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Twist construction

Twist data

• M manifold
• X ∈ X(M), circle action
• F ∈ Ω2

Z(M)X

• a ∈ C∞(M) with da = −X yF

P

M W

prM prW

horizontal distribution
H = ker θ ⊂ TP

α tensor on M is H-related to αW on W if

pr∗Mα = pr∗WαW on H

Write α ∼H αW
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Twist computations

α ∼H αW if pr∗Mα = pr∗WαW on H = ker θ
P

M W

prM prW

• α ∈ Ωp(M): dαW ∼H dα− 1
a F∧ (X y α)

• I complex structure on M:
IW integrable if and only if F ∈ Λ1,1

I

Example

M = M(n) := CPn×T2

Kähler, X on T2, F = ωFS:
W = S2n+1 × S1 Hermitian
non-Kähler.

Example

M = Tn, F left-invariant:
W is a nilmanifold
corresponding to
g∗ = (0n−1, F).

How can we get Kähler, hyperKähler,. . . ?
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Model: HyperKähler modification

X is a tri-Hamiltonian isometry of hyperKähler (M, g, I, J, K)

Definition (Dancer-Swann)

The hyperKähler modification of M is

Mmod = (M×H)///(X′ = X− ∂
∂θ )

where ∂
∂θ generates q 7→ eiθq on H = R4.

• dim Mmod = dim M
• M complete, then Mmod

complete
• π1(M) = 0, then

b2(Mmod) = b2(M) + 1

Example

M = H, X = ∂
∂θ ,

µ = µH + c, c 6= 0:
Mmod = T∗ CP(1)
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A double fibration

For Φ = µ− µH, X′ = X− ∂
∂θ :

P = Φ−1(0) M×H

M Mmod

pr1 pr(X′)

ι

• pr(X′) is a Riemannian submersion for ι∗(g + gH)
• pr1 is not a Riemannian submersion, it induces the metric

gN on M:

gN = g +
1

2‖µ‖gα, gα = α2
0 + α2

I + α2
J + α2

K

α0 = X[ = g(X, ·), αI = Iα0 = −α0(I·) etc.
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Elementary deformations

g hyperKähler, X an isometry, α0 = X[, gα = α2
0 + α2

I + α2
J + α2

K

Definition

An elementary deformation gN of g with respect to X is

gN = fg + hgα

for some f , h ∈ C∞(M)

There are only two cases for X
1 tri-holomorphic: LXI = 0 = LXJ = LXK
2 rotating: LXI = 0, LXJ = K
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Tri-holomorphic actions

(M, g) hyperKähler, dim M > 4, X tri-Hamiltonian with
moment map µ = (µI, µJ, µK)

Theorem (Swann)

An elementary deformation
gN = fg + hgα twists via (X, F, a) to a
hyperKähler metric gW if and only if
• f constant, so take f ≡ 1,
• h = h(µI, µJ, µK) is harmonic

in U ⊂ R3,
• F = d(hα0) + ∗3dh,

• a = 1 + h‖X‖2 6= 0.

Proof method
1 ωW

I ∼H ωN
I =

f ωI + hωα
I

2 impose dωW
I = 0,

i.e. dωN
I − 1

a F∧
(X yωN

I ) = 0
3 impose

da = −X yF
4 impose dF = 0
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g hyperKähler, X tri-Hamiltonian, gN = g + hgα, h harmonic on
U ⊂ R3

Example

HyperKähler modification is h = 1/(2‖µ‖)

Example

Taub-NUT deformation W = (M× (S1 ×R3))///S1,
diffeomorphic to M, is h ≡ 1

Example

h > 0: Z4, gZ(h) = 1
h (dt + ω)2 + h(dx2 + dy2 + dz2), dω = ∗3dh

is a general hyperKähler 4-manifold with free tri-Hamiltonian
action and W = (M× Z)///S1

If M is complete and gZ extends to a complete hyperKähler
metric, then get a unique hyperKähler completion of the twist.
E.g. gZ multi-Eguchi-Hanson, multi-Taub-NUT og A∞.
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Inversion

Generally: Twist of M by data (X, F, a) to W is inverted by twist
data on W H-related to ( 1

a X,− 1
a F, 1

a ).

