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The odd side of torsion geometry
Diego Conti and Thomas Bruun Madsen

Abstract
We introduce and study a notion of ‘Sasaki with torsion structure’ (st) as
an odd-dimensional analogue of Kähler with torsion geometry (kt). These
are normal almost contact metric manifolds that admit a unique compatible
connection with 3-form torsion. Any odd-dimensional compact Lie group is
shown to admit such a structure; in this case the structure is left-invariant
and has closed torsion form.

We illustrate the relation between st structures and other generalizations
of Sasaki geometry, and explain how some standard constructions in Sasaki
geometry can be adapted to this setting. In particular, we relate the st structure
to a kt structure on the space of leaves, and show that both the cylinder and
the cone over an st manifold are kt, although only the cylinder behaves well
with respect to closedness of the torsion form. Finally, we introduce a notion of
‘G-moment map’. We provide criteria based on equivariant cohomology ensuring
the existence of these maps, and then apply them as a tool for reducing st
structures.

2010 Mathematics Subject Classification: Primary 53C15; Secondary 53C25,
53C55, 53D20, 70G45.

1 Introduction
Traditionally, one of the main reasons to study odd-dimensional Riemannian geometry
has been the quest for new solutions to Einstein’s equations. In this way, important
contributions have been made, e.g., via the study of Sasaki-Einstein manifolds (cf.
[3]). In modern physical theories one encounters various generalizations of Einstein’s
equations. For example, type II string theory with constant dilation involves a
Riemannian manifold (N, g) together with a triple (∇, c, ψ) consisting of a metric
connection ∇ with 3-form torsion c, and a spinor field ψ. This triple of data is then
subject to the following constraints ([30, 14]):

Ric∇ = 0, d∗c = 0, ∇ψ = 0, c · ψ = 0. (1.1)
In an insightful paper [14], Friedrich and Ivanov paved the way for the study of

torsion geometry in odd dimensions. In particular, they marked [14, Theorem 8.2] the
boundaries of almost contact metric manifolds relevant in torsion geometry. Amongst
the interesting odd-dimensional geometries, most of the attention has so far been
centred around Sasaki manifolds, recently extending studies to include quasi-Sasaki
structures (see, for instance, [26]). However, it is worth noting that physical theories
with non-constant dilation admit solutions that are not quasi-Sasaki (see, e.g., [12,
Theorem 2.6]).

By drawing an analogy to torsion geometry in even dimensions, our attention is
directed to the study of normal almost contact metric manifolds that come equipped
with a unique compatible connection with skew-symmetric torsion; for such manifolds
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the Reeb vector field must be Killing (see Definition 2.1 and Proposition 2.3). This
particular combination of integrability (normality) and Riemannian (Killing) input
distinguishes our class of odd-dimensional torsion geometries, which we dub ‘st
manifolds’, or ‘sst’ if the torsion form is closed.

The first important source of genuine st manifolds is provided by odd-dimensional
compact Lie groups. Theorem 2.8 shows any odd-dimensional compact Lie group
admits a left-invariant st structure, and moreover the associated torsion 3-form
is closed and coclosed. In particular, this class of examples satisfies the first two
conditions of (1.1). One may regard these manifolds as the odd-dimensional analogue
of the well known [29] skt structures on even-dimensional compact Lie groups.

Turning from examples to classifications, we show in Proposition 3.6 that an st
manifold is locally ‘sandwiched’ between kt manifolds. Another connection between
st and kt geometry is provided in terms of a cone construction, Proposition 3.4,
imitating the one known from Sasaki geometry. By replacing the cone with a cylinder,
as in Proposition 3.1, we are able to relate st and kt manifolds in a way that
preserves the property of having closed torsion 3-form.

In the presence of symmetry, meaning a freely acting, structure preserving,
compact Lie group G, a useful way of constructing new examples of Sasaki manifolds
is via reduction. The final part of the paper extends this tool to st structures.
In Definition 4.1, we introduce the notion of a ‘G-moment map’ for st manifolds.
Proposition 4.3 then shows that the zero level set of a G-moment map reduced modulo
symmetries, µ−1(0)/G, is again an st manifold. These studies turn out to provide
additional motivation for the particular definition of st manifolds (see Remark 4.4).
To complete the description, beside illustrating the construction with examples, we
provide conditions ensuring the existence of a G-moment map. Most significantly,
Theorem 4.9 asserts that for any sst manifold endowed with a symmetry group such
a map exists, provided the ∂∂ lemma and the equivariant ∂∂ lemma are satisfied,
and the torsion extends to a closed equivariant 3-form.

Whilst completing the paper, another notion of st manifold was introduced
independently in [21]. Fortunately, there is no conflict in terminology, since the two
definitions are equivalent (see Remark 3.5). Interestingly, this reference is partly
motivated by physics. As a consequence, one obtains a first explicit application of
st manifolds in the context of supergravity theories.

2 Sasaki with torsion structures
While Sasaki manifolds already come with a compatible connection of skew-symmetric
torsion, a systematic study reveals that the appropriate odd-dimensional analogue of
kt geometry include a larger subclass of the class of normal almost contact metric
manifolds. In this section, we introduce the notion of st manifolds, discuss the
fundamental theory, and supplement by a variety of examples.
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2.1 Basic definitions
In order to motivate our particular notion of ‘Sasaki geometry with torsion’, we first
recall that in the Hermitian setting, a kt manifold is a Hermitian manifold (M, g, J)
together with a Hermitian connection ∇ that has skew-symmetric torsion, meaning
that ∇g = 0 = ∇J and that the map

(X, Y, Z) 7→ g(∇XY −∇LC
X Y, Z)

is a 3-form. Such a connection always exists, and moreover it is unique. Indeed, one
[16] finds that

∇ = ∇LC + T/2,

where g(T (X, Y ), Z) = dω(JX, JY, JZ).
The odd-dimensional replacement of kt geometry takes as its starting point

a normal almost contact metric manifold (Nn, g, ξ, η, ϕ). Thus (N, g) is an odd-
dimensional Riemannian manifold equipped with a unit-norm vector field ξ, its dual
1-form η = ξ[ = g(ξ, ·), and a bundle endomorphism ϕ : TN → TN such that the
following conditions hold:

ϕ(ξ) = 0, ϕ2 = −1 + η ⊗ ξ,
g(ϕ(X), ϕ(Y )) = g(X, Y )− η(X)η(Y ).

(2.1)

The normality refers to the vanishing of the Sasaki-Hatakeyama tensor ([28])

S = [ϕ(X), ϕ(Y )] + ϕ2[X, Y ]− ϕ[ϕ(X), Y ]− ϕ[X,ϕ(Y )] + dη(X, Y )ξ, (2.2)

for all vector fields X, Y on N . The fundamental 2-form of (g, ξ, η, ϕ) is defined by
F := g(ϕ·, ·).

The object of study in this paper is the following odd-dimensional cousin of kt
geometry:

Definition 2.1. A Sasaki with torsion manifold, briefly an st manifold, is a normal
almost contact metric manifold (N, g, ξ, η, ϕ) such that ξ is a Killing vector field.

One may rewrite the Killing condition to get the following alternative character-
isation of st manifolds:

Proposition 2.2. A normal almost contact metric manifold (N, g, ξ, η) is st if and
only if LξF = 0 = ξy dF .

Proof. The equivalence follows from the definition and the relations

ξy dη = 0 = Lξφ,

which always hold on an normal almost contact metric structure (see [1, Lemma 2.1]).
�
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At a first glance the notion of st geometry may seem somewhat remote from
that of kt geometry. This gap is bridged by using observations from [14]. By an
almost contact metric connection we shall mean a connection ∇ that preserves the
(normal) almost contact metric structure:

∇g = 0 = ∇ξ = ∇ϕ.

Indicating by dϕ the operator

dϕα = dα(ϕ·, . . . , ϕ·),

we can associate to any almost contact metric manifold the 3-form

c = η ∧ dη + dϕF.

The following result, based on [14, Theorem 8.2], now relates our definition of st
manifolds to the study of connections with skew-symmetric torsion.

Proposition 2.3. A normal almost contact metric manifold (N, g, ξ, η, ϕ) is an st
manifold if and only if the map ∇ : Γ(TN)→ Γ(TN)⊗ Γ(T ∗N), defined via

g(∇XY, Z) = g(∇LC
X Y, Z) + c(X, Y, Z)/2,

is an almost contact metric connection.

Proof. Clearly, ∇ defines a metric connection; it is the unique metric connection
whose torsion satisfies the condition

g(∇XY −∇YX − [X, Y ], Z) = c(X, Y, Z),

for all vector fields X, Y, Z.
Assume now that ∇ is an almost contact metric connection. In particular, we

have ∇ξ = 0. This implies ξ is a Killing field:

0 = 2(g(∇Xξ, Y ) + g(X,∇Y ξ))− (c(X, ξ, Y ) + c(X, Y, ξ))
= 2(g(∇LC

X ξ, Y ) + g(X,∇LC
Y ξ)).

