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Restriction of complementary series representations

of O(1, N) to symmetric subgroups

Jan Mollers, Yoshiki Oshima

Abstract

We find the complete branching law for the restriction of complementary
series representations of O(1,n+ 1) to the symmetric subgroup O(1,m+1) x
O(n —m), 0 < m < n. The decomposition consists of a continuous part
and a discrete part which is trivial for some parameters. The continuous part
is given by a direct integral of principal series representations whereas the
discrete part consists of finitely many complementary series representations.
The explicit Plancherel formula is computed on the Fourier transformed side of
the non-compact realization of the complementary series by using the spectral
decomposition of a certain hypergeometric type ordinary differential operator.
The main tool connecting this differential operator with the representations
are second order Bessel operators which describe the Lie algebra action in this
realization.
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Introduction

In the unitary representation theory of reductive Lie groups one is mainly concerned
with the following two problems as was advocated in [8]:

(1) Classify all irreducible unitary representations of a given reductive Lie group,

(2) Decompose a given unitary representation into irreducible ones.

While problem (1) is a long-standing problem in general, there is a classification of
all irreducible unitary representations for certain subclasses of groups, among them
semisimple Lie groups of rank one (see [1, 7]). Our focus is on the rank one group
G =0(1,n+1), n € N, for which we study problem (2).

All irreducible unitary representations of G are obtained as subrepresentations of
representations induced from a parabolic subgroup P = M AN on the level of (g, K)-
modules. Up to conjugation P is unique and M = O(n) x (Z/2Z), A = R, and
N = R"™. We restrict our attention to representations induced from characters of P.
Denote by 7r§?, ) the representation of GG, which is induced from the character
of P given by the character o € C of A and the character ¢ € Z/27 of the second
factor of M = O(n) x (Z/2Z) (normalized parabolic induction). In this parame-

terization 7r2 &t s irreducible and unitarizable if and only if 0 € iRU (—n,n).

By abuse of notation we denote by 7T2 4D also the corresponding irreducible uni-

tary representations. For o € iR the representations m?, Gt are called unitary
principal series representations and for o € (—n,0) U (0,n) they are called comple-
mentary series representations. We have natural isomorphisms w?&;”*l) = 7r2 S”‘“)
for o € iIRU (—n,n).

In this paper we solve problem (2) for the restriction of m?,?’”“), o €iRU (—n,n),
e € Z/27, to any symmetric subgroup of G. By Berger’s list [2] any non-trivial
symmetric subgroup of G is either conjugate to

K=0(1)x0(n+1) or
H=0(1,m+1)xO0(n—m), 0<m<n.

Since K is a maximal compact subgroup of G the branching law for the restriction
of 7r2 Gt 46 K s simply the K-type decomposition (1.2) which is well-known. The
branching to H is the main topic of this paper. In the formulation of the branching

law we use the convention [0, «) = () for o < 0.

Theorem (see Theorem 4.7). For o € iR U (—n,n) and ¢ € Z/27 the repre-
sentation ﬂgs of G = O(1,n + 1) decomposes into irreducible representations of
H=0(1,m+1)x0O(n—-—m),0<m<mn, as follows:

0o o o
G ~ O(1,m+1)
ﬂ-Uyﬁ}H - Z (/R Tredn AT
iRy

k=0

O(1,m+1) k (Tpn—m
® @ 7T|Rea|—n+m—2k—4j,a+k> XH (R )7
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where H*(R"™™) denotes the irreducible representation of O(n —m) on the space of
solid spherical harmonics of degree k on R,

The explicit Plancherel formula is given in Theorem 4.1. First of all, the re-
striction 7|y is decomposed with respect to the action of O(n —m), the second
factor of H. Then the decomposition of each H*(R"~™)-isotypic component into ir-
reducible representations of O(1, m + 1) contains continuous and discrete spectrum
in general. The continuous part is a direct integral of unitary principal series rep-
resentations Wgéi’zwl). The discrete part appears if and only if k£ < |Rea‘2_ 2 and
is a finite direct sum of complementary series representations. Therefore the whole
branching law of Wg |g contains only finitely many discrete components and the
discrete part is non-trivial if and only if |Res| > n — m. In particular for m > 0
there is always at least one discrete component if ¢ is sufficiently close to the first
reduction point n or —n.

For o € iR the decomposition is purely continuous. In this case the branching
law is actually equivalent to the Plancherel formula for the Riemannian symmetric
space O(1,m+1)/(O(1) x O(m+1)) (see Appendix A) and therefore easy to derive.
We remark that a similar method was used in [9] for the branching laws of the most
degenerate principal series representations of GL(n,R) with respect to symmetric
pairs. However, for the complementary series representations, i.e. o € (—n, 0)U(0,n),
the decomposition cannot be obtained in the same way.

The proof of the Plancherel formula we present works uniformly for o € iR U
(—n,n). It uses the “Fourier transformed realization” of 75, on L*(R™, 2|7 da).
For this consider first the non-compact realization on the nilradical N of the parabolic
subgroup P opposite to P. We then take the Euclidean Fourier transform on N = R"
to obtain a realization of 75, on L*(R", 2| %7 dz). The advantage of this realiza-
tion is that the invariant form is simply the L2-inner product. The Lie algebra action
in the Fourier transformed picture is given by differential operators up to order two,
the crucial operators being the second order Bessel operators studied in [6, 12]. Us-
ing these operators we reduce the branching law to the spectral decomposition of an
ordinary differential operator of hypergeometric type on L*(R, ) (see Section 2). The
spectral decomposition of this operator is derived in Section 3 and used in Section 4
to obtain the branching law and the explicit Plancherel formula. An interesting for-
mula for the intertwining operators realizing the branching law in the non-compact
picture on N is computed in Section 5. These intertwining operators will be subject
of a subsequent paper.

Up to now only partial results regarding the branching of 7
H were known:

G

o8

o € (—n,n), to

e For n = 2 and m = 1 the full decomposition was given by Mukunda [13]
using the non-compact picture. This case corresponds to the branching law
SL(2,C) \(SL(2,R).

e For n > 2 and m = n — 1 Speh—Venkataramana [14, Theorem 1] proved the
existence of the discrete component 70%™ in 780" for ¢ € (1,n) (special
case j = k = 0 in our Theorem). They also use the Fourier transformed

picture for their proof. This is a special case of their more general result for



complementary series representations of G on differential forms, i.e. induced
from more general (possibly non-scalar) P-representations.

e The same special case was obtained by Zhang [19, Theorem 3.6]. He actually
proved that for all rank one groups G = SU(1,n + 1;F), F = R, C, H, resp.
G = Fy_90) certain complementary series representations of H = SU(1,n;F)
resp. H = Spin(8, 1) occur discretely in some spherical complementary series
representations of GG. His proof uses the compact picture and explicit estimates
for the restriction of K-finite vectors.

Acknowledgements. We thank Toshiyuki Kobayashi and Bent Orsted for helpful
discussions. Most of this work was done during the second author’s visit to Aarhus
University supported by the Department of Mathematics.

Notation. N={1,2,3,...}, Ng=NU{0}, R, ={x € R: 2z > 0}.

1 L?-realization of the complementary series of

O(1,n+ 1)

In this section we recall the necessary geometry of the group G = O(1,n + 1) and
some of its representation theory.

1.1 Subgroups and decompositions

Let G = O(1,n+ 1), n > 1, realized as the subgroup of GL(n + 2, R) leaving the
quadratic form

Rn+2_>Ra x:(:L‘l,...,xn+2)tr—>xf—(m%+---+xi+2)7

invariant. We fix the Cartan involution 6 of G given by 0(g) = ¢~ = (¢')!, g € G,
which corresponds to the maximal compact subgroup K := G? = O(1)xO(n+1). On
the Lie algebra level the Lie algebra g of G' has the Cartan decomposition g = €@ p
into the 1 eigenspaces £ and p of  where £ is the Lie algebra of K. Choose the
maximal abelian subalgebra a := RH C p spanned by the element

H = 2<E17n+2 + En+2,1)7

where E;; denotes the (n + 2) x (n + 2) matrix with 1 in the (7, j)-entry and 0
elsewhere. The root system of the pair (g, a) consists only of the roots £2v where
v € ai is defined by v(H) := 1. Put

n = gon, n:= g2y = On
and let
N :=exps(n), N :=expqs(n)=0N



be the corresponding analytic subgroups of G. Since dim(n) = dim(n) = n the half
sum of all positive roots is given by p = ny. We introduce the following coordinates
on N and N: For 1 <75 <n let

Nj:=FEijn1+ Ejrig — Ejringee + Eago i,
Nj = Ejn+ Ejpa+ Ejyipte — Byt

For x € R™ let
Ny 1= exp(ZIij> €N, Ny = exp(ijNj) €N.
j=1 J=1

Further put M := Zk(a) and A := exp(a) and denote by m the Lie algebra of M.
We write M = M+ UmyM™ where

Mt = {diag(1,k,1) : k€ O(n)} ®O(n)  and
mo = diag(—1,1,...,1,—1).