Proposition (Swann)

The hyperKähler twist above of the elementary deformation
gN = g + hgα of g corresponding to h is inverted by the elementary
deformation of gW corresponding to −h.

• Modification inverted by
h = −1/(2‖µ‖). To get
positive definite, need
‖X‖2 < 2‖µ‖. So flat R4 is not
a modification.

• Taub-NUT deformation if and
only if ‖X‖ is bounded.

• h > 0: inversion
corresponds to
hyperKähler quotient
of
(M× Z4, g×−gZ(h)).
quaternionic
Lorentzian
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HyperKähler to quaterninoic Kähler

g hyperKähler, dim M > 4, X rotating: LXI = 0, LXJ = K and
Hamiltonian for ωI with Kähler moment map µ : M→ R.

Theorem (Maciá-Swann)

For X non-null, an elementary deformation gN = fg + hgα twists to
quaternionic Kähler if and only if
• f = 1/(µ− c)
• h = −1/(µ− c)2

• F = dα0 + ωI

• a = ‖X‖2 − µ + c

This is a uniqueness result for the hK/qK correspondence of
Haydys 2008; Alexandrov, Persson and Pioline 2011; Hitchin
2013; Alekseevsky, Cortés, Dyckmanns and Mohaupt 2013.
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c-map

In the c-map context, g has signature (4n, 4), but gN is positive
definite.

C T∗C

P

S Q

C∗

R2m

S1

S1

T∗C hyperKähler
Q quaternionic Kähler
P twist bundle
C conic special Kähler
S projective special Kähler

Example

S = RH(1) = Aff(R) has two left-invariant projective special
Kähler structures giving Q as Gr2(C2,2) or G∗2/ SO(4), as
left-invariant quaternionic Kähler structures on solvable
groups.
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Detect that twist is quaternionic Kähler by dΩ = 0

Ω = ω2
I + ω2

J + ω2
K

provided dim M > 12.

For dim M = 8, show

d

ωI
ωJ
ωK

 = A∧

ωI
ωJ
ωK


for some A ∈ Ω1 ⊗ so(3).
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Strong HKT

strong HKT: (g, I, J, K) with IdωI = JdωJ = KdωK =: −c and
dc = 0

Proposition (Swann)

g hyperKähler, X tri-Hamiltonian, rank dα0 > 16. An elementary
deformation gN = fg + hgα twists via (X, F, a) to a strong HKT
metric gW if and only if
• f constant, so take f ≡ 1,
• h = h(µI, µJ, µK) is harmonic
• F = dα0

• a = ‖X‖2 6= 0

Cf. hyperKähler twist F = d(hα0) + ∗3dh.
Non-trivial examples from M = T∗GC for each G compact Lie.
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G2 to G2

(M, g) holonomy G2 with three-form ϕ.
For a symmetry X, we decompose

g = g⊥ +
1

‖X‖2 α2
0

ϕ = ω ∧ 1

‖X‖2 α0 + ρ

with ω = X y ϕ, X y ρ = 0. This has dω = 0.
Elementary deformation

gN = f 2g +
(h2 − f 2)

‖X‖2 α2
0

ϕN = f 2hω ∧ 1

‖X‖2 α0 + f 3ρ
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gN = f 2g +
(h2 − f 2)

‖X‖2 α2
0, ϕN = f 2hω ∧ 1

‖X‖2 α0 + f 3ρ

Proposition (Freibert-Swann)

Let (M, g, ϕ) be a parallel G2-structure with symmetry X. Then the
elementary deformation (gN, ϕN) twists to a parallel G2-structure if
and only if
• f constant, so take f ≡ 1,
• h > 1 is arbitrary
• F = d((h− 1)α0)

• a = h
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