Consequently, (g, ξ, η, ϕ) defines an st structure on N .
Conversely, let us suppose (g, ξ, η, ϕ) is st. To show that ∇ is an almost contact

metric connection, we have to verify the conditions ∇ξ = 0 = ∇ϕ. The first of these
follows by noting that the Killing condition implies dη(X, Y ) = 2(∇LC

X η)(Y ) since

(∇LC
X η)(Y ) = g(∇LC

X ξ, Y ) = −g(∇LC
Y ξ,X) = −(∇LC

Y η)(X).

Whence,

2g(∇Xξ, Y ) = 2g(∇LC
X ξ, Y ) + c(X, ξ, Y ) = 2(∇LC

X η)(Y )− c(ξ,X, Y )
= dη(X, Y )− dη(X, Y ) = 0,

and ∇ξ = 0, as required.
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Finally, we are left to prove

2g((∇Xϕ)(Y ), Z) = 2g((∇LC
X ϕ)(Y ), Z) + c(X, Y, ϕ(Z)) + c(X,ϕ(Y ), Z) (2.3)

is zero. Since all terms are tensorial in X, Y, Z, we can proceed via a case-by-case
analysis. Firstly, we distinguish between the two possibilities: Z = ξ or Z ⊥ ξ. In
the former, the term c(X, Y, ϕ(Z)) vanishes identically, and (2.3) reduces to

2g((∇LC
X ϕ)(Y ), ξ) + dη(X,ϕ(Y ))

= 2g(ξ,∇X(ϕ(Y )))− c(ξ,X, ϕ(Y )) + dη(X,ϕ(Y )) = 0.

For the remaining case, Z ⊥ ξ, note that by normality of an st structure, we
may also write

2g((∇LC
X ϕ)(Y ), Z) = dF (X, Y, Z)− dF (X,ϕ(Y ), ϕ(Z)) + η(Y )dη(X,ϕ(Z)),

(cf. [14, p. 25]).
Now consider the 2 possibilities Y = ξ and Y ⊥ ξ. In the first case, (2.3) becomes

dη(X,ϕ(Z)) + c(X, ξ, ϕ(Z)) = 0.

In the second case, first take X = ξ; then (2.3) reduces to

dη(Y, ϕ(Z)) + dη(ϕ(Y ), Z),

which is zero because, by normality, dη is of type (1, 1) with respect to ϕ (see, e.g.,
[1, p. 333]).

Finally, for the case X, Y, Z ⊥ ξ, (2.3) becomes

dF (X, Y, Z)− dF (X,ϕ(Y ), ϕ(Z))− dF (ϕ(X), ϕ(Y ), Z)− dF (ϕ(X), Y, ϕ(Z)),

which also vanishes, since normality implies that dF has type (2, 1) + (1, 2) with
respect to ϕ (cf. [14, Proposition 8.1]). �

Remark 2.4. In the light of Proposition 2.3, it should come as no surprise that kt
and st geometries share many common features. However, some differences are
inevitable. Notable features are:
(i) By [14, Theorem 8.2], ∇ is the unique almost contact metric connection with

3-form torsion, so we may unambiguously refer to it as ‘the st connection’ of
(N, g, ξ, η, ϕ). If the associated torsion 3-form is closed, dc = 0, we shall say the
Sasaki structure with torsion is strong, or briefly refer to it as an sst structure.

(ii) Since ∇ is an almost contact metric connection, its restricted holonomy group
is contained in 1× U(k), n = 2k + 1.

(iii) As noted in the proof of Proposition 2.3, dη is of type (1, 1) with respect to ϕ,
and dF has type (2, 1) + (1, 2). Consequently, the torsion 3-form is of type
(2, 1) + (1, 2) with respect to ϕ:

c(X, Y, Z) = c(ϕ(X), ϕ(Y ), Z) + c(ϕ(X), Y, ϕ(Z)) + c(X,ϕ(Y ), ϕ(Z)).
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(iv) In contrast with the Kähler setting, Sasaki manifolds (2F = dη) already come
with a compatible connection that has non-vanishing skew-symmetric torsion,
c = 2η ∧ F 6= 0. On a Sasaki manifold the ‘horizontal’ component dϕF of the
torsion is clearly zero, but the sst condition never holds in dimensions > 5
since dη ∧ dη 6= 0. 4

The class of st manifolds differs from the classically studied subclasses of normal
almost contact metric manifolds (see, e.g., [4, 5]). However, by using Proposition 2.3,
we can express certain relations in terms of the torsion 3-form:

Proposition 2.5. An st manifold (N, g, ξ, η, ϕ) is:
(i) cosymplectic if and only if the torsion vanishes, c = 0;
(ii) quasi-Sasaki if and only if c = η ∧ dη;
(iii) α-Sasaki if and only if c = αη ∧ F for some α ∈ R \ {0};

(Sasaki is the case α = 2)
(iv) α-Kenmotsu if and only if c = 0;
(v) trans-Sasaki if and only if c = αη ∧ F for some α ∈ R.

Proof. The assertions are easily derived from definitions. A cosymplectic manifold
has dF = 0 = dη, so (i) is immediate. (ii) follows by using that quasi-Sasaki manifolds
have dF = 0 and that st manifolds have ξy dF = 0. By definition, an α-Sasaki
manifold has dη = αF with α ∈ R\{0}, so (iii) is obvious. Concerning the statement
about α-Kenmotsu manifolds, recall that these are characterised by having dη = 0,
dF = αη ∧ F and now combine this with the st condition ξy dF = 0. Finally, the
assertion in (v) follows since any trans-Sasaki manifold, for which ξ is a Killing vector
field, is either α-Sasaki or cosymplectic ([24]). �

Example 2.6. Consider the connected Lie group G (from [11, Example 3]) which in
terms of a basis e1, e2, e3, e4 of g∗ is determined via the structural relations

de1 = 0 = de2, de3 = e3 ∧ e1 + e4 ∧ e2, de4 = e4 ∧ e1 + e2 ∧ e3.

On the direct product N = R × G, we define an almost contact metric structure
such that e1, . . . , e4, dt corresponds to an orthonormal coframe, and

e1 ◦ ϕ = e2, e3 ◦ ϕ = e4, dt ◦ ϕ = 0.

Then, the resulting st structure has non-zero torsion 3-form which is proportional
to e2 ∧ e3 ∧ e4. In particular, we see that dc 6= 0 so that prescribed st structure on
N is not sst, although the ‘vertical’ component η ∧ dη of the torsion is zero. ♦

Example 2.7. In [10, Section 2.1], one finds a number of examples of quasi-Sasaki
Lie algebras satisfying the condition dη ∧ dη = 0. By the above proposition, the
associated kt cylinder has closed 3-form torsion. Consider, for instance, the Lie
algebra g endowed with an orthonormal basis e1, . . . , e5 of g∗ such that

de1 = (e1 + e2 + e4 − e5) ∧ e3 + e2 ∧ e5,

de2 = (−2e2 + 2e3 − e4 + e5) ∧ e1 + e4 ∧ (e2 − e3 + e5),
de3 = (e2 − e3 − e4 + e5) ∧ e1 + e4 ∧ (−2e2 + 2e3 + e5),

de4 = (−e1 + e3 − e4 + e5) ∧ e2 − e3 ∧ e5, de5 = (e1 − e4) ∧ (e2 − e3).
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The Lie algebra g admits an st structure defined by g = ∑5
j=1 e2

j together with
ξ = E5, η = e5 and e1 ◦ ϕ = −e2, e3 ◦ ϕ = −e4. As dη is decomposable, we clearly
have dη ∧ dη = 0. ♦

2.2 Left-invariant ST structures on Lie groups
It is well known [2, Theorem 5] that the only semi-simple connected Lie groups
carrying a left-invariant contact structure are the split form SL(2,R) and its compact
dual S3 ∼= SU(2). The following result thus illustrates the class of st structures is
much richer than that of Sasaki structures:

Theorem 2.8. Any odd-dimensional connected compact Lie group admits a left-
invariant sst structure.

Proof. Let G be as in the statement of the theorem. Decompose its complexified Lie
algebra as

gC = t⊕
⊕

α

gα,

with α ranging in the space of roots, on which we fix an ordering. Now let σ be the
real structure given by conjugation. By construction, σ(t) ⊂ t and σ(gα) ⊂ g−α.