Via conjugation the element mg acts on N and N by
-1 _ _ -1 _ -
Mmonsmy =n_, and meiy,my, =N_g

and the action of m € M+ 2 O(n) on N and N by conjugation is given by

-1

mn,m ' =n,,. and ma,m ! =T,

for € R™, where ma is the usual action of O(n) on R™. Further A acts on N and

N by

H —tH

enge =ng, and e

tH

ﬁxé’_ = ﬁefztx

for x € R", t € R. The following decomposition holds
g=ndmdadn (Gelfand-Naimark decomposition).

The groups
P:=MAN and P:=MAN =0(P)

are opposite parabolic subgroups in G and NP C G is an open dense subset. Let
W := Nk(a)/Zk(a) be the Weyl group corresponding to a. Then W = {1, [wo]}
where the non-trivial element is represented by the matrix

wo = diag(—1,1,...,1) € K.
The element wy has the property that woNwy' = N and hence woPw; ' = P. More

precisely,
tH, —1 —tH

wgnxwo_l =n_, and wee " w, =e
We have the disjoint union
G = PU Puw,P (Bruhat decomposition).

The following lemma is a straightforward calculation:

>



Lemma 1.1. For x € R", x # 0, we have wo_lﬁx = ﬁymetHnZ € NP with

-2
y=—lz[ ", ~1

2= |z| %, m = 1, — 2lz| zat

t = log|x|, —1

Let 7 be the involution of GG given by conjugation with the matrix
dlag(lma _]-n—ma 1)

Then the symmetric subgroup H := G7 is isomorphic to O(1,m + 1) x O(n —m).
The subgroup H is generated by the subgroups Ny, N g, My and A, where (viewing
R™ as the subspace R™ x {0} C R")

Ny :={n,:x €R"} and Ny :={n,:z € R}
and My = M}y UmoM;; with
M}, = {diag(1, k1, ka,1) : ky € O(m), kg € O(n —m)} =2 O(m) x O(n —m).
Also denote by

PH = MHANH and FH = MHANH
the corresponding parabolic subgroups. We write b for the Lie algebra of H.

1.2 Principal series representations — non-compact picture

and standard intertwining operators
We identify af with C by A — A(H), i.e. ¢ € C corresponds to oy € ai. Under
this identification p corresponds to n. For 0 € C let ¢? be the character of A given
by e?(e'f) = ¢t t € R. Further, for ¢ € Z/2Z denote by & the character of
M = M*UmqM™ with & (mg) = (—1)¢ and £&.(m) =1 for m € M. For 0 € C and
€ € Z/2Z we consider the character x,. =& ®e’®1 on P = M AN and induce it
to a representation of G:

Tgs = Indg(XU,s)
={f € C™(G): f(gman) = &(m) ta 7" f(g)Vg € G,man € P = MAN},

The group G acts on [, 35 by left-translations and this action will be denoted by %ge.
Since NP C G is dense, a function in I (fa is already uniquely determined by its

values on N and for f € j;cfs we put
fx(x) = f(m.), r € R".

Let [ g’; ={fy:f¢€ ffa} and denote by Wga the corresponding induced action, i.e.

wC.(9) fy = FS(9)f)w.  feIl..



In view of the Bruhat decomposition G = P U PwyP this action can be completely
described by the action of P and wy. Using Lemma 1.1 we find

o (Ma) f(2) = f(z — a), e € N,
Toe(m)f(x) = f(m™"z), m e M* = 0(n),
moe(mo) f(x) = (=1)°f (=),
mo (e f(x) = et f (), el € A,

o (wo) f(w) = (1) =7 7" f(—|a| ).

This also gives the following expressions for the differential action dn& = dnf, of
the Lie algebra g, which is independent of ¢:

G . e =
dﬂ-cr (Nj)f(x> 8[Ej (.Z'), J 17 y 1
drg(T) f(x) = —=Dry f (x), T € m=so(n)
drf(H)f(z) = 2E+ 0 +n) f(x),
9,
AnI(N)F (@) = ~lal* 5 (2) + 2, QB + o 4 m) f(&),  G=1.om,
j
where D, denotes the directional derivative in direction a € R" and ' = " 2

=1 L3 9a;
is the Euler operator on R". For the action of n we have used the identity d7r (No) =~

oc';,e(wo)dﬂ-o' (N* ) ?,s(wo )
Now suppose o € (0,n) and consider the Knapp—Stein intertwining operator
J(o,e) - I8, — 1%, _ given by

=/f<gwoﬁ>dﬁ, geq, feif,
N

where d7m is the Haar measure on N given by the push-forward of the Lebesgue
measture on R™ by the map R* — N, z — 7,. This intertwining operator induces
an intertwining operator J(o,¢) : IS, — IS, by J(o,€) fir := (J J(o,€)f)x, [ € IC.
Using Lemma 1.1 we obtain

J(o,e) fx(z) = f(wom) dz

Rn

= (=1 | [ (e — |2 P2) da
R
Consider the coordinate change y := z—|z|>z. Its Jacobian ]det(%ﬂ is homogeneous

of degree —2n, O(n)-invariant and has value 1 for z = ;. Hence it is equal to |z| ="
This finally gives

J(o.e)f(z) = (=1)° | |z —y[""fy)dy

R'Il

= (=1 (I=1"" f)(=),



so J(o,¢) is up to sign given by convolution with the function |—|”"". We define a
G-invariant Hermitian form (— | —) . on IZ, by

F19e = (1T @D0) e = [ [ o =sl " S@adedy. (1D

For o € (0,n) this form is in fact positive definite and in this case the closure

HS_ of IT. with respect to the inner product (— | —), . gives an irreducible unitary

representation (HS ., 7&,) of G. Using the intertwining operator J(oe) I8, = 19,
of I¢

one also obtains a unitarization (HS, ., 7%, ) = (HS,, 7,) of IC, .

For o € iR the usual L*inner product provides umtarlzatlons (HES, .) on
Hf,a = L*(R") and these representations form the unitary principal series. For o€
(—n,0) U (0,n) they comprise the complementary series for G. Note that for any
o € (—n,n) U iR the analytic continuation of the operator J(o,e) provides an
intertwining operator between the irreducible unitary representations (”HGE, fg)
and (HG057 —Us)

From the compact picture it is easy to see that the K-type decomposition of the
representations m, . is given by

G2 YT HA R, (1.2)
k=0

where O(n+1) acts as usual on H*(R"*!) and O(1) acts by (—1)*, giving combined
the action of K =2 O(1) x O(n + 1).

1.3 The Fourier transformed picture

Consider the Euclidean Fourier transform Fg» : §'(R™) — S’'(R") given by
Frnu(z) = (2m)72 / e~ 1@y (y) dy. (1.3)

For o € (—n,n) UiR and € € Z/2Z we define a representation pS, of G on Fypi HS,
by
ﬂ-ccriz-:(g)ofR" :J—:R"Opgg(g)u geG

It is easy to calculate the group action of P = MAN:

Poe(Ta) (1) = e“”“""”J“(%’), i, € N, (1.4)
poe(m)f(z) = f(m™'2), m € M* = 0(n), (1.5)
poc(mo) f(z) = (=1)°f (), (1.6)
poc(e™)f(a) = €77V fea), teR. (1.7)

The action of wy in the Fourier transformed picture is more involved (see e.g. [17,
Proposition 2.3]). Note that by these formulas the restriction p,.|5 also acts on
C>°(R™\ {0}). Using the classical intertwining relations

,CI','] OFRn — FRTL o] (—Z%)’
aixj (e) fRn = .FRTL (e} (_ZI]>



it is easy to compute the differential action dpS of pg_:

dpg (N;) f () = i f (), j=1....n, (1.8)
dpS(T) f(x) = —Drof(2), T € m = so0(n), (1.9)
dpg (H)f(z) = — (2E — 0 +n) f(2), (1.10)

dpg (N;) f(x) = —iB}” f(x), j=1...,n, (1.11)

where we abbreviate 5
B! :=x;A—(2E —0+n)—.
7 J ( ) axj

The operators B, are called Bessel operators and were for G = O(1,n + 1) first
studied in [6]. They are polynomial differential operators on R™ and hence the action
dp¢ defines a representation of g on C*() for every open subset 2 C R™.

To describe the representation spaces JF; _nl”;'-[g’:a in the Fourier transformed picture
we recall that the Fourier transform Fg» intertwines convolution and multiplication
operators. Further, the Riesz distributions Ry € S’'(R") given by

(Br) = foamss [ e@laldrn o e S@),

for ReA > 0 and extended analytically to A € C satisfy the following classical
functional equation (see [4, equation (2’) in I1.3.3])

.F]RnR)\ = R,)\,n.

