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Abstract

We solve a stock-bond-cash portfolio choice problem for a risk- and ambiguity-
averse investor in a setting where the inflation rate and interest rates are
stochastic. The expected inflation rate is unobservable, but the investor may
learn about it from realized inflation and observed stock and bond prices. The
investor is aware that his model for the observed inflation is potentially mis-
specified, and he seeks an investment strategy that maximizes his expected
utility from real terminal wealth and is also robust to inflation model misspec-
ification. We solve the corresponding robust Hamilton-Jacobi-Bellman equa-
tion in closed form and derive and illustrate a number of interesting properties
of the solution. For example, ambiguity aversion affects the optimal portfolio
through the correlation of price level with the stock index, a bond, and the
expected inflation rate. Furthermore, unlike other settings with model ambi-
guity, the optimal portfolio weights are not always decreasing in the degree of
ambiguity aversion.

1 Introduction

Since the seminal work of Merton (1969, 1971), numerous studies have been devoted
to the optimal portfolio choice of a risk-averse investor under various assumptions.
The vast majority of these papers, including Merton’s papers, make the unrealis-
tic assumption that the probability distributions of all relevant random quantities
are known by the investor. Following the ideas of Knight (1921), the experimental
studies of Ellsberg (1961) and Bossaerts et al. (2010) show that individuals are not
only averse to risk (known probability distribution), but also averse to ambiguity
(unknown probability distribution). In this paper we solve the problem of a risk-
and ambiguity-averse investor who can invest in a stock (index), a long-term nom-
inal bond, and in short-term deposits (cash). Interest rates and the inflation rate
vary stochastically. The investor does not observe the expected inflation rate and is
uncertain about the correct process for the consumer price level. Using the robust
control approach of Anderson, Hansen, and Sargent (2003), we derive the optimal
investment strategy in closed form, compare it with important special cases, and
illustrate the properties of the optimal portfolio by a numerical example.
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Our paper extends the existing literature studying the impact of inflation on
portfolio choice. Campbell and Viceira (2001) and Brennan and Xia (2002), among
others, specify the price processes of tradable assets in nominal terms as well as
the inflation process and derive and study optimal dynamic portfolios of investors
with constant relative risk aversion. In these papers all relevant state variables are
assumed observable and the probability distributions of all processes are assumed
known. Bensoussan, Keppo, and Sethi (2007) assume the investor observes the con-
sumer price index with noise and, thus, the inflation rate is not fully observed, but
an estimate can be filtered from observed quantities. This estimate is then used for
determining the real wealth and real consumption. Chou, Han, and Hung (2011)
assume that the price level is fully observable but that the expected inflation rate
is unobservable to investor. All these papers disregard model uncertainty. We al-
low for an unobservable expected inflation rate and uncertainty about the relevant
consumer price index. Next, we motivate these two model features.

The inflation rate is the change in the price level of a basket of consumption
goods. Although the price level is directly observable to the investor, it is reasonable
to assume that the drift of the price level process — the expected inflation rate — is
not directly observed from the prices of consumer goods or financial assets nor from
publications of macroeconomic statistics. Using the Bayesian approach formalized by
Liptser and Shiryaev (2001), the investor learns about the process for the expected
inflation rate from observations of the price level, the stock price, and the interest
rate if the expected inflation is correlated with these variables.

We also assume that the investor is uncertain about the correct process to use for
the observed inflation process and wants to derive a portfolio strategy which is robust
to a potential model misspecification. This is a reasonable model feature because the
identification of a particular inflation process requires a substantial amount of data
(see Anderson, Hansen, and Sargent (2003) for a discussion of this issue) which might
not be available for the investor. First, the official consumer price index may reflect a
different composition of consumption goods than that preferred by the investor and
can therefore be inappropriate for the individual investor. Secondly, the composition
of the basket of goods changes over time with weights varying, new goods entering
and other goods leaving the index. Thirdly, the official consumer price index may not
appropriately reflect changes in the quality of the different goods (see the discussion
in Griliches (1961) and Prentice and Yin (2000)). We focus on uncertainty about the
inflation process, but we allow uncertainty about the inflation process to spill over
into uncertainty about the expected nominal return on the stock and the bond. Such
an effect would be in line with the discussions of Uppal and Wang (2003) and Vardas
and Xepapadeas (2012) who argue that when ambiguity is related to economy-wide
factors, the preference for robustness is the same for all processes in the model.

The investor has a reference model for the observed inflation process but he
is also aware of the fact that other models might be a better representation of
reality. As a result, he wants to derive investment rules that are robust to the
proposed type of inflation model misspecification and that perform reasonably well
across a set of plausible models. The discrepancy between the reference model and
alternative models is defined in terms of relative entropy which serves as a penalty in
the optimization procedure. This penalty measures the investor’s uncertainty about



the reference model. Following Anderson, Hansen, and Sargent (2003), the optimal
portfolio is obtained in closed form after solving the robust Hamilton-Jacobi-Bellman
equation associated with our dynamic decision problem.

In the optimal portfolio of our model, the ambiguity aversion parameter is multi-
plied by various combinations of the correlation coefficients between the stock, bond,
inflation, and expected inflation rate. In particular, if the price level process is not
correlated with the securities then the level of uncertainty about the inflation model
misspecification does not influence the optimal portfolio. This stands in contrast
with the results of Maenhout (2004), Flor and Larsen (2011), and Branger, Larsen,
and Munk (2012), among others, where the ambiguity aversion parameter enters the
optimal portfolio independently. In these papers the agent is uncertain about the
models for tradable assets whereas in our model the ambiguity is about the inflation
process which implies that the securities can only be used as a hedge against the
inflation uncertainty if the former are correlated with the price level process.

We show that the uncertainty about the inflation process affects the investor’s
positions in both the stock and the bond. This differs from Flor and Larsen (2011)
where ambiguity about the interest rate process influences only the optimal bond
position because the bond is a perfect instrument for hedging against the interest
rate risk. When the investor is ambiguous about the inflation process, his optimal
positions in both assets are affected because neither the stock nor the bond can
perfectly hedge against the inflation risk.

In our model with ambiguity about the inflation model, a more risk-averse in-
vestor does not necessarily have smaller speculative components in his optimal port-
folio of the stock and a bond. Although in models with no ambiguity (see, for exam-
ple, Sgrensen (1999) and Munk and Sgrensen (2004)) the speculative components
decrease as the risk aversion increases, this is generally not so when model uncer-
tainty is introduced (see, for example, Rothschild and Stiglitz (1971), Fishburn and
Porter (1976), Meyer and Ormiston (1985), Hadar and Seo (1990), Gollier (1995)).
In our model the behavior of the speculative portfolios with respect to the risk aver-
sion depends on numerous parameter values. However, in a special case when the
price level process is positively correlated with the stock price and the stock price
is negatively correlated with the bond, then the speculative components are indeed
decreasing in risk aversion.

The optimal investment strategies with stochastic interest rates have been stud-
ied in many papers. Sgrensen (1999) and Korn and Kraft (2001) provide a solution
for an investor who can invest in the stock index and a bond in a setting with the
Vasicek (1977) term structure. Campbell and Viceira (2001) and Brennan and Xia
(2002) analyze the effect of inflation on the optimal investment strategy. Koijman,
Nijman, and Werker (2011) study optimal consumption and portfolio problem taking
into account annuity risk at retirement. Van Hemert (2005) considers mortgages as a
part of a homeowner’s financial portfolio. In Munk and Sgrensen (2004) the solution
is obtained for non-Markovian dynamics of the opportunity set. Munk and Sgrensen
(2010) solve the problem for the investor with stochastic labor income. All processes
in these papers are assumed to be known and all parameters are observable.

By allowing both for learning about the expected inflation rate and for price
level model uncertainty, our paper combines two strands of the portfolio choice



literature. Gennotte (1986), Brennan (1998), Lakner (1998), and Bjerk, Davis, and
Landén (2010) assume that the expected rates of return on the risky assets are
unobserved. As mentioned above, Bensoussan, Keppo, and Sethi (2007) and Chou,
Han, and Hung (2011) investment problems with partial observability of inflation
process parameters has been studied in other papers. On the other hand, several
papers assume all parameters and variables are observable but incorporate model
uncertainty into a portfolio choice problem. Maenhout (2004) adapts the general
robust control framework of Anderson, Hansen, and Sargent (2003) to a dynamic
portfolio choice problem with power utility. He considers the simple Merton setting
with a single stock and a riskless asset with constant investment opportunities and
assumes ambiguity about the expected rate of return on the stock. In an extension,
Maenhout (2006) investigates the role of ambiguity aversion when the expected
stock return varies over time following an Ornstein-Uhlenbeck process. Liu (2010)
extends that analysis to Epstein-Zin preferences. Flor and Larsen (2011) solve the
optimal investment problem when the investor is ambiguous about the models for
the interest rate and the stock. These papers assume that all parameters and state
variables are observable.

