0. It appears that the functionals @ and § in (3) and (4) share the same integral
representation, a;‘i «» barametrized by three integers. This family of functionals generalizes
the classical intrinsic volumes and in fact, agl’k(X ) = Vi_k(X), for any d-dimensional set

X of positive reach. As a main result of the present paper, a rotational Crofton formula
shall be derived,

X) = camrjer [ (XL AL
which turns formula (3) and (4) into special cases. Here, cq_, j_, is a known constant, see
Section 2 below.

The paper is organized as follows. In Section 2, we present the notation and some
background knowledge. Section 3 shows that the solution (5) can be expressed as an
integral with respect to a g-dimensional affine subspace in L,.. In Section 4, the solution is
given a more explicit expression as an integral over a unit normal bundle and the rotational
Crofton formula for flagged intrinsic volumes is presented. Proofs are deferred to Section 5.

2 Preliminaries

In this section, we shall fix the conventions used in this paper. For any compact set
X C R? of positive reach, we define its kth intrinsic volume by

Vil(X) = —— > e g m),

Od—k Jnor X |J|=d—k—1 H 1/1—}—,‘4} x, ’I‘L

Jc{1,..,d—1}

where #;(xz,n) denotes the jth (generalized) principal curvature at (x,n) € nor X and
Od—i = 277% /T (d%k) is the surface area of the unit sphere in R**. An r-dimensional
affine subspace F, € F¢ can be written uniquely as F, = L, + =, where L, € £¢ and
T € LTL. The corresponding measure decomposition is

dF? = dz? " dré. (6)

Here, dz?~" is a shortcut notation for the Hausdorff (Lebesgue) measure H?~"(dz). More-
over, since the superscript in dF¢ and dL¢ is often superfluous, we shall write dL, and
dF,, when the context allows it. The total mass of £¢ is chosen to be

/d dL, = Cd,r,
LT
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where

0d0d—1"""Od—r+1

Cdr =
OrOp—1-"-01

With this convention, the constant in the classical Crofton formula is given by

2
Cd,rk = Cd,r T (k:

The Gauss hypergeometric series or hypergeometric function is defined for a,b,c € R
and z € [—-1,1] as

— (a)k(b)x 2*
= (e KU

Fa,b;¢;2) = F(b,a;¢;2) =

where () is the rising sequential product or Pochhammer symbol defined for a non-
negative integer k and = € R by

(@) = “ 1)k o) oo

{ F(”’” if 2 >0
T(—z—k+1)

cf. [1, Chapter 15]. Note that (z)r = 0 whenever z € {0,—1,-2,...} and k > —uz.
The Gamma function is defined on Ry as I'(z) = fooo t*~le~tdt and it has an analytic
continuation on C\ {0,—1,—2,...}. Standard formulae for the Gamma function can be
found in [1, Chapter 6]. In particular, the duplication formula,

I'(2z) =T(2)T (z + %) D (7)

will be useful in the present paper.

3 A generalized solution

From the 1936 paper [9] by Petkantschin, a particular measure decomposition can be
employed to slightly generalize the solution «, derived in [3] and [6], to the integral equa-
tion (4).

Proposition 1. Let Y C L, be a compact subset of positive reach in some fixed linear
subspace L, € L. The functional

1 _
@Y) = —— [ V¥ nE)d(F,.0) " dF,
7r’q7 A

solves the integral equation
Vd_k(X) = /d ag,k(X N LT) dL,,
L

forall0 <k <q<r<d. Here, cirgk = Cd—g—1,r—q—1Cd,q,q—k-
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Proof. We shall use the following integral decomposition formula

1 —-r
f(F)dF, = ———— / f(F,) d(F,,0)*" dF,dL,, (8)
_7-';11 Cd—q—1,r—q—1 Jd F

which holds for all 0 < ¢ < r < d and any integrable function f, cf. [9] and [11, p. 285].
Let us assume that X C R? is a compact set of positive reach. The Crofton formula for
sets of positive reach, cf. [10], and an application of (8) yield, for all 0 < k < g <r <d,

Cdg,q—kVi—k(X) = /d Vo—r(X N Fy) dFy

Fq

1
—7/ / V(X N E,)d(F,,0)" " dF,dL,
Cd—q—1,r—q—1 Jcd JFr

1
- 07/ / V(X N L) N F,)d(F,,0)* " dF,dL,.
d—q—1,r—q—-1 Jcd JFy
The proof is complete. O
Remark 1. The constant appearing on the right-hand side of formula (8) is not given
explicitly in [11], but only referred to as a constant depending on d, ¢ and r. In order to
compute this constant, we set f(F,) = Vo(B%N F,), where V; = x is the Euler-Poincaré

characteristic and B? is the unit ball in R%. By computing both side of (8) separately, we
obtain

f(Fg) dFy = / / AL, = wi—gCag, (9)
Fd £d JLENB4
where wq—q = (d — q) 044 is the volume of the unit ball in R4 and
_ 1
/ f(F)) d(F,,0)""dF,dL, = T Orq iy Crg- (10)
L£EJFr —4q

Division of (9) by (10) yields the constant appearing in formula (8). O

Proposition 2. For all 0 < k < g <r <d, the functional g e defined in Proposition 1,
does not depend on q.

The proof of Proposition 2 is deferred to the last section. In spite of Proposition 2,
the uniqueness of the solution, o ,, to the integral equation (4) remains open.

Remark 2. Two representations of agyk are particularly interesting for our purposes. For
q = k, we have

1 —r
agr(Y) = o /;: x(Y N Fy) d(Fy,, 0) " dF, (11)
7”’" 9 I::‘
and, forg=1r —1,
1
agp(Y) = P /J»: Vik 1 (Y N Froy)d(Frey,0) " dF,_y. (12)

r—1

Combining (11) and the identity dFjj = dz", we obtain, for k = 0,

V) = —— [ a0 eplaf @ = —— [altrar a3)

Cd—1,r—1 Cd—1,r—1
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Furthermore, using (12), we have shown in [3] that for k =1,

1 1 d- -1
i) = g [t (<5 - TN s 0)) ()

whenever Y is a C?-manifold with boundary. Here, n(x) is the vector normal to the surface
at . g

Motivated by the integral representation (14), we shall now prove that the functional
oy (YY) can be expressed as an integral over the normal bundle of Y forallk =1,...,r—1
and r=2,...,d.

4 Integral representation of the generalized solution

Let X C R? be a compact set of positive reach and assume for now that the section
Y = XNL,, for some fixed L, € £Z, also has positive reach. For the necessary background
in multilinear algebra, current theory and sets of positive reach, the reader is referred to
[4] and [5].

Let Ny be the (r — 1)-dimensional current on R” x R" given by

Ny = (K" 'LnorY) A ay, (15)

i.e.

Ny (¢) = / (v (). o) 7 (o)

for all (r — 1)-forms ¢ on R" x R". Here, ay is a unit (r — 1)-dimensional vectorfield
orienting nor Y given explicitly by

r—1

— 71 a;(x.n —I{Z‘(JI,TL) a;(r,n
CLY(-T,TL)—/\l(\/W z( ) )7\/m z( ) ))7 (16)

where k;(x,n) is the ith principal curvature and a;(x,n) the corresponding principal di-

rection at (z,n) € norY for i =1,...,r — 1, cf. [8, (27)] and [12]. We apply the usual
. [e'e) — 1 — . . .

convention Wi 1 and Wi 0 at points where some of the principal curvatures

are infinite. Assume that the principal directions are ordered in such a way that

ai(z,n),...,ar_1(z,n),n

constitute an orthonormal basis of R”. The Lipschitz-Killing curvature form ¢ on R" x R"
of order £k =0,...,r — 1 is defined by

<(u(1)7u%)/\"'/\(ug_l)uq_l)vd)k(xan» = § <U’21 /\"'/\u:;_ll /\nvﬂT>a
=0,1
51+"'+e€r—1:7'_1_k

Or—k
(17)

where Q, is the volume r-form in R". Note that the right-hand side in (17) is strictly
positive whenever the number of non-zero principal curvatures at (z,n) is at least r—1—k
or, alternatively, when the number of infinite principal curvatures is at most » —1 — k. For
any compact set Y with positive reach, the kth intrinsic volume of Y can be expressed as

Vi(Y) = Ny (¢r),
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for k=0,...,r—1, cf. [12].

Two sets Y and F' with positive reach touch, when there exists a pair (y,n) € norY
such that (y,—n) € nor F, cf. [13]. In the particular case where F' = L + z is an affine
subspace, Y and F' do not touch, whenever the following condition is satisfied

(y,n) €norY A yeF = n¢lL" (18)

Remark 3. The subset of j-dimensional affine subspaces in R” that do touch Y has finite
(r—14 j(r — 1 — j))-dimensional measure, cf. [10, (1)]. Hence, in the special case where
j = r —1, the set of (r — 1)-dimensional affine subspaces touching Y has finite (r — 1)-
dimensional measure, i.e. Y is not touched by H" almost all F' € F_;. Whenever ¥ and F’
do not touch, their intersection Y N F has local positive reach, cf. [13] or [4, Theorem 4.10].
By the compactness of nor Y and the continuity of the reach function, we conclude that

if Y has positive reach, then Y N F' has positive reach for almost all F' € F]_;

Furthermore, for a compact subset X C R? of positive reach, it is shown in [8] that for
H-a.a. choices of origo, the sets X and L do not touch for almost all L € £4. In other
words, whenever X has positive reach, we may choose origo such that

X N L has positive reach for almost all L € £%. (19)

For those reasons, the assumption, which was made at the beginning of this section on
the positive reach of Y = X N L,., is mild.

Definition 1 (Flagged intrinsic volumes). Let Y € R" be a compact set of positive reach.
Define for alls=1,...,r,r>1 and j > s,

Y)=—— /x]'d
]O( Ci1r1 || Y

and
. ki(x,mn
) =G [T Y o gr o A H A )
norY’ T]=s—1 + ki(x,n)
IC{l,...,rfl}
where

j— 1
Qjs(x,n, Ar) = F <—%% %;Sinz(w,n))

(J—r)(r—s+1) COSQ(x,AI)F <_‘7 —r 1 5, ﬂ;girﬁ(m,n))
r+1 r—Ss

and

- 1 I'(r—s+1)T'(y)

K!. = .
58 0sCj—1p—1 I(r)T(j —s+1)

2
Here, Ar = span{a; : i ¢ I} and, for the special case r = s, we set ————="—"> := 1.
Note that cj_1,-1 1= for j <r. O

Cr—1,j—1

Remark 4. In the special case j =7, K| , = U—ls and @y ; = 1. Consequently,

a.(Y) = —/ Z Hje‘] 5@ ) H Y d(z,n)) = V,_s(Y)
norY |J|=s—1 ] 1 1+ KJ ( )
Jc{1,...,r—1}
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and
ol o(Y) = / dH = V,(Y),
Y

for any compact set Y C R" of positive reach. O

The functionals defined above are identical to those given in Proposition 1. This result
is formulated in the proposition below. The proof is deferred to the next section.

Proposition 3. The flagged intrinsic volumes presented in Definition 1 are identical to
the functional o, , given in Proposition 1 for all s = 0,...,7r =1, r =1,...,d. As a
consequence, when origo is chosen such that condition (19) is satisfied, the functional o)
from Definition 1 satisfies the integral equation, ’

Vi (X)) = / ol (XN L) dL,,
ca

forall 0 < s <r <d.
Remark 5. Since cos?(z, Ay) = sin?(x,n), the hypergeometric identity (34) implies

- B d—r 1 r—1
QdJ(iE,TL,A@)—F( 2 ' 9 9 ; S1n <LU7’I’L))

and with
. 1 I'(r)I'(d) 1
Kd,l = = s
o1Cqg—1,—1 D(r)I(d)  2cq—1,—1
we conclude that
1 d—r 1 r-1
y Y = - d_TF — — .2 r—1 d
i) = g [t (S g i) ) 2 ),

i.e. a generalization of (14) to sets of positive reach. O

Remark 6. Applying the hypergeometric identity (35) with z = sin?(z,n) > 0, we obtain

(j—d)(d—j+k+1)F<d—j J—k d+3

1 ; sin?
d+1 g ThTy i (‘”’”)>

d—j j—k d+1
:(jd(dl)cotz(a:,n))F< 2‘7,‘72 ; ;_ ;sinQ(x,n)>

+(d — 1) cot?*(z,n)F (d;],j;k;dg 1;sin2(m,n)) ,

or, in other terms,
(d—j+k) Q;{j_k(a:,n) = fi(Z(z,n)) + f2(L(x,n)) cos® ar(z,n),

where the right-hand side is written in the notation of [2, Theorem 3.1]. Since ﬁK;’l ik

is equal to the constant Cg ;5 defined in [2], (recall that ¢;j_; 4—1 :=
that

), we conclude
Cd—1,j—1

P~ K QF jk(wn) = wr (e, n),
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where the functional wy ;5 given in [2, Theorem 3.1] satisfies the integral equation

. Ki
/Ld Vi(X N Lj)dL; :/ . > w,j,kM dH = ad (X)), (20)
g nor

=) -1k [IZ) 1+ w7

Ic{1,...,d-1}

for all 0 < k < j < d, whenever X C R4 is a set of positive reach and the origin is chosen
such that condition (19) is satisfied, cf. Remark 3. O

Having made these two important remarks, the following Theorem can be proven easily.