With this and (1.1) we see that in the Fourier transformed picture the representa-
tions pS. are realized on Fp'HS. = L*(R", |z| %7 dz), ¢ € iR U (—n,n), and
the Fourier transform is a unitary (up to scalar multiples) isomorphism Fgn :
LA(R", |z|” %7 dz) — HS . intertwining the representations p5. and 75_. The stan-

dard intertwining operators J(c,¢) are in this picture given by multiplication
LA(R", |2|” "7 dz) — L*(R", 2|7 dz),  f(2) = |2| " f(2).

The K-type decomposition (1.2) is difficult to see in the Fourier transformed
picture. However, one can still explicitly describe the space of K-finite vectors. For
this recall the renormalized K-Bessel function K,(z) from Appendix B.1. It is easy
to see that the vector

Vg (@) = Kog(lz]), = eR"\{0}, (1.12)

is £-fixed and constitutes the minimal ¢-type. Note that as K-representation the
minimal K-type is for ¢ # 0 not the trivial representation since my € K acts
by (—1)¢. To describe the underlying (g, Kg—module we denote for f € C*(R,) and
ke Ny by f @ |z|** the function f(|z|)]z|* and by f @ |z|**Clzy, ..., z,] the space
of all functions of the form f(|z|)|z|**p(z) for some polynomial p € Clzy, ..., z,)].

Lemma 1.2. The underlying (g, K)-module of (pse, L*(R", |z|” "7 dx)) is given by

LAR™, [2] "7 dz)x = @D K_g44 @ 2] Clay, . .., 7). (1.13)
k=0



Proof. Since g = £+ a+n the universal enveloping algebra U(g) of g decomposes by
the Poincaré-Birkhoff-Witt Theorem into U(g) = U(n)U (a)U (). The (g, K)-module
L2(R™, ||~ ®°? da) is generated by the £-fixed vector ¢/¢ and hence

LR, 2| "7 da) e = U(g)yE = U@U(a)yS.

By (1.8) and (1.10) we have U(n) = Clz1,. .., z,] and U(a) = C[E]. Using (B.3) we
further find that the Euler operator E acts on functions of the form K, (|z|)|z|**,
a e R, ke Ny, by

B (Rallal)2) = =3 Kasa(a) o2 + 26K (2] Jof*

2

Hence
UEU@LE =Um P C (K-g 0 [2)
k=0
= @K'*%+k ® e Clay, ..., 2
k=0
and the claim follows. O

2 Reduction to an ordinary differential operator

This section deals with the reduction of the branching problem for p§5| g to an
ordinary differential equation on R,.

Consider the L2-realization L2(R™,|(z,y)|” "°? dzdy) of the representation S,
where we split variables (z,y) € R™ x R". We realize unitary principal series
and complementary series representations pggl’mﬂ) of the first factor O(1,m + 1)
of H=0(1,m + 1) x O(n —m) in the same way on L2(R™, |z|~"°" dz). For the
second factor O(n — m) denote by HF(R"™™) its representation on solid spherical
harmonics on R"™™ of degree k € Ny by left-translation.

Proposition 2.1. Let 0 € (—n,n) UiR and 7 € (—m, m) UiR. For every solution
F € C*(R,) of the second-order ordinary differential equation

t(l + t)u"(t) + (—J+2k—;n—m+2t + 2k+;z—m) U,(t)
1 —o+2k+n—m 2 7\2 _
3 ((mem) = (5)") () = 0
which s reqular at t = 0 the map

U C®°(R™\ {0}) K HF(R™) — C®°(R"™\ {z = 0}),

U(f @) (w,y) =2l P f(@)o),

is Py~ and b-equivariant if C*°(R™ \ {0}) carries the representation pgii’gﬂ)bH

(resp. dpS ™) and C=(R™\ {x = 0}) the representation pS. 15, (resp. dplly).

10



Proof. Put pu:= 2k +n —m and o := = so that
U(f @ 6)(x,y) = |2 F (L) f(@)6 ().

Since h = ny + my + a + 0y it suffices to check the intertwining property for Ny,
MH, A and ngy.

o(1, m+1)(

(i) For m, € Ny both pS . (7,) and pm n,) are by (1.4) the multiplication

operators €19 and hence the intertwining property is clear.

(i) Let m = diag(1,ky, ke, 1) € M}, ki € O(m), ks € O(n — m). Then with
m’ = diag(1, k1, 1,_,,41) we have by (1.5)

pS(m)U(f @ ¢)(z,y) = U(f ® ¢)(ki'w, k3 'y)
— [kl F () f (k7 )6 (k')
= [a|* P (1) f (ki 2) o (k3 ')
= \1/<p?,§17:+”<m )f @ (ke ) (@, y).
Further, for mg we have with (1.6)

Pre(mo)¥(f ® ¢)(z,y)

(=) (f @ ¢)(—x,~y)

(=1 (=) "F ([ |)f( 2)o(=y)
(=1 “F () f (=) (y)
v

Il
M/-\

]

(P (mo) f @ ¢)(x, ).

(iii) For a = el € A we obtain with (1.7)

p5 ()T (f ® ¢)(z,y) = e TU(f ® ¢)(e M a, e y)
= o et P fle ) (e y)
= elomn2em g () F (e ) o(y)
=t g B () f (e ) y)

_ \p@f;:@“( ) ©6)(.y).

(iv) To show the intertwining property for ng it suffices by (1.11) to show the
identity
Bi?U(f @ ¢) = V(B f©¢)

for j = 1,...,m which follows from the next lemma. O]

For o, u € C we introduce the ordinary differential operator

d? pw—0o+2 wy\ d
Dy, =t(l+t —_—t+ = —. 2.1
wi= )dt2+( 2 +2> dt (2.1)

11



Lemma 2.2. Let o,7,a € C, k € Ny, FF € C*([0,00)), f € C*R™\ {0}) and
¢ € HE(R™™). Then for every j = 1,...,m we have

B |[al*F (1) f()o(y)
= Ll F(EEBI (@)o) + ol (2)6(0) (4D + (o — i — ) F(LS)

Proof. We first note the following basic identities, where -2 5, and ‘9 are the gradients
in x € R™ and y € R"™™ respectively, and A, and A, the Lapla(nans on R™ and
R™™™ respectively:

%|m| = olz|* Aglz|® = ala+m —2)]x]"7,
0 ly|? 2|y|2 1/ lyl? ly|? |y’4 1/ |y |y| /¢y
Ry = (e, AR = 4P () - a) (b,
Ox |z |z |
0 2 2 2 Nk 2 2(n—m) 2
G PUE) = SoF (S, AP = U P () + S ()
y |z |z |z
The calculation is split into several parts. In what follows we abbreviate t := %

z|
(i) We begin with calculating z;A, U(f ® ¢):

5 A (f ® ¢)(w,y)
= U2, f @ 6)(2,y) + 20| - F () f(2)(y)

oel” Of il
o (@) F()s(y)

x|* 8F(%) 8F(%)
ol T o) + 2, 2 ) aleay

Uy 0f )0 9) + el E)ols) () 4 20 ()
+ ;|2 f () B(y) (42 F"(t) — 2(2a +m — F'(t) + aa +m — 2)F (1)) .

+ 28, F(y—|) 2" £ (2)d(y) + 2

(ii) Next we calculate ;AU (f ® ¢):
;AU (f ® ¢)(x,y)
=y, F(E) - o] F(@)(y) + 2,8,6(0) - ol F() £ a)

OF(IL)
20— 20 o (o)

= ;|27 f(2)9(y) (AF" (1) + 2(2k + n — m)F'(1))

since F¢ = k¢ and Ay ¢ = 0.
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(iii) We now calculate %\I/(f ® ¢):

o 80)e)
z OF (1)
- L o) + 5 ke @ty
+ 2L @) el F (R )o0)
= g—gi(x) - |x|“F(%)¢>(y) +a|z| TP f(2)p(y) (—2LF (t) + aF (t)).

(iv) Next we find (2F — o + n) U(f ® ¢) by using (iii):

@E—o+m§}Wf®@@w>

of

=QE-o+n+2a+k)y- ]( z) - || F(y—|)¢(y)

+2x5|a[* P Ef(2)p(y) (—2tF'(t) + o F (1))
+(2(a+k—1)—a+n)xj]x\o‘ f(x)d(y) (—2tF'(t) + aF(t))

since Elz|” = Blz|”, EF(%) =0 and E¢ = k.

Now, putting (i), (ii) and (iv) together gives the claimed identity. O

3 Spectral decomposition of a self-adjoint
second-order differential operator on R,

In this section we find the spectral decomposition of the second-order differential
operator D,, on L*(R,,t"7 (1 + t)’% dt) using the theory developed by Weyl-
Titchmarsh-Kodaira (see [11, 16]).