Finally, two recent papers study portfolio choice models involving both unobserv-
ability and ambiguity, as we do. Liu (2011) considers a model with a regime-switching
expected stock return with the current regime being unobservable. Branger, Larsen,
and Munk (2012) extend the model of Maenhout (2006) to the case where the ex-
pected stock return also has an unobservable component and the investor learns
about this component based on observed stock returns and the observable com-
ponent of the expected stock return. We focus on unobservability and ambiguity
related to inflation instead of the expected stock return.

This paper if organized as follows. In Section 2 we formulate the portfolio choice
problem. In Section 3 we provide the optimal solution, discuss it, and compare it
with optimal solutions to other relevant models. In Section 4 we analyze the optimal
portfolios in a numerical example based on estimates of all model parameters. In
particular, to determine a reasonable range for the ambiguity aversion parameter,
we compute the so-called detection-error probabilities. The proofs of some results
are given in the Appendix.

2 Mathematical Formulation

Let (2, F,P) be a complete probability space with a right-continuous filtration
{fs}se[O,T]- All stochastic processes introduced below are defined on this proba-
bility space. We consider an investor who can trade in a stock (index), zero-coupon
bonds, and a money market account (cash).

According to the Vasicek (1977) model, the nominal short-term interest rate
follows an Ornstein-Uhlenbeck process

dry = k(7 — r;)dt — 0,.dB} (2.1)

where k > 0 is the degree of mean reversion, ¥ > 0 is the long-run mean of the
interest rate, o, > 0 is the interest rate volatility, and B} is a standard Brownian



motion. Let ¢. be the market price of interest rate risk which is assumed to be
constant. With this dynamics for the short-term interest rate, the price P of a
nominal zero-coupon bond paying one unit of account at time 7T is given by

Pt — efa(Tft)fb,.i (T—t)ry

where the functions a and b, are

2

a(z) = (F 4 I O )(x be(e)) + 2o ()2

K 2K2 4K

From Ito’s lemma, the dynamics of the price of such a bond is
dP, = Pt<(7“t + q)dt + UdetP>,

where ¢ = q,0p is the expected excess return on the bond and op = 0,b,(T — t) is
the bond price volatility.! Note that because interest rates are driven by a one-factor
model, an unconstrained investor would not benefit from trading in more than one
bond, and the investor can obtain exactly the same utility no matter which bond
he trades in.

The agent can also invest in a stock index with nominal price S; modeled by

ds, = 8, ((rt +a)dt + an3§) (2.3)

where the positive constants a and og are the expected excess return and volatility,
respectively, and B is a standard Brownian motion.
Let X; denote the nominal value of the investor’s portfolio at time ¢. The evolu-
tion of the portfolio value is
ds dP,
Sy I
— X, ((rt +all¥ + gIID)dt + ogII8dBS + opndef)

where ©F and OF represent the amounts of wealth invested in the stock and the
bond, respectively. Equivalently, I and II7" represent the fractions of wealth in-
vested in the stock and the bond, respectively, so that 1 —II¥ —IIF is the fraction of
wealth invested in the bank account that provides a return given by the short-term
interest rate. Thus, the control (strategy) is represented by (IIY, I17).

Let Z; be the price level of the consumption good or a basket of consumption
goods. Define the price level process

dZ; = B Zydt + 07 2,dBY (2.4)

IFor simplicity of notation we suppress the dependence of op on T — t.



with the unobserved drift parameter (the expected inflation rate) given by
dB, = N(B — By)dt + 0pd B} (2.5)

where A > 0 is the degree of mean reversion, 3 > 0 is the long-run mean of the ex-
pected inflation rate, oz is the price level process volatility, o4 is the volatility of the
expected inflation rate, and BZ, Bf are standard Brownian motions. The Brownian
motions BZ, BY, BF, Bf are assumed to be correlated with the correlation matrix

L pzs pzp pzp
pzs 1 psp psp
pzp psp 1 ppg
pzs psg prs 1

We assume that the correlation coefficients take values in the interval (—1,1). The
process (2.4) and Ornstein-Uhlenbeck process (2.5) are quite common in modeling
the price level and the expected inflation rate, respectively, see for example, Brennan
and Xia (2002) and Bensoussan, Keppo, and Sethi (2009). However, in Brennan
and Xia (2002) the expected inflation rate is assumed to be observable, whereas in
Bensoussan, Keppo, and Sethi (2009) the expected inflation rate is constant, but
the price level is assumed to be unobservable.

Since the Brownian motions B, By, B, Bf are assumed to be correlated, the
investor can obtain an estimate Bt of the unobserved expected inflation rate (; based
on the observed processes Sy, Z;, r; using Bayesian learning. According to Liptser
and Shiryaev (2002), the Equations (2.1), (2.3), (2.4), and (2.5) as observed by the
investor are (see Appendix A)

dZ, = BiZydt + Zio7dBZ (2.6
ds; = St((rt +a)dt + os(pzsdBf + /1 — pQstBf)), (2.7
dry = k(7 — 1,)dt — o, (Rgdéf + RydBS + R5déf), (

dB, = X3 — B,)dt + Ao ,dB? + AsosdBY + ApopdB!, (2.9

where (BZ, BY, BF)T is an F;"?"-adapted Brownian motion with the filtration ;%" =
o{S:, Z,,r;|T <t} and

m(R1R4 — R2R3) + 0205R2R5R8 —le + 0205R2R7
AP - ) AS - )
0'p0'2R2R5 USUZRQ
oz08Rs +m 5
Az=—5——, Ri=pzs, Re=\/1—-pys, R3z=pzp,

Oz

R4:w’ Rs = \/1— R2— R2,Rs = pzs, R7:w’
V1—rzs V1—pzs
_ prg — R3Re — R4 Ry
Rs

Here m is the limit value (as t — o0o) of the deterministic variance given by m; =
E[(B, — B,)*F>%" and it can be shown that

Ry + K — AR Ky

K

Ry . Ry=y/l-R-R- R

m =




where

. (ReR5)*+ (R1R5)* + (R1Ry — RoR3)?
(UZRQR5)2 ’

1=
ZUzO'g (ng(R2R5)2 - R1R2R3R7 + (R1R4 - R2R3>R2R5R8)
(UZR2R5)2 ’

[_(2 - 2)\+
Ky = 05(p3s + R3 + RE) — 05

We assume that learning was long enough and take the variance to be equal to m.?
Equations (2.6)—(2.9) constitute the reference model of the investor.

As it was mentioned in the Introduction, our investor is uncertain about the
probability distribution for the observed processes (2.6)—(2.9). In other words, he
realizes that the reference model is only an approximation of reality, and he wants
to consider a set of plausible, alternative models which we now specify. Let e; be
an F " -progressively measurable process (valued in R) and define the Radon-
Nikodym derivative process

dpe
& = B[ |7 ]
t 1 k,2 k2 2 . . .
—oxp (- / (< i 5; RIS 45 — eo(dB7 + kgdBS + kpdBP)))  (2.10)
0

where kg and kp are constants. According to Girsanov’s theorem, the process

B? [ esds + Bf
By | = ksyesds+BP
Br kp [, esds + B

is a Brownian motion with respect to probability measure P°.

According to this model misspecification, we rewrite the equations for the wealth X,
the price level process Z;, the short-term interest rate r;, and the estimate of ex-
pected inflation §; in the form

dX; = X, <rt + aHf + qIIf — (agﬂfal + apra2)6t> dt

+ K\dB? + K,dB? + KsdB?, (2.11)
4z, = 7, ((5} — oge)dt + ozdf)’tz), (2.12)
dr, = (Ii(f —T) — aget) dt — O'TR3dBtZ — UTR4dBtS — cr,,Rg,dBtP, (2.13)
B, = (A(B B - a4et>dt + AyoydB? + AgosdBS + ApopdBP,  (2.14)

where for simplicity we introduced the following notation a; = Ry + ksRs, ay =
R3+kSR4+kpR5, a3 = —0,02, Ay = Azdz+k‘5A50'5+kpAp0'p, K1 = O'SHtSXtRl +
oplIP X, Rs, Ko = o517 Xy Ry + opllF X Ry, and K3 = opll” X, R5. These equations

2The same assumption was made by Scheinkman and Xiong (2003), Dumas, Kurshev, and Uppal
(2009), and Branger, Larsen, and Munk (2012).



represent alternative models indexed by the process e;. The investor is uncertain
about which model from the set (2.11)—(2.14) is the true model and wants to derive
robust investment rules that work reasonably well for all these models.