Fix a positive definite inner product g on g = Z(g)⊕[g, g] that reflects the splitting
and extends the negative of the Killing form. Then t is orthogonal to each gα. Pick
an almost contact metric structure on tR, compatible with the restriction of g. By
extending C-linearly, we obtain an endomorphism ϕ : t→ t that commutes with σ.
This is now extended to a C-linear morphism ϕ : gC → gC via

ϕ(t) ⊂ t, ϕ|gα =



i id, α > 0
−i id, α < 0;

in particular, note that this extension also commutes with!σ.
For A ∈ gα, B ∈ gβ, we compute S(A,B) case-by-case as follows: if α, β > 0 then

[ϕ(A), ϕ(B)]− [A,B]− ϕ[ϕ(A),B]− ϕ[A, ϕ(B)] = −2[A,B]− 2ϕ[iA,B] = 0;

if α > 0 > β then

[ϕ(A), ϕ(B)]− [A,B]− ϕ[ϕ(A),B]− ϕ[A, ϕ(B)] = 0;

if 0 > α, β then

[ϕ(A), ϕ(B)]− [A,B]− ϕ[ϕ(A),B]− ϕ[A, ϕ(B)] = −2[A,B] + 2ϕ[iA,B] = 0.

For A ∈ gα, H ∈ t, we have: if α > 0 then

S(H,A) = [ϕ(H), ϕ(A)]− [H,A]− ϕ[ϕ(H),A]− ϕ[H, ϕ(A)]
= iα(ϕ(H))A− α(H)A− α(ϕ(H))ϕ(A) + α(H)A = 0;

if α < 0 then
S(H,A) = [ϕ(H), ϕ(A)]− [H,A]− ϕ[ϕ(H),A]− ϕ[H, ϕ(A)]

= −iα(ϕ(H))A− α(H)A− α(ϕ(H))ϕ(A) + α(H)A = 0.
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Finally, S(H,K) = 0 holds trivially, by construction, for H,K ∈ t.
In conclusion, we have constructed a normal almost contact metric structure

(g, ϕ, η, ξ). In order to see that this structure is actually st, observe that the metric
g is ad(g)-invariant (whereas ϕ, ξ and η are only ad(t)-invariant). In particular, this
implies Lξg = 0, meaning ξ is Killing, as required.

Moreover, by uniqueness (cf. Remark 2.4), the st connection must be the canonical
connection on G defined via ∇XY = 0, X,Y ∈ g; clearly, ∇ is an almost contact
metric connection and the associated torsion c is proportional to the closed 3-form
(X, Y, Z) 7→ g([X, Y ], Z). �

Remark 2.9. The proof of the above theorem has a number of consequences. Most
notably, we remark:
(i) generally one obtains many inequivalent st structures on each Lie group G;

this is due to the flexibility in the choice of almost contact metric structure
on tR.

(ii) in addition to being closed, the torsion 3-form c is coclosed. Consequently,
these group examples satisfy the second equation of (1.1).

(iii) as the st connection associated with each of the above st structures is flat, the
first condition appearing in (1.1), Ric∇ = 0, is obviously satisfied. Moreover,
the vanishing of the st Ricci form implies a further reduction of the restricted
holonomy group, Hol(∇) ⊆ 1× SU(k). 4

For many interesting Lie group examples, e.g., the non-Abelian nilpotent ones, the
st connection is not flat. However, it is still fairly easy to compute ∇ in an efficient
way. In order to do this, one uses the familiar relationship between d and ∇LC which,
in terms of the isomorphism Φ: g⊗Λ2 g→ Λ2 g⊗ g given via the inclusion followed
by wedging, can be put in the form d = Φ(∇LC) (cf. [27, Lemma 3.1]). Regarded as
an element in g∗⊗Λ2 g∗, one can then express the st connection as ∇ = Φ−1(d)+c/2,
where

2 Φ−1((ej ∧ ek)⊗ ei) = −ei ⊗ (ej ∧ ek) + ek ⊗ (ei ∧ ej) + ej ⊗ (ek ∧ ei),

with respect to a chosen g orthonormal basis {ei} of g∗. Example 2.13 illustrates the
use of this formula.

2.3 The Lee 1-form
In kt geometry, the so-called Lee 1-form plays an important role (see, e.g., [13]).
Almost contact metric geometry also operates with the notion of a Lee form (cf. [6]);
generally this 1-form has a component proportional to η, but as in [15, Section 5],
things can be phrased more naturally if we disregard this term. More precisely, by
analogy with the kt case (see, e.g., [22]), we define the Lee 1-form ϑ of an st
manifold (Nn, g, ξ, η, ϕ) by

ϑ(X) := −1
2

n∑

i=1
c(ϕ(X), Ei, ϕ(Ei)),

where E1, . . . , En is a (local) orthonormal frame of (N, g). Independence on the choice
of frame follows from the rightmost hand side of the following expressions:
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Proposition 2.10. On an st manifold, the Lee 1-form is given by

ϑ(X) = 1
2

n∑

i=1
dF (X,Ei, ϕ(Ei)) = −(d∗F ◦ ϕ)(X).

Proof. Firstly, we observe that
n∑

i=1
η ∧ dη(ϕ(X), Ei, ϕ(Ei)) = 0;

we are working in an orthonormal frame Ei adapted to the structure, meaning the
dual coframe ei satisfies F = e1 ∧ e2 + · · ·+ en−2 ∧ en−1; we can also assume that X
is one of the Ei. Consequently, we get the first equality:

−1
2

n∑

i=1
c(ϕ(X), Ei, ϕ(Ei)) = −1

2

n∑

i=1
dF (ϕ2(X), ϕ(Ei), ϕ2(Ei))

= 1
2

n∑

i=1
dF (X,Ei, ϕ(Ei)).

Next, we apply the formulae (for the second see [14]):

(∇LC
X F )(Y, Z) = g((∇LC

X ϕ)Y, Z)
g((∇LC

X ϕ)Y, Z) = −1
2 (c(X, Y, ϕ(Z)) + c(X,ϕ(Y ), Z))

together with the definition of the codifferential to get:

(d∗F )(X) = −
n∑

i=1
(∇LC

Ei
F )(Ei, X) = −

n∑

i=1
g((∇LC

Ei
ϕ)Ei, X)

= 1
2

n∑

i=1
c(X,Ei, ϕ(Ei)).

From this computation the second equality of the proposition readily follows. �

We shall say that an st manifold is balanced if the associated Lee 1-form is zero,
ϑ = 0. Clearly, any st manifold which is quasi-Sasaki is balanced. In low dimensions,
the converse is also true. Indeed, any 3-dimensional st manifold is both balanced and
quasi-Sasaki; dF vanishes identically in this case. In dimension 5, a characterisation
follows by using:

Lemma 2.11. On a 5-dimensional st manifold, the following relation holds

dF = ϑ ∧ F. (2.4)

Proof. Firstly we compute

ϑ(ϕ·) = d∗F (mod η) = ∗(dF ∧ η) (mod η)

which implies
ϑ ∧ F = dF,

as required. �
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As an immediate consequence, we have:
Proposition 2.12. A 5-dimensional st manifold is balanced if and only if it is
quasi-Sasaki. �

As the next example shows, things change from dimension 7.
Example 2.13. Inspired by [8], let us consider the connected nilpotent Lie group H
such that the dual of its Lie algebra has a basis {e1, . . . , e7} satisfying

de1 = 0 = de2 = de3 = de4, de5 = −e1 ∧ e2 + e3 ∧ e4,

de6 = −e1 ∧ e3 − e2 ∧ e4, de7 = −e1 ∧ e4 + e2 ∧ e3.

On h we define an st structure by declaring this basis to be orthonormal, η = e7,
and

e1 ◦ ϕ = −e2, e3 ◦ ϕ = −e4, e6 ◦ ϕ = −e7, e5 ◦ ϕ = 0.
Consequently, F = e1 ∧ e2 + e3 ∧ e4 + e6 ∧ e7, and

dF = e6 ∧ (e1 ∧ e4 − e2 ∧ e3)− e7 ∧ (e1 ∧ e3 + e2 ∧ e4).

The latter expression implies dF (X,Ej, ϕ(Ej)) = 0 for all 1 6 j 6 7, so that the st
structure is balanced.

The torsion 3-form associated with the above st structure is determined via
c = −e1 ∧ e2 ∧ e5 − e1 ∧ e3 ∧ e6 − e1 ∧ e4 ∧ e7

− e2 ∧ e4 ∧ e6 + e2 ∧ e3 ∧ e7 + e3 ∧ e4 ∧ e5,

and we can then find an explicit expression for the st connection by using the
discussion in the last part of section 2.2:

∇E5E1 = −E2, ∇E6E1 = −E3, ∇E7E1 = −E4,

∇E5E2 = E1, ∇E6E2 = −E4, ∇E7E2 = E3,

∇E5E3 = E4, ∇E6E3 = E1, ∇E7E3 = −E2,

∇E5E4 = −E3, ∇E6E4 = E2, ∇E7E4 = E1.

We remark that this st connection coincides with the Bismut connection of the hkt
structure on R×H found in [8, p. 560]. ♦

2.4 Mappings of ST manifolds
It is reassuring to observe that st manifolds behave well with respect to certain
types of mappings.