We fix 0 € iIRU(0,n) and € € Z/2Z. (In the case o € (—n,0) only the derivation
of the discrete spectrum in Section 3.5 is slightly different. However, since 7,. =
T_se the decomposition of the representations is again the same and it suffices to
consider o € iR U (0,n).) Further fix k¥ € Ny and put p := 2k + n — m. We assume
that m < n so that u > 0. Proposition 2.1 suggests that the decomposition of
the O(n — m)-isotypic component of H*(R"~™) in p¢_ into irreducible O(1, m + 1)-
representations is given by the spectral decomposition of the differential operator
D, defined in (2.1). Writing

2

d d
D, =t(1 — 1 —
o = t( +t)dt2+((a+b+ )t+c)dt
with

__O'—M Z :_U—M T

o=——p +p b i 7

N =

13



it is easy to see from (B.4) that the hypergeometric function
F(t, 1) == 9F (a,b;c; —t) (3.1)

solves the equation

2
; \ o —p %
Dyyu+ Nu =0, A :ab:( 1 ) _<Z>

We find a spectral decomposition of D, , in terms of F(¢, 7).

3.1 Simplifications

Following [16, Examples 4.17 & 4.18] we first make the transformation ¢ = sinhQ(g).
Using t% = tanh(%)% we write the operator D, ,, as

1 d\? — 0 w—2Y\ d
Dg,u—¥<(1+t)(t5) +< 5 t+ 5 )LE)

d? d
= @4‘5(3’7)@
with ] . 1
_ne T\ _o= z
Bx) = 5 tanh<2) 5 tanh<2>.
Putting

p—1 o—1

y(x) = r(z) tu (sinh2 <g>> with  r(z) = sinh (g>_T cosh (g) N
we finally see that the differential equation D, ,u + A*u = 0 is equivalent to

d?y .
@JF(/\ —q¢"())y =0
with

¢"(z) = 16(x)* + 36/ (x)
(1 —1)(p—3) N2 po=2)+1 (o+1)(c—1) T2
= tanh (§> — + T tanh < > .

16 8 2

To stay in line with [16, Examples 4.17 & 4.18] we shift the eigenvalues by putting

q(z) = q¢*(z) — (%)2 and X\ :== \* — (%)2 and obtain

% + (A —gq(x))y =0. (3.2)

Note that ¢(z) is real-valued for o € iR UR and hence the operator % —q(x) is
formally self-adjoint on L*(R,).

14



3.2 Singularities and the boundary condition

The differential equation (3.2) has regular singular points at * = 0 and z = oo.

The gorresponding asymptotic behaviour of solutions at x = 0 is given by 27 and
=" for u # 2 and by z2 and log(x)x% for ;1 = 2. Hence x = 0 is of limit point
type (LPT) if 1 > 4 and of limit circle type (LCT) if p = 1,2, 3. The solution

m(z, \) = r(x) 5 F (a,b;c; — sinhQ(%))
has asymptotic behaviour 25 near z = 0, where
a:—G;MjLi\/X, b:—U;'u—i\/X, c:%.

Note that n;(z, \) is holomorphic in A € C and real-valued if A € R and o € RUiR.
Indeed we can easily see ny(x, \) = 1 (z, A) for A € R and 0 € RUiR using Kummer’s
transformation formula (B.7). In the case of (LCT) at = 0 we impose an additional
boundary condition (which is automatic in the case of (LPT)). For this we use the
solution ny(x, \) for a fixed Ay and impose

lim W (= o), ) () = 0, (BC)

where W (u,v) = v'v — uv” denotes the Wronskian. Then in both (LPT) and (LCT)
cases 1y (z, \) is the unique solution of (3.2) which is L? near x = 0 and satisfies the
boundary condition (BC). Near = oo we consider the solution

Moz, A) = r(x) " sinh™*(£)oFy (b, b — ¢+ 1;b — a + 1; — sinh (%)),

which has the asymptotic behaviour V> near z = oo and hence is L? near = = oo
for 0 < arg(\/X) < m. The other solution is obtained by interchanging a and b
and has asymptotics e~itVX whence © = oo is always of (LPT). Altogether the

operator in (3.2) extends to a self-adjoint operator on L?(R,) under the boundary
condition (BC).

3.3 Titchmarsh—Kodaira’s spectral theorem
We calculate the Wronskian
W (1, m2)(A)
= r(z) *W(2F1(a, b; ¢; — sinh*(3)),
sinh™(5)2F1(b,b — ¢+ 136 — a + 1; —sinh 2(5))(2)
= r(z) ?sinh(2) cosh(Z)W (3 F1 (a, b; ¢; —2),
2 %P (b,b— c+1;b — a+1;—1))(sinh?(2))
['(b—a)l(c)
L'b)(c—a)
x W(z"%Fi(a,a—c+1;a—b+1;-1),
2P Fi(b,b— c+ 130 — a+1;—1))(sinh?(2))
I'(b—a)l(c) 2iV/ AT (—2ivVA)D(4)
PO (c—a)  T(=%% — i/ AD(ZHE —iv/X)

= r(z) *sinh(%) cosh(%)

=(a—"0)

15



which depends only on A. Now for f € L*(R,) real-valued define
O(z, \)
1

- om0 [772(91;7 \) /Ox m(y, \) f(y) dy + ni(z, A) /°° m2(y, A) f(y) dy].

Then by [16, Section 3.1] we have

1 00+148 1 oco+19
f(x)zlim—f/ O (x, ) d)\zlim——/ Im & (2, ) dA.

6=0 AT J_oiis =0 T J _ootis

3.4 The continuous spectrum

We first treat the integration over the interval (0,00). In this case VA € R,.
We study the cases 0 € (0,n) and o € iR separately. Recall that in both cases
m(z,\) € R.

(i) o € (0,n). In this case @ = b and ¢ € R. Using I'(z) = I'(Z) we obtain

o na(x, \) 1 L'b)I(c—a)
: ( <m,n2><x>) ) @ 6 T

x sinh ™ (£), 71 (b,b — ¢+ 1;b — a + 1; —sinh ™ *(%))

— [()l(c —b) sinh~2%(Z a,a—c+ 1l;a— : —sinh%(Z
b af(a _pr@ S Gefi(ea—ctla—b+1;—sinh )]
1 F(a)L'()(c — a)l'(c —b) inn2(e
2i(a —b)r(x) T(a—0b)T(b—a)l(c)? 2Fifa,bie: ()
1 |T(@D(e=b) N
- 2i(a—b)’F(a—b)F( | A
1= iV +ivay| (@)
VAN T'(2ivVA)(%) o
whence
1 D= (e Y| o
In (. A) =~ ST me ) [ )0 b

(3.3)

(ii) o € iR. Note that @=c—a, b = ¢ — b and ¢ € R. Hence we find by Kummer’s
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transformation formula (B.7)
Im( m2(z, ) ): 1 [ T(b)T(c — a)
W(n1,m)(A) ) 2ir(z) L(a —b)L(b—a)T(c)
x sinh ™ (£),Fy (b,b— ¢+ 1;b — a + 1; — sinh *(%))
I(c—0b)I'(a)
(b—a)l'(a —b)I'(c)
X sinth(C*b)(g)Qlﬂ (c —b,1—ba—b+1;— sinh*Z(g))}

— cosh”(3)

_ 1 [ L'b)(c—a)
2ir(xz) L(a — b)I'(b— a)'(c)
x sinh™*(£)oFy (b,b — ¢+ 1;b — a + 1; — sinh (%))
 T(e=b)(a)
(b—a)l'(a—b)I(c)
D(=2 +ivVAT(%E + VY[
FIVAT(E)

where we have used the same calculation as above. This shows that (3.3) also holds
in the case o € iR.

sinh > (@Pwaa—c+1a—b+1—mm1(@ﬂ

1

m (377 )‘)

In both cases we collect the continuous spectrum

1 oo
——/'M@@AMM
0

D(—23 + VAT + VY[ dr
D(2iv/A)D () VA

[ ([T nensma)

:47r0

3.5 The discrete spectrum

Next we consider the integration over the interval (—oo,0). Here v/ € iR,. Again
we treat the cases o0 € (0,n) and o € iR separately. Recall that in both cases
m(z,A) € R for all z € R;.

(i) o € (0,n). We have a,b,c € R which gives ny(x,\) € R for all z € R;. The
poles of the function ®(x, \) as a function of A are the zeros of the Wronskian. Since
Re("—ﬂ‘ Z\/_) > & > 0 the poles of ®(z, \) are all simple and exactly at the points

where — £ Z\/_ A\ € —Ny. This gives iv\ = —ZF+jand A = — (% —j)2 for
7 € Ny Wlth Jj < &£, Consequently we have b = —j and therefore, by (B.5)
['(a —b)I'(c)
A ="+ A
(l’ ) F(G)F(C-b)nZ(x’ )

2

o—p —|—j)F(j+ 2)772(90 ;).

D(—%5% +2))0(%)
e

17
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Since Im ®(x, \) = 0 for A € (—o0,0) not a pole we obtain by the residue theorem
the discrete spectrum

1 i
— —lim Im® (x,\) dA

T =0 —00+1d
= Z res)\:_<%_j)2q>(x, A)
JE0,7H)NZ
5 DTGNS )G+ 8
JIT(EPL (%5 — 2))L(~ 75 +2;)

771(557 - (J_ZH - j)2)

JE[0,7F4)NZ

x / T — (% ) ) dy.