Since the processes in (2.6)—(2.9) are assumed to be correlated, the ambiguity
about the inflation might translate into the inflation-specific ambiguity about the
other processes. The constants ks and kp determine whether the price level un-
certainty influences the stock price and interest rate processes. In particular, we
have

dSt = St |:<7’t +a— O's(Rl -+ kSRg)et) dt -+ Us(RldBtZ + Rgdéf) .

Thus, if kg = —pzs/\/1 — p%sl,% thp?rll% there is no ambiguity about the stock price
1414 — 112 113

(ay = 0). If in addition kp = iR, then there is also no uncertainty about the
interest rate process (as = 0). Any other values of kg and kp imply that uncertainty
about the price level spills over into uncertainty about the expected nominal stock
return and about the expected nominal bond return. This setting is similar to Uppal
and Wang (2002) and Vardas and Xepapadeas (2012) where the cases with equal
and different component perturbations to a Brownian motion are considered. Here,
equal perturbations mean that ambiguity is related to economy-wide factors and,
thus, the preference for robustness is the same for all processes.

We consider an agent with CRRA (constant relative risk aversion) utility, who
wants to derive an investment strategy for the time interval [0, 7] in order to maxi-
mize the expected utility from real terminal wealth X7 /Zr. Let us denote the state
variables by y £ (z, 2,7, B) and the optimal investment strategy by IT £ (II7, IT7).
Therefore, we define the reward functional realized when choosing an alternative
model specified by e as

1 e XT 1_7
(t,y. 1) = —— EF K—) } 2.1

U)(,y, ) 1_’7 ty ZT ) ( 5)
and the value function as

. € T eg
v(t,y) = sup inf (we(t,y,H)JrEEy[/t mdsD (2.16)

neu(t, ) <€)

where the parameter v > 0,7 # 1 is the constant relative risk aversion and

T 2
e
/ s —ds
t 2\11(8,X57Zsurs7ﬁ8)

is the penalty term for deviating from the reference model.?> To obtain wealth-
independent optimal portfolio weights, and also for analytical tractability, we follow
Maenhout (2004) by assuming that ¥ (¢,y) = m, where 6 > 0 is called the
ambiguity aversion parameter.? A large value of ¥ corresponds to a small penalty,
which means that the investor is more uncertain about the model.

3To simplify the notation, we write IT instead of {(II7, Hf)}se[t,T] and e instead of {e,} e 77-
The expectation operator with respect to the probability measure P¢ is defined as EE ;[] =
E¥ [ Xe=2,Zy = 2,10 =1, = B

4For a critique of this approach, see Pathak (2002).
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We define the space U of admissible strategies {IL}sejo7, taking values in R?,
as strategies that satisfy the following conditions

1. I:[0,7] x Q2 — R? is an ftS’Z’T-progreSSively measurable process;

2. Under II, for any = € (0,00), the wealth equation (2.11) admits a unique
strong solution;

3. The integrability conditions necessary for the expectation operator in (2.15)
to be well defined are satisfied;

4. X; > 0,a.s., t€[0,T].

The space £[0, T is defined to be the space of ftS’Z’r-progressively measurable pro-
cesses e; such that the process (2.10) is a Radon-Nikodym derivative.

3 Solution

The problem (2.16) is difficult to solve directly. We derive and solve a corresponding
highly non-linear second-order partial differential equation that the value function
v(t,y) should satisty, the so-called robust Hamilton-Jacobi-Bellman (HJB) equation,
see Anderson, Hansen, and Sargent (2003). Let 7 = (7%, 7F) be the vector of frac-
tions of wealth invested at time ¢ € [0,77] in the stock (7%) and the bond (7F), then

the corresponding robust HJB equation is

sup in]fR {Ut + Z(B — aze)vz + x(r + ar® + qr¥ — [ogma; + O'P’YTPCLQ]S)Ux
TER2 €€
= 2 2 1 2
+ (k(F —r) — aze)v, + (M(B— B) — CL4€)UB + 5(202)%v..
+ozx2 (0'57TSPZS + Upﬂppzp)vm — 070,:2PzpVs + O'%AZ,ZUZB
+ %$2(<0'57TS)2 + (opnt)? + QUSJPWSWP,OSP)UM

— 0, (0'p7TP + Usﬂspgp)v;pr + ogx (057?5/)55 + Up?TPpPB)UzB + %afz}rr

— 0,05ppav,; + L ((A202)? + (Asos) + (Apop)?) vy, + %} —0.
We assume that the value function is sufficiently smooth and that the HJB equation
admits a classical solution.
Proposition 3.1. The solution to problem (2.16) is of the form

v(t,x, z,r, B) = ﬁ (g) 1_vh(t, T, B)

~

The function h(t,r, ) is given by

h(tr,3) = exp(—(1 = AT = )5 + (L = 7)ba(T — t)r + ¢(1)),

where by, is defined in (2.2) (by is defined similarly), and the function c(t) solves the
ordinary differential equation (B.5) in Appendiz B. The worst-case shock is

ef = 9(0’57'('5&1 +oprlay — oz + asb (T —t) — ashx(T — t)) (3.1)



and the optimal investments in the stock and the bond, respectively are

= Wi,ec + Tﬁlﬂ + 7% b (T —t) + 75, ba(T —t),

unobs
W{D = Wgec + Wngl + ﬂ—vl"iztebfﬁ(T - t) + sznobsb)\(T - t)?

where
s 1 ( v + 0a3 Ypsp + 0a1a2>
Tspec — « —q )
osK VoS Yop
s _ 0z(0a1 = (1 = 7)pzs)(y + 0a3) — 0z(0as — (1 = 7)pzp) (vpse + Oaras)
infl 705[( )
s 0oraz(a; — azpsp)
rate /VO-SK
1
s
— 0 _
T unobs '}/UsK [ 7&4(&1 aszP)
—op(1=7) ((7 +0a3)pss — (vpsp + 9@1@2){)%)} :
i 1 ( 7 + bai _a’YPSP+9a1a2>
pee opK yop Yo ’
_p_ 0g(0as = (1 =7)pzp)(y + 0a7) — 07(0a1 = (1 = V)pzs)(ypsp + a1as)
infl /VO-PK ’
P foraz(az — a1psp) L or(y—1)
rate ’YUPK yop )
e = ! [79a4(a — ai1psp)
unobs ’}/UPK 2 1
—op(l =) ((7 +0at)pps — (vosp + ealaz)mﬂ )
and
K =~(1—pép) +0(af + a5 — 2a1a2psp).
Proof. See Appendix B. n

We analyze the portfolio given in Proposition 3.1 for the case when the investor’s
uncertainty about the price level also means that he is ambiguous about the stock
price and the interest rate process, namely, we assume kg = kp = 0 and, thus,
a1 = pzs and as = pzp. A similar analysis for the case when the agent is uncertain
about the inflation only, which means that a; = ay = 0, follows easily.

The optimal wealth allocation to the available securities consists of four com-
ponents. First, we discuss the speculative components Wfpec and Wiec which involve
weighted combinations of expected excess returns on the stock («) and the bond (g).
Similarly to other models with stochastic interest rates (Sgrensen (1999), Korn and
Kraft (2001), Flor and Larsen (2011) among others), we also have that if the ex-
pected excess return on the stock increases, then the stock becomes more attractive
which corresponds to the increase in Wfpec. On the other hand, the increase in the
expected excess return on the bond makes the bond more attractive for the investor
and the value of 7f  becomes larger. Another difference between the speculative

spec
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P

5 ec 1s constant (because ¢ = ¢,0p, see Section 2) whereas ! .

components is that 7g,,. 1
is time-dependent (op = 0,b(T —t)).