Transversal conformal transformations The notion of transversal conformal
transformations (see [15, Section 5]) fits well into the framework of st geometry.
Given a basic function f and an st structure (g, ξ, η, ϕ) on Nn, we define a new
almost contact metric structure via the expressions:

ϕ̃ := ϕ, ξ̃ := ξ, η̃ := η, g̃ := e2fg + (1− e2f )η2.

The essential observation is now the following specialisation of [15, Proposition 5.1,
Proposition 5.2]:

10



Proposition 2.14. The class of st manifolds is invariant under transversal con-
formal transformations. Moreover, the 3-form torsion of the transformed st structure
takes the form

c̃ = c+ (e2f − 1)dϕF + 2e2fdϕf ∧ F,

and the transformed Lee 1-form is given by

ϑ̃ = ϑ+ (n− 3)df.

Proof. The underlying almost contact structure is unchanged, so normality is pre-
served. In addition, since f is basic, we see that

ξ̃y dF̃ = ξy (e2fdF ) = 0.

So, by Proposition 2.2, (g̃, ξ̃, η̃, ϕ̃) defines an st structure on N . The expressions for
c̃ follows from a straightforward computation which uses F (ϕ·, ϕ·) = F . Finally, the
expression for the transformed Lee form follows from the computation:

ϑ̃(X) = 1
2

n∑

i=1
dF̃ (X, Ẽi, ϕ(Ẽi)) = 1

2

n∑

i=1
d(e2fF )(X, Ẽi, ϕ(Ẽi))

= ϑ(X) +
n∑

i=1
e2f (df ∧ F )(X, Ẽi, ϕ(Ẽi)) = ϑ(X) + (n− 3)df(X),

where the last equality follows by noting that we can assume Ẽi is a frame adapted
to the structure, as in the proof of Proposition 2.10. �

In analogy with the Hermitian setting, we dub an st manifold conformally
balanced if the associated Lee 1-form is exact.

Proposition 2.15. An st structure (g̃, ξ̃, η̃, ϕ̃) on Nn, n > 5, is transversal con-
formal to a quasi-Sasaki structure if and only if it is conformally balanced and
satisfies

dF̃ = 2
n− 3 ϑ̃ ∧ F̃ ,

and (g̃, ξ̃, η̃, ϕ̃).

Proof. Assume first that (g̃, ξ̃, η̃, ϕ̃) is transversal conformal to a quasi-Sasaki struc-
ture (g, ξ, η, ϕ) by the function f . Clearly, ϑ = 0 so that ϑ̃ = (n− 3)df which implies
that (g̃, ξ̃, η̃, ϕ̃) is conformally balanced and also

dF̃ = d(e2fF ) = 2df ∧ F̃ = 2
n− 3 ϑ̃ ∧ F̃ .

Conversely, assume (g̃, ξ̃, η̃, ϕ̃) satisfies the above relation together with the
condition ϑ̃ = dh, for some basic function h. Then the st structure obtained via a
transversal conformal transformation by f = −h/(n− 3) is quasi-Sasaki. �

By specialising to dimension 5 and using Lemma 2.11, we get (see also [15,
Proposition 5.4]):
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Corollary 2.16. Any 5-dimensional conformally balanced st manifold is transversal
conformal to a quasi-Sasaki manifold. �

The above arguments reveal a way of producing st manifolds that are not
quasi-Sasaki:

Proposition 2.17. In dimensions > 5, any transversal conformal transformation
of a connected quasi-Sasaki manifold by a non-constant function, gives rise to an st
manifold that is not quasi-Sasaki.

Proof. Let (Nn, g, ξ, η, ϕ) be a quasi-Sasaki manifold, n > 5. Consider a transversal
conformal transformation (g̃, ξ̃, η̃, ϕ̃) by f . In particular, we have that F̃ = e2fF
which implies

dF̃ = d(e2fF ) = 2e2fdf ∧ F + e2fdF = 2df ∧ F̃ .

As the fundamental 2-form F defines (pointwise) an injective map T ∗pN → Λ3T ∗pN

via wedging: a 7→ a ∧ Fp, we see that dF̃ = 0 if and only if df = 0. Consequently, the
transformed st structure is quasi-Sasaki if and only if f is constant, as asserted. �

Example 2.18. The standard Sasaki structure (g, ξ, η, ϕ) on the unit sphere,

S2k+1 =
{
z = x+ iy ∈ Ck+1 :

∑

j

|zj|2 =
∑

j

(x2
j + y2

j ) = 1
}
,

is given as follows. One takes as metric the restriction of the Euclidean metric,
g = ∑

j dx
2
j + dy2

j

∣∣∣
S2k+1 , and the endomorphism ϕ is defined via restriction of the

standard complex structure on R2(k+1) ∼= Ck+1. The Reeb vector field and its dual
1-form are taken to be

ξ =
k+1∑

j=1
xj∂/∂yj − yj∂/∂xj and η =

k+1∑

j=1
xjdyj − yjdxj.

Any choice of a basic function f then gives rise to an st structure via a transversal
conformal transformation, and, by Proposition 2.17, this structure is quasi-Sasaki if
and only if f is constant. As a concrete example, we can pick f to be of the form

f(x, y) :=
k+1∑

j=1
λj
(
x2
j + y2

j

)
,

where λj are constants. ♦

Transversal homotheties There is a well-known notion of transversal homotheties
in contact geometry [31]. It carries over to the class of st manifolds as follows. Let
a ∈ R+ be a real positive constant. A transversal homothety of (N, g, ξ, η, ϕ) by a is
defined by putting

g̃ := ag + a(a− 1)η2, ξ̃ := ξ/a, η̃ := aη, ϕ̃ := ϕ.

12



Proposition 2.19. A transversal homothety transformation of an st manifold is
an st manifold. Moreover, the fundamental 2-form, Lee 1-form and torsion 3-form
of the transformed structure are given by

F̃ = aF, ϑ̃ = ϑ, and c̃/a = (a− 1)η ∧ dη + c,

respectively.

Proof. A transverse homothety transformation of (N, g, ξ, η, ϕ) by a ∈ R+ is obviously
a normal almost contact structure. The transformed structure clearly has fundamental
2-form given by F̃ (X, Y ) = g̃(ϕ̃(X), Y ) = aF (X, Y ) so that dF̃ = adF . This implies
ξ̃y dF̃ = 0, i.e., the transformed structure is st. We also get

ϑ̃(X) = 1
2

n∑

i=1
dF̃ (X, Ẽi, ϕ(Ẽi)) = 1

2

n∑

i=1
dF (X,Ei, ϕ(Ei)) = ϑ(X),

and

c̃ = η̃ ∧ dη̃ + dF̃ (ϕ̃·, ϕ̃·, ϕ̃·) = a2η ∧ dη + adϕF = a ((a− 1)η ∧ dη + c) ,

as claimed. �

Note that transversal homotheties preserve the properties of being quasi-Sasaki
and balanced. Also observe that if one starts from an sst manifold satisfying the
additional requirement dη ∧ dη = 0 (see Example 2.7), then one can obtain a
1-parameter family of sst structures via transversal homotheties.

Riemannian submersions Following [7], we shall use the terminology almost
contact metric submersion to denote a Riemannian submersion

π : (N, g, ξ, η, ϕ)→ (Ñ , g̃, ξ̃, η̃, ϕ̃)

which is also an almost contact mapping, meaning π∗ ◦ ϕ = ϕ̃ ◦ π∗; the vector field ξ
is horizontal in this case, and we shall assume ξ̃ = π∗(ξ). The class of st manifolds
behaves well with respect to this type of mappings:

Proposition 2.20. Let π : (Nn, g, ξ, η, ϕ) → (Ñ ñ, g̃, ξ̃, η̃, ϕ̃) be an almost contact
metric submersion. If N is an st manifold, then so is Ñ . In that case, the torsion
3-forms are related via

c̃(X̃, Ỹ , Z̃) ◦ π = c(X, Y, Z),
where X is the the basic vector field on N corresponding to X̃, and so forth. Moreover,
the fibres of π are invariant Hermitian submanifolds of N of dimension n− ñ.

Proof. The first assertions are immediate consequences of the following identities of
[6, Proposition 1.1]:

S̃(X̃, Ỹ ) ◦ π = π∗(S(X, Y )), F̃ (X̃, Ỹ ) ◦ π = F (X, Y ),
dF̃ (X̃, Ỹ , Z̃) ◦ π = dF (X, Y, Z), η̃(X̃) ◦ π = η(X), d̃η(X̃, Ỹ ) ◦ π = dη(X, Y ).