Theorem 1 (Rotational Crofton Formula). Let X C RY be a compact subset of positive
reach and assume origo is chosen such that condition (19) is satisfied. Then,

a?,k(X) = Cd—r,j—r /Ld Oé;,k(X N LT) dL,,

T

forall0 <k <r<j<d.

Remark 7. With Remark 4 in mind, we notice that [8, Theorem] and Proposition 1 are
special cases of Theorem 1 for » = j and d = j, respectively. The case r = k is not covered
by Theorem 1. Nevertheless, for r = j = k, formula (20) implies

af (X) = g Vo(X N L) dL, = ¢qrpy /ﬁ L0 (X N Ly)dL.

Proof of Theorem 1. On the one hand, we have, according to Remark 6 and under the
mild assumption on the choice of origo,

o(X) = [ Vi niyar,

J

for all 0 < k < j < d. The case k = 0 follows from the Blaschke-Petkantschin formula, cf.
[7, Proposition 4.5],

/ Vj(Xij)dLj:/ / dmjdLj:cdl,jl/ 2~ da? = af o(X).
cd i JxnL, X ’

On the other hand, Proposition 1 and [7, (3.17)] imply
/ Vv],k(Xij)dL] :/ /O(;k<XﬂL]mLT)dLT dL]
cd cdJol
= Cd—r,j—r/ o (X N Ly)dLy,
Ly

foral 0 <k <r<j<d. O
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5 Proofs

Proof of Proposition 2. If k = r — 1, there is only one possible choice for ¢ satisfying
r > q > k and the proof is complete. Assume that r > ¢ > k > 0. Crofton’s formula for
sets of positive reach and the measure decomposition (6) imply

Cq,q—1,g—k—1 / V(Y N Fy) d(Fy, 0)+r dF,
q
= Cq,q—1,g—k—1 /r /LL Vq_k(Y N (Lq + :C))|x|d_7’ dz" ¢ qu
q q

_ / / | / Vi k(Y —2) N Ly O Fy_y) dE,_y da" 9 dL,
i/ Ly Fi
— / / |x|d—r/ / Vo1 (Y N (Lg—1 + 2 +y)) dy dLy—q da" 2 dL,.

nJ L £l JLE N,
An application of the measure transformation dLg_1 dLy = dLZ(q_l) dLg_y, cf. [7, (3.15)],

and of the orthogonal decomposition Lé;l = L;- @ (L;;l N Lg), turns the last expression
into

/ / / ]dT / Voo kot (Y O (Lgo1 + 2+ y)) dy' da"~9d Ly 1) dLg 1
rJLr L Ly NLg

q(q—1)

— [ [ Ve @) [ LT ALy e AL,
A L

q—1)

It can be shown, as we shall see in Remark 11, that

_r —p Or— 1 d—q
[ e e = 2y
q(q—1)

whenever z € Lq{1. Thus,

J;

q—1

[ Ve 0+ 0) [ R Ly s L,
q—1

a(q—1)

Op_ 1 d-— _
= Troap (- 204 / Vyeo1(Y N Fy_1)d(Fy_q,0)* " dF,_;.
2 \2 2 ) s

1

Since ¢ q—1,g—k—1 = 79tl T+, we conclude that

onra—Fk 1y
2B(qTi2

/ V(Y N F,)d(F,,0)""dF,
7y

1 d— —k
0B (ia Tq) B (qT

Og+1

NI

> / V1 (Y N Fyy)d(Fy—q,0) " dF,_y,

q—1

for all 0 < k < ¢ < r. A routine calculation shows that

1 d— -k 1
or—q B <§Tq> B (qT 5) B 1

- )
0¢+1Cd—q—1,r—q—1 Cd,q,q—k €d—(g—1)-1,r—(g—1)—1 Cd,q—1,qg-1-k
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therefore,

1
arp(Y) = / Voe1-k(Y 0 Fyo1) d(Fy1, 0) 7 dFy1.
Cd—(q=1)~1,j—(¢=1)—1 Cdg—La—1—k JF;_,

Hence, in the definition of of;,, the variable ¢ can be replaced by ¢ — 1. A recursive
argument implies that o], , is independent of q. O

Proof of Proposition 3. Without loss of generality, we will use the representation (12) of
ofy  (ie. g =7r—1). Let L, € £ be a fixed r-dimensional subset of R? and let Y C L,
be a compact set of positive reach. The case s = 0 holds by definition, cf. formula (13).
Assume that 0 < s < r — 1. According to (12),

Carrts ) (V) = / Vieas(Y A Fry) d(Fyy, 0) " dFy_y = / T(Ly_1)dL,_y,
_7:7”71 r

I8 r—1
where
T(Ly 1) = /L Vo i (Y O (Lt + 2) |2|* "

r—1
Note that cqr—1.5s = Cd—r,0 Cdr—1,r—s—1 = Cdy—1,r—s—1- Let L,_1 € L]_; be a fixed (r—1)-
dimensional subspace of L, and let w; be a unit vector st. span{w;} = Lﬁl. Let w,_1
be a simple unit (r — 1)-vector orienting L,_; such that (w; A w,_1,€,) = 1. We define
the two volume forms, £2; and €2,._1, to be the dual vectors of w; and w,_1, respectively.
Define

frnor Y\ {(z,n)|n LL,_1} =R xS"*L,_)
f(z,n) = (z,7(n|]Lr—1))
and
g:norY — L- |
g(x,n) = (z,w1)wr = p(z|L;y).
Since the differential of the spherical projection 7r,: n +— m(n|L) is

_ pw[Lnnt)
Dru(mlo = =0 oimr

cf. [8, Lemma 2], we have

p(v|Lr—1 N ni)>

D(z,n)f(uv U) = <’LL, !p(n\Lr—ﬁ\

and the linearity of g implies
D(m,n)g(ua 7-7) - g(u> U) = <u7 e>e = p(u|LrL—1)

for all (u,v) € Tan (norY, (x,n)). Next, we show that for almost all z € L |, the point
(x,n) € norY is uniquely determined by the projection f(z,n) = (x,n) for H"~2-a.a.

(z,m0) € fg71(2)).

Lemma 1. For almost all L,_y € L _; and H-almost all z € LTL_I,

M2 ({(z,m0) € flg7'(2) : card f7H{(x,n0)} > 1}) = 0.
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Remark 8. Let f*) be the restriction of f to g~'(z). Note that f is well defined on
the set g~!(z) only when L,_; + z and Y do not touch, which is the case for almost all
pairs (L,_1,2z). When Y and L,_; + z do not touch, there is no point (y,n) € norY
such that y € L,_1 + z and n € L {, i.e f is well-defined at all points (y,n) € norY
with y € L,._1 + 2. Since the normal bundle, norY, is compact, the function f can
be extended to a locally Lipschitz (differentiable!) function on an open set containing
g ')\ {(y,n)|nLL,_1}. Thus, the assumptions for the area and coarea formulae are
satisfied, cf. [5].

Proof. Assume that L,_1 + z and nor Y are do not touch, i.e. that (18) is satisfied. Then,
f(z,n) is well-defined for all (x,n) € norY N (L,_; +2) x R% Let N be the subset of nor Y
where f is well-defined but not injective. More precisely N is the set of all (z,n) € norY’
with n ¢ L | such that there exist n’ # n with (z,n) € norY and n/ ¢ L, and
f(z,n) = f(xz,n'). It is enough to show that

MW @) < [ e =,
Nng—1(z)

for almost all z € L;- |, cf. [5, (3.2.3)]. Using the coarea formula, [5, (3.2.22)], we obtain
/ / JT—Zf(Z) dHT_Z dz = / Jr—?f(Z)(xan)Jlg(x7n) Hr_l(d(xvn))'
L+ JNng=1(z) N

Without loss of generality, assume that Tan (Y, (x,n)) is the (r — 1)-dimensional subspace
given by (16), cf. [5, (3.2.19)]. Note that

ker D(; g = (Ly—1 x R") N Tan (Y, (x,n)) = Tan (g (2), (z,n)).

If dimker D(,,yg > 7 — 1, then Jig(z,n) must be equal to zero. Let us assume that
dimker D, ,yg < r — 2. Since the domain of D(m,n)f(z) is equal to ker D(, ,yg, the (r —2)-
dimensional Jacobian of f(*) is zero if there exists a point (u,v) € Tan(g~!(2), (x,n))
such that D(Iyn)f(z)(u,v) = 0. Note that (z,n) := (a, Sins(iln;}t)en + Ssi;tgn’) € g 1(z) for

all t € [0,1], where § = Z(n,n’). By definition of the tangent cone, we have

x,ng) — (z,n)

(0,7(n —n/|nt)) = lim (

t10 |(z,n¢) — (x,n)] € Tan (g~ (2), (z,n)).

Since, p(n'|L,_1 Nnt) = p(p(n’|Ly—1)|Lr—1 Nnt) = p(n|L,_1 Nnt) = 0, we deduce that
D(,Bm)f(z)(o,w(n —n/|nt)) = 0 and therefore, J f*)(z,n) = 0. O

Given a subspace L; € L7 and y € LjL such that L; +y and Y do not touch, the
restriction of the normal bundle of Y N (L; +y) to L; +y is given by

nor V(Y N (L; +y) = {(z,7(n,Lj)) |z € Y N (L; +y) and (z,n) €norY},  (22)

i.e. the intersection of norY + nor (L; 4+ y) with (L; +y) x S"7!, see [4, Theorem 4.10].
The corresponding orienting unit vectorfield ayn(z,4,) will be computed later.

Lemma 2. Let Y CR" be a compact set with positive reach and let L,_y € L]._,. Then,
NYQ(LT,H—Z) = fﬂ(NY7gv Z)

for almost all z € L;- |, whenever Y and L; + z do not touch.
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Proof. Applying [5, Section 4.3.8 and 4.3.13] (with n = 1 and m = r — 1) to the integral
current (15), we get

(Ny,g,z) = (R g™ (2)) A ¢ (23)
for almost all z € LjL_l. Here, ( is the (r — 2)-vectorfield such that

ay (x, n)|_<§21, /\1Dg(x, n)>

Jlg(l',TL)

((z,n) = = ay(x,n)\_<91, /\1Dg(x,n)> (24)

(because Jig(x,n) = y/det(Dg(z,n)Dg(x,n)*) = 1). Applying the area formula for cur-
rents [5, Section 4.1.30] to (23), we obtain

fy(Ny, g, 2) = (H"2Lf (g7 {z})) A,

with unit vector field

o) = e DIG @) 1)
. bl

for H? ~3-almost all (z,v) € g~'(2) x S""2(L,_1). Whenever norY and L,_; + z do not
touch, then f(g~'(2)) is equal to the normal bundle nor "=V (Y N (L,_; + 2)). Hence,
in order to prove the lemma, it is enough to check that the orientation of the respective
orienting vectorfields, axn(r,_,+-) and 7, have the same orientation. By convention, the

(25)

orientation of axn(z,_,+.) is chosen such that <aXQ(LT_1+Z) (xz,n), cpgaln)) (n)> > 0, where

k(x,n) is the number of principal curvatures at (x,n) that are 0. Hence, we have to check
that <n(:c, n), gol(cr(;ln)) (n)> > 0. By combining (25) and (24), we see that 7 is proportional

to \,_oDf (aYm(LT71+Z)Lg#Ql) with some strictly positive proportionality constant A.
Thus,

/\< (z,n), <pk(1, n))(a:,n)> = )\<aym(L7 o) (T,n), g #0, /\f#gok(l, ))(a: n)> >0

and the inequality is strict when k(z,n) is the number of zero principal curvatures at
(z,n), cf. (29) below. O

Using the normal current of Y N (L,_1 + |z|), the integral Z(L,_1) can be written as

I(Lijo) = / V(Y N (Lo # @)l et = /  Nyag, e (@) e
r—1

r—1

By applying Lemma 2 and the coarea formula for currents, [5, Section 4.3.13], we obtain

I(erl) :/Li | | NYﬁ(LT 1+z)(d)rr sl)l) m

r—1

= / el Ny g, ) (0 de

Lr—l

- /LL |x|d_r<NY7gax>(fﬁ¢fﬂr 81)1) d
r—1

= Nyeghla- ) (o))
= [ gt sl Dy an
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where ¢(z) = |z|9", € R". Using the shuffle formula, [5, Section 1.4.2], the integrand
can be written

av, g (q- Q1) A flol )
r—1
= 30 (i), g (@ @) - ((wn,00) A A 00) A oA (o1, o), PO )
i=1
(26)