The terms 7risnﬂ and 7} 1 represent the hedge against the inflation risk. The in-
vestor includes this hedge in the portfolio to protect the real value of his wealth. In-
terestingly, even if the stock (bond) is not correlated with the inflation, it still can be
used as the hedge if it is correlated with the bond (stock) which in turn is correlated
with the inflation. On the other hand, these terms vanish if the available securities
cannot be used to hedge against the inflation risk (for the stock pzs = pzp = 0 or
Pzs = PSP = O, and for the bond Pzp = Pzs = 0 or pPzp = PsSp = 0) The terms
also vanish if the inflation is locally deterministic (o7 = 0) and if pzs — pzppsp = 0
(for the stock) and pzp — pzspsp = 0 (for the bond).> This property of the optimal
portfolio is similar to Bensoussan, Keppo and Sethi (2009) where the optimal port-
folio includes the hedge against inflation risk if the stock price is correlated with the
inflation.

If the bond price is correlated with the inflation (which is usually the case), the
uncertainty about the latter introduces an extra term 7, in 7 and an additional
term in the component 7%, . These terms vanish if there is no ambiguity (6 = 0),
or the interest rate is locally deterministic (o, = 0), or pzp — pzspsp = 0. This is in
contrast with Flor and Larsen (2011) where stock price and interest rate (not infla-
tion) model ambiguity does not introduce additional terms to the stock investment.
It should also be pointed out that the influence of these components on the optimal
portfolio decreases to zero when the investment horizon T' — ¢ approaches zero.
The terms 72, and 70, “arise from unobservability of the stochastic expected
inflation rate. These components appear because the expected inflation rate is as-
sumed to be stochastic and unobservable. The terms disappear if the expected in-
flation rate is deterministic. The presence of terms that hedge against changes in
unobserved parameters is common for the portfolio choice problems (see for exam-
ple Lakner (1998), Bjork, Davis, and Landen (2010), Branger, Larsen, and Munk
(2012)).

In contrast to Maenhout (2006), where the ambiguity aversion parameter is sim-
ply added to the risk aversion parameter, the ambiguity aversion parameter 6 in
our model is multiplied by various combinations of the correlation coefficients pzg,
pzp, and pgp. In particular, if the inflation is uncorrelated with the risky assets
(pzs = pzp = 0), then the model uncertainty does not influence the optimal port-
folio because the securities cannot be used in hedging against the inflation model
misspecification. The same explanation holds for the case when a; = ay = 0, which
means that the price level ambiguity does not translate into the uncertainty about
the stock price and the interest rate.

Next, we compare the optimal portfolio given in Proposition 3.1 with solutions to
similar investment problems. To make the paper self-contained we briefly describe
each model and provide the corresponding solutions. The following portfolios are
optimal for the investor who wants to maximize the expected utility of:

e terminal wealth (Sgrensen 1999, Korn and Kraft 2001). All variables (stock,
bond, and interest rate) are assumed observable with known dynamics. The

5The hedge against the inflation risk is also zero if § = 1 —+, but since empirical studies support
~v > 1 and 6 has to be positive, this is unlikely to be the case.
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model is implicitly stated in real terms as inflation is not modeled. The optimal
portfolio is

S a0p — qogspsp

" So%or(1— %)
P qig—aappsp v —1b(T —t) '
yoshos(1 — ,O%«P)/ 7 b(T — t)J
speculative hedge

The optimal stock investment 75 is represented by the speculative component
only. On the other hand, the proportion 74 of wealth invested in the bond
consists of both a speculative and an interest rate hedge component.

terminal wealth with stock price model ambiguity (Flor and Larsen 2011). All
variables are observable, inflation is not modeled. The investor in uncertain
about the drift of the stock price with associated ambiguity aversion parameter
fs. The optimal portfolio weights in the stock and the bond, respectively, are

Q0p — qospsp
(v +0s)ogop(l — pip)’

7T3:

NCE (w?;p + (v +0s)(1 — p%p)> — ayoppsp Ll WT —t)
Ty = :
’ V(7 + 05)0%0s(1— 72p) B

spec;lrative h: ge

The introduced uncertainty about the stock price process alters the speculative
components of 7§ and 71", Tt also follows that the component of 4’ that hedges
the interest rate risk does not change when the uncertainty is introduced.

terminal wealth with bond price model ambiguity (Flor and Larsen 2011). All
variables are observable, inflation is not modeled. The investor in uncertain
about the drift of the bond price with associated ambiguity aversion parameter
fp. Then the optimal investment strategy is
S — Q0p — qospsp
togop(l - pgp)

p 495 <(7 +0p)pip + (1 - P%P)) —a(y+0p)oppsp
T4 = 2 2
V(v +0p)opos(l — pep)

N J/
-~

speculative

’}/—1 b(T—t) (9p
")/+9Pb(T—t) ")/—i-@p

TV
hedge

In contrast with the previous model (stock price process ambiguity), the uncer-
tainty about the bond price process influences only the components of 72, the
optimal wealth allocation in the bond. The optimal investment in the stock 75
is the same as 75 . Comparison of 72’ and 71 shows that the hedge component
of " hedges both the interest rate risk and the model uncertainty; see Flor
and Larsen (2011) for a discussion of this issue.

12



e real terminal wealth with inflation model ambiguity. The investor is uncertain
about the price level dynamics, but can observe the expected inflation rate.
This is our model except that the expected inflation rate in our model is
assumed unobservable. The solution is the same as in Proposition 3.1 but
with m = 0, which in turn means that only components 75 , and 72

change.® This also implies that these components do not depend on the price
level process volatility o.

e real terminal wealth with no ambiguity, but an unobserved, stochastic expected
inflation rate). This is our model without ambiguity. The solution is the same
as in Proposition 3.1 but with 8 = 0.

A comparison of the models shows that different sources of ambiguity influence
different components in the optimal portfolio. Since only bonds are used in hedging
the interest rate risk, the ambiguity about the stock price process does not influ-
ence the hedge (compare 75 and 7¥). In our model, if the tradable assets are not
correlated with the inflation, they cannot be used in hedging against the inflation
and, therefore, the uncertainty about the price level process has no effect on the
optimal portfolio. On the other hand, the ambiguity about the bond price process
adds an extra term to the bond portfolio (not to the stock portfolio) and this term
represents the hedge against the model uncertainty (see 71’). If the uncertainty is
about the price level process, then extra terms appear in both the stock portfolio
and the bond portfolio (see 77 and 7T’).

As it is usually the case, the speculative component of the optimal portfolio
decreases as the investor’s risk aversion increases (see for example the models in
Sorensen (1999), Munk and Sgrensen (2004), Flor and Larsen (2011) among others).
On the other hand, pessimistic deteriorations in beliefs do not necessarily decrease
the demand for the risky assets.” Since in our model the investor chooses the financial
strategy that is optimal under the worst-case probability distribution for the inflation
process, the speculative demand for the risky assets does not necessarily decrease
when the investor’s risk aversion increases. In particular, if the price level process

7TS TI'P . .
is misspecified, then dds—g'“ < 0 and dds—;’“ < 0 are equivalent to the following two
values being positive
2 2 o q 2 o q
(= ) 1 ) (S~ ),
(1 = psp) i +0pzp(v(1 = psp) + o PP T 5 P7S
q Q q o
(1 - pgp) (— - —pSP) +0pzs (7(1 — psp) + K) (—pZP - —pzs),
op Og op 0s

respectively, where K is defined in Proposition 3.1. Therefore, the behavior of the

speculative portfolios Wfpec and W;;;ec, as functions of the ambiguity aversion param-

eter v, depend on parameter values.

6To obtain the optimal portfolio, one should append fourth column (0,0, 0, agRg)T to A, use
(03Rs,03R7,03Rs, 03 Ry) as the fourth row, and consider Brownian motion (W72, WS, WF W7
instead of (BtZ, Bf, BtP)T. In the HJB equation, this change is equivalent to setting m = 0 and
using o044 = 0%. As far as the optimal portfolio is concerned, this change is the same as taking the
variance m of Bt to be zero.

"See Rothschild and Stiglitz (1971), Fishburn and Porter (1976), Meyer and Ormiston (1985),
Hadar and Seo (1990), Gollier (1995), and the references in these papers.
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In our model, assuming that the Sharpe ratio of the stock (%) is greater than

that of the bond (L), the speculative portfolio 75 e decreases when v increases

if the inflation is positively correlated with the stock price or, more generally, if
ofos -, pzs. Similarly, conditions that ensure that the speculative demand in the

q/op pzp
bond is a decreasing function of the ambiguity aversion parameter v can be deduced.