The claim regarding the fibres follows directly from [7, Proposition 2.1, The-
orem 2.1]. �
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Example 2.21. Let (M, gM , J) be a kt manifold and (Ñ , g̃, ϕ̃) an st manifold. Then
we can endow the product N = M × Ñ with an st structure in the obvious way; one
takes g := gM + g̃, η := η̃, ξ := ξ̃, ϕ := J + ϕ̃. An almost contact metric submersion
is now given by projecting onto the second factor, i.e., π : N → Ñ has π(x, x̃) = x̃.
The fibres are obviously copies of M . ♦

3 Interpolating between ST and KT structures
One salient feature of Sasaki geometry is its relation to Kähler manifolds (see, for
instance, [3, Chapter 6]). In the setting of torsion geometry, one may similarly ask
whether the concepts of st and kt manifolds are related.

The KT cylinder over an ST manifold Given an st manifold (N, g, ξ, η, ϕ)
we consider the cylinder K(N) := R × N which has N as its base. We give this
the product metric gK := ds2 + g and define an almost complex structure JK on
K(N) by requiring that ωK = g(JK·, ·), where by definition ωK = ds ∧ η + F . We
dub (K(N), gK, JK) the cylinder associated with (N, g, ξ, η, ϕ). By specializing the
arguments in the proof of [10, Theorem 2.3], we find:

Proposition 3.1. The cylinder K(N) associated with an st manifold (N, g, ξ, η, ϕ)
is a kt manifold. Moreover, K is skt (resp. balanced) if and only if N is sst (resp.
balanced).

Proof. Write n = 2k + 1. At a given point (s, p) ∈ R×N , we may pick an oriented
orthonormal coframe f, en, e1, . . . such that

ωK = f ∧ en +
k∑

i=1
e2i−1∧e2i,

where en = η and f = ds. It is well known (cf. [28]) that the normality of (g, ξ, η, ϕ)
is equivalent to the integrability of the compatible almost complex structure JK. In
particular, this means that (K(N), gK, JK) is kt.

Next, in order to express the associated totally skew-symmetric torsion term,
let us consider the 3-form dωK = −ds ∧ dη + dF . At the given point, we consider
the decomposition dF = a + b ∧ en+1, where a, b ∈ Λ∗〈e1, . . . , e2k〉. As ξy dF = 0, by
Proposition 2.2, we must have b = 0. Consequently, we find

dF (JK·, JK·, JK·) = a(JK·, JK·, JK·) = aϕ = dϕF.

In a similar way, and by using the fact that normality ensures that dη(ϕ·, ϕ·) =
dη(·, ·), we obtain dη(JK·, JK·) = dη.

In summary, we can now express the torsion 3-form associated with
(N, g, ξ, η, ϕ) via

dωK(JK·, JK·, JK·) = η ∧ dη + dϕF.

The expression for the torsion 3-form of (K(N), gK, JK) immediately implies the last
assertion. �
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Remark 3.2. The kt cylinder may be viewed as a special case of a more general
product construction. Given two st manifolds (N±, g±, ξ±, η±, ϕ±), we can form the
product P(N+ × N−) which we equip with the metric gP = g+ + g− and almost
complex structure JP defined via the compatibility condition g(JP ·, ·) = ωP , where
ωP = η− ∧ η+ + F− + F+. It is well-known [25, Proposition 3] that the conditions
S+ = 0 = S− ensure the integrability of JP . Consequently, (P(N+ ×N−), gP , JP) is
a kt manifold. 4

Example 3.3. Starting from a left-invariant sst structure on a compact Lie group G
(cf. Theorem 2.8), one obtains an skt structure on the cylinder K(G); these examples
are well known [29]. In fact, it follows, by Remark 2.9, that K(G) is an scyt manifold,
meaning, in addition to being skt, that the Bismut connection has restricted
holonomy group contained in SU(k + 1) (cf. [19]). ♦

An alternative to the cylinder construction is the cone construction, where one
considers the Riemannian cone C(N) := R+ × N, gC := dr2 + r2g. C(N) can be
equipped with the almost complex structure JC fixed by imposing the compatibility
condition gC(JC·, ·) = ωC, where ωC = rdr ∧ η + r2F . In fact, it is possible to
characterize st structures in terms of kt structures on the corresponding cone
(see [21] and Remark 3.5).

However, the cone construction behaves less naturally in other respects. Indeed,
arguments similar to those in the proof of Proposition 3.1 (see also [10, Theorem 3.1])
yield the following:

Proposition 3.4. The cone associated with an st manifold is a kt manifold. More-
over, the cone is skt if and only if the st manifold is Sasaki.

Proof. By construction, we have dr(JC·) = −rη, and then the usual ϕ-invariance
properties of F and dη imply

cC = dωC(JC·, JC·, JC·)
= rdr(J ·) ∧ (−dη + 2F ) + r2dϕF = r2(η ∧ (dη − 2F ) + dϕF ).

Consequently, the skt condition for the cone is equivalent to the relation

η ∧ (dη − 2F ) + dϕF = 0. (3.1)

Clearly, (3.1) is satisfied if the st manifold is Sasaki; in that case one has
d(2F ) = d(dη) = 0 and η∧dη = η∧ (2F ). Conversely, suppose the cone is skt. Then
we find

0 = ξy (η ∧ (dη − 2F ) + r2dϕF ) = dη − 2F,
so that the st manifold is Sasaki. �

Remark 3.5. In [21], the cone construction is used to give a different, equivalent
definition of an st manifold; it is defined as a Riemannian manifold (M, g) endowed
with a 3-form T such that the cone C(M) is kt with torsion equal to r2T . By [21],
this condition implies that the induced almost contact metric structure is normal,
and the Reeb vector field is Killing. Moreover, the 3-form T necessarily satisfies

T = dϕF + dη ∧ η − 2F ∧ η. (3.2)
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Conversely, if (M, g, η, ξ, ϕ) is st in the sense of Definition 2.1, define T by (3.2);
then dTη, defined as dη − ξyT , coincides with 2F , and the metric connection with
torsion T satisfies

∇T
XF = ∇XF + 1

2
∑

a

(T − c)(X,Ea, ·) ∧ F (Ea, ·) = η ∧X[,

so by [21, Proposition II.2] the structure is st as defined therein.
Notice that, by (3.2) and consistency with Proposition 2.3, the connection ∇T is

not an almost contact metric connection. 4

A local classification We dub an st structure regular if the Reeb foliation is
regular. In this case the space of leaves is a manifold. The following result describes
the structure on this space of leaves. Since regularity always holds locally, it gives a
local classification of st structures.

Proposition 3.6. Given a regular st manifold (N, g, ξ, η, ϕ) then the space of leaves,
M , has a unique Hermitian structure (h, J) and closed (1, 1)-form σ such that
(i) the projection π : (N, g)→ (M,h) is a Riemannian submersion;
(ii) π∗ ◦ ϕ = J ◦ π∗;
(iii) 1

2πdη = π∗σ.
Conversely, given a Hermitian manifold (M,h, J) with a closed integral (1, 1)-

form σ, a circle bundle N →M with first Chern class equal to [σ], and a connection
form η on N satisfying (iii), then N has a unique st structure (g, ξ, η, ϕ) such that
ξ is the fundamental vector field, and the conditions (i)–(iii) are satisfied.

Moreover, every st manifold is locally of this form.

Proof. Since ξ is Killing, there is a unique metric h satisfying (i). By using Lξϕ = 0,
and the fact that

π∗ : ker η → Tπ(p)M

is (pointwise) an isomorphism, we deduce that there is a unique almost-complex
structure J satisfying (ii). If X, Y are vector fields on M , π-related respectively to
X̃, Ỹ , then (ii) implies that J(X), J(Y ) are π-related to ϕ(X̃), ϕ(Ỹ ). Consequently,
NJ(X, Y ) is π-related to S(X̃, Ỹ ) = 0. This proves (h, J) is a Hermitian structure.

The differential form dη is basic, hence it is the pullback of some closed form σ. In
addition, the fact that dη is of type (1, 1) with respect to ϕ implies σ is J-invariant,
and hence of type (1, 1).

Now let (M,h, J) be a Hermitian manifold with a closed integral (1, 1)-form σ.
Condition (i) determines the metric g on the distribution ker η; since ξ is orthogonal
to this distribution, with unit norm, the metric g is determined. By construction,
the vector field ξ is Killing. Similarly, condition (ii) determines ϕ. In order to prove
that S = 0 identically, it suffices to show that

π∗(S(X,Y)) = 0 = η(S(X,Y)), for all X,Y ∈ TpN.

The first equation follows by the same argument as in the first part of the proof
whilst the second follows from dϕη = dη, which is a consequence of the hypothesis
that σ has type (1, 1).
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The last part of the statement follows from the fact that every point of an st
manifold has a foliated neighbourhood Ñ = M̃ × (0, ε). The cohomology class [σ] is
then zero, and Ñ can be identified with an open subset of M̃ × S1. �

Remark 3.7. The st structures of Proposition 3.6 are not contact metric structures
in general: if we denote by ω the Kähler form on the base, ω(X, Y ) = h(JX, Y ), the
almost-contact metric structure on N is a contact metric structure if and only if
σ = −ω/2π. In particular, this construction can produce st manifolds that are not
Sasaki, even when the base is Kähler.