The second term can we expressed more explicitly (for the definition of the push-forward,
the reader is referred to [5, Section 4.1.6]),

((wn,0) A A ) A A (s tr), P90 )
= <[/\T72Df(m,n)] (ug,v1) A=+ A (u/“TZ) A A (ur_l,vr_l),¢£’"_;1_)1 o f(m’n)>

p(v‘|L'r— an') e
(At (0 P Bz ) 45tz

_ 1 som ws p(v;|Lr—1 N 1t) (n
T o, Z (sgn J) </\ J /\( lp(n|Lr_1)] >/\ ( |Lr—1)7Qr—1>

|J|=r—s—1 jeJ jeJe
Jc{1,....,r—11\{i}
1 1

os [p(n|Ly—1)[*

X > (sgn J) </\uj N p(jlLi—inn )Ap(n|LT_1),QT_1>, (27)

|J|=r—s—1 jeJ jeJe
JC{1,...,r—1}\{¢}

for all (z,n) € norY. Here, sgnJ is the number of permutations needed to map J U J¢
into (1,...,7 — 1) \ {4}, where J and J¢ are sorted in increasing order. The first term in
(26) can be expressed as

((uiyvi), (g - Qu(x,n))) = (Dg(w,n) (s, v;), q 0 g(w,n) - D 0 glx,n))
= p(al L) 1" (pluil L), 1 ) - (28)
By inserting into (27) and (28) the explicit representation of ay given in (16), we can
write (26) as
-1 7 —r
_ TZ Z (1) (sgn J)p(x| Ly—y)|? HleJC ki

S
=1 |J|=r—s=1 oslp(niLr—1)| i Vit Ki

J{1,...,r—1}\{¢}

< (@, Ql></\a] A plaj|L—10n )/\p(n|Lr1),er>.

jeJ jeJe

Note that (—1)"!(sgn J) is the sign of the permutation necessary to order {i} U J U J¢
increasingly. Moreover, orthogonal projections are orientation preserving (eigenvalues are
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either 0 or 1), therefore,

(~1)* s 7) (pladl L), 1) </\ aj A N\ plaslLry 0n*) A p(alL ), sz>

jedJ jeJe

= (—l)Hl(sgn J) <p(ai|Lﬂ‘_1), Ql> < /\ p(aj|Ly—1N nJ‘) Ap(n|L,_1), QT1>
jeJuJge

i—1 r—1
= </\ pla;|Lr—1 N n) A plai| L) A /\ plaj|Ly—1 N nt) A p(n|L._1), Qr> > 0,
j=1 j=i+1
where we used the decomposition
aj = p(aj|Ly—1 0 n*) + plaglm(n|Le—1)) + plaj| L)
for the first equality. Thus,
1 _
_ 1 3 Z P L )| Tegew

> -
R E = )

JC{Lmr— 10\ (3}
x| <p(ai’LrL—1)791> | ‘ < N plaj|Linnt) Ap(nlLr—l),Qr—1> ‘

jeJuJe

r—1 —r
I N LG I 22
g

s -~ )
=1 |J]=r—s—1 p(nlLe—1) i1+ K

JC{1,..r—11\{i}

s

where the last equality follows from [7, Proposition 5.2]. Applying the re-indexing identity

r—1

[Ticse m 1 [ics s 1
E : E 1 £ > |p(ai|Lr71)‘2 = E 1 - > E |p(a"i|LT71)|2>
i=1  |J|=r—s—1 =1 \/ 1+ K] | J|=s—1 =1 A/ 1+ K] iege

JcA{1,...,r—13\{i} JcA{1,...,r—1}

we conclude that

cd,rl,rslagys(y)_/ﬁw I(Lr—l)dLr—l
-1
_/ / <aY7gﬁ(Q'Ql) /\fﬁgbir__sl_)l> dHT_ldLT_l
LY JnorY
Z/ Y/ (ay, gt (q- ) A frel D AL,y dH !
nor 1
1

_ [T xi =~ _
= > %Qﬁs(x,n,AJ)dHT Y (29)
s JnorY |J|=s—1 Hj:l 14+ K
Jc{l,..,r—1}

where

(/|2 ]| L )|
Ip(n|Lr-1)[*

Qoo An) = [

g > Ip(ail L y)? dLy—y.

ieJe

T
r—1
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In the remainder of this section, we shall prove that the above expression for @g , can
be written in terms of two hypergeometric series. 7

The hypergeometric series and the Gamma function have been introduced earlier. The
Beta function, B(a,b) = B(b,a), is defined for all a,b > 0 as

1
B(a,b)—/ 1 =) tae
0

and is often expressed in terms of the Gamma function as

~ T(a)T'(b)
Bla.b) = 1)

Lemma 3. Let o, 3 € [0,1] with o« + 3 = 1. Then, for allk > 0, a € R, b > —% and
c>—1,
! AN kye 1 1 1
(a+ﬂt) ()P =ty dt = B (b+ et 1) F (ae+ Letbt 2+ 15) .
0
(30)
When 8 =1, the extra assumption b+ % > a 18 necessary.

Proof. According to [1, 15.3.1], the analytic continuation of the hypergeometric function
is given by

1 ! b—1 b1
F(a’b;C;ﬁ)_M/o (1=ps) “(L—=s)"" s ds

whenever ¢ > b > 0. Hence, a substitution by s = 1 — ¥ proves the Lemma. [l

Remark 9. In the special case where a = 0 and k = 2, Lemma 3 yields the identity

! 1
/ (tH(1 —t¥°dt =B <b+ ihs 1> :
-1
Lemma 4. Let 2,z € S* !, m,n € N. Then,
/ |z - w|™|z - w|™ dwd?
gd—1

B n+m+2 d—2 m+1 n+1 m n 1l
—Ud—2B( 2 D >B< 2 ' 9 >F<272725COS (.’I},Z)).
(31)

Proof. This Lemma was proven in [3] for any even natural number n. The exact same
procedure as the one in the proof of Proposition 4 below, in particular the use of Lemma
6, shows that (31) also holds when n is odd. The details are omited here. In order to
prove the main results of the present paper, the special case where n = 2 is sufficient,
though. O

Remark 10. Let Ly_1 be a (d—1)-dimensional subspace of R?, with z € Ly_; and = ¢ Lj;l.
Then, for all m,n € N,

2 d-3 1 1
/ |z w|™|z - w|" dw?™t = 04_3B <n+m+ , >B<m+ 7n—|— )
120, 1) 2 2 2 2

1
x cos™(x, Lg—1)F (—%, —g; §;COSQ(7T(£U|Ld_1),Z)> .
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Recall that the binomial coefficient (Z) is defined for all a € R and all £ € N by

T(a+1)

T(a—k+1)T (k+1) for a >0,

ay _ (_a')k(_l)k _ T(atk)(—1)*
(k) TR =\ Twrery  fora<o,
0 for a = 0.

Lemma 5. For alla € R and all s € N,

(a> — MZ%.

2s

Proof. A routine calculation yields

(1) = ret = (8) (7)) TR - 2

For the second equality, we applied the duplication formula on each Gamma function
appearing in the second term, and for the third equality, we applied the duplication formula
to I'(2s + 1). O

Lemma 6. For all a € R and any function f, the following identity holds,

a

(5 () wen-5 (2

where the double sum on the L.h.s. is over k and | with the same parity only.
Proof. Substition of k 4 [ by 2s yields
OO% kkkl _OOS 25 =1\ Jos—a
kZ:O<k> ;(Jz flk+1) _;l <23— >( l )2 £(2s).

Applying the duplication formula to I'(2s — 2] + 1), we get

2 25 — 1\ gos-a1 _ rg+u 222
25 — I l TT(% 25+ 1+ 1)T(1+1)0(2s — 20 + 1)
r(g+1) I(3)
D($—2s+1+1)T(+1)I(s— I+ DT(s—1+1)

%) ( - %) (Tl ~(s- %)) PN +1)

s l s—1 I'(s+ %)

Then, the well-known identity, Zf 0 (m)( ) ( ), valid for any complex numbers m
and n, and the duplication formula applied to I'(2s + 1) imply

; (25%_ z> (28 z_ l) 227 = %2%.

Thanks to Lemma 5, the proof is complete. O
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Proposition 4. Let =, y and z be unit vectors in R* with y 1Lz and let a,b,c € Z. Then,
if v #y and x ¢ y*, the following identity holds,

b
/ 1z w|?/1 = (y-w)? |z w|¢dwd?
gd—1

16 d—1 1 d-2

2 2 2 2 27 2
a b+e+d—1 s 2
Z (=5), (5=, ()7, ¢ 1 cos™(x,2)
F _ R S
X C+d 1)5 s! tan ({E,y) S5, 2' 9’ Sing(x,y) )

whenever both sides of the equation converge. Moreover, for x = +y,
b
[l VI=G e wfe d™?
gd—1

a 1 b4+c+d—-1 c 1 d-2
7d=2 <2+2’ 2 > <2+2’ )

and, for xly,
b
/ |z w|?/1 = (y-w)? |z w|dwd !
gd—1

<a+b+c+d—1 1) <a+c+2 d— 3>
=o0q-3B

2
a+1 c+1 a c 1
B Fl|——=
X ( 9 ) 92 > ( 2) 272aCOS (J,‘ Z))

f:8Tt 5 [-1,1]

wHw-y=t

Proof. The mapping

has 1-dimensional Jacobian J; f(w) = /1 — (w-y)? for all w € S% 1\ {y}. The coarea

formula implies

1
h(w) dw?! / / dw?2 dt,
/Sd 1 (w v sa-1nf-1(t) V1 —t2 ( ) “

for any positive, H% !-measurable function h: S%! — R. Then, an application of the
area formula with the injective mapping (whenever ¢t € (—1,1))

g: $10 (1) — 52t

w = m(wlyh),
with (d — 2)-dimensional Jacobian Jg_sg(w) = /1 — (w - y)ZZ_d, yields
1 d-3
/ h(w) dwd™! = / / V1—12 "hity + V1 - t2w)dw® 2 dt.
Sd—1 -1 Sd—Q(yL)

Therefore,

b
/Sd_l |z w|®/1 = (y-w)? |z w|¢dwd !
1 d+b+c—3
:/ V12 |z - (ty + V1 — 12w)|Yz - w|° w2 dt,
—1.J5d-2(y1L)
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and by a double application of the binomial formula, the last expression becomes

X sa 1
Z (Z)/ ﬂd+b+c_3
k=0 -1
a k
< B (- ) 2T By w)) o
s1-2(y%)
STERS ! dtk+l+btc—3
=3 ()30 ()2 e w [ g T gy
& =0 ! -1
></ (z - w)(z - W)z - w|dwd 2.
Sa=2(yt)

Notice that both integrals are non-zero only if k£ an [ have the same parity. Then, using
Remark 9 and Lemma 4, we get

b
/ 2 w1 = (y-w)? |z w|¢dwd?
gd—1
k

o
a k _
= 0q-3|- y|az <]2€> Z <l)2k Ftan® (2, y)
=0
k+l d k+l bte 1 c k+l _d-3
B e, rrt o) B(S4E00
X( o Tyt Tty 2)(2+2+’2)
I 1e 1 ktl e 1
><B< §,g+§>F< _2|_ , ;2 COSQ(.Q?l,Z)),

where 21 = 7(z|y") and the double sum is over k and [ with the same parity only. Finally,
an application of Lemma 6 yields

1
27

W‘Ml@
SIEE

b
/ |z w1 = (y-w)? |z w|®dwd?
Sd—1
1d b+c 1
_2 — _ .
Taslr- ylZ() ( s+305 T8+ 2)

d—3 1 ¢ 1 c 1
+ 1, — Z e ana2 )
X tan? (x, y)B( s+ 5 >B<s+2,2+2>ﬁ< S, 2,2,005 (:1:1,2)>

Using the duplication formula for the Gamma function, the following identity can be
derived,

a a 1 d b+c 1 c
T CRPIE W EONEE S PYEORE YA

B a 1btetd=1\ (c 1d-2\(-§), (4= 1) (-1°
—Jd—2B<§+§, 2 >B<§+2v 2 > ( ) S!