4 Numerical Example

Since the optimal robust portfolio and the corresponding worst-case model depend
on the preference parameter 6, some tools of its estimation are necessary.® We assume
that the investor has measurements of S;, Z;, Bt over some finite time interval of
length N. As suggested by Anderson, Hansen, and Sargent (2003), the parameter
f should be chosen in such a way that the approximating model and the worst-
case model are sufficiently similar, which makes it difficult for the investor to use a
likelihood ratio test in choosing either model based on the time series of length N.

4.1 Detection-Error Probabilities

In this section we follow the procedure suggested by Maenhout (2006), namely,
we apply Fourier inversion to find the detection-error probability ey(60) which is
then used to determine how similar the reference and the worst-case models are.
Anderson, Hansen, and Sargent (2003) suggest using 6 such that ex(f) is not less
than 0.1. This choice will make it difficult for the robust investor to distinguish the
two models statistically.

The worst-case model considered by the robust investor is given by (2.11)—(2.14)
with e, = e;, where e is defined in (3.1). Define the Radon-Nikodym derivatives
S = EF [ .ES’Z’T} and Z,, = EF [ L5 fts’Z’T} and consider the logarithm of
these derivatives,

§1¢ £ In El,t

t 5 . A 1+ k2 + k2 [
_ _/ (ccdBZ + kseldBS + kpetdBY ) - %/ (¢5)2ds,
0 0
S £ InEy,

t . R R 1 /CZ k2 t
= / (e;dBf + kge*dBS + kpe;dBf) + % / (e¥)?ds.
0 0

Based on the sample with size IV, the decision maker will discard the reference model
mistakenly for the worst-case model if ; 5 > 0. On the other hand, if the worst-case
model is true, then it will be rejected erroneously if {&o x > 0 (or §; x < 0). According
to this, we define the detection error probability

en(0) = 1Pr(&n >0 | P, Fy) + iPr(& v <0 | BT, F).

8Note that the ambiguity aversion parameter depends on the precise model set-up and source
of ambiguity and therefore has to be estimated on a case-by-case basis.
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It can then be shown that (see Appendix C)

~ 1 N 2 v 2
where K = —/ (eX)*ds and erf(z) = —/ e " dt. Note that we obtained a
2 Jo v Jo

closed-form expression for the detection-error probability, in contrast to Maenhout
(2006) and Branger, Larsen, and Munk (2012) who rely on numerical techniques of
solving differential equations.

4.2 Model Parameters

For the numerical analysis of our model, we apply the parameters estimated by
Brennan and Xia (2002) from a time series for 25 years. For concreteness, we assume
that the bond the investor trades in at any date is a zero-coupon bond maturing
10 years later. This implies a constant bond price volatility op = 0,b,(10). The
assumed parameter values are shown in Table 1.°

Table 1: Parameter values in our numerical example.

s 0z o] Or op A s dr
0.158 0.013 0.014 —0.019 —0.143 0.027 0.054 0.209
K (€] pPsz Pspa pzp psp PP J ]

0.060 0.054 £0.300 —0.024 —0.300 0.106 —0.695 £0.300

In Table 2 we present the detection-error probabilities for different values of the

risk aversion parameter v and the ambiguity aversion parameter ¢ for N = 25 years

and T" = 10 years. It can be shown that 858#]\@ < 0 regardless of the parameter values

so that the detection-error probability decreases when the data sample increases.
Furthermore, A}im en(0) = 0. In the following example we choose v =4 and 6 = 5.
—00

With this choice of 8 the detection-error probability is greater than 0.1.

9Since Brennan and Xia (2002) estimate the parameters for real interest rates, we accordingly
adjust their parameters to be applicable in our model. Although psz and pzz were not estimated
by Brennan and Xia (2002), we perform the analysis for their values equal to 0.3 and —0.3. These
values of pgz were used in Bensoussan, Keppo, and Sethi (2009). Estimations of Fama and Schwert
(1977), Gultekin (1983), Ferson and Harvey (1991), and Moerman and van Dijk (2010) also show
that these correlation coefficients can be quite different. Similarly, we take pzp to be equal to -0.3
because bond prices are negatively correlated with inflation.
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Table 2: Detection-error probabilities en(6) for different values of v and 6 for N = 25
years and 7' = 10 years.

0 1 2 3 4 5 6 7 8
v=2 0.3915 0.3069 0.2425 0.1937 0.1567 0.1285 0.1067 0.0897
v=4 0.4101 0.3322 0.2669 0.2133 0.1701 0.1356 0.1083 0.0867
v=06 0.4165 0.3415 0.2763 0.2212 0.1755 0.1383 0.1085 0.0847
vy=38 0.4198 0.3464 0.2813 0.2254 0.1783 0.1397 0.1084 0.0835

4.3 Optimal Portfolios

Next, we analyze the optimal portfolios ¥, 77 and their components. To better

understand the influence of the unobservability of the expected inflation rate and
ambiguity about the inflation process, the optimal portfolios are compared with the
following special cases provided in Section 3:

e the expected inflation rate is observed;

e there is no ambiguity about the price level process.

We also discuss the influence of the ambiguity aversion parameter # and the risk
aversion parameter v on the optimal portfolio.

Figure 1 illustrates the optimal portfolios ¥ and 77 with the corresponding
components given in Proposition 3.1. The figure shows that if the stock price is
positively correlated with the inflation (pzs = 0.3), the investor should decrease
his optimal stock holdings as his investment horizon T"— ¢ decreases which is in line
with typical investment advice. On the other hand, if pzg = —0.3, the stock becomes
more attractive for the investor as T'—t decreases. The most influential time-varying
component in his stock portfolio is 7% , by (T —t) that adjusts the optimal portfolio
due to unobservability of the stochastic expected inflation rate. It is worth pointing
out that the speculative component is the largest in the portfolio.

The optimal bond position is an increasing function of the investment horizon
T —t both when pzs = 0.3 and when pzs = —0.3. The components 7/, b, (T — )
and w2, by (T —t) of the portfolio significantly adjust the optimal wealth allocation
in the bond. However, this influence weakens over time because, as it was pointed
out in Section 3, these components decrease to zero as the remaining investment
horizon shortens. As a result, the optimal bond position changes from long to short
as the investment horizon becomes smaller.

Comparing the optimal stock and bond portfolios we see that the time-varying
components have more effect on the bond holdings than on the stock holdings.
Interestingly, the speculative components for the stock and the bond portfolios are
of opposite sign regardless of the correlation between the stock and the inflation.

Figure 2 shows the optimal portfolios 77 and 7f” when the expected inflation rate
is observed by the investor. As it was pointed out in Section 3, only the components
7 e and 2 o are affected by the change in the assumption. Compared to the

unobservable case, the investor should invest less (more) in the stock if pzs = 0.3
(pzs = —0.3). At the same time, the optimal investment in the bond is smaller when
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(a) Optimal stock portfolio and (b) Optimal bond portfolio and

its components (psz = 0.3) its components (psz = 0.3)
12 : ‘ ‘ )
1 ! 1 -
08 ] ) )
R 7 o
0.4 5
b I 02
T 1 0=
02 1 02 ,/;
0.4, 2 8 10 04f : 8 |

4 6 4 6
Investment horizon, T-t Investment horizon, T-t

(c) Optimal stock portfolio and (d) Optimal bond portfolio and

its components (pgz — —0.3) its components (psz = —0.3)
12 12 =
1 1 1 3 a4
0.8 1 0.8 .
0.6 | -
0.4~ ————— | o
. D 02
0 SR ] 0
wTT— 02¢
045 ; ; : 8 10 % i

2 4 6 2 4 6 8
Investment horizon, T-t Investment horizon, T-t

Figure 1: Optimal wealth allocation 7 in the stock (green line on the left plots) with
its components and optimal wealth allocation 7f in the bond (green line on the right
plots) with its components. The top plots are for psz = 0.3 and the bottom plots are for
psz = —0.3. Red line is the speculative component. Blue line is the hedge against the price
level process Z;. Dashed blue line represents the model ambiguity adjustment. Dashed red
line represents the component that arises from unobservable stochastic expected inflation

rate S;.
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(a) Optimal stock portfolio and (b) Optimal bond portfolio and

its components (psz = 0.3) its components (psz = 0.3)
1.2 1.2
1 1 1
038 1 0.8
o8, O 06
0.4 1 0.4
02 02
0 = oFF
02 02
04 2 4 6 8 10 04 2 7 6 8 10
Investment horizon, T-t Investment horizon, T-t

(c) Optimal stock portfolio and (d) Optimal bond portfolio and

its components (pgz = —0.3) its components (pgz = —0.3)
1.2 ' . . 1.2
1 ] 1
08 0.8
0.6 1 0.6
[ | — S S—— B 0.4
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| 0P J
0.2 1 027
04 2 : ‘ 8 10 04 2 8 10

4 6 4 6
Investment horizon, T-t Investment horizon, T-t

Figure 2: Optimal wealth allocation 77 in the stock (green line on the left plots) with its
components and optimal wealth allocation 7['{3 in the bond (green line on the right plots)
with its components when the expected inflation rate is observable. The top plots are for
psz = 0.3 and the bottom plots are for psz = —0.3. Red line is the speculative component.
Blue line is the hedge against the price level process Z;. Dashed blue line represents the
model ambiguity adjustment. Dashed red line represents the component that arises from
stochastic expected inflation rate ;.

the expected inflation rate is observed. The rest of the analysis of Figure 2 is similar
to that done for Figure 1.