Applying the construction to non-Kähler Hermitian manifolds gives rise to ex-
amples of st manifolds that are not quasi-Sasaki. 4

Remark 3.8. It follows from the local classification of Proposition 3.6 that the cone
over an st manifold can be locally identified with C(Ñ) = M̃ × C∗. Slightly more
generally, one can consider the case of a circle bundle; then the cone sits inside the
complex line bundle with first Chern class equal to [σ]. 4

Proposition 3.9. In the correspondence of Proposition 3.6, the torsion 3-form c of
(N, g, ξ, η, ϕ) and the one, c̃, of the Hermitian manifold (M,h, J) are related by

c = 2πη ∧ (π∗σ) + π∗c̃.

In particular, a kt manifold is the space of leaves of an sst manifold if and only if

dc̃ = −4π2σ2,

where σ is a closed, integral form of type (1, 1).

Proof. By construction F = π∗ω, where ω is the Kähler form, and we therefore have

dϕF = (π∗dω)(ϕ·, ϕ·, ϕ·) = π∗(dω(J ·, J ·, J ·)) = π∗c̃. �

Given an sst manifold, there are two distinct cases: either dη is decomposable
(see Example 2.7 for a 5-dimensional example), or dη ∧ dη 6= 0 (e.g., on Sasaki
manifolds). In consistency with the cylinder construction (Proposition 3.1), the above
proposition shows that the study of the decomposable case may be reduced to the
study of skt manifolds, at least locally. On the other hand, the remaning case cannot
be reduced to skt geometry.

4 ST reductions
Hamiltonian reduction plays an important role in symplectic as well as Kähler
geometry. There is also a well known reduction of Sasaki manifolds [17], which has
been used as a tool for constructing new examples. In this section, we describe one
possible way of defining a reduction procedure of st manifolds. To some extent,
it may be thought of as a generalization of the Sasaki reduction in the same way
as Joyce’s hypercomplex and quaternionic quotients [23] generalise the hyper- and
quaternionic-Kähler quotient constructions.
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A quotient construction In the following, we consider an st manifold (M, g,
ξ, η, ϕ) equipped with a free action of a compact Lie group G that preserves st
structure. We denote by X∗ the fundamental vector field associated to an element
X ∈ g. By imitating [18], we have:

Definition 4.1. A G-moment map is an equivariant mapping µ : M → g∗ satisfying
the following conditions:
(i) For each non-zero X ∈ g, dµp(ϕ(X∗)) is nowhere-zero for p ∈ µ−1(0);
(ii) µ is basic with respect to the Reeb foliation.

The condition (i) ensures that zero is a regular value of µ, since the linear map

g→ g∗, X 7→ dµp(ϕ(X∗))

has trivial kernel. It followsM0 = µ−1(0) is a regular submanifold, and we shall denote
by ι : M0 ↪→M the inclusion. As G acts freely on M0, the quotient M //G = M0/G
is also smooth, and we therefore have a principal bundle π : M0 →M0/G.

More generally, one can consider a reduction µ−1(a)/G, where a is an arbitrary
point in (g∗)G. In order for this to work, one needs a stronger definition of G-moment
map. We say a G-moment map µ is global if dµp(ϕ(X∗)) is globally non-zero for each
non-zero X ∈ g. Notice, however, a global G-moment map has no critical points and
therefore can only exist if M is non-compact.

By construction, we have TpM0 = ker dµp, and the distribution

H = {(p; X) ∈ TM0 : dµp(ϕ(X)) = 0}
= {(p; X) ∈ TM : µ(p) = 0 = dµp(X) = dµp(ϕ(X))}

defines a connection on the principal bundle. Indeed, H is G-equivariant because
so are µ and ϕ. In addition, the condition (i) ensures H is transversal to kerπ.
Consequently, a vector field X on M0 has a horizontal projection XH.

We introduce a similar notation for forms, meaning ηH will be the 1-form mapping
X to η(XH), and so forth. The failure of the distribution H to be orthogonal to
kerπ∗ is measured by an invariant one-form:

α ∈ Ω1(M0, g
∗), 〈α(X),Y〉 = g(XH,Y∗), Y ∈ g .

The contraction of α with the curvature of the principal bundle, regarded as a 2-form
R ∈ Ω2(M0, g), will play a role when comparing the torsion of M with that of M //G.
Another relevant contraction is the four-form

(Ry c)(X1, X2, X3, X4) =
∑

i<j

(−1)i+jc
(
R(Xi, Xj)∗, X1, . . . , X̂i, . . . , X̂j, . . . , X4

)
.

A straightforward, but important, consequence of condition (ii) is the following:

Lemma 4.2. The distribution H is invariant under ϕ and contains ξ. �

Since G acts preserving the almost contact metric structure, we can define a
structure on the quotient using the splitting TpM0 = Hp⊕g together with projection.
Explicitly, we define a Riemannian metric on the quotient by

g̃(π∗p(X), π∗p(Y)) = g(X,Y), X,Y ∈ Hp.
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Be warned that for non-zero α, π is generally not a Riemannian submersion (see, for
instance, Example 4.13).

Similarly, we define a unit vector field ξ̃ on M0/G that is π-related to ξ, and set

η̃ = ξ̃[, ϕ̃(π∗p(X)) = π∗p(ϕ(p; X)), X ∈ Hp.

Well-definedness follows from the G equivariance of ϕ and Lemma 4.2.

Proposition 4.3. Let (M, g, ξ, η, ϕ) be an almost contact metric manifold endowed
with the free action of a compact Lie group G preserving the structure. If there exists
a G-moment map µ : M → g∗ then the reduction M //G inherits an almost contact
metric structure (g̃, ϕ̃, ξ̃, η̃), and if M is normal so is M //G.

Moreover, if M is st then M //G is also st. In this case, the torsion forms are
related via

π∗c̃ = cH − 〈α,R〉, π∗dc̃ = (dc−Ry c)H − 〈(dα)H, R〉.

Proof. We have to prove (g̃, ξ̃, η̃, ϕ̃) satisfies (2.1). By Lemma 4.2, these equations
reduce to the analogous equations for ξ, η and ϕ on Hp.

Now suppose M is normal. If X, Y are vector fields on M0 contained in H, then
the vanishing of (2.2) implies

ϕ([ϕ(X), Y ] + [X,ϕ(Y )])p ∈ TpM0.

Since [ϕ(X), Y ]p and [X,ϕ(Y )]p are also in TpM0, it follows that

[ϕ(X), Y ]p + [X,ϕ(Y )]p ∈ Hp. (4.1)

Therefore, if X is π-related to X̃ and Y is π-related to Ỹ ,

π∗p
(
ϕ
(
[ϕ(X), Y ] + [X,ϕ(Y )]

))
= ϕ̃([ϕ̃(X̃), Ỹ ]) + ϕ̃([X̃, ϕ̃(Ỹ )]).

It follows that S̃(X̃, Ỹ ) is π-related to S(X, Y ), hence zero.
Suppose in addition that M is st. By the normality assumption we have Lξφ = 0

which implies ξ preserves H. Indeed, if X is contained in H, then

dµ([ξ,X]) = −d2µ(ξ,X) + Lξdµ(X)− LXdµ(ξ) = 0.

By the same token, we have dµ(ϕ[ξ,X]) = dµ([ξ, ϕX]) = 0.
Now, using the fact that ξ is a Killing vector field, we find

π∗
(
L
ξ̃
g̃(X̃, Ỹ )− g̃([ξ̃, X̃], Ỹ )− g̃(X̃, [ξ̃, Ỹ ])

)

= Lξg(X, Y )− g([ξ,X]H, Y )− g(X, [ξ, Y ]H) = 0.

Finally, in order to compute the torsion, we observe (4.1) together with the
fact that ξ preserves H imply that whenever X, Y are contained in H then so is
[X, Y ]− [ϕ(X), ϕ(Y )]. Writing X = XH +XV , we can rephrase this fact in terms of
the equality

[X, Y ]V = [ϕ(X), ϕ(Y )]V .
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We also have
π∗η̃(X̃) = η(X), π∗F̃ (X̃, Ỹ ) = F (X, Y ),

and then compute

π∗dη̃(X̃, Ỹ ) = dη(X, Y ) + η([X, Y ]V),
π∗dF̃ (X̃, Ỹ , Z̃) = dF (X, Y, Z) + S

{X,Y,Z}
F ([X, Y ]V , Z),

where the summation S is a cyclic summation over X, Y, Z. Now we see that

π∗dF̃ (ϕ̃(X̃), ϕ̃(Ỹ ), ϕ̃(Z̃)) = dϕF (X, Y, Z) + S
{X,Y,Z}

g
(
[ϕ(X), ϕ(Y )]V ,−ϕ2(Z)

)

= dϕF (X, Y, Z) + S
{X,Y,Z}

g
(
[X, Y ]V , Z

)
− S
{X,Y,Z}

η
(
[X, Y ]V

)
η(Z).