The proof of the first identity is complete. The two remaining identities are easily proven
by a slight modification of the above argument. ]
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Remark 11. Alternatively, the three identities in Proposition 4 can be written as

b
/ |z - w|/1 = (y-w)? |z w|dwd ™!
gd—1

a 1 b+c+d-—1 c, 1d-2
s (G L) (e 1)
[ a c btc+d—1 2s
—a) (=¢ , b ctd-1 .
% Z( 2)5(1() 2()01((1_1)2 )SCOS S('x Z)F —g—i—s,—E;cT—ks;st(%y))-
s=0 2/s 2 s

Then, for b = 0, it is easy to check that Proposition 4 is Lemma 4, exactly. For a = 0 or
¢ = 0, Proposition 4 is equivalent to [3, Proposition 4], i.e.

b
/ |z w|%/1— (y-w)? dw??
Gd—1

a 1
- Ud—lB <_ + 55

: b+d—1>F<_a bd—1

[E— —_ 1 2
d g ) ). ()

Recall the identity (21) in the proof of Proposition 2. Using [7, Proposition 3.5], we notice
that

2 / (el ALy = / | (=l @ w) b duwi
£<J1(qfl) S]_q(qufﬂ

5d=I
= ’Z|d—j/ 1— (i -w) dw’ 4,
Si—a(LL ) |2

where we used z € LqL_l for the second equality. An application of (32) with a = 0
yields (21). O

In the special case where ¢ = 2, it is easily seen using Remark 11, that

b
/ 2 w|%/1—(y-w)? |z w?dw??
Gd—1

Od—1 a 1 b+d+1 a bd+1 .,
- p(lo2 2T N\ |p( ¢ 2. 872,
T (55 ) [P (<55 e
alb+d+1) a b d+3

2 F(l== 1 Y a2 .
PR (z,z) 2+ Tl Ty s (z,y) (33)

When (z,n) € norY and a;(x,n) is the i’th principal direction at (x,n), we have, thanks
to formula (33),

(/||| L) 182
Ip(ai|Li—q)|*dLr—1
iy 2 Pl Ly

1 _
= 5/ 1|x-w\d7'\/1—(n~w)2 SZ|ai~w|2del
Sr—

ieJe
_ (rs)orlB(dr

O (e.m, Ag) = /E

s
r—1

1 r—s+1 -
20— 1) ; WT) Qas
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where

d— 1
Qus =F (—TT, g; %;Siﬂ%@ﬂ))

(d—7r)(r—s+1)cos®(z, Ay) d—r s r+3 . 5
F(- 2.2 .
rt1 r—s g Tlgigsinan)

_|_

Combining with (29), we obtain

_ [Lesr; _
0 =K [ et S 2 (A
nor Y J=s—1 12141+ K7
JcA{1,...,r—1}

with
(7‘ )Ur 1B(d 7“+ 1 r— s+1)
2<T - 1)Cd,r71,r75710's
TN I NG OINGY
2(r—1)os04¢4-1,,-1 NONGCEONEES)
_ r—s Pg)r=t rErE
(r—1osca-1,-1 (55T (5) T ()T (S5
1 C(r—s+1) T (d)
Os Cd—1,r—1 T (r) L(d-s+1)

T
Kgs =

The proof of Proposition 3 is now complete.

Lemma 7 (Two hypergeometric identities). For alld >0, r € R and z € [—1,1],

(r+1)(r — 1)F (—d_r,—%ﬂ";l;z)

2
d—r 1 1 d— 1
:(r—i-l)(r—l)F(— Qr—-i;z>—r(d—r)zF<— 2’#1,;%;2) (34)

272
If z#£0,1,—1, then, for all j,k € R,

_(d—j)(d—j—l—k—Fl)F d—]+1’]—k;d+3;z
d+1 2 2 2

l—z (d—j j—k d—1
=(d—1 F . )
(d-1) ~ < 5 T g ,z>

x[(j—d)—(d—l)lzz]F<dj jk-dﬂ;z). (35)

2 72 7 2

Proof. First, apply [1, (15.2.17)] with a = —%, b= —dgT and ¢ = T'gl to obtain
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Then, an application of [1, (15.2.15)] to the first term of the r.h.s. with a = -4, b =

and ¢ = 7"2i1 yields

"p <_d—r _1.T+1;Z>

1
2

2 2 7 27 2

d d—r 1 r+1 d—r d—r 1 r+1
—§F<— B ,§,T,Z>— B (1—Z)F<— 5 +1,5,T,Z>.

Furthermore, we can transform the second term of the r.h.s. of the last expression using

[1, (15.2.20)] witha = —%5L + 1, b=} and ¢ = 5L,

r+1 d—r 1 r+1
1—2)F (- 1,0
- oF (<1 15 )

r+1 d—r 1 r+1 T d—r 1 r+3
= Fl| - _- . — _F | — 1.2 —=. .
2 ( 2 72 2 ’Z) 2° < y by ’Z>

Hence, combining the three identities above, we obtain (34). Note that in (34), the
three hypergeometric series are absolute convergent on the circle of convergence, |z| = 1,
whenever d > 0, cf. [1, (15.1.1)].

According to [1, (15.2.20)] with a = % +1,b= % and ¢ = £ we have

d—j+k+1 _(d—j  j—k d+3
— 5 zF( 5 +1, 5 Ty 37
d+1 d—j —k d+1 d+1 _(d—j j—k d+1
:L(l—z)F ‘7—|—1,j ; + iz | — + F j,] ; + AR
2 2 2 2 2 2 2 2
The first term on the r.h.s. can be re-written using [1, (15.2.17)] with a = @, b= %
andc:%,
d—j _ (d—j j—k d+1
F 1 . .
2 ( p LTyt
d—1 o _ . o
_ 7 d ]7] k:;d 1;2 1 lF d jj_] k;d—l—l;z.
2 2 2 2 2 2 2 2

Combining the last two identities, we obtain identity (35). Note that in (35), the absolute
convergence of F(d%j, %; 2=1:2) on the circle |z| = 1 requires that k > 1, cf. [1, (15.1.1)].

O]
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1 Introduction

The aim of this paper is to collect a number of integral geometric identities that were
frequently used during the redaction of [2], [3] and [4]. In the literature, those results
are often applied in a specialized version, e.g. in lower dimensions or with special values
of the parameters. In practice, those computations are rather time-consuming and the
validity of a result involving integrals over complicated spaces is often difficult to check,
especially when we are working in higher dimensions. Nonetheless, expressing integrals in
explicit forms is indispensable in order to make the formulae manageable for applications.
We hope that the present paper will prove helpful for future research in applied integral
geometry.

2 Notation and definitions

The Gauss hypergeometric series is defined for a,b,c € R and z € [-1,1] as

(a)r(b) 2
(O)k

o]
F(a,b;c;z):F(b,a;c;z):Z ya
k= ’

0

where (a)g is the rising sequential product or Pochhammer symbol,

(@) =z(@+1)(z+2)---(z+k-1)

for all x € R,k € N, cf. [1, Chapter 15] Note that (z); = F(Iiv(j;f) and

(=2)p = (=2)(=(z = 1))(=(z = 2)) - (=(x =k + 1))
k

(—D)z(x—1)(z—2)---(z—k+1)
I'(z+1)
(_1)kf(x —k+1)

for x > 0. Moreover, (x); = 0 whenever x € {0,—1,—2,...} and k > —z. The Gamma
function is defined on Ry as I'(z) = [;°t* te~"dt and it has an analytic continuation
on C\ {0,—1,-2,...}. Standard formulae for the Gamma function can be found in [1,
Chapter 6]. In particular, the duplication formula,

[(22) = [(2)T (z + %) n222 L (1)
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is often useful. The Beta function, B(a,b) = B(b,a), is defined for all a,b > 0 as

o] tafl
B(a,b) = ——dt
(a’ ) /0 (1 +t)a+b

or, alternatively,
1
B(a,b) :/ 71 —t) L at.
0

The Beta function is often expressed in terms of the Gamma function as

_ T(a)T(b)
Bla.b) = 5

In the following, we shall denote the surface area of the (d — 1)-dimensional unit sphere
in R? by
d
ol
04 = / dzd! = —W;
i1 r(3)

and the volume of the unit ball in R¢ by

Definition 1 ([5], chap. 2). Let X C R? and Y C R" be differentiable manifolds of
dimension p and ¢, respectively. Moreover, let f: X — Y be a differential mapping and

let Df(z) be the n x d matrix of partial derivatives
,d.

Ofi , :
(Df@)y = go@). =t mg =1

Let ker D f () be the kernel of D f(x) and denote the tangent space of X at z by Tan(z, X).
Then, J, f(z; X) is non-zero if and only if the dimension of
Tan(z, X) N (ker Df(z) N Tan(z, X))* (2)

is equal to ¢. If (2) has dimension ¢, then the p-dimensional Jacobian can be calculated

Jpf(w; X) = \/det (D f(2; X)D f(x; X)),

where D f(z; X) is a ¢ X n-matrix,
Df(x; X) = Df(x)B,
and B is a matrix whose columns form an orthonormal basis for (2). Important special

cases are
Jpf(z;X) = /det (Df(x)!Df(x)) when p=d<n,
Jpf(z; X) = \/det (Df(z)Df(x)!) when p=n<d

and
when p=mn=d.

Jpf (x; X) = | det (D f(z)) |
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Theorem 2 (Coarea formula). Let f: R? — R™ be Lipschitz, d > n, and let A C R? be
Lebesque measurable. Then, for any non-negative \*-measurable function h on A,

h(z)Jy f(z) dz? = h(z) dzd=™ dz".
/A(x)J (@) da /n/mf_l(z) () dad" dz

Theorem 3 (Area formula). Let f: R — R™ be Lipschitz, d < n, and let A C R be
Lebesque measurable. Then, for any non-negative \*-measurable function h on A,

/Ah(x)de(m)dxd:/Rn > h(z)dz

z€ANF~1(z)

3 Preliminary integral transformations

Lemma 4. For allc¢>b> 0, a € R and z € [—1,1], the following integral representation
of the hypergeometric function holds,

1
F(a,b,c; z) = m/o (1 _ tz)fatbfl(l _ t)cfbfl dt.

When z =1, the extra assumption a + b —c > 0 is necessary. In particular,

I'(e)l'(c—a—b)
L(ec=b)I(c—a)

Proof. See [1, (15.1.20) and (15.3.1)]. O

F(a,b;c;1) =

Lemma 5. Let a, 3 € [0,1] with a+ 3 = 1. Then, for allk >0, a € R and0<b+% <ec,

o0 B N o e 1 1 1 1
1 ¢ = _B Zc—b=Z\F T
/0 <a+1+rk> (r*)’ (X +r%)~cdr - b—i—k,c b - a,b—l—k,c,ﬁ

When B8 =1, the extra assumption ¢ > a + b+ % s required.

Proof. Successive substitutions with s = ¥, t = 1—is and u =1 —1t yield

/Ooo (a + %) h (r")P(1 +r*)edr

1 [ -
:E/o (a—l—lf_s> sb+%71(1+5)*cds

1
_ i/ (a + ﬂt)_a(l _ t)b—!—%—ltc—(b-i-%)—l dt
0

k
1 ! 1 1
_ E/ (1 o Bu)faub%»gfl(l o u)cf(b+g)fl dt
0
1 1 1 1
=-B|b+—-,c—b—= | F b+ —;c; .
Y (T DAY
For the last equality, we used Lemma 4. O

Lemma 6. For all k > 0, a € R, b>—% andc>a+b+%,

/OO ! _a(’f)b(u Fy=ed Ly b= b4
— r T r=- c—a—0b— — - .
o \14rk k kT k
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Proof. Use Lemma 5 with § = 1 and the identity F'(a,b;c;1) = %,

[(or ) e
_ lF(b—f— %)F(c —(b+ %)) T(e)T(c—a—(b+ 1))

k
k I'(c) I'(c—a)l(c— (b+ %))
1 (b 1>F(ca(b+%))

:—F —
k +k: I'(c—a)

1 1 1
_EB<C_a_b_E’b+E>'

Lemma 7. Let o,k >0, ¢ > —% and p > %1,

o 1\ 1 gn1 q+1 q+1
“qr = ~at 7B - .
/0 <a+rk> marE et ( E P TR

Proof. Substitution by s = % implies
Pk

/OO< L >prqdr_a_p+%/oo 1 (T—)kdr
o \a+rk 0o \1+2 a

= 1a7p+%+% /OO 1 p8%71+% ds
k' 0 1 + S

O

Lemma 8. Let o, 3 € [0,1] with o« + 3 = 1. Then, for allk > 0, a € R, b > —% and
c>—1,

1 —a 1
[ (et ety =18 (04 e s 1) F (et e g +10).
0

When 8 =1, the extra assumption b+ % > a 1S necessary.

Proof. Substitution with s = r* yields

/01 (a + ﬁrk> - (") (1 = rF)edr

1 1
= E/ (a+ﬂs)_“sb+%_1(1—s)cds
0

1 1 1
kB(b—i—k,c—f—l)F(a,c—I— ,c+b+k+1,ﬁ>
For the last equality, we used a substitution by ¢t =1 — s. [l

Lemma 9. Let k>0, b > —% and a > —1. Then,

1
/ (1 —tF)etF)bdt = 1p <a +1,b+ 1) .
0 k k

Proof. Use Lemma 8 with a = 0. O
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4 Integration over subspaces

In the following, we denote by Eg the space of p-dimensional linear subspaces of R? with
the element of rotation invariant measure dLZ.