The optimal portfolios for the investor with no ambiguity about the price level
process are shown in Figure 3. The behavior of the optimal portfolios and the cor-
responding components in Figure 3 is similar to that in Figure 1 and Figure 2 so
that the above discussion applies. However, since the component 75 ,_ in the optimal
stock portfolio becomes zero, this portfolio is heavily dominated by the speculative
component. The corresponding component 72 . in the bond portfolio is not zero
because it includes the hedge against the interest rate risk that does not vanish
when the investor is ambiguous about the inflation.

For the ease of exposition Figure 4 shows the optimal portfolios for an investor

who 1is

e ambiguous about the price level and does not observe the expected inflation
rate (Figure 1);
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(a) Optimal stock portfolio and (b) Optimal bond portfolio and
its components (psz = 0.3) its components (psz = 0.3)
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(c) Optimal stock portfolio and (d) Optimal bond portfolio and
its components (psz = —0.3) its components (psz = —0.3)
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Figure 3: Optimal wealth allocation 7 in the stock (green line on the left plots) with its
components and optimal wealth allocation 7{ in the bond (green line on the right plots)
with its components when there is no ambiguity about the inflation process. The top plots
are for pgz = 0.3 and the bottom plots are for psz = —0.3. Red line is the speculative
component. Blue line is the hedge against the price level process Z;. Dashed blue line
represents the model ambiguity adjustment. Dashed red line represents the component

that arises from unobservable stochastic expected inflation rate S;.
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e ambiguous about the price level and observes the expected inflation rate (Fig-
ure 2);

e not ambiguous about the price level and does not observe the expected inflation
rate (Figure 3).

It is clear from the figure that an ambiguity-averse investor who does not observe
the expected inflation rate invests more in the bond compared to an investor who
either observes the expected inflation rate or is not ambiguous about the price level.
In this setting the optimal bond investment is the smallest when the investor is not
ambiguous about the price level. Interestingly, this is true for both pgsz = 0.3 and
psz = —0.3. On the other hand, a change in the correlation pgz also changes the
attitude of an ambiguous investor toward the stock investment, making him invest
less (more) in the stock over time when pgz = 0.3 (psz = —0.3). However, if the
investor is not ambiguous about the price level process, then he decreases his stock
holdings with time for both values of the correlation.

Figure 5 illustrates how the optimal portfolios 77 and 7! depend on the ambi-
guity aversion parameter 6. As one can see from the figure, the more the investor
is ambiguity-averse, the more he invests in the bond. On the other hand, higher
values of the ambiguity aversion parameter lead to higher (lower) values of the stock
investment if pzs = 0.3 (pzs = —0.3).

Note that some of the components of the optimal portfolios are increasing in # and
other components are decreasing in #. This is in contrast to Maenhout (2006) where
the ambiguity aversion parameter is simply added to the risk aversion parameter and,
thus, the optimal portfolio is decreasing in 6. On the other hand, our findings are
similar to the model of Flor and Larsen (2011) in which the speculative component
of the bond portfolio decreases in 6 if the investor is ambiguous about the bond
price dynamics only and increases in # if the investor is uncertain about the stock
price process only.

Figure 6 shows the optimal portfolios ¥ and 7f" as functions of the risk aversion
parameter . As discussed in Section 3, the impact of v on the speculative com-
ponents of the optimal portfolios depend on parameter values. It follows from the
figure that the same applies for the (total) optimal portfolios. The more risk-averse
investor invests less in the stock and more in the bond if the correlation between
the stock price and inflation is pzs = 0.3. On the other hand, if pz5 = —0.9, then
the more risk-averse investor invests more in the stock.
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(a) Optimal stock portfolios (b) Optimal bond portfolios
(psz = 0.3) (psz = 0.3)
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Figure 4: Optimal wealth allocation 77 in the stock (left plots) and optimal wealth
allocation 7rf3 in the bond (right plots) under different assumptions on the expected inflation
rate and ambiguity. The top plots are for pgz = 0.3 and the bottom plots are for pgz =
—0.3. Green line is the optimal portfolio when the expected inflation rate is unobserved and
there is ambiguity about the price level process. Red line is the optimal portfolio when the
expected inflation rate is observable and there is ambiguity about the price level process.
Blue line is the optimal portfolio when the expected inflation rate is unobservable and
there is no ambiguity about the price level process.
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(a) Optimal stock portfolio and (b) Optimal bond portfolio and

its components (psz = 0.3) its components (psz = 0.3)
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(c) Optimal stock portfolio and (d) Optimal bond portfolio and

its components(psz = —0.3) its components (psz = —0.3)
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Figure 5: Optimal wealth allocation Wf in the stock (green line on the left plots) with its
components and optimal wealth allocation Wf in the bond (green line on the right plots)
with its components as functions of the ambiguity aversion parameter 6. The value of the
investment horizon T —t is 10 years. The top plots are for pgz = 0.3 and the bottom plots
are for pgz = —0.3. Red line is the speculative component. Blue line is the hedge against
the price level process Z;. Dashed blue line represents the model ambiguity adjustment.
Dashed red line represents the component that arises from unobservable stochastic expected
inflation rate [5;.
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(a) Optimal stock and optimal (b) Optimal stock and optimal
bond portfolios (psz = 0.3) bond portfolios (psz = —0.9)
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Risk aversion parameter, y Risk aversion parameter, y

Figure 6: Optimal wealth allocation 7¢ in the stock (green line) and optimal wealth
allocation 7" in the bond (red line) as functions of the risk aversion parameter . The
value of the investment horizon T — ¢ is 10 years. The left plot is for pgz = 0.3 and the

right plot is for pgz = —0.9.

5 Conclusion

In this paper we solve the problem of optimal portfolio choice under the assumptions
that the investor is ambiguous about the price level process and that the expected
inflation rate is unobservable in a setting with stochastic interest rates. The optimal
wealth allocation in the stock index and a zero-coupon bond is obtained in closed
form. We show that the influence of the ambiguity aversion parameter on the optimal
portfolio depends on the correlation between the state variables. The uncertainty
about the price level process influences the optimal positions in both the stock index
and the bond. We also show that when there is ambiguity about the model for the
inflation process, the more risk-averse investor does not necessarily invest less in the
speculative portfolios. The optimal portfolio is illustrated by a numerical example.