(ii) o € iR. We have @ = ¢ — b, b = ¢ — a and ¢ € R. By Kummer’s transformation
formula (B.7)

7]2(3}, )\> =T x)il COShU(%> Sinh_Q(c_a)(%)QFl(C - a, 1— a; b—a + 17 o Siﬂh_z(g))
z) " sinh ™ (£),Fi (b — ¢+ 1,b;b — a + 1; —sinh (%))

Further since I'(z) = I'(Z) we also find that the Wronskian W (7, 1) is real-valued.
Hence Im ®(z, A) = 0 for A € (—o0,0). Since W (ny,72) has no poles in A € (—o0,0)
for o € iR there is no discrete spectrum in this case.

3.6 The spectral theorem for D, ,

Together this gives the spectral decomposition of L?(R,) into the eigenfunctions
ni(x, A). For the precise statement let

S(o, 1) == (0,00) U Rg#)mz{ <0;u _j)g}.

Jjelo,
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Note that S(o, 1) = (0,00) for o € iR. On S(o, 1) we define a measure dv, , by
2
D=7 + VDR + V)| dA

1 o
/ A= | s e A

(CIPTG -4 TG +E) o
L A gy 4 )

Then by [16, Sections 3.1 & 3.7] we have:

Theorem 3.1. For o € iRU (0,n) and p € N the map
P(R.) < L(Slon), dvay), frr a0 = [ mlo f (o) de
18 a unitary isomorphism with inverse
P(S(p), dvny) <5 PR, g fo) = [ ) ()

For our application we need the spectral decomposition of the operator D, ,
which follows from Theorem 3.1 by the transformation u(t) — r(z) 'u(sinh?(%)).

To state this put

T(o,pn) :=iR, U U {o —pn—4j}

jelo,Beg=1)nz,

and define a measure dm,, on T'(co, i) by

1 : 4
g 80001 = g [ 00—
(DG - IO+ )06 +8)
+j6[0,ReZ"“)mZ jlr(g)QF(a_;u—Zj)P(—%_FQj) 9( p—4j). (3.4)

dr

’ F( —o+p+T )F( U-HH-T) 2

Corollary 3.2. For o € iRU(0,n) and pu € N the map
LR, "2 (1+14)7 3 dt) = LA(T(0, 1), dmg,),
f s glr) = / Fit, 1) f (0T (1+ )75 dt
0

18 a unitary isomorphism with inverse

Reo

5 dt),

LA(T(o, 1), dmy,) == L2(R T (1+1)"
g ft) = / F(t,7)g(7) dmg.,. (7).
T(o,n)
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Remark 3.3. For the discrete part, namely for 7 = 0 — u — 45, 7 € Ny, the Gauf
hypergeometric function F(t,7) degenerates to a polynomial in ¢ of degree j. More
precisely, we have (see (B.8))

5 .
2/n

where Pi*” )(z) denote the Jacobi polynomials.

Remark 3.4. For ¢ € (0,n) the results of Corollary 3.2 can also be found in [3,
formula (A.11)] where the hypergeometric transform appears (essentially) as the ra-
dial part of the spherical Fourier transform on SU(1,7n)/SU(n). Since our approach
provides a unified treatment of both complementary series and principal series, in-
cluding the case o € iR, we gave a detailed proof in this section for convenience.

4 Decomposition of representations and the
Plancherel formula

Using the spectral decomposition of D, , obtained in Corollary 3.2 we find in this
section the explicit Plancherel formula for the decomposition of p§€| H-

Let us first consider the action of O(n —m) on LA(R", |(x,y)|” " dz dy) which
gives the following decomposition as O(n — m)-representations:

Re

= 3T L2R™ xRy, (2 4 02) S e dr) RHERTY),  (4.)

k=0

where 7 = |y|. We fix a summand for some k& € Ny and put again p = 2k +n — m.
. 2 .
The coordinate change t := é? gives

Reo

L*R™ x R, (| +r?)~ 2" r*Ldzdr)
— LAR™ x Ry, L[ TR (14 1)~ %" da dt).

Since

Re

LAR™ x Ry, L[ ~Rer 42" (14 ¢)~"5° da dt)
= LR, a7 dn)BLA R 7 (141)7 2 db)

we can apply Theorem 3.1 to find that the map

LA(R™ x Ry, Lo 7Rert"57 (1 4 4) ™57 da dt)
D
— LHR™, x|~ 7 da) dmy, (1)
T (o)
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given by

flat) = fla,7) = a5 /Ooo P(t,7)f (@, )T (L+1)7% dt

is a unitary isomorphism, where F'(¢,7) is defined by (3.1) and the measure dm,,,
is given by (3.4). Its inverse is given by

g(x,7) — gz, t) := /T( ) |x|+F(t,7)g(x,T) dmg . (7).

Now we put these things together. For ¢ € iR U (0,n) and k£ € Ny we put
1= 2k +n —m and define an operator

&)
V(o k) (/T( LR el dmg,ﬂ(7)> 5 24+ (R™™)
o,

— LA(R", |(z, )| "7 dz dy)

oK) (f ©0) (2,9)
=l ) [ o (e ) ) ),

Theorem 4.1. For o € iRU (0,n) and € € Z/2Z the map Y(o, k) is H-equivariant
between the representations

@
O(1,m+1 n—m
/T( )pT,£+k i )dma,u<7) X Hk(R )= paGﬁ}H
o, 1

and constructs the H*(R"~™)-isotypic component in pg5| 1. The following Plancherel
formula holds:

19 (0, k) (f © D) 2m oy~ e dody)

2 2
— [T g ) A1) - 105
T(o,p)

Proof. We have already seen that W(o, k) gives a unitary isomorphism so that the
Plancherel formula above holds. Further, by Proposition 2.1 the map ¥(o, k) inter-
twines the actions of My ANy on smooth vectors and hence on the Hilbert spaces.
Since H is generated by My ANy and Ny it remains to prove the intertwining
property for Ny. For this we use the Lie algebra action.

Lemma 4.2. Let L be a connected Lie group with Lie algebra U and let (p1,H1)
and (p2, Ha) be unitary representations of L. Suppose that a continuous linear map
v : Hy — Ho is given and there exist subspaces Vi C Hy and Vo C Ho such that

(i) Vi is dense in H; fori=1,2,

(ii) V; is contained in the space of analytic vectors HY fori=1,2,
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(iii) V; is dp;-stable fori=1,2,
(1) (p(dpr(X)v1) [ v2)y, = —(p(v1) | dp2(X)va)y, forvi € Vi, vy € Vo and X € L.
Then ¢ is L-equivariant.
Proof. For v; € Vi and vy € V5 we put
forwa(9) = (@(pr(g)v1) | v2)yy,, gL,
hora(9) = (p2(9)0(01) [ v2)y, = (0(v1) | 2(97v2)s,, 9 €L,

which are analytic functions on L by (ii). For a smooth function f on L and X € [
we define derivatives by

(RN () =i LTG0y p)(g) i g L 2I0)

t—0 t ’ t—0 t

We have R(X)f(e) = —L(X)f(e) for the identity element e € L and R(X) com-
mutes with L(X’) for any X, X’ € [. Hence

R(X1)R(X2) - R(Xg) f(e) = — L(X1)R(X2) - - - R(Xk) f(e)
= — R(Xy) - R(Xg)L(X1)f(e)

= (=D)L(Xk) - L(X2) L(X1) f(e)
for X1,..., Xy € I. Then (iv) implies

R(Xl) U R<Xk)fvlﬂ)2 (6) = fdp1(X1)~--dp1(Xk)v1,v2 (6)
= (_1)khUl7dp2(Xk)“'dp2(X1)U2 (6)
= (=1)"L(Xk) -+ L(X1) oy s ()
= R(Xl) e R(Xk)hvl,vz (6)
Since fy, v, and h,, ., are analytic functions, they coincide. Therefore p(p;(g)v1) =
p2(g)e(vy) for v; € Vi and hence ¢(p;(g)v) = pa(g)p(v) for any v € Hy by (i). O
We apply the lemma to the map ¢ = V(o, k) : H; — Ho where
@
Hy = (/ L*(R™, 1|x|_Rerx) dmg, . (T )) X HF(R™™™),
T

(o)

Hy := L*(R", |(z,y)]” "7 dz dy).

So let p; and ps be the restrictions of

®

( / pooin dma,u(7)> X1 and pg.
T(o,p)

to L = Ny, respectively. We regard an element

fe/69 LX(R™, jlz| "7 dz) g, (7)

T (o)
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as a function f(x,7) on (R™\ {0}) x T'(o, 1) and let V; be the space consisting of
linear combinations of the functions on (R™ \ {0}) x T'(o, ) x R"™™ of the form

(dp@m D (X)) () g(y) x (7)),

where X € U(), ™ s the spherical vector of pgii;nﬂ) as defined in (1.12),
¢ € HFYR™) and x € C.(T(o,pn)), i.e. x is a continuous function on T'(o, i)
with compact support. Further let V5 be the space of all K-finite vectors in L*(R",

()| "7 dz dy). We now check conditions (i)-(iv):

(i) Viis dense in H; since Co(T'(o, 1)) is dense in L*(T'(o, jt), dms,,) and the space
of (K N O(1,m + 1))-finite vectors for p? M) s generated by ¢Z™ m+1)( )

and dense in L2(R™, |z|” "7 dz). The space V; is dense in M, since it is the

space of K-finite vectors for pggl’"+1).