Lemma 10. Let B, € /Lg and let

[+ Bp \ {0} — Spil(Bp)

x
T = .
||

The (p — 1)-dimensional Jacobian of f is given by
Jp1f () = [a]7®7V.
Proof. Use the proof of [5, Proposition 2.8] with a suitable basis. [l

Proposition 11. Let B), € Eg and let g: B, — R be a non-negative measurable function.
Then,

/ g(@))a] 0D da? = / gly) dy" P,
By f_l(x)

Sr=1(Bp)

where [ is the mapping from Proposition 10.

Proof. The statement is equivalent to [5, Proposition 2.8] with a suitable basis. Alterna-
tively, use Lemma 10 and apply the coarea formula. O

Lemma 12. Let By = span{b} be a 1-dimensional subspace of R? and let g: R — R be a
non-negative measurable function. Then,

/ el de =2 / " g ar.

Proof. By using the co-area formula with f: R? — R, f(2) = |z|> = -z and

If(z) = \/Aet(DF (@) DF (@)) = \/Aal = 2la,

(because k =n = 1) we get

o o) (o [T WD, [T
Jootebart = [ [ e s,

Substitution by s = /r completes the proof. O

Proposition 13. Let B, € Eg and let g: Ry — R be a non-negative measurable function.

Then,
[ slahar =, [ grtar
0

P

Proof. Combine Lemma 12 and Proposition 11,

/ g(|z]) da? = / dz?~! / gOP 1 dt = o, / ()1 dt.
B SP=1(B,) 0 0

P
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Proposition 14. Let B, € Eg and let g: B, — Ry be given by

B8
1+ |z|m

o) = (a+ ) el oy

for some m >0 and a,b,c € R with ¢ > b+ £ > 0. Then,

/B g(x)dxngB (b—i—%,c—b—%)F(a,b—i—%;c;ﬁ).

P

When 8 = 1, the additional condition ¢ —a — b — % > 0 s necessary.

Proof. By combining Lemma 5 and Proposition 13, we obtain

/ g(z)da? = o, /000 <a+ : ftm>a(1 _,_tm)fc(tm)b(tm)%,% da

BP
=2+ L b= LYF(ab+ Ligp).
m m m m

O
Proposition 15. Let B, € Eg, Then, for allm >0 and k > £,
1 k Op p D
Y T2 2
B, \1+[z[™ m m’m
Proof. Apply Proposition 13 and Lemma 7,
1
/( >dx —O'p/ < )tpldt
B, \1+ |z|™ L4tm
— —pB _r 2)
m m’m
O

5 Integration over spheres

For any p-dimensional linear subspace B, of R%, the orthogonal projection of z € R onto

B, is denoted by p(z|B,). By 7(z|B,) we shall denote the spherical projection of x onto
By, ie. w(z|Bpy) = %. Furthermore, for any ¢-dimensional subspace B, of R?, we
define the G-function as

det(AtA) if ¢ < d and dim(B, N (B,N By)t)=d—q
G(Bp,Bg) =4 1 ifg=d (3)

0 otherwise.

Here, A = [p(b1|Bj-), e ,p(bd_q|B;-)], where bq,...,b4—4 is an orthonormal basis of the
linear subspace B, N (B, N B,)*. The G-function is symmetric in its arguments and can
be regarded as a generalized sinus of the angle between the subspaces B, and B,. For any
subspace B of Rd, GB) is the function G considered relatively in B.
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Proposition 16. Let e € S, Then, the mapping

f: 8%t —10,1]

z— (e-x)?
has the following 1-dimensional Jacobian
Jif(@;897Y) = 2le - 2 \/1— (e 2)2
Proof. See the proof of [5, Proposition 2.11]. O

Proposition 17. Let e € S ! and let g: R — R be a non-negative measurable function.
Then,

1
/ g((e - )?) dz"! =0d1/ gt~z (1 — )T Lat.
Gd—1 ;
Proof. See [5, Proposition 2.11]. -

Proposition 18. Let e € S% Land let g: R — R be a non-negative measurable function.
Then, for all k > 0,

1
/ g(le - z[*) dad=1 = ad_l/ g3 )t 2 (1 — 1)z ~lat.
Sd-1 0
Proof. See Proposition 17. O

Proposition 19. Let e € S and let n € N. Then,

1 d-1
le-z"dz?"! =B nt y—— | oq_1-
gd—1 2 2

Proof. Use Proposition 18,

1
/ le-z|"dzd! = gy / t%lfl(l - t)%fldt
Sd—1 0

1 d-1
)

2 2
O
Proposition 20. Let e € S 1. Then,
/Sdl(e c2)?dadtl = wy.
Proof. Use Proposition 19 with n = 2. O

Proposition 21. Let e € S 1, g€ [-1,1] and a € R. Then,

—a - 1 d-—1 1 d
/gd1 (1 —ﬂ(e.x)2) dz¥ ' =0, 1B <§,T> F <a, 5 5?5) _
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Proof. Use Proposition 17 with g(t) = (1 — gt)~¢,

! 1 d—1
/sd1 gl(e-z)*) e’ = Ud—l/o gty 2(1— )z Ldt

d
2

1
= ad_l/ (1-pt)y" 21—t 2 L dt
0

1 d-—1 1d
- Jd—lB <§’T> F <a’7§75;/8> .

O

Lemma 22. Let h: S% ! — R be a non-negative measurable function and let y € S 1.
Then,

! d-3
/ h(w) dw?™t = / / V1—12 “h(ty +V1—t2w) dw?? dt.
§d—1 —1Jgd—2(yL)

Proof. The mapping

f:8t —[-1,1]

w—w-y=t

has 1-dimensional Jacobian J; f(w) = /1 — (w-y)? for all w € S9!\ {y}. The coarea

formula implies

1
1
h(w dwdl:/ / h(w) dw?2 dt.
Ld1 (w) —1Jsd-1np-1() V1 — t2 ()

An application of the area formula with the injective mapping (whenever ¢ € (—1,1))

g: ST ) — S (yh)

w i m(wlyh),
with (d — 2)-dimensional Jacobian Jg_2g(w) = /1 — (w - y)22_d, yields

1 d-3
/ h(w) dwd™! = / / V1—12 "hity + V1 - t2w) dw® 2 dt.
gd—1 —1Jgd-2(y1)

Lemma 23. Let B, € Eg and let 1 € BpL. The mapping

&: B, — SP(B), @ span(z))
xr1+x
|z1 + x|

has p-dimensional Jacobian

T
Jpé(x) = il ST
(lza|* + [2f?) 2
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Proof. The kernel of
p( - |span(zy +z)")
|x1 + x|

D¢(x) =

is
ker D¢(x) = span(z; + x) € Bp.

Since Tan(z, B,) = B,, the orthogonal complement of ker D¢(x) in Tan(B), z) is
Tan N (ker N Tan)* = B, N (span(z; +x) N B,)* = B,.

Let eq,...,ep be an orthonormal basis of B, such that e; = w(x; + z|B,) = z/|z| and
€,...,ep L (x1 + x). Then, by Definition 1,
et ) p(er|span(zy + z)*)*
D&(x, By) = : Dé(p) = ——— :
5( p) . 5( ) \551 _|_ Z'| . L
€ap p(ep|span(zi + x))

2|~ p(@[span(z) +2)*)*

1 > €3
:QMP+xP> :

P
Hence,
1 P
2 1y2
Jp€(x)” = <|-’E1|2+|$|2> W|p(x|span(a:1 +x)7)|%
An easy computation yields #\p(:ﬂspan(xo +2)h)]2 = % and, as a consequence,

O

Lemma 24. Let 1(z) = 7(z|Bp) be defined on S*t. Then, for all zg € SP~Y(B,) and
all k>0,

_ d—p k+1
[, st = % (T BT
—1a0) 2 2 2

Proof. Note that ¢~ (xg) = S¢P(span(zq) ® BpL). Define the mapping

§: By — ¢ (xo)
o+
|zo + x|

According to Lemma 23, the (d — p)-dimensional Jacobian of ¢ is

d—p+1

1 5
1+ |z|?

Ja—pé(x) = <
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Since ¢ is bijective, the area formula implies

kQpd—r = k q.d-p
/wl(mo) p(z]By)|" da /w > IpE)|By)IF da

20) yeg—1(x)

- / ) : pdat™?
Y~ 1(zo) ye&—1(z) |£E0 + y|

d—p+1

k
“J () ()
Bt \1+[z[? 1+ |z|?

1 k+d—p+1
2
—/ <72> dzd=P.
B \1+|z|

Using Proposition 15, we conclude that

k4+d—p+1

/ ( 1 2) P dxd_ngd_pB<d_p,k+d_p+1—d_p>
52 \1+ [a] 2 2 2 2

:ad_pB<dp k+1>

2 2 72
|

Lemma 25. Let A, and B, be q- and p-dimensional linear subspaces of R?, respectively.
Define the spherical projection

Y ST (Ag) — SPTH(B)

z — 7 (x| Bp).
The (p — 1)-dimensional Jacobian of ¥ is given by

g(Aq N va (Bp n xL)L)
lp(z|Bp)[P~1

Tp-19(z, ST (Aq)) =
Note that the Jacobian is non-zero at x only if
1 1L N
dim <Aqm:c N [(Bpmx ) N(AgNx )} ) =p—1

or dim(B, Nxt) =0, cf. definition (3).

Proof. The kernel of
p(- |xL N Bp)
Dy(z) =B =0
= B,
is
ker Dyp(x) = (z- N By)*.

Since Tan(z, S~ 1) = 2+ N A,, we may define an orthonormal basis

Tan N (ker N Tan)® = span{e, ... cep—1},
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whenever dim(mL)(Aq N (A4 N By )*+) = p—1. Note that the (p — 1)-dimensional Jacobian
of v is zero when this dimensional assumption is not satisfied. Applying the differential
of 1 to the orthonormal basis e, ..., e,—_1, we obtain

p(el|35L n Bp)*
Dip(x, ST (Ag)) = |p(x|Bp)| ™! :
p(epfl‘xj' N By)*

and
Ty 1, 57 (Ag)) = p(e] By~ IG (Tan(e, 870), (o 1 By)*)

cf. (3). Note that the G function is non-zero only if
I
dim <Tan(x, s4=hyn [(a:L N B,)* N Tan(z, Sd_l)] > =d—(d—p—-1)=p—1

when dim(z* N By) > 0 and G is equal to 1 whenever dim(z* N B,) = 0. O

Remark 26. In the special case p = 1, set By = span{b} and note that the 0-dimensional
Jacobian of v is given by Jo(z, S71(4,)) = 1. A combined application of the coarea
formula and Lemma 24 yields

/ |z - b|F dad~! = / / |z - b|F dz? ! da
S9=1(Aq) S0(By) Jp={zo}

= 2cos”(b, Aq)/ |z - w(b]Ag)|F dz?™?
P H{b}

This identity is also derived in Remark 32 and Proposition 38.

Lemma 27. Let B, € Eg be fired and define the mapping

¥ 8T — STTH(By)

x — m(z|Bp).
The (p — 1)-dimensional Jacobian of ¥ is given by
Ty 1th(w, §41) = |p(a] By)| D).
Proof. Use Lemma 25 with A, = R%. Then [5, Proposition 5.2] implies

G(a™, (By nat)h) = [p(z|(By nat)h)| = |z| = 1.

Remark 28. According to Lemma 27 and the co-area formula,

[ el aatt = [ (el g (o) dat!

_ / / (2| By)[F daP da? .
S0-1(8,) J 1 (o)
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An application of Lemma 24 to the inner integral implies

_ d—p k+1
/ |p(l’|Bp)|k_p+1 dl‘d_l _ Op 04 PR ( p7 + ) .
gd—1 2 2 2

Proposition 38 yields the same result.

Lemma 29. Let B, € Eg and m € S such that m ¢ B,. Define

P: 8972 (mt) — SP71(B,)

x — 7(z|Bp) = xo.

Then, for almost all x € S2(m™), the (p — 1)-dimensional Jacobian of v is

2 2 2
/sin? 6 + cos? 0 cos?(xg, mg)
J, —1¢($) = _ )
: p(z|Bp) [P~
where 0 = Z(m, By) , xo = m(u|Bp) and mo = w(m|Bp) (set Z(xo,mo) =0 when m L By,
in accordance with Lemma 27).

Proof. Use Lemma 25 with A, = m™*. The (p — 1)-dimensional Jacobian of v is given by

g(mj- Nat, (BpN xJ-)J-)
Ip(x|By)[P~1

Applying [6, Lemma 4.1], [5, Proposition 5.2] and x_Lm, we obtain

Jp_li/l(:lﬁ, Sd_2 (mJ_)) =

G(m* nat, (Bynat)H2 =g ) (mt nat, (B, nat)t nat)?
= [p(x(m|z")[(B, nat) = nat)?
= |p(m|(B, Na*)H)[?
=1—|p(m|B, ﬂzL’J‘)|2
= 1— [p(m|B,)*|p(n(m|Bp)| B, N &)
= 1—[p(m|By,)[*(1 — |p(w(m|Bp)|m(x|By))[?)
= (1= [p(m|By)[?) + [p(m|By)[*|p(x (m|By) |7 (2| By)) |

= sin% 0 + cos? 0 COSQ(xQ, mp).