A Optimal Filtering

To keep the same notation as in Liptser and Shiryaev (2001), we rewrite the Equa-
tions (2.3), (2.4), and (2.5) in the following form

dz,
Z 0 1
‘% = e+« +1 0 | Befdt
dr, K(F — 1) 0
Ao Ax
0 oz 0 0 dWZ?
+ 10| dwl+ ]| osRi  osRy 0 AW
0 —o0,Rs —o0,Rs —0,Rs thP
S~—— N ~~
Bl BQ
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and

AW7
dBy = (A3 + (=\) B)dt + 03RydW) + [05Rs 03R; o0sRs) | AW/ |,
~— = —— ~ —~ v thp

ao ai b1 bo

where (W7, W2, WF WF)T is a standard Brownian motion relative to the filtration
F; and the coefficients R;, ¢ = 1,...,9 are defined in such a way that

dB? 1 0 0 0 AW7
dBY | | Ry Ry, 0 0 AW§
dBY | T | Ry Ry Rs; 0 dWF
dBY Rs R; Rs Ry aw/

and

_ PSP — pPzspPzp

Ry =pzs, Ro=1\/1-plg, Rs=pzp, Ry="—Frrr—,
V1= :OQZS
Rs=/1—-R;—Rj, Re=pzs, Ri= Psp _ Pzspzs pzs2p257
V1—0pzs

_ pPg — RsRg¢ — R4Ry
Rs

Ry

. Ry=y/1-R-R - R

Assuming that for @ € R the conditional distribution P(5y < a|Zy, So,ro) is
Gaussian P-a.s. with mean (3, = E[5o|Zo, So, r0), and variance mo = E[(Sy — 80)2|
Zo, S0, 70] (equivalently, the distribution of Sy is conditionally Gaussian), we have
from Theorem 12.6 in Liptser and Shiryaev (2001) that the conditional distribution
P(B, < a|F>%") is also Gaussian P-a.s.1

Therefore, applying Theorem 12.7 in Liptser and Shiryaev (2001) we have that
the observed expected inflation rate 3, = E[3,|F.?"] satisfies

dp; = (\A/B/er@)dt

ao ail

+{ [02069Z6> TSOBPSE, _UTUﬁPPﬁ] +my [1, 0, 0]}
——

N J/

boB A7
07 osRi —o.Rs ][ oy 0 o 17"
X 0 O'SRQ —O'TR4 0'5R1 O'SRQ 0
0 0 —o0,R5 —o0,R3s —o0,R4 —0,R5
(Bo\Bg)*1
dz
?’f 0 1 )
X d?: — T+ +1 0 | Be|dtp,
dr, K(F — 1) 0
Ao Ar

10Tt is easy to check that the assumptions of the theorem are satisfied because entries in all
matrices are constant.
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where m; = E[(5; — Bt)2|fts’z’r] is deterministic and

oz osRi —o.R3
boB = b1Bir + bQB;— =10, 0, 0] + [osR¢, 0pRy, 0Rs] 0 osRy —o.Ry
0 0 —O'TR5
= [UZU,BPZ,(% 0S08PsB, _UrUBpPﬁ]7
(BoB)™ = (Bi\B{ + B;B;)™! = (BaBy) ™' = (By)'(B2) ™"

where
1 R R1Ry—RoR3
oz oz R ozR2Rs
(BT)—I — 0 1 R4
2 osR2 USRI2R5
0 0 — Gk

We first evaluate b o B + m;A] which yields
bo B+mA] = |0208pz5 + i, 0503pss, —Uraﬁppﬁ]
Now we multiply vector bo B + m;A] by matrix (B, )~! to obtain

(b 0B+ mtA1T> (BI)~!
my —muR + O'Zo'gRQR'; mt(R1R4 — R2R3) + UZUﬁR2R5R8
= [UﬁpZﬁ + —, ) ]
0z oz Ry o7 RaRs

=024z, 0sAs, opAp],

where
mt(R1R4 — R2R3) + 0205R2R5R8 —Rim; + 0205R2R7
AP = >AS = )
opozRyR5 0507 Ry
0z080Pzp + my

Ay =

2
Oz

The following vector defines a Brownian motion (see Liptser and Shiryaev (2001),

Vol.2, p.35) relative to filtration Foar

oz 0 o 17 ([% 0 1
osR,  osRy 0 dh | o |+ 0| 3] a
—0,R3 —o0,Ry —0,R5 dry R(F — 1) 0
T TG T B
L ozR2Rs " 6sRoRs  orRs _erBt
o (G~ fur) dBZ
- o (% — fudt) + dBY | ass (A1)
B (e ft) - Beapg + Lapp | LB
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where (BZ, B?, Ef )" is the Brownian motion. From this equality we easily obtain
that dBS = RedBS + RydBZ, dBY = RydBF + RydBS + RsdBZ.
Thus, we have

dBy = MB — B,)dt + AgozdB? + AgosdBS + ApopdBY .

Therefore, the filtered equations can be written in terms of the Brownian motion
(A1) as

A7z, = 7, (Btdt +07dBY )
ds, = St<(7“t + a)dt + og(RydB? + deéig)>v

dry = K(F — r)dt — o, <R5dég’ 4 RydBS + R3d1§t2>.

B Robust HJB Equation

We rewrite equations for wealth X, price level process Z;, short-term interest rate
ry, and drift f; in matrix form

dZ, Z,p, Zioz 0 0 JB7
dXt . Xt(Tt —|— OéHf + qu) Kl KQ K3 At;g

= - dt + dB;
dry K(F — 1) —0,R3 —o0,Ry —o0,Rj5 JBP
dp, AB = B) Azoz Asos  Apop t

We introduce perturbations to this system by adding a drift f(f esds(1, kg, kp)T
to the Brownian motion (BZ, BS, BF)T. The resulting vector (BZ, BS, BF)T is a
Brownian motion under probability measure P¢. The perturbed system of equations
is

dZ, Zt(Bt — 0z64)
aXe | | X (rt + oIy + glTf — Buthslothe et) 0t
dr K(T —1¢) + 0,(Rs + ksRy + kpRs)e,
db, AB — Br) — (Azoz + ksAsos + kpApop)e;
N ~- y
Zoys 0 0 -
. Ky K ;lg%
—0,Rs —o0,Ry —o0,R5 _t
dBF

Azo'Z ASO'S ApO'p

g

A

According to Anderson, Hansen, and Sargent (2003), we evaluate the symmetric
matrix
011 012 013 014
021 022 023 024
Y =AAT =
031 032 033 034
041 042 043 044
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where we defined o1, = (Z;07)?, 090 = Xf((agl_lf)2 + (oplIF)? + QUSUPHtSprSp),
033 =02, 044 = (07A2)* + (05A35)> + (0pAp)?, 010 = 0, X Z; (O’SH Ry + oplly R3)
o135 = —020,Z1Rs, 014 = 05 A3 Zy, 034 = —0,05pps, 023 = —0, X (0 pIl] +0 5117 psp),
094 = O'gXt (Usnfpsg + Uth ppg).

We denote the Hessian and the gradient of the value function v with respect to
state variables z, z,r and B, respectively as

Ve Vzp Ugzr UZB Vs
v o | Viw Vg Upr Uy (81}) a | Vs
c%czﬁxj N Ver  VUgr  Upr /UTB ’ awz - Ur
Vb Yap Yrp Vpp v

Let 7 = (7%, 7F) be the vector of fractions of wealth invested at time ¢ € [0,7] in
the stock (7 ) and the bond (7”), then according to Anderson, Hansen, and Sargent
(2003), the robust HJB equation is

2 2

v + :élﬂg 1;;& <MT(§%> + %traee <232;$j) + 26—\1[> =0.

In particular,

sup inf {vt + Z(B - aze)vz + x(r + an® + gnf — [Usﬂ'sal + apwpag]e)vz
TER? e€R

+ (k(F — 1) — aze)v, + (A(B — B) — a4e)vﬁ + 1(202)%v..
+ozxz (aswsnl + O_P'/TPnQ)'UZI — 070,2N90V,, + OZAzz’UZB

+ %xZ((USWS)z + (opnt)? + 203(7137rs7rp77,4)vm

P S S P
— arx(apw +ogm m)vxr + UIB,T(USW N5 + opT n6) V.4 —|— UW

2

e
- O-TO-,BTLGUTﬁ + 35 ((AZUZ) (ASO'S)Q + (APO-P)Q)UBB + ﬁ} = 0,

(B.1)

where ny = pzs, na = pzp, N3 = pzg, N4 = psp, N5 = psg, and ng = ppg.
To find the infimum over e, we take the derivative with respect to e and set it
equal to zero.

d S P
—( — zozev, — x(osm”a; + opm ag)ev, — azev, — asevg

de

62

2\I/> 0

The value e* that gives the infimum is
e = V(zozv, + x(0smar + opr’as)v, + azv, + a4v5).
To simplify the notation we use ¢ = 1 — ~. Let us look for a solution in the

form v(t, z, x,r, B) = %(f)gbh(t,r, B) and assume that ¥ = %(f)_¢. Plugging these
functions into e* we obtain

ash, a4l
e —9<US7T a, +oprnlay —oy, + 20 4 4_»3>'

oh b h
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Plugging v(t, z,z,r, 3), ¢* into (B.1) and dividing by ¢($)¢ we have

sup{ gbﬁh+¢(r+a7r + qm )h—i—/i(?’—?“)hr—i—)\(ﬁ—ﬁ)hé

TeR2

+¢@+1>2

5 i h— ¢*oy (0’5'7TSTL1 + O'P’/TPTLQ)}L + ¢pozo,noh,

— gba%Azh[; + M((USWS)Q + (opm”)? + 2050 pm°wns) b

2 (B.2)

2
— ¢o, (opm" + 057 n4) by + $05 (057 05 + 0pmng) hs + %hrr
— aragnahrg + %((Aza'z)2 + (Agos)? + (APUP)Q)h[;B

o0

(s Y L A
2h(057r a1+ opm A JZ+¢h+¢ h> }—O.