(ii) K-finite vectors are analytic vectors for G and in particular for Ny C G, hence
Vo € HY. The inclusion V; C HY follows from the lemma below.

(iii) It is clear that V5 is dpo-stable since the space of K-finite vectors is dpg(l’n+l)—

stable. That V; is dp;-stable follows from the definition of V.

Lemma 4.3. Let

(&) (&)
(0}, M) = ( / ( )p?,éi’,?*” g, (7), / LAR™, Lz~ da) dmw<7>) .
O,

(o,1)

A function f(x,7) on (R™\ {0}) x T'(c,u) of the form
fl,m) 1= (dp? D O (@) ()
for X e U(h) and x € C.(T(o, 1)) is an analytic vector of pi.

Proof. Let x = x.+ xa be the decomposition into continuous part and discrete part
so that x. € C.(iRy) and x4 € C.(T'(o, 1r) N (0,m)). Since

(dp? D (X)) ()

is an analytic vector of p_ 81 ) the discrete part (dp?"™ ™ (X)) C T (1) xa (1)
is an analytic vector of pj. Therefore we may and do assume x € C.(iR;). It is
enough to prove that for any gy € O(1, m + 1) there exists a neighborhood 0 € U C
s0(1,m + 1) such that

2
—0
Hy

as N — 0 for Y € U. Consider the Euclidean Fourier transform Fgm with respect
to the variable z (see (1.3)) which gives a unitary equivalence between

o) S5}
o= / P ™ dmg,(r) and = / Toin ) i, (r).

T(o,u)



Put h(z,7) := }"Rm(dpg(l’mﬂ)(X)¢TO(1’m+1))(x) then

anN = /
iR+

mi(exp Y)m(go)h(z, T)

2

- Z m (V) g0}z, 7)| (TP dmeg (7).

L2(Rm,%|az|7 Re™ qx)
As in Section 1.2 the function h(z, 7) corresponds to a function h(g, 7) on O(1, m~+1)x

iR, satisfying h(gman, ) = Ecn(m)'a " *h(g,7) for m € O(1,m+1)NM,a e A
and n € Ny. Consequently, ay is given as

/ </O(1)><O(m+1)

N

- 2
Z Lantmen(y )zﬂggig+1>(go)h(k,7)‘ Ak ) () g, (7)
=

o (go)h(exp(—Y )k, 7)

T,e+k

up to a constant factor, where dk is the Haar measure on O(1) x O(m + 1). Since
O(1,m+1)

etk (go)h is analytic on O(1,m + 1) x iR, , the sequence

N
1 m 7
> et ) a8 (go)hh, 7)

=0

converges uniformly to Wgéizlﬂ)(go)ﬁ(exp(—Y)k‘,T) on the compact set (k,7) €
(O(1) x O(m + 1)) x supp x, which proves ay — 0. O

To verify the intertwining condition (iv) we first prove the intertwining property
for each single space L2(R™,|z|” "7 dz) for fixed 7 by embedding it into the C-
antilinear algebraic dual of the Harish-Chandra module L2(R™, |(z,y)|” "7 dz dy)x
of K-finite vectors. For 7 € T'(o, 1) and X € U(h) let

frx(x) = (dp2tm D (X)p2Em ) (@), z e R™\ {0}
Proposition 4.4. Let X € U(h), ¢ € H*(R*™™) and g € L*(R™, |(z,y)|” "7 dz dy)x

(i) For every T € T(o, i) the integral

o—T—u

2] T P 1) e (@) () g, y) ()|~ dwdy

converges absolutely and defines a continuous function in .

(ii) For every T € T(o,u) and j =1,...,m we have

[l R B ) @03 )y
= / 2l T P ) o x (2)0(0) (BT 9) () (2, 9) 7 dwdy. (42)
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Proof. We first note that by (1.13) the function f, x(z) is a linear combination of
functions of the form _

f(@) = K_gyallz])|2[*p(x)
for a € Ny and p € C[z] with coefficients depending smoothly on 7. Therefore we
may replace f. x(z) by one of these functions f(z). For the same reason we may
assume that

9(z,y) = K_z(|(z, ) )|(z, 9)[Pa(z, y)
for some b € Ny and g € C[z, y].

(i) By (B.1) and (B.2) there exists a continuous function C(7) > 0 on 7'(o, 1) and
N; > 0 such that

K zra®)t| < i) 1+ 0)Me™,  t>0.

For the hypergeometric function we have by (B.5) and (B.8) (checking the cases
7 €iR, and 7 € (Reo — p — 4Ny) N R, separately)

Reo—Ret—

|F(t,7)| < Co(r) 1+t + ,  t>0,
for some continuous function Cy(7) > 0 on T'(o, p). We estimate
p(@)] < Cs(1+ [2)™,
[6(y)] < Culyl” < Cl (9",
la(z, y)| < Cs(1+ |(z,y))™.

Further, for the K-Bessel function of parameter —§ 4 b we find by (B.1) and (B.2)
that B
|K_s (6)t7] < Cst (1 +t)Me™", >0,

for some arbitrarily small 6 > 0 (covering the possible log-term for o = b = 0) and
N4 > 0. Hence we obtain

P, 1) f(@)6(y)g(x, y)

o—T—l

|z
Reo—Rer—p 2 W
< Ci(1)Cy(7)C5C4CsCl x| 2 (1 n m)

||

X (Lo [z )M ()70 (1 4 [ ()N Ve 00
Reo—n+m—RerT

<Oyl = 4@y Ve OV
with C(7) = C1(7)Ca(1)C5C,C5Cs and N = Ny + Ny + N3 + Ny. This is integrable
on R” with respect to the measure |(z,y)|” " if and only if

—Reoc—n+m—Rer
2
Since § can be chosen arbitrarily small this is equivalent to

o> —n.

n—Reo+m—Rer > 0.

But since Reo < n and Re 7 < m this inequality holds true for all 7 € T'(o, ) and
therefore the integral converges absolutely. Moreover, we even have n — Reo +m —
Rer >n —Reo > 0 for all 7 and hence the convergence is uniformly in 7 varying
in a compact subset of T'(¢, 1), which finishes the proof of (i).
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(ii) First recall from Proposition 2.1 that

o—T—l o—T—l

2] R (M ) (B ) (@)ely) = B [Jal

Therefore we have to show that

/ Br®(x,y) - 9(z,9) - |(z,5)| " dzdy

!

L et BTG )l dedy, (43)

where we abbreviate

o—T—W

B(r,y) = lo) T (s, 1) f(2)6 ().

The operator B} is formally self-adjoint with respect to |(z,y)|~ e since dp% (N;) =
—iB}"7 is, as part of the Lie algebra action, formally skew-adjoint on C°(R™\{0}) C
L2(R™, |(z,y)|” "7 dz dy)>. Therefore it remains to show that we can integrate by
parts without leaving any boundary terms. Fix j € {1,...,m} and consider the
domain

Qje ={(z,y) eR" : x| > e} CR"
for € > 0. Clearly R™\ | J

-~0 $2j is of measure zero and hence (4.3) is equivalent to

lim B ®(z,y) - g(z,y) - |(z,y)] " dzdy

e—0 Q.

= lim O(z,y) - By 7g(x,y) - |(z, y)| "7 dz dy. (4.4)

e—0 Q.