O
Lemma 30. Let B, € Eg and Aq € Eg such that Ay N (B;- N Ay)*t =p. Define
Uk Sq_l(Aq> - Sp_l(Bp>
x — (x| Bp) = xo.
Let ay,...,a4—q be an orthonormal basis of Aé‘. Then, for almost all x € Sqfl(Aq), the

(p — 1)-dimensional Jacobian of 1 is

H?;f sin? 0; + cos? 0; cos?(7(z|By), w(a;| By))
p(u|Bp)[P~! ’

Jp—ld)(x) =

where 8; = Z(a;,Bp) (set Z(m(z|By),m(a;|By)) = 0 when a; L B, in accordance with
Lemma 29.
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Proof. Using Lemma 25 with A, =ai{ N---N a(ﬁ o the Jacobian of ¢ can be calculated as

G(NZfat nat, (B,naH)t) ¢l nat, (B, nat)t nat)
p(z|By) P! p(x|By) [P~

Tib(a, ST (4,)) =

Without loss of generality, assume that the a;s are orthogonal to neither (B, N z)* nor

to its complement. According to [6, Lemma 4.1], we have
g(y:L)( il 94 J_ ﬂ:EJ' (B me_)J_ ﬁxj‘)
L L
— gl Nag_y) (ﬂ "o Nat, (B, nat)tn aé;q N xL) Ip(ag_q|(Bp Nat): Nab)|
_ gl@tnai,) (md at Nt (Bynat)tnaf,n :cJ‘> Ip(aa_ql (B, N 2H)1).
Using that xla;, the same procedure as in the proof of Lemma 29 yields

GeIN(Niat nat, (B, Nt nat)
Igmfﬂlﬂﬂ)(ﬂ Yo Nt (B, Nnat)t nat ndt) af)

d—
X H \/sin2 0; + cos? 6; cos? (o, al)

d—q
— H \/sin2 0; + cos? 6; cos®(xg, a?).
i=1

O

Proposition 31. Let B, be a p-dimensional subspace of R and let Ay be a g-dimensional
subspace of RY such that Aqﬂ(AqﬂB;-)J— = p. Moreover, let ay,...,aq—q be an orthonormal
basis for A(JI- and define the (d — q) x (d — q)-matriz A as

A j = (m(a;1By), as)
Then,
_ — k
/ |p($|Bp)|kdxq71: Oq PR (q p’p+ )
59-1(Aq) 2 2 2
( 1 )(p+k)/2
5
X / P dazg_1
SP=1(Bp) H;j:_lq \/sin2 0; 4 cos? 6; cos?(zo, m(a;| Bp))
Here,
6= |0517T(CL1|BZJ)') + ...+ O(d,q’ﬂ'(ad,q|B;‘)|,
where o = (v, ..., 04_¢q) € R4 solves the system of equations
A(Ozl, P ,Ozd_q) = (—ZUO a1, —xp-a2,...,—xQ " ad_q).

Proof. Define the mapping

(UF Sq_l(Aq) - Sp_l(Bp)

x> w(2]B,y) = o
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and apply the coarea formula together with Lemma 30,

/ Ip(a]By) F dzt!
S9-1(Aq)

Lo palBI e 57 (Ag) T ot P
SP=1(Bp) J ¢~ (wo)

daP™!
- / / [p(a|By) [P daa 0
§91(By) Jy1 o) Iy

sin? 0; + cos? 0; cos? (o, a?)

) (4)

where aq, ..., a4_q is an orthonormal basis of Aé‘ and a) = 7(a;|By,), i = 1,...,d—q. Note

that A, N (44N B;-)J- = p implies 4, N B;- = ¢ — p and define the bijective mapping

¢ AgN By — ™ (zo)
xo + B +w
|zo + Bz +w|’

where 3 € R and 21 = 2 (2¢) € S P4 (p(AqHBpl)) are uniquely chosen s.t. zo+08z1 € A

q
(see below for a more explicit expression). According to Lemma 23, the (¢—p)-dimensional
Jacobian of £ is given by

/1 2
Ji—pé(w) = +5

(L4 52 + |w) 5

Hence, the area formula yields

| wtalB e
(4

[p(& ()| Bp)|* P~ dat

~!(zo)
B /wl(zo) yele(x)
1
= dz
/wl(xo) 521(35) |330 + Bz + y|k+p—1
_ / 1 V1+ 52
MBS (L4 3+ o) 5 + [af?)
= / /1+5° dz?7P.
AyNB- (

IR (5)
L+ 3% +[zf?)

q—p

dx?™P

g—p+1
2

According to Proposition 13 and Lemma 7,

[ OE g, /oo ViEx::
AgnBE ( ) T (

1+ 5% + |z 1462 +02)%

1 (p+k— 1)/2 g—p p+k (6)
14—,62 2 7 2 )

e r4—P=Lqp
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Then, by combining (4), (5) and (6),

[ ptelB)F et
S9=1(Aq)

—1
= [t e dag
57-1(By) J 4~ (o) s

sin? §; + cos? 6; cos?(zg, al))

RENCITE
:aq_pB<q—p p—l—k)/ (1+g—2)
2 2 2 §7-1(By) [T428 \/sin2 0; + cos? 0; cos?(xg, a)

p—1
dxy .

We need to express § and z; in a more explicit way. Define the (d — ¢) x (d — ¢) matrix
A by

Aiﬂ' = ﬂ(a]|BZJ;) c Q.

Let ay,...,aq_1 be an orthonormal basis for AqL. The orthogonal decomposition of R?
into B, ® BpL ensures the existence of scalars aq,. .., a4_q such that
d—q
v+ Y ajm(a;|By) € Ag. (7)
j=1
In other words, oy, ..., aq—4 solve the following system of equations
d—q
0=z -aq +Zaj7r(aj|BpL) - ai
i=1
d—q
0==x9 as+ Z Oéj?T(aj|B;') - ag
j=1
d—q
0=x0-aqg—q + Z ajw(aj\Bpl) Qg
Jj=1

Whenever A is invertible, the solution to this system is given by

o= Ail(—xo CA1, X0 A2y ..y =X - Ad—g)-
Now, set
B =larm(ar|By) + ... + aa—g7(aa—g| By )|
and
= arm(a1|By) + ... + ag_qm(aq—q| By) .
loqm(ar|Bi) + ... + ag_qm(aq—q| Bi)|
Hence, (7) implies z¢ + fz1 € A, and the mapping & is well-defined. O

Remark 32. Let us consider Proposition 31 in the special case p = 1. Let B; = span(b).
Then,

b)(a; - b b
Agj = m(agbt) - a; = @ D)@i-b) _ tladt T
B Vit 71
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Since g = m(x|b) = b, the vector o = (a1, ..., 4—4) is a solution to the system of d — ¢
linear equations

a i aj(aj - b)
Al'al— ! —(a1 b) ) :—al'b
1—(ay-b)? = 1— (a; - b)?
d—q
Qd—q aj(a; - b)
Ag_g - ag_g = —(ag—g b — = —qag_, b,
e T 1 — (ag—q - b)? (i )jzl 1—(aj - b)? e
where A; is the ith row of the matrix A. One can easily check that
( (a; - b)y/T— (g ~—b>2>
a=|-—
S (q D)2
1 Zz(al b) i=1,...d—q
is a solution to that system. Hence, for all j =1,...,d — g,
a;j — (a; - b)b
ay wlaglbt) = ay U100
1-— (aj . b)
and
) d=q 2 1 2 5|2
B = ‘Z%‘ W(%‘Ib)‘ =\T-~7 2 ‘Z(%‘ ~b)a; —b> (aj - b) ‘
j=1 1—>i(ai-b) ; ;

Noting that Y-,(a; - b)? = cos?(b, A7), we deduce that

1

cos? (b, AqL)
sin® (b, A})

9 201 4L 4p AL 2(b, AL) cos® (b, A-
32 = (COS (b, A7) + cos®(b, A;) — 2cos(b, A;) cos®(b, A, )) = sin2(b, AD) )

or in other terms,

1 -2 1
rﬂz = Sin (b,Aq )
Having computed the nominator on the right-hand side of Proposition 31, we note that
the denominator is equal to 1 since cos?(zq, 7(a;|B1)) = cos?(b,b) = 1. Thus,

—-11
/Sq—l(A ) lz-bFdz? ! =0, 1B ((JT’ #) sink(b,Aql). (8)

Notice that this identity can also be derived using Proposition 38 below, with d = ¢ and
p=1

/ o b dat! = cos(b, Ay) & (B Ay da?!
Sa—1(Ag) Sa—1(Ag)

-1 14k
=048 (qT’ %) cos® (b, Ay).
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Proposition 33. Let B, € Cg be fized. Let m be a unit vector in RY and assume that
m ¢ By,. Then,

/ p(2|B)|F a2
§d=2(mL)

d—p—1 p+k
Od—p-10p5 ( 5 T) kp—1
= sin? ™" (m, B,)F (1i p—; 2;0082(771, Bp)) .

2 2 7 2 72

Proof of Proposition 33. Using Proposition 31 with 4, = m*, A = 7r(m|B;-) -m and
a1 = m, we obtain

- Tom _cos(m, By)(zo - m(m|By))
b m(m|By) -m sin(m, B))
and
6= |a17r(m|B;‘)| =aj.
Hence,
r 1
1432 1 4 cos’(mBp)(wo-m(m|Bp))?
1+ sin(m,By)
B sin?(m, B)
sin?(m, By) + cos2(m, Bp)(zo - 7(m|B,))?’
Therefore,
d—p—1 p+k
O-dfple ( ) _>
) PN LRI
2 Sd=2(mt)
sin?(m,By) (p+k—1)/2
(sin2 (m,Bp)+cos?(m,Bp)(zo-m(m|Bp))? >

p—1
daxy

N /sp—l(Bp) V/sin(m, Bp) + cos?(m, B,) cos?(xo, w(m|Bp))
1
sp-1(,) (sin®(m, Bp) + cos?(m, By) cos?(zo, m(m|B,))P+k)/2

. - -1
= sinP** Y(m, B,) dzf ™.

The last integral is of the form

/ 9((wo - m(m|By))?) dafy ™",
SP=1(By)

with g(t) = ROz Hcole(m EADIGETER Hence, using Proposition 17 and Lemma 8§,
=P »=p

1 —
/ 9((xo - 7(m|B,)2) dah ! = 0, / g3 (1) e
SP=1(B,) 0

/1 ! 21—t La
= Op— _
P71 Jo (in2(m, B,) + cos®(m, B,)t) o +R)/2

1 p—1 p+k p—1p 9
p— _ B —_ —_— F _— —_— B
Ip-1 (2’ 2 ) < 5 g 9108 (M By)
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Remark 34. Note that for p = 1, span(b) = By, Proposition 33 yields

-2
/Sd2( 5 |z - b|F da?2% = 64_5B (dT, g) sin® (b, m),

i.e. the same expression as the one obtained in Remark 32 with ¢ = d — 1. Moreover, in
the special case k = 0, Proposition 33 yields, for all p,

d—p—1
O'dfpflapB < ) %

) 1
/ dl’d_Q — Sinp_l(m, Bp)F (E, p—7 ]_?; COS2 (m7 Bp))
Sd—2(mi) 2

272 2

= 0d-1,
as was expected. The second equality follows from [1, (15.1.8)].

Proposition 35. Let B), € Eg be fized. Then, for any non-negative measurable function
g: R - R,

d—p—2

1 —
/ o(p(a|B,)) da = %/ / g (thw) 'L — )" 5 araat
Sd—1 SP=1(Bp) 40O

Proof. First, we use the co-area formula with

(8 STt — Sp_l(Bp)

x> (2] By).
According to Lemma 27, the (p — 1)-dimensional Jacobian of v is given by
Jp—l@b(l‘vsdil) = |p(1‘|Bp)|7(p71).