The values of 7% and 7% that give the supremum in (B.2) are

h s
7#:A+B%+Cf (B.3)
_ hr 5
=D+ E% + FE,

where

. aop(l— ¢ + Gag) + qUS((¢ — Dny — 0a1a2)
" 6 Dol (16— (1 — ) — 0(a + a — 2ar03n,))
oz050p((¢ny — bay) (¢ — 1 — 0a3) — (¢na — bas)((¢ — 1)ny — aqas))
(6~ Dotor(@— D1 —nd) — 0@l + B —2aans))

B 9((¢ — 1)ajaz — ¢pora3ng — (¢ — 1)azazny + gbaralag)

— ¢(0— Dos((0 —1)(1 —nd) - 0(a? + af — 2a1a5n4))

0(p — 1)a4(a1 — asny) + ¢oz((1 — ¢ + Ba3)ns — (1 — ¢)ny + ayas)ng)
((¢ — 1)(1 —n?) — 0(a? + a3 — 2a1a0n4))

B qag(l — ¢+ 0a?) + ozap((qﬁ —1)ny — 9&1&2)
(
(¢

¢ = ;

—10'5'

(6= Do2os((6— 11— ) — 6(@ + B — 2arazny)
crzapag((¢n2 Oas)(p — 1 — 0a?) — (pny — bay)((¢ — 1)ny — 9a1a2))
(6~ Dodos((6— D —nd) — 0(ad + a2 — 2mama))
Y(agaz — ajazng) + ¢(¢p — 1)o,.(1 — n?) — ¢ho,(a? — ajasny)
¢(¢ — Dop((¢ — 1)(1 —n) — 0(a] + a3 — 2a1a9n4)) ’
_ 0(¢ — Daa(as — arng) + ¢oz((1 — @) (ng — nans) + 0(aing — arazns))
¢(¢ — op((¢ — 1)(1 —nj) — 0(af + a3 — 2a1a9m4)) '

Substituting the values of 7% 7% given in (B.3) into the Equation (B.2) and
dividing by h, we obtain

e

he + (61 — @B + C1)h + (—kr + Co)hy + (=AB + Cs)hj

2 n hehy (B.4)

02
+ Cihyy + Cshyg + Cohgy + Crof 4 Cop + Gy =0,
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where

2
01:%(1+¢—9)+¢(a/1+qp)

-1
+ % (U%AQ + 0% D?* + 2agapn4AD) — ¢*oy (agnlA + O'pngD)
0
— % (O’SCLlA + UPCLQD)2 + ¢0(Jsa1A + UPGQD)Uz,

Cy = KT + 040.n2 (qb — 9) + ¢(ozB + qE)
— gb@(agalA + OPCIQD) (O’SalB + OPCLQE)
+ (¢ — 1) (08AB + 03 DE + 050 pny(AE + BD)) — ¢o,(opD + 55n4A)

— ¢’oy (UsnlB + UPn2E)
— ¢9<% (O’SalA + UPCLQD) —0yz (UsalB + OPCLQE)),

Cs = \3 — (0'20'5713 + m) (gf) — 9) + gb(ozC’ + qF) — $*0y (O‘STLlC + aanF)
+ ¢(¢p — 1)(02AC + 03 DF + o50pns(AF + CD))

+ ¢op (05n5A + apnGD) — ¢9(05a1A + apagD) (asalC + apagF)

— gb@(% (agalA + apagD) — 0z (UsalC + UPCL2F)>
2

C’4 - %7

05 = — 0,03Ng,

06 = %((Azo'z)2 -+ (A505)2 -+ (APUP)Q),

— ¢o, (05n4B + O‘PE) - %e(asalB + <7pa2E)2 — Has (0‘5&13 + apagE),

1
) (J§B2 + 012;E2 + QJSJpn4BE)

(0‘%02 + 0'123F2 + ZUSJpn4C’F)

Cy = _¢_9<0205”3+m>2+¢(¢—1)

2 QZSO'Z 2
+ ¢op (agn5C’ + apn6F) — ? (osalC + O'pCLQF)Q — Bay (UsalC + UPCLQF),

Cy = ¢(¢ — 1)(03BC + 03 EF + osopna(BF + CE)) — ¢o,(0pF + 55nsC)
+ ¢op (Usn5B + apn6E) — b (asalB + O'pCLQE) (Jsal(] + O'PCLQF)
— fay (UsalB + O'p(lQE) — Bas (agal(] + O'PCLQF).
The function h(t,r, 3) that solves (B.4) is given by
h(t,r, B) = exp (a(t)B + b(t)r + c(t)),

where functions @, b, ¢ are the solution to the following system of ordinary differential
equations

a'—¢—Aa=0, a(T) =0,
W + ¢ — kb =0, ) ~ b(T) =0,
d 4+ Cy+ Cob+ Cza + (Cy + C7)b* + (Co + Cg)a* + (Cs + Cy)ab = 0, ¢(T) = 0.

(B.5)
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Solving this system of equations for functions a(t) and l;(t), one can obtain
a(t) = (e 1),
b(t) = — 2 (0 _ 1),

R

One can also solve for function ¢(¢) and obtain the closed form solution. We do not
state the solution here because it is not used in this paper.

C Detection-Error Probability

Define the conditional characteristic functions
filw, t,N) = E¥lexp(iwéy n) | F2') = E¥[Ey | T2,
folw,t, N) = E%exp(iwé n) | FE4 EQ[E%}N | 57
= EF[exp(iwé n) exp(&8)|[F0 2] = EFESF,

where i = /=1 and & ; = In¢&f .
Since the conditional characteristic functions are martingales, the Feyman - Kac
theorem implies that functions f; and fs satisfy

Ofi  1_, , ,20%f1 —iw

E + 5:’%’t(et)285%’t = 07 fl(wa N? N) = SN (C1>

Ofs 1_y5 , oy 0%fy —iw

o Tl gz =0 W NN) = SR (C2)
Let us look for a solution in form fi(w,t,N) = E’ffteD(t). Substituting the trial

solution into (C.1) and dividing the result by Zie”® yields
D'(t) + %iw(iw — 1)(e)* = 0, D(N) = 0.

Solving this equation we obtain

1, [~ 1N
D(t) = ——w2/ (eX)?ds — 5@@0/ (eX)?ds.
¢ t

2
Therefore,
fi(w,t,N)
_ eXp(iw[—Bt _ /tN <€§)2d3 1+ k?;+k123 /Ot(e:)st] L2 /tN @ds)

where B, = [| (e:dBZ + kse:dBS + kpetdBT)
Similarly, we use fo(w,t, N) = Ei‘ffleE(t) as a trial solution, which after substi-
tution into (C.2) and division by Z4'e”®) yields

E'(t) + Liw(iw + 1)(ef)* = 0, BE(N) = 0.

2
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Solving this ordinary differential equation we obtain

N 1 N
E(t) = —iwg/ (e¥)?ds + Ezw/ (e)?ds.
t ¢

Thus,

. 1+ k3 +kp [ 1
fo(w,t,N) = exp(zw [—Bt - %/ (eX)?ds + 5/ (e:)2ds]
0 t

1 2 2 t 1 N
- B, — M/ (eX)?ds — —w2/ (e:)2d5>.
2 0 2N

It is obvious that
Re(W) = —éexp(—%uﬂ /ON(G:)2d3> Siﬂ(%w /ON(e:)QcLS),
Re(W) = éexp(—%cf /ON(e;‘)st> sin(%w /ON(e:)2d3>.

Therefore, the detection-error probability (see formula 861.22 in Dwight, 1973) is

1 [ 1 fa(w,0,N) fi(w,0,N)
en(0) =5~ 5 i (Re[ — } —-Re[ — ])dw
VK
:%_%m% 2)’
where K =} [¥(e2)%ds and erf(2) = Z [ e d.
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