On Q, . both |z| and |(z, y)| are bounded from below by e. Hence, by (B.3) and (B.6),
all factors in the integrand

o—T— [ |

| (s 1) (@) (y)g(w, )|, y) R

||

can be arbitrarily often differentiated in x and y and the result is a smooth function
on m Since further the hypergeometric function grows at most polynomially and
the K-Bessel functions decay exponentially near oo, all such differentiated terms
decay exponentially as |(z,y)| — oo and are hence integrable on €);.. Therefore we
can arbitrarily integrate by parts and all intermediate integrals exist. It remains to
show that for ¢ — 0 all boundary terms that occur while integrating by parts vanish.
By the asymptotic behaviour of the K-Bessel functions at oo the boundary terms at
oo always vanish. Hence, by the choice of €};., the only boundary terms that occur
are for derivatives in x; at x; = e. Therefore we only need to consider the parts
92 0 0

Ija—x?7 a—x] and Ea—x]
of B;L’U. We treat these three parts separately. Here we start with the right hand
side of (4.4) and then integrate by parts once or twice.
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(a) %. The boundary terms that occur when integrating by parts are (up to mul-
tiplication with a constant) of the form

[ (ot eng@mzale s ™
Rn—
— &2, —&,y)g(a', —&,y)|(2', —¢, y)]_Rea> dz’ dy

where we write z = (2/,x;) with 2’ = (21,...,Z;,...,2,) € R™ ! The integrand
obviously converges pointwise almost everywhere to 0 as ¢ — 0 and it suffices to
find an integrable function independent of € dominating the integrand to apply the
Dominated Convergence Theorem. For this note that in both ®(z,y) and g(z,y)
the only terms dependent on the sign of z; are the polynomials p(x) and ¢(z,y),
respectively. Using the same estimates as in the proof of part (i) we find that

)‘fRecr )|7R60’

‘q)(l‘/, g, y)g(m/v g, y)|(:17’, &Y - (I)(:Ela —¢, y)g(xla —-¢, y)|(.fE/, —-&Y

— Reoc—n+m—RerT _5

= €l e y)l (1+ (', e, y)) Vel

X |pla’, )@ ,9) — pla’, ~e)a(e?, —2,y)

for some N > 0 and an arbitrarily small 6 > 0. Now note that p(z’,¢)q(2/,¢,y) —
p(2’,—¢e)q(z’,—¢,y) is an odd polynomial in & and hence of the form e - r(2/, e, y).
For the extra ¢ from this observation we use the estimate || < |(2/,¢,y)|. We further
estimate |r(2/,e,y)| < C'(1 + |(2/,&,y)|) for some C’, N’ > 0 and find (assuming
e<1)

— Reoc—n+m—Rert
—Reogonim-Rer 11_s

< CC|(e'e,y)l (14 |, 1,y) )NV el

—Reo—n+m—Rer

5 + 118 < 0. Then we can estimate

Now suppose the exponent

— Reoc—n+m—Rert
—Reoonim-Rer 11_5

< (2, y)| (14 (2, 1,y) )N e 1wl

which is independent of € € (0,1) and integrable on R"™! for small § > 0 since
Reo < nand ReT < m. If the exponent =—Ree=—ntm=Rer L 1_ §ig nositive the estimate
e < 1 also yields a dominant integrable function independent of €. Therefore, in both
cases we can apply the Dominated Convergence Theorem and obtain that as ¢ — 0
the boundary terms vanish.

(b) xj%. Integrating by part once gives (up to multiplication by a constant) the
J

boundary terms

/ ag / —Reo
[ (o (mgpen) twte

/ a / —heo /
— o2, —¢,y) (x]%(x,y)) (=&, )| ) dz’ dy. (4.5)
J Tj=—&

We have

g([E,y) = K—%+b(|($7y)’)l(xvy)‘QbQ(x7y)
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and use the product rule to find :Eja%gj(a:, y). The first term is by (B.3)

2

h %g—#m(l(w?y)|)|(fv,y)|2bq(%9)
= — x—zK,,Hﬂrl Z, z, 2(+1) z,
T (I(z, ») DI (@, )7 (2, y)

and putting z; = £e gives

2
6 ~
= - ————— K o (@ ey e y) O

!
q(x’, xe,y).
R (@, £e9)

Again €2 can be estimated by |(2/, e, y)|> and we find that

2

€ ~ ~
s R (@ D@ )P and Bl i)

satisfy the same estimates (see part (i)). The same argument applies to the other two
terms in the product rule. Therefore the same argument as in (a) yields the vanishing
of the boundary terms (4.5). Similar arguments yield the vanishing of the boundary
terms that occur when integrating by parts for the second time. For this note that
the formal adjoint of - on L*(R", |(z, )| 7 drdy) is — 5 -+ (Reo) . Both

)I
summands are treated separately as above.

(c) Ea%j. We have

0
B2
Ox; ~ a2 &E * Z k&vk Oxj Z (e (’9yk 8:8]

The first term was already treated in part (b). For the other two terms note that we
can first integrate by parts the derivatives with respect to z, (k # j) and y; without
any boundary terms occurring. Secondly, integration by parts of the derivative with
respect to x; is dealt with as in part (b). This finishes the proof. O

Remark 4.5. It is necessary in the proof of Proposition 4.4 (ii) to restrict integration
to the domain ;.. This is because the operator B}"? is of second order and we have
to integrate by parts twice. The intermediate result, i.e. after integrating by parts
once, may not be integrable on R™ and hence we need to restrict to a subdomain
on which these intermediate results are integrable. The same problem occurs when
one considers the two summands z;A and —(2E — o + n)% separately. Here the
integral over R" for each of the two summands may not converge while the integral
for the sum B;*” does by Proposition 4.4 (i) converge.

Remark 4.6. Part (i) of Proposition 4.4 constructs an embedding of
L2(Rm, |x|—ReT dx)KﬂO(l,m+1) X Hk(]Rnfm)

into the C-antilinear algebraic dual of L2(R™,|(z,y)|” " dzdy)x for every 7 €
T(o, ). By part (ii) this embedding is h-equivariant.
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Let us now continue the proof of Theorem 4.1 by showing property (iv) in
Lemma 4.2. Let v; € V; and vy € V5. Suppose that

v, 7,y) = frx(@)o(y)x(r) and  vy(z,y) = g(z,y)

with X € U(h), x € Co(T(0, ), & € HF(R™), and g € LA(R", |(z,y)| " dw dy)x
We have

(p(dpr(Nj)vr) | va)y
= / ) / . |ac|”5”F<y—| (B frx) (@) (y)g (@, o)l (2, y)|
’ X(7) dmg,,(7) dz dy
=i /w 2| T F (e B ) (@) () ) ()
x(7) dz dy dmy,,(7),

where we were able to change the order of integration, because by Proposition 4.4 (i)
the inner integral in the last line converges absolutely and is continuous in 7 and
the integration is only over the compact subset supp x C T'(o, ). Now, by Proposi-
tion 4.4 (ii) we find

— =i [l TR DL @0 B e o) )|
T(o,u) JR™

x(7) dz dy dm, . (7)
_ / / 2 TR 1) frx ()6 () B g (o, y) ()|
n J1(om) . ’
X(7) dmg ., (7) dz dy

= (p(v1) | dpa(Nj)v2)4,,

again using Proposition 4.4 (i) to change the order of integration. This finally shows
property (iv) of Lemma 4.2 and we obtain that ¢ = ¥(o, k) intertwines the group
action of Ny and hence of H. Thus the proof of Theorem 4.1 is complete. ]

We obtain the whole spectral decomposition of pS | from (4.1) and Theorem 4.1.

Theorem 4.7. For o € iRU (—n,n) the representation pgg decomposes under the
restriction to H = O(1,m+ 1) x O(n —m) as

O(1,m+1)
'OUE‘H E : / 7'5+k
iR

O(1,m+1) k n—m
® @ p\Reo’|fn+mf2k74j,s+k> XH (R )

jezn[o,|Realzntm=2k)
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5 Intertwining operators in the non-compact
picture
In Proposition 2.1 we explicitly found an intertwining operator C*(R™ \ {0}) X

HE(R"™) — C°(R" \ {x = 0}). In the Fourier transformed picture this operator
is given by

—r—p _ _ _ 2
Ao, 7)(f @ 9)(a,y) = lol F R, (“ e T;g;—%)mwy),

where again y© = 2k + n — m. In Proposition 4.4 we even showed that for fixed
o € iRU(—n,n), k € Ngand 7 € T(0, 2k—n+m) the operator A(c, T) is intertwining
between the Harlsh Chandra module of p’ El ) g ”H’“(R"_m) and the C-antilinear
algebraic dual of the Harish-Chandra module of Poe O+ We now find a formal

expression for this intertwiner in the non-compact picture.
Consider the following diagram

A(o,T)

Ce(®R™\{0}) ®l7ik (R™=) S’T")

FrmC2(R™\ {0}) © H*(R"™™) S'(R™).

I(o,7)

We extend the operator A(o, 1) for all 0,7 € C and determine the operator I(c, )
for Reo < ReT < 0. We have

Frn Ao, 7)(f @ ¢)(&,n)

m n—m

2
b (Pt mmo =T WY pye) dy de.
4 4 2 \x|

We first calculate the integral over y € R"™"™. Using Appendix B.4 and the integral
formula (B.9) we find

Cam i p—o+7 p—o—7 p |yl
9 g B
( W) 2 /nme 2471 ( 4 ) A 727 ‘ | >¢(y) dy

ke _u=2 [ U—0oc+7 p—0c—7 u  8° u
= 2 Ju—2 F P —— d
ol T [ g nlor (A AT ) s

2% (4
- Z_k¢(77)|77|_T F('U'_U—H—)F((i)_
4

p—0c _o+2
— |zl = [l = Kyl - [nl).
)

I
If we let
o'+2 .

()

F(" Z”)F(“ )

_otp _T
Y(z,m) = In[~ 2 |z 2 K5 (|| - nl)
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then we find that

FrnA(o, 7)(f @ ¢)(&,n) = Fre (f - (=, 1)) () - 0(n)
= (Frmtb(—,n) * Frm f)(&) - ¢(n).