Hence, the co-area formula yields

/ g(p(xpr»dwd‘l:/ 9 (Ip(x|By)|m(2|By)) da™
Sd—1 Sd—1

: / / 9(lp(w|Bp)lo) lp(r| By) "~ da" drf . (9)
SP=1(Bp) Jp~(xo)

Let x9 € SP~1(B,) be fixed and apply the area formula with

¢ By — ¢~ (ao)
w + xo
lw + 20|

According to Lemma 23, the (p — 1)-dimensional Jacobian of ¢ is

d—p+1

1 2

Ja—p€(w, S = (m
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D=

Hence, since & maps BpL bijectively onto ¢! (zg) and |p(¢(w)|B,)| = |wjx0| = (1+|1w\2) ,

[ antelBlolptel B dat
P~ (zo)

=[S allreB o) B dr
¥~ (o) wet1(x)

1 p—1
Lo 2 (1)) ()
Y~ (z0) wet1(z) L+ |w‘ L+ |w|
p—1 d—p+1

)
o (50 ) () ) e
B /Bplg ((ﬁ)“) (1 +1|x|2)

Using Proposition 13, we get

1 d
— oy _— = ) el 1
od p/o g<(1+t2> :c0> (1+t2> (10)

Substitution with s = # yield

1 d
o 1 \: 1 \z, I p—2 d—p-2
L frtar =L [ (sha) R0 — ) s
[o{(ke) ') (a) b [ o) o=

The last equation combined with (9) and (10) implies

Od— ! 1 p=2 d—p-2 _
/Sd1g(p(ﬁﬁ|15’p))d$d1 = %/SN(B )/O g<t2xo>tp2 1-t)"2 dtdah
P

Remark 36. Note that Proposition 35 generalizes Proposition 17 (p = 1).

Proposition 37. Let B, € Eg. Then,

1 - —_n—
/ g(jp(z|By)|) da®! = %/ ; (t%)t%zu INESN
gd—1 ;

Proof. Use Proposition 35. O

Proposition 38. Let B, € Eg. Then,

_ d—p k
R ] e |
g1 2 2 2

Proof. Use Proposition 37 with g(t) = t*. O
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Proposition 39. Let B, € Eg be fized. Then,

df
od—p B (g’ zp

/ g(n(z|By)) da™! = )/ g (wo) dafy".
Sd—1 2 Sp—l(Bp)

Proof. Use Proposition 35. O

For the remainder of this section, recall that the binomial coefficient (Z) is defined for
all a € R and all £ € N by

I'(a+1
Tla— k(+1)r‘)(k+1_) for a >0,
ay _ (—a)k(—l)k _ [(a+k)(—1)F
<k> =T T Tomew fore<o,
0 for a = 0.

Lemma 40. For all a,n € R and k € N,

R

n 1 n
(2k>B(a+k+§,§—k+§

Proof. The duplication formula (1) implies

D(2—k+d) 7i27(-20) (C1)k(-B)ra2-(-20)
T(n—2k+1) T(E—k+1) T(Z+ 1) ’
1 T2972k

2
L2k+1) T(k+3)K @)

—2k

and

1
r(n+1):r<”; )F(gﬂ)w—%zn.

The result now follows by insertion. O

Lemma 41. For all a,n € R and k € N,

(;>B<k+%,a+gk+%> :B<a+ﬁ+1 }) (—%+1),( @)k(_li)k.

Proof. Left to the reader. O

Lemma 42. For all a,b,c € R and z € [0,1],

I'(c—a—b)I(c)

Flabie2) = 5o~ b)

F(a,b;a+b—c+1;1—2).
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Proof.

— (O k!
co k

_ kY, (@) (1—2)

_kzzog l>( D (c)k k!

e (B, @k (1= 2)

_§;<l>( D (kK

e (R @rsi B (1 - 2)!

—Z;g( L o
Note that (k+l) -

(kil)! T

and

FNa+k+1)T(a+1)
= = l
(@)k+i T T(atl) (a)i(a+ Dk
for all k,1 € N and all a € R (when a is negative, use the corresponding definition of the
rising sequential product). Thus,

Flabe) =3y <"5 + l) (1) @t Ohis (1= 2)
k=0

1=0 ¢ (ke (B+D)!
_ (@)i(b) (1= 2)' S (a+ Db+ Dy 1
_128(1)1 Bl ) kzo T
Since
(@t DR+ 1 orpqy DletDhe—a—b-1)
2ot o Terbbrler ) = Tmem ey @)
we get
o) = —, (@0 (1 =2)'T(c+ Dl (c—a—b=1)
Fla.bie )—ZZ_; G T(c —a)l(c —b)

_ I'(c) — (1—2)
" T(c—a)l(c—b) ;(—1)l(a)z(b)z I INe—a—-0b-1)

_ I'(e)l'(c—a—b)

(@b (-2
F(c—a)l'(c—0) ’

(a+b—c+1) l!

M8

=0

where we used that

(-D)'T(c—a—-b—1) = (—1)1F(1f(;f;f;)l)r(c— a—b)=(a+b—c+1)I'(c—a—b).
(12)
Hence,
Tl (c—a—b) ' _
F(a,b;c;z) = F(c—a)F(c—b)F(a’b’a+b_c+ 1;1—2).
]

95



Lemma 43. Let a,b,c € R and z € [0,1]. Then,

i (@), (b)y, F(—F, ds;b; 2) = Lol (c —a- )F(a d;ja+b—c+1;2)

— (©) k! I'(c—a)l'(c—b)
Proof.
o~ (@) (0)y F(=kdibiz) _ Qg (@) () 1 (=R)(d)i 2!
Lo0n  H o TEX o, B oo T
o k
_ (a)k(b)kl ik @Zl
ey ()G
_ S . l@zl - ( )k-l—l (b)k—i-l 1 k41
N T S a1 )
Sy @ (@ 0, (a1, 0+, 1
_l;( Y ®) (e) I ,; (c+1), K
oy @), S a D (D), 1
By Dy v e
Applying (11) and (12), we obtain
o (@), (0), F(=k,d;b;2) 1 -, (d)r (), 2 s
];) (©), A “T(c—a)l(c—b) lz_;( 1) —(C)l Il L(c+ DI( b—1)
PP(c—a—b)x~  (dif(a) 2
F(c—a)l“(c—b);(a-kb_cj_l)l_l
= EEZ)F(:);((Z_IIXF(LL d;a+b—cH+1;2)

Lemma 44. Let a,b,c,d,e € R and z € [—1,1]. Then,

00 a zk [eS) a kzkzk

Proof. First, note that

[e%e] 0 k J
> (azk)(b)k Zl' F(=k,d,e,zp) =) ()i (0)s 20 > (Zk);(d); Z
k=0 K pam -

Then, using the identities (—k); = (fl)jﬁ and (a)g+; = (a);(a+ j)k, the last expres-
sion becomes

L (d); (—1)2) A K@) (-1 N (@ W)y AT

= e)a J' ,; J)! _jz_;)(e)j ! ,;J (kg W
_ = (a);(b);(d); lezz (a+J)k(b+5)k 21
_jgo (c)j(e); ! Z (c+ 9k kU

U
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Proposition 45. For all m,n € N, it holds that

(11 4-1) 5 CEL AP (h—gifserte)

) +d
2 2 = (”2 )k k!
n+l m d-1 m nd—1 .,
( 2 ) 2 + 2 ) ( 2 ’ 27 9 ; S1IL (xay)>
Remark 46. In the particular case when (z,y) = 0, two successive applications of [1,

(15.1.20)] yield

2 72 2 72

B<n+1 d—l)z(_%) (%) ( ,—%,%,cosz(m,y)) :B<n+1 d+m—1)‘

k=0
This is the statement in Proposition 45, since F(a,b;c;0) = 1.

Proof of Proposition 45. According to Lemma 42, we have

n d-—1 9
T G
- T o) ) (1)

)0 (58 45 —3) ((m n m 1 n+d 2
F( d F<_?a_§)_§+§_ B) + 1; cos (l’ay)) (14)

Comparing (13) and (14), Proposition 45 follows from the identity

d ntd
B n+1,m+d—1 r (41 _ 5 n—|—1’d—1 I (2t4) .
2 72 2 )1 (Hz=l) 2 2 ) I (nidim)

Lemma 47. For alla € R and all s € N,

<a> — ngs_

2s

Proof. A routine calculation yields

a—1

(;s) T T(2s +I£)(16i(: i)23+ 0 <§>< s ) (%(?s i?)l) B (%)(gs)ﬁ

S

)225'

For the second equality, we applied the duplication formula on each Gamma function
appearing in the second term, and for the third equality, we applied the duplication formula
to I'(2s + 1). O
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Lemma 48. For all a € R and any function f, the following identity holds,
o0 a k L ol % a
2 - _
S (3)> ()2 =3 (5 ) s
k=0 =0 s=0
where the double sum on the left-hand side is over k and | with the same parity only.

Proof. Substition of k + [ by 2s yields

3( Dol ETIERE 9 ol PR G B

k=0 s=0 [=0
Applying the duplication formula to I'(2s — 2] + 1), we get

3 25 — 1\ gos2 _ I'(g+1) 222
25— 1)\ 1 TT(E 251+ )T+ 1)T(2s— 21 +1)
__ TG+ r()

L —2s+1+ )T+ 1)0(s— 1+ )T(s — 1+ 3)

(7 (% 1)

Then, the well-known identity, Zf 0 (m)( ) ( ) valid for any complex numbers m

and n, and the duplication formula applied to I'(2s + 1) imply
g Ll
XS: 3 2s —1 92s—21 _ ( )( )225
25 — 1 { ( )
=0 s
Thanks to Lemma 47, the proof is complete. [l

Lemma 49. Let m,n € N. Then,

m 1 n 1 n m
czMw o y"dwt =2B | —+ = =+ = | F [ —=, ——:
/M@y)'“ ooy dut =25 (54 5.5+ ) F (-5~

; cos” (, y))
Proof. According to Lemma 22, we have
1
/ jw - | |w - y|" dw' —/ / (1—2)2 [ty - =) + V1 — 2(y - w)[" dw dt.
Sz dy) —-1J8ngt
Applying twice a binomial expansion, we obtain

/, /g AP R ) (1 )y @) 2T By )y )| A dr

- () / [ a=er e opi-t

X (1 =) (y-w)? +2tV/1 — t2(y - 2)(y - w))* dwdt

o n

z k
Z(Q)Z( >2kll"y‘n2k($-y)kl
=0
1 k+1—1
X / |t 2Rkl /1 — g2 dt/ ly - w|*dwd
-1 Sinzt

[ee] n 1
Z k kt+1—1
< ) § :<l>2k—lx . y‘n—Qk(m . y)k—l Sink—H(iE, y)/ |t|m+n—2ktk—l /1 — 2 dt.
-1

=0

l\JIr—A
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Notice that the terms in the double sum are non-zero only if k£ and [ have the same parity.
In that case, according to Lemma 9 and Lemma 48, we have

© sn k
2 kYN o m+n k+0 1 k+1 1
om 2 k=l gkt _ : z
2|z -yl g <k‘)§ <l>2 tan (;U,y)B( 5 5~ T3 3 +2>
k=0 1=0
n > (n o m+n 1 1
=2|z- t B —k+ - k+ -
-yl k§0<2k) an(z,y) ( 5 + 3 +2>,

where the double sum on the left-hand side is over k£ and [ with the same parity. By
applying Lemma 41 with a = 3, we get

n m+n 1 1 _(*%)k(*nT_l)k(_l)k m+n 11
(%)B( 2 k+2’k+2)_ ngyl TPl )

Hence, we have attained the following expression

— z _ k’
2’1’y’nB m+n+ll (7% k(inT>k: : (_tan 2(1’,y))
x Tvr) ey, g R
m+n 11 n n 1 m+n 1
=2|z-y|"B S 1 210 (R T L tan2 _
|z -y ( 5 +2,2> 5 "5t g Ty tan (x,y))

According to [1, (15.3.4)] with z = cos?(z,y),
m+n 11 n n 1 m+n 1 9
2z - y|"B — = |F|l—=,—=+ =;— - —t
|z -yl ( 5 +2,2) ( 5 "5 T i Ty tan (:c,y))
n

2
- 2 272 27 27

1
5 + 2;sin2(x,y)> .