Summing up gives

π∗c̃(X̃, Ỹ , Z̃) = c(X, Y, Z) + S
{X,Y,Z}

g([X, Y ]V , Z) = c(X, Y, Z)− 〈α,R〉(X, Y, Z),

as required. The final formula is obtained applying the Bianchi identity. �

Remark 4.4. In the proof of Proposition 4.3, it is not sufficient to assume that ξ is
Killing to prove that ξ̃ is Killing. Normality is also required. This gives additional
motivation for our definition of st structures, showing that it is the correct type of
structure to consider if one wants the same type of structure to be induced on the
reduction. 4

Remark 4.5. By definition, a G-moment map is always basic with respect to the
Reeb foliation. Thus, if M is a regular st manifold, a G-moment map on M descends
to a G-moment map on the space of leaves N . Moreover, the space of leaves of M //G
can be identified with N //G as a kt manifold. 4

Remark 4.6. The natural candidate for a G-moment map is

µ =
∑

Ea ⊗ ιaη.

By definition, this is a G-moment map only when the matrix

(dηp(E∗a, ϕ(E∗b)))ab

is non-degenerate at each point p ∈ µ−1(0).
Note that in the Sasaki case, as dη = 2F , the non-degeneracy condition is

equivalent to asserting the fundamental vector fields induced by the action do not
vanish on µ−1(0). 4
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Non-existence. The existence of a G-moment map is a non-trivial topological
condition. Consider, for example, the compact Lie group N = U(3) endowed with an
sst structure (g, η, ξ, ϕ) as in Theorem 2.8. Denoting by Eij the standard basis of
the space of complex 3× 3 matrices, we can assume, at the Lie algebra level,

ξe = iE11, ϕe(iE22) = iE33.

Now let G be the subgroup generated by iE22, acting on U(3) on the right. Since G
is contained in the maximal torus, it preserves the structure.

Suppose µ : U(3)→ g∗ ∼= R is a G-moment map, and consider the tori U(1), T2,
T3 with Lie algebras

t1 = 〈iE33〉, t2 = 〈iE11, iE22〉, t3 = 〈iE11, iE22, iE33〉,

respectively. Then µ−1(0) ⊂ U(3) is a T2 invariant regular submanifold. Denoting its
quotient by P , we obtain a diagram

µ−1(0) U(3)

P U(3)/T2 U(3)/T3

-

?

T2

?
T2

- -U(1)

Obviously, P has codimension one in U(3)/T2, and, by Definition 4.1(i), it is transverse
to the fibres of the circle bundle U(3)/T2 → U(3)/T3. Since P is compact, the
composition P → U(3)/T3 is a covering map. However, U(3)/T3 is simply connected,
so this mapping is actually a diffeomorphism. In other words, the circle bundle
U(3)/T2 → U(3)/T3 has a section. This is a contradiction because the first Chern
class is non-zero.

Existence. Throughout, we shall assume (M, g, ξ, η, ϕ) is an sst manifold on
which a compact Lie group G acts freely and preserving the structure. We look for
sufficient conditions to ensure the existence of a global G-moment map.

First, we recall (see [9, Proposition 3.5.1]) the following:

Theorem 4.7 (Kacimi-Alaoui). If M is a compact, transversely Kähler manifold,
and ω is a basic form of type (1, 1), with [ω] = 0 in basic cohomology, then there
exists a basic function f such that ω = ∂∂f .

An almost contact manifold is said to satisfy the ∂∂ lemma provided the condition
of this theorem holds.

The other conditions we need are conveniently expressed in terms of equivariant
cohomology. Fix a basis {Ea} of g, and denote by {xa} the dual basis of g∗. Let ιa
be the interior product with E∗a, and La the Lie derivative with respect to E∗a. The
Cartan model for equivariant cohomology is given by the following complex

CG(Ω(M)) = (S(g∗)⊗ Ω(M))G , dG = 1⊗ d−
∑

a

xa ⊗ ιa.
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As G acts freely onM , by assumption, equivariant cohomology reduces to cohomology
on the quotient:

H∗(CG(Ω(M)), dG) ∼= H∗dR(M/G)
(see [20, Theorem 5.2.1]).

We also need an equivariant version of the ∂∂ lemma. In order to state the relevant
condition, it will be convenient to indicate by [α]0 the image of an equivariant form
α under the projection

(S(g∗)⊗ Ω(M))G �
(
S(g∗)⊗ Ω0(M)

)G
.

Definition 4.8. An almost contact metric manifold (M, g, ξ, η, ϕ) endowed with the
free action of a compact Lie group G satisfies the G-equivariant ∂∂ lemma if the
following holds: whenever p ∈ S2(g∗)G is dG-exact then there exists σ such that
[dGdϕσ]0 = p.

There is a purely topological condition implying the equivariant ∂∂ lemma: the
Chern-Weyl homomorphism κG fits into the commutative diagram

(S2(g∗))G H4(CG(M), dG)

H4(M/G)

-

HHHHHHj
κG

?
∼= ,

so by assuming κG is injective on (S2(g∗))G, all dG exact forms in S2(g∗)G are zero.
Consequently, the equivariant ∂∂ lemma holds trivially in this case.

In analogy with [18], we obtain the following existence result:

Theorem 4.9. Suppose (M, g, ξ, η, ϕ) is an sst manifold on which a compact Lie
group G acts freely preserving the structure. If the ∂∂ lemma and the equivariant ∂∂
lemma are satisfied, and the torsion form c extends to a closed equivariant 3-form in
CG(Ω(M)), then there is a global G-moment map on M .

In particular, every G-invariant element of g∗ gives rise to a reduction M //G
with an induced st structure.

Proof. For an element α ∈ g∗⊗Ωk(M), we will write αa for the contraction with Ea,
i.e., α = ∑

a x
a ⊗ αa. By hypothesis, there exists α ∈ (g∗⊗Ω1(M))G such that

0 = dG(c+ α) = −
∑

a

xa ⊗ ιac+ xa ⊗ dαa −
∑

a,b

xaxb ⊗ ιbαa,

or phrased differently, we have

dαa = ιac and ιaαb + ιbαa = 0.

Now define a 1-form β ∈ g∗⊗Ω1(M) by

β =
∑

a

xa ⊗ (E∗a)[ + α.
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A standard computation, using the canonical connection ∇, shows that that each
component dβa is both basic with respect to the Reeb foliation and of type (1, 1), i.e.
dϕβa = dβa. By the ∂∂ lemma, we can write dβ = ddϕµ, where µ ∈ g∗⊗Ω0(M) is
basic with respect to the Reeb foliation. We can assume, by averaging over G, that
µ is also G-invariant. By construction, γ = β − dϕµ is d closed as well as invariant.
Therefore dGγ = ∑

a,b x
axbιaγb is both G-invariant and, by d2

G = 0, d-closed. In other
words, dGγ equals an invariant polynomial in S2(g∗).

Applying the equivariant ∂∂ lemma to p = dGγ, we find σ such that

[dGdϕσ]0 = dGγ.

With no loss of generality we can assume that σ is in g∗⊗Ω0(M). Setting µ̃ = µ+ σ,
we compute

[dGdϕµ̃]0 = [dG(β − γ + dϕσ)]0 = [dGβ]0 =
∑

a,b

xaxbιaβb =
∑

a,b

xaxbg(E∗a,E∗b).

In other terms,
dµ̃a(ϕ(E∗b)) + dµ̃b(ϕ(E∗a))

is a non-degenerate symmetric matrix in a, b at each point, so dµ̃(ϕE∗b) is nowhere zero.
Identifying µ̃ with an equivariant map M → g and composing with an isomorphism
g ∼= g∗, we obtain a G-moment map, as required. �

Remark 4.10. The equivariant ∂∂ lemma is a non-trivial condition. Consider, for
instance, the product of an sst manifold Z with any Kähler manifold. This has a
product almost contact metric structure which is in fact sst. More concretely, take
M = Z × S1 × U(1), where U(1) is thought of as the fibre of a principal bundle
M → Z × S1. The standard Kähler structure on the two-torus S1 × U(1) induces
a product sst structure on M . By construction, the torsion is basic with respect
to U(1), and so is dU(1) closed. On the other hand, the dU(1) exact polynomial

x2 ∈ R[x]⊗ Ω(M)U(1) = CU(1)(M)

cannot be written as [dU(1)d
φσ]0. Indeed, given a map σ : M → u(1)∗ ∼= R, consider

the embedding
ι : S1 → Z × S1 × U(1), ι(eiθ) = (p, eiθ, q),

and denote by X the standard generator of u(1). Then the condition

0 =
∫

S1
ι∗dσ =

∫ 2π

0
dσι(eiθ)(ϕ(X∗))dθ

shows that ι(X∗)d
ϕσ cannot be identically non-zero.