Therefore we compute, using again Appendix B.4 and the integral formula (B.10)
(noticing that K,(x) = K_,(z))

(Frmtb(=,n))(€)

2%5° i FD(£) otn _me2 [ . N
— e 1T [ anaels)sE R (nls)s* ds
L)) o 2
207‘;+m7;_k1—\(ﬁ)1‘\(m—7') e o
- F(M—U+T)F<2u—a—7-2) |77| 2 (|€|2+|77|2> 2.
4 4

Altogether we see that I(o,p) is a partial convolution operator combined with a
multiplication operator

otTHp

I ) @ )(Em) = const =T o) [ (1€ =1+ ) F €) de

For m = n — 1 this operator appears in [10] as a special case. This expression for
I(o,7) is valid for Reo < Re7T < 0. It has a holomorphic extension to all o,7 € C
for f € FrmC°(R™ \ {0}).

A Decomposition of principal series
We give a short alternative proof for the decomposition of the principal series Wga,
o € iR, € € Z/2Z, into irreducible H-representations. This decomposition turns out
to be essentially equivalent to the Plancherel formula for L?(O(1,m + 1)/(O(1) x
O(m+1)), L5), where L} are the line bundles over the Riemannian symmetric space
O(1,m +1)/(O(1) x O(m + 1)) induced by the characters (a,g) +— a’ of O(1) x
O(m+1),0 € Z/27.

Consider the flag variety X = G/P. Since G/P = K /M we can identify X with
the unit sphere S™ C R"*!. For this we define a G-action on S™ by the formula

xes",

where pr, : R"™2 — R and pr, : R""? — R"*! denote the projections onto the first
coordinate and the last n+1 coordinates, respectively, and g(1, z) is the usual action
of gon (1,7) € R x R = R""2 Then it is easy to prove the following:

Lemma A.1. The operation o defines a transitive group action of G on S™. The
stabilizer of the point e, 1 = (0,...,0,1) € S™ is equal to the parabolic subgroup P.
The mazimal compact subgroup K also acts transitively on S™ and the stabilizer
subgroup of the point xq is equal to M.
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Let us consider a slightly different embedding of O(1,m + 1) x O(n — m) into
G =0(1,n+1). Let

H' :={diag(g,h) : g € O(1,m+1),h € O(n —m)}.

Then clearly H and H’ are conjugate and hence the branching to H is equivalent to
the branching to H’. We shall therefore only deal with H’ in this section.

Lemma A.2. Under the action o of the group H' the sphere S™ decomposes into
the two orbits

Op:=H' oe, ={(2/,0): 2/ € S},

O =Hoe,={(/,2") e S": 2/ e R" 2" e R"™ 2" #0}.

The orbit Oy is open and dense in S™. The isotropy group of e, 1 in H' is
S ={(a,g,h,a) :acO(l),ge O(m+1),h e O(n —m—1)}.

Now consider the realization of 7, . in the compact picture, i.e. on L*(G/P, L, ),
where L, . denotes the line bundle over G/P associated to the character man
&.(m)a®* of P. Since the orbit O; C G/P is open and dense we have

L*(G)P,L,.) = L*(O, Ly clo,)-

Now the stabilizer S of eP € G/P in H is contained in P and hence the restriction of
the line bundle £, . to Oy = H'/S is induced by the restriction of the corresponding
character of P to S which is simply &.|s. Therefore we find

L*(G/P,Ly.) = L*(04, L.),

where L. is the line bundle over O; = H'/S induced by the character £ |s. Using
the decomposition of L?(S™"™~1) into spherical harmonics we find

s
1201, £ = 3" 01, m + 1)/(0(1) x O(m + 1)), £1.,) B H R"™)
k=0
as H'-representations, where for 0 € (Z/27) we denote by L5 the line bundle over the
symmetric space O(1,m+1)/(O(1) x O(m+1)) induced by the character (a, g) — a°
of O(1) x O(m + 1). Together we obtain

761, = ST L2001, m+1)/(0(1) x O(m + 1)), £.,,,) R H(R™™)

and hence the decomposition of Wgal o into irreducible H-representations is equiva-
lent to the decomposition of L2(O(1,m+1)/(O(1) x O(m+1)), L) into irreducible
O(1, m+1)-representations, § € Z/2Z. Since O(1,m+1)/(0(1) x O(m+1)) is a Rie-
mannian symmetric space of rank one the decomposition of L*(O(1,m+1)/(O(1) x
O(m + 1)), £5) is well-known and given by

®
L*(O(1,m +1)/(0(1) x O(m + 1)), L}) = / Wgél,mﬂ) dr,
iRy

the unitary isomorphism established by the spherical Fourier transform. This proves
Theorem 4.7 for the special case o € iR.
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B Special functions

For the sake of completeness we collect here the necessary formulas for certain special
functions needed in this paper.

B.1 The K-Bessel function

We renormalize the classical K-Bessel function K,(z) by
~ Z\ T«
Ralz) = (5) Ka(2).

Then K,(z) solves the differential equation

d’u  2a+ 1du
— —u=0.

@—i_ z dz

It has the following asymptotic behaviour as © — 0 (see [18, Chapters III & VIIJ):

() (2)’20‘ +o(z7¥), for Rea >0,
%) +o (log (%)) , for Rea =0, (B.1)
LCa) 4 o(1), for Rea < 0.

Further, as x — oo we have

Ko(z) = g (g)_a_é e~ (1 +0 (i)) . (B.2)

For the derivative of K.(z) the following identity holds (see [18, equation II1.71 (6)]):
d ~ Z ~
L Ha(2) = —5Kan(2). (B.3)

B.2 The Gauf3 hypergeometric function

Consider the classical Gaufl hypergeometric function

o Fi(a,b;c;2) = Za)

n!(c)n
n=0
where (a), = a(a+1)---(a+n—1) denotes the Pochhammer symbol. The function
2 F(a, b; c; z) is holomorphic in z for z ¢ [1, 00) and meromorphic in the parameters
a,b,c € C. It solves the differential equation

d*u

(1—2)z2—

d
e (atbr1): 22— abu = 0. (B.4)

dz
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The following formula allows to study the asymptotic behaviour of the Gaufl hyper-
geometric function near x = oo (see [, equation 9.132 (2)]):

['(b—a)l(c)
LG (c—a)
['(a—0b)(c)
['(a)l'(c—b)

o Fi(a,b;¢;2) = (—2) % Fi(a,a—c+1la—b+1; 1) (B.5)

<—Z)_b2F1(b,b —c+1;b—a+1; %)

Both summands on the right hand side of (B.5) are generically linear independent
solutions of (B.4). Their Wronskian is given by
W(z %Fi(a,a—c+1lia—b+1;-1) 2% F(bb—c+ 150 —a+ 1;-1))
= (a—b)(1 4 2)* 071,

The following simple formula for the derivative of the hypergeometric function holds:

d b
—aFi(abiciz) = O R+ 1,b+ Liet1;2). (B.6)
z c
We recall Kummer’s transformation formula (see [5, equation 9.131 (1)]):
oI (a,b;c;2) = (1 —2) % Fi(c —a,c— b;c; 2). (B.7)

For a € —Nj the hypergeometric function oFi(a,b;c; z) degenerates to a polyno-

mial which can be expressed in terms of the Jacobi polynomials P,Ea’b)(z) (see [5,
equation 8.962 (1)]):

n!

Fy(—n,bic;z) =
2 1( n, 761'2) (C)n

Pécfl,bfcfn)(l — 22), n e NO, (BS)

where

Plab)(z) = 1 Z (—n)k(a+b+n —l:!l)k(a+ E+1)n s (1 ; z) |

B.3 Integral formulas

We consider the J-Bessel function J,(z) and the K-Bessel function K,(z). For the
J-Bessel function and the hypergeometric function the following integral formula
holds for y > 0, ReA > 0 and —1 < Rev < 2max(Rea,Re3) — % (see [5, equation
7.542 (10)])

/ 2Fi(, Bv + 15 =Na?) J, (wy)a" ™+ da
0

~ X r()r(8) Y T K (X) ' (B.9)

For the J-Bessel function and the K-Bessel function we have the following integral
formula for Rep > |Rev| — 1 and Reb > [Ima| (see [5, equation 6.576 (7)])

I(p+v+1)
(a2 + b2)utv+l

/0 " T (ax) K, (br) do = 29V a"b” (B.10)
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B.4 Fourier and Hankel transform

Let Frn denote the Euclidean Fourier transform on R” as defined in (1.3). Let k € Ny
and ¢ € H¥(R"). For f € L2(R,,r""?*~1dr) denote by f @ ¢ € L?(R") the function

(f®o)(z) == f(lz)o(z), = e€R™
Then by [15, Chapter IV, Theorem 3.10]

Fer(f®¢) =i "(Humea f) ® ¢,

where H,, is the modified Hankel transform of parameter v > —2

[\

Hof(r) = / J,(rs) f(s)s"1 ds,

which is a unitary isomorphism (up to a scalar multiple) on L*(R,, 72" dr).
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