An application of Lemma 42 with ¢ = % completes the proof. O

Remark 50. By using an alternative binomial expansion (or Lemma 42), the identity in
Lemma 49 becomes

/ w-a|w -yt dw! = 2B (ML L noomo min=l ).
Sl zay) 2 72 27 2 2 ’

(15)
(The hypergeometric function is well-defined but can only be expressed as a finite series
for non-negative odd integers m, cf. [1, (15.4.2)]). Moreover, when m = 0, (15) becomes,

of. [1, (15.1.8)],
/ |w-y|"dw1:2B<”“,1>,
Stz @ y) 2 2

which is also the result in Proposition 19, since o3 = 2. For m = 1, [1, (15.1.8)] also offers
a reduction,

11
/ |w - z||w - y|" dw® = 2B i,— cos(z,y).
Sz y) 2 "2

Comparing with the identity in Lemma 49, we now have

n+1 n 11 4 - n 1
B (1, 5 )F <—§,—§,§,COS (m,y)) =B <2 +1,2> cos(z,y).
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Proposition 51. Let 2,y € S* ', m,n € N. Then,

/Sd_1 |z - w|™ |y - w|™ dw

_ n+m+2 d—2 m 1n 1 n m 1 o
—O'd_gB( 5 — >B<2+2,2+2>F<2,2,2,COS (;U,y))

Proof. First, note that
[ ol ol dwtt
Sd—1
= [, ol @ y)a) " lp(plls @ i) " do .
Then, we apply Proposition 35 with B, = span{z, y},

[, ol @) b e iy dot

1
gd-2 2-2 d—2-2 B
= d22/ / tm/2|p(w0|x)|mtn/2|p(w0|y)|nt 5 (1—t) 5 dtdwg 1
sv1(8,) Jo
1
0d—2 _ n+m 4;4
=5 Ip(woly) " p(wolz)|™ dwh ™ / 20 S
Sp=1(Bp) 0
Udfglg n+4n+27d:2 B
- | TR )/ [p(woly)|"p(wolw)|™ def~".
Sp=1(Bp)

Using Lemma 49 we get
/ |z - w|™|y - w|™ dwd !
gd—1

n+m+2 d-—2 m 1n 1 n m 1 9
—Ud—zB< 5 o >B<5+§,§+§>F<—§,—?,§7005f (m,y))

0

Lemma 52. Let m,n € N and let z,y € S 1. Then,

n

m 1m 1 m n 1
1—|w-x|? yfdwt =2B =4+ =, —+ = | F | ——, —=: =:sin? .
/Sl(wy)v jw - 2]* w -yl dw (2+2, 5 +2> ( 5 558 (#,y)

Proof. A binomial expansion of the square root and an application of Lemma 49 yield

/ VI=lw- 22wy dw!
Stz oy)
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According to Lemma 43, the last expression is equal to

n+1 1 m n m+n 1 9
—9op( 2= 2 \p( T IPTR 7. ‘
( 5 ,2> ( 5 g Ty oo (x,y)>

Finally, using Lemma 42 with ¢ = %, we obtain the alternative representation

m 1m 1 m n 1
\/ﬁ Syl dw! = 2B n,-m_ 2 Fl—-—— —2. —.qin? )
S VIR o (G35 +3)r(-5 -5yt

O
Proposition 53. Let z,y € S and m,n € N. Then,
/ V1—(z-w)? |y w|"dw
gd—1
n+l m d-1 m nd—1
=o04-1B — Fl—,——;—:s .
Od—1 ( 2 72+ 2 ) < 2 9’ 2 ;S (Jf,y))
Proof. A binomial expansion followed by an application of Proposition 51 implies
/ VI— (- w2y ol dw
Sd-1
X /m
=S (B) et [ ooy ao
k‘ Gd—1
k=0
0 m
B S\, \k n d—2 n+1 1
_ad22<k>( 1) B(k:+2+1, 5 >B( kT
k=0
< F =k =2 L cos(@, )
) 27 27COS x?y
Since
n d—2 n+1 1
S 2B (k+ 241 B k+ =
Ud2<k>( ) +2+7 5 5 ,+2
d—2 n+1 1 1
oyt (BT (j) r(3) (_%')k (?H)ik
I ("59) KU (59,
m 1
04 1B (d—l n+1) =%), (G)y
- — b d )
2 7 2 U259,
we have
/ VI— (@ w)? |y wl" dw
gd—1
Ga 1B <d—1 n+1)§: (=3 Q)i F (k. — i 508’ (a,))
=0 , :
202 )i (), B
According to Proposition 45, the last expression is equal to
n+1l m d-—1 m n d—1 |
o4-1B (T, 5 + T) F <—5, —5 ?;smz(az,y))
and the proof is complete. O
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Remark 54. In the special case where n = 0, Proposition 53 states
1 d—1 m 1 d
V- (z-w)? dw?l=044B(z,— | F-——=,=;=:;1]).
/Sd_l (- w)* dw 7417\ 5 2722

Hence, when n = 0, Proposition 53 is equivalent to Proposition 21.

Proposition 55. Let a, b and ¢ be natural numbers. Let x, y and z be unit vectors with
ylz, 2 #vy and x ¢ y*-. Then,

1 11
[ ettty wlle it du® = 2 yl“B<a+b+l,E+—>B<a+b+—,—>

2 2 2 2 2°2
a a—1 2
—5) (-5, (1, e 1 cosd(e.2)
F s S22
- Z —ab 3y 8! n®(,9) STy sin?(z, y)

Proof. Lemma 22 with d = 3 implies
[l wlly -z ol o?

/ / @+ (ty + VI = Pw)|*y - (ty + VT — 2w - (ty + /T — £w)| dw dt
S2(yt)
2
// t23(: )2+ (1=t (z-w) +2t\/1—t2xya:w)
S2(yt)

x [#P V1 — 2]z - w|e dw! dt.
Applying the binomial formula twice, we obtain

2

/ |z - w|y - w]b|z . <,u|cdw2
SQ

zk: (’%ﬁ) <I;> /_11 /sz(yL)(tQ(x W)= ) (@ w)

0 (=0
% (261 — 2(z - y)(z - )P VT — 82 )2 - w|¢ dw! dt
1
( ) ("3) - ya—(k+l)2k—l/ |2k gkt /T 2t 4
I

o

B
I

RN

M=

-3

k=01

I
o

X / |z - w|?(z - w) Yz w|dwt.
S%(y )

Note that both the first and second integral are non zero only if £ and [ have the same
parity. The first integral can be computed using Lemma 9,

1
2/ (tz)%ﬁ—%(l_tz)gju%dt:B<a+b_ k+l+%’g+k+l+1>.
0

2 2

Using Lemma 49 together with the decomposition = sin(z,y)x; + cos(z,y)y, where
x1 = m(z|yt), the second integral can be written in terms of a hypergeometric function

/ |z - w|*" |2 | dw! = sinfH(, y)/ 21 - w|@"*F D |2 W) dw!
S%(y*) S%(y*)

k+1l 1 ¢ 1 k+1 ¢ 1
_ s k4l - = - _ .. 2
= 2sin""(x,y)B (—2 —1—2,2—|—2>F< 5 T 5 o8 (azl,z)>.
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Thus,

[ttty wlle -l o2
52

oo k
a +b k+l 1ec k+l
=9z - y|° oh—lpg (2T0 S e Ty
Sl S () ()2 (- s

k+1 1 ¢ 1 k+1 c 1
k41 B - - VP -2 2
X tan""(z, y) (—2 +2,2+2> ( 5 55 C08 (x1,z)>7

where the double sum on the right-hand side is over k and [ with (—1)**! =1 only. We

apply Lemma 48 and conclude

[l -l ol do?
S2

a+b 1 1 ¢ 1
—2’$ y[Z( > ( 8+2§+8+1)B<8+§,§+§>

1
x tan® (z,y)F (—s, —g; X cos? (1, z)) .

Note that cos?(z1,z) = ‘;(f‘/yi)ﬁ (@ Slfl((i‘z) = z:’s((;”’;g, because y L z. Using the identity
a+b 1 ec 1 ¢ 1
B _ 1) B S C4c
( 5 5+22+s+ ) <s+2,2+2>

a+b c 1 a+b 1 1
=B 1,=+=| B — = =
< 5 + ,2-1-2) ( 5 s—|—2,s+2)
together with Lemma 41, we obtain
a b 1 9 a a+b c 1 a+b 11
: . cwl€dw? = 2|z - y|*B 1.24+=-\B e
[ ettty ettt =slealoB (S 1.5 4+ 5) B (504 5o

> (=2) (=2L) (—1)° ¢ 1 cos(z,z
XZ( 2)5( 2 )s( 1) tan%(ac,y)F(—s,——'l; : ( ) )>

Z ey, o 22 sin(e.)

O

Remark 56. In the particular case where ¢ = 0, Proposition 55 combined with [1, (15.3.4)]

and Lemma 42 yield
/ |z - w|®y - w]® dw?
S2

a-+b 1 a+b 11

=2z - y|°B 1,+- | B ==

|2 -yl ( 5+ ,+2> ( 5 +2,2>
a-+b

Xf:F St +——tan
- 2’ T2 2

a 10b 1 a-+b 1 a b1
=2B(=-+=-,-+=|)B|—+1,= | F|—= .
<2+2’2+2) ( 7 " ’2) ( 20 99" (x’y))
The same result is obtain, using Proposition 51 with d = 3. Also in the case a = 0 and
¢ = 0, Proposition 55 and Proposition 51 are equivalent.
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Proposition 57. Let a, b and ¢ be natural numbers. Let x, y and z be unit vectors with
ylz, x#y and x ¢ y*. Then,

/ 2 wlly - WPz - w]° du?
SQ

r(a—ﬂ)r(b#)r(%)i(—%) (—%)300825(-%72)F< a

—9 2 s
b 3 1
N+ ) = (3), s!

Proof. Combining Proposition 55 and Lemma 44, we get
/|:L°~w|“|g,/~(,u|b|z~w|cdw2
5’2
ath e 1 p ek, 1 1Y (8. (5, ()
Srear(f3t ) n(452 3 0) 5 G
2 22 222/ 3 (-5 +2),3),

cos® (z,2) F (=5 + 5, = %5 + 5 =93 + 3 + 53— tan’(z,y))
cos?s(z,y) s!

X

Successive application of [1, (15.3.4)] and Lemma 42 yield

-1 b 1
F <_9 _|_57_a? +5;_% + 5 +s;—tan2(m,y)>

_ a b a+b 1 :
= |z -y THEF (—5+s,—§;—T+§+s;sm2(a:,y)>

(el — o)1 (2t
:|x'y|—a+25 ( 2 S) ( )F<—9+S,—9'1'C082(1‘,y)).

2 272’
Thus,
a b c1 2 a+b c 1 a+b 11
/a:w||yw||zw|dw —QB<2 —|—1,2+2 B<2 57
y i (=), (=%57), (=5), D (5 —5) I (*F)
= ), (), TR 8T ()
2s b 1
. cos S(m’Z)F(—g+s,—§;§,0052(x,y)>
The final reduction is straightforward. O

Remark 58. It is easily checked, whenever a = 0, b = 0 or ¢ = 0, that Proposition 57 is
equivalent to Proposition 51.

Proposition 59. Let a, b and ¢ be natural numbers. Let x, y and z be unit vectors with
ylz, x#y and x ¢ y*. Then,

b 106 11
/ |z w|®/1 = |y-w]? |z w|¢dw? = 2B g—l——, +c+1 B E—|——,—
52 2 "2 2 2 722

o3 £8). 9, e 1)scos25<x,z>F< a

——+s _be + 54 1;sin?(z y))
s=0 (%)5 (% + 1)5 S! 2 ’ 2, 2 ’ ’
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Proof. A binomial expansion of the square root yields

0 (b
b p———

/52 |z w|®/1—|y-w]? |z w|¢dw?® = Z ( ]j)k /52 |z w|y - w|*|z - w|¢dw?  (16)
k=0 )

Then, applying Proposition 57 and the identity

P(SEHT(k+ 5)0(F) _ T(SHTEECGE) - (9
Mgk d) N +d) (4 De
we can write (16) as
PEDLERING) o (25), (25), cos™ (2, 2)
T %o, -
S~ el (a1,
xkz_omk'F< k, 5 T 8i5icos (x,y)) (17)

Finally, an application of Lemma 43 followed by an application of Lemma 42 yield

= (= 5)k(3)k <_k,—%+s;%;0082(x7y)>

kzo(a+c_%3)kkl
F(a;e+§)r<a+12>+c+1)F —g+s—9-—Lb+c~c052(x )
(e P L2 T
r(ee+3) e +s+1) a b c
= Fl—-= — = 1; . 18
(L ) T(5 s+ 1) (5+o-ggrertonten). a9
Hence, by inserting (18) in (17), we obtain
b a 1 b+c c 11
w1 —ly-w? |z wfdw?=2B|(=+-,— +1)|B —
/S2|£E w| ly - wl? |z - w|“dw <2—|—2, 5 —l—) <2+22>
c b+c
), (=5), (B 41), cos?(x, 2) a b c
2 )
§ s Fl-%ys-2.¢ 1, .
X () ( +1) ol ( 2+5 2,2+5+ sin (x,y))
O

Proposition 60. Let a, b and ¢ be natural numbers. Let x, y and z be unit vectors with
ylz, x#y and x ¢ y*. Then,

b
/ |z w|*/1—|y-w? |z w|dw?
gd—1

a 1 b+c+d-1 c d—21
—g, Bl 22T\l 272 2
7d=2 <2+2’ 2 ) (2+ 2 ’2)

2 c btctd—1 2s

3), (=5), (F5=), cos™(x, 2) b etd— a2

" Z (&, (=54) (g g T b))
2/s 2 s )

Proof. Use Proposition 59 and follow the same method as the one leading from Lemma

49 to Proposition 51. O

Remark 61. In the special case where x = £y or x Ly, the identities obtained in Proposition
57, 59 and 60 can be reduced further, cf. [4].
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