The same argument shows it is not possible to find a global U(1)-moment map.
However, the invariant function ν(p, eiθ, q) = cos θ defines a (non-global) U(1)-
moment map, with M //S1 ∼= Z. 4

We conclude the study of reductions providing a number of examples.
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Example 4.11. As a first exercise, let us consider Euclidean space,

N = R× Ck+1 = R× R2(k+1), g = ds2 +
k+1∑

j=1
dx2

j + dy2
j ,

with the obvious associated st structure: ξ = ∂/∂s, η = ds, and ϕ induced via the
standard complex structure on Ck+1. This st manifold admits a structure preserving
circle action given by eit · z := (eitz1, . . . , e

itzk+1). Let us now introduce the S1

invariant function µ : N → R,

µ(z) = −
k+1∑

j=1
|zj|2 + 1.

Its derivative dµ = −2∑k+1
j=1 (xjdxj + yjdyj) has the properties dµ(ξ) = 0 and

dµ(ϕ(X)) 6= 0; the latter follows as ϕ applied to the fundamental vector field is given
by

ϕ(X) = −
k+1∑

j=1
(xj∂/∂xj + yj∂/∂yj),

which implies dµ(ϕ(X)) = 2∑k+1
j=1 |zj|2. Consequently, µ is an S1-moment map.

The reduced space N //S1 is R × CP (k), and the associated st structure has
fundamental 2-form which can be identified with the Fubini-Study form on complex
projective k-space. In this case both N and N //S1 have null torsion; this is consistent
with Proposition 4.3, since α is zero, i.e. X is orthogonal to the distribution H =
ker dµ ∩ ker dϕµ.

Finally, note that any function f on Ck+1 induces a transversal conformal trans-
formation of the above st structure on N . If f is chosen to be S1 invariant, then
the transformed st structure can be reduced via µ to give an st structure on
R× CP (k). ♦

More generally, any example of kt reduction gives rise to an example of st
reduction by taking an appropriate circle bundle (see Proposition 3.6 and Remark 4.5).
In order to produce an example on which both the manifold M and the quotient are
irregular, we will make use of the following elementary observation:
Proposition 4.12. Let M be an normal almost contact metric manifold (g, ξ, η, ϕ)
with two closed, integral ϕ invariant 2-forms σ1, σ2. Then the torus bundle

M̂
S1×S1−−−−→M

with Chern classes σ1, σ2 has a family of st structures (ĝ, ξ̂, η̂, ϕ̂) defined as follows.
Let ω = (ω1, ω2) be a connection form with 1

2πdωi = π∗σi, and let X1, X2 be the
fundamental vector fields. Then

ĝ(X, Y ) = ω1(X)ω1(Y ) + ω2(X)ω2(Y ) + g(π∗X, π∗Y ),

and, given real constants s, t, s2 + t2 = 1,

ξ̂ = tX1 + sX2, η̂ = tω1 + sω2, φ̂ = φ+ η̂⊥ ⊗ ξ − η ⊗ ξ̂⊥,
where tensors on M are lifted to M̂ horizontally using the metric, and

ξ̂⊥ = −sX1 + tX2, η̂⊥ = −sω1 + tω2.
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Proof. By construction, ξ̂ is a Killing field, so it suffices to prove that the Sasaki-
Hatakeyama Ŝ vanishes, i.e.

π∗ ◦ Ŝ = 0 = η̂ ◦ Ŝ = η̂⊥ ◦ Ŝ.

This is a straightforward computation where one uses normality and the fact that
σ1, σ2 are of type (1,1). �

Example 4.13. By Proposition 4.12, the product of three odd-dimensional spheres
has a family of st structures compatible with the standard metric, associated to the
torus fibration

S2k+1 × S2n+1 × S2m+1 → S2k+1 × CPn×CPm .

If we choose s, t so that s/t is an irrational number, then the structure is irregular.
Consider such a structure on M̂ = S1×S2n+1×S2m+1. A straightforward computation
yields

F̂ = πσ1 + πσ2 + (−sω1 + tω2) ∧ η,
ĉ = 2π(tσ1 + sσ2) ∧ η̂ + 2π(−sσ1 + tσ2) ∧ (−sω1 + tω2), dĉ = 4π2(σ2

1 + σ2
2).

Writing the generic element of M̂ as

p = (x, y1, . . . , yn+1, z1, . . . , zm, ρe
iθ) ∈ C× Cn+1 × Cm+1,

we define a U(1) action on M̂ by

eiγ · p =
(
x, eiγy1, . . . , e

iγyn+1, z1, . . . , zm, ρe
i(γ+θ)

)
.

Thus, the fundamental vector field has the form X = X1 + ∂
∂θ
. If we set

µ(x, y, z) = Re x,

we see that dϕµ is a multiple of η̂⊥. Noting next

f = η̂⊥(X) = −s+ tρ2,

we conclude that µ is a U(1)-moment map if |s| > |t|. By Proposition 4.3, the
reduction

M̂ //U(1) = S2n+1 × S2m+1/U(1).

is an st manifold. Observe this structure is irregular, because the fundamental
vector field is transverse to the two-torus generated by ξ̂. Notice also that X is not
orthogonal onto the distribution H = ker η̂⊥. More precisely, projection on H is given
by

Y H = Y − f−1η̂⊥(Y )X, βH = β − f−1η̂⊥ ∧ (Xy β),

so the 1-form α of Proposition 4.3 is given by

α = ω1 + ρ2dθ − f−1(1 + ρ2)η̂⊥.
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The curvature of the circle bundle is
R = d(f−1η̂⊥) = 2πf−1(−sσ1 + tσ2)− 2tf−2ρdρ ∧ η̂⊥,

and therefore, by Proposition 4.3, the torsion c of M̂ //S1 is determined by
π∗c = ĉH − 〈α,R〉 = 2πf−2ρ2(sfdθ + t2(ρ2ω1 − ω2)− s(−sω1 + tω2)) ∧ σ1

− 2πf−2(tfρ2dθ + ρ2(st− stρ2 + 1)ω1 + (ρ2(st− t2)− 1)ω2)) ∧ σ2

+ 2f−2(−1 + stρ2)ρdρ ∧ ω1 ∧ ω2 − 2tf−2ρ3dρ ∧ dθ ∧ (−sω1 + tω2).
Similarly, we can apply Proposition 4.3 to prove that the reduction is not sst: since
Ry ĉ is horizontal, the formula reduces to

π∗dc = (dĉ)H −Ry ĉ− 〈(dα)H, R〉
= 4π2f−2

(
(ρ4t2 + s2ρ2)σ2

1 − ρ2(1 + 2st− stρ2 + t2)σ1 ∧ σ2

− (ρ2(st− t2)− 1)σ2
2

)

− 4πf−3ρdρ ∧ (−sω1 + tω2)
∧
(
(s+ 2t+ tρ2)(−sσ1 + tσ2)− 2tfσ1 + (2f 2 − tfρ2)σ2

)

− 4πf−1ρdρ ∧ (dθ − ω2) ∧ (−sσ1 + tσ2). ♦

Remark 4.14. The same argument carries through replacing CPn×CPm with an
arbitrary Hermitian manifold with two closed integral (1, 1)-forms σ1, σ2. 4
Remark 4.15. The U(1)-moment map µ of Example 4.13 can be made global by
replacing the S1 factor in M̂ with R. 4
Example 4.16. We now turn to study st reductions of the Sasaki spheres described
in Example 2.18. On S2k+1 ⊂ Ck+1, we consider the circle action given via

eis · z := (e−isz1, e
isz2, . . . , e

−iszk, e
iszk+1).

Clearly, the associated vector field is

X =
k+1∑

j=1
(−1)j (xj∂/∂yj − yj∂/∂xj) .

Motivated by the Remark 4.6, we now look at the invariant function

µ : S2k+1 → R, µ(z) = µ(x, y) = ηz(X) =
k+1∑

j=1
(−1)j|zj|2,

which clearly satisfies dµ(ξ) = 0. Additionally, we see that dµ(ϕ(X)) cannot vanish
on the level set

µ−1(0) =
{
z ∈ S2k+1 :

k∑

j=1
|z2j−1|2 =

k∑

j=1
|z2j|2

}
= Sk(1/

√
2)× Sk(1/

√
2).

In conclusion, µ is an S1-moment map.
It is clear that the st reduction S2k+1 //S1 can be identified with Sk × Sk/S1.

Also note that if we apply a transversal conformal transformation, using a horizontal
function of the type considered in Example 2.18, then the transformed st structure
on S2k+1 can be reduced using µ; this follows by the S1 invariance of the functions∑
j λj|zj|2. ♦
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