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HoLoNoMY SYMPLECTIC HYPER MULTI

RICCI-FLAT SPECIAL HOLONOMY

Ric=0

Ricci-flat geometries in the Berger holonomy classification 1955,. ..

Name Holonomy Dimension Form degrees
Calabi-Yau SU(n) 2n 2,n,n
HyperKidhler Sp(n) 4n 2,2,2

G, holonomy G, 7 3,4
Spin(7) holonomy Spin(7) 8 4

In these cases

e the forms specify the geometry
® holonomy reduction <= the forms are closed
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HOLONOMY SYMPLECTIC HYPER MULTI

SYMPLECTIC CONSTRUCTIONS

w symplectic form: degree 2, closed, non-degenerate
X symmetry: Lxw =0
moment map: ux: M — R, dux =wX, )

FLAT SPACE

M = R?" coordinates (X1, ..., Xu Y1, - - -» Yn)

w=dx; Ady; +---+dx, Adyy

X = Cl(yli - xli) +.--t Cn(yni - xni)
0x1 oy Oxp OYn

px = 212+ y2) + - +cn(x2 + y2)) +¢
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DELZANT CONSTRUCTION

(M?", w) compact symplectic with Hamiltonian action of torus T":
invariant function u: M — R" = Lie(T")* with

d{u, X) =wlX, -) VX € R" = Lie(T")

DELZANT (1988)

Compact symplectic toric manifolds correspond to
Delzant polytopes \\

Polytopes in R" with normal vectors in Z" and the normals at
intersections of faces being part of a Z-basis for Z".
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HOLONOMY SYMPLECTIC HYPER MULTI

* bi(M)=0 = every symplectic torus T* action is
Hamiltonian

¢ then w pulls back to 0 on each torus orbit,so k < n

The Delzant dimensions are such that
dim(M?"/T") = n = dim(codomain )
Can be used for non-compact M
TORIC CALABI-YAU
Include symplectic quotients of R?N = CN by subtori of TV whose
weights sum to zero.
C4// diag(ei[, eit’ e—it, e—it) — lu—l(o)/Tl
= (06(-1)@06(-1) — CP(1))

Tian and Yau (1991),..., Goto (2012)
Futaki, Ono, and Wang (2009)
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HYPERKAHLER

(M, wy, wy, wr) is hyperKdhler if each w4 is symplectic and
I := wi! 0wy, etc., satisfy I =K = —-Jland g = wy(-,1-) >0
Tk action is tri-Hamiltonian if Hamiltonian for w;, w; and wg

= (U, py, px): M¥T — R3*

® b (M) = 0is sufficient

*k<n

e for k = n,dim M**/T" = 3n = dim(codomain y)
Combinatorial data: arrangement of codimension 3 affine
subspaces in R3" = R3 ® R" with Z-basis property for normal

vectors in R"

Maximum of n(n + 1)/2 normal directions
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CLASSIFICATION

THEOREM (DANCER AND SWANN 2017)

Every complete hypertoric manifold (M*", T") is the hyperKihler

quotient of an affine Hilbert manifold by a subgroup of a standard
torus

Furthermore yu: M*"/T" — R3" is a homeomorphism

Calabi metric
T*CP(n) = H™1/// diag(e®, . .., elt) = C2**2/// diag(e¥, e7¥, . ..)
dmM=4  g=V'0*+V(dui +du; +duz)
1
Vip)=c+y ——
p qze(; 2distps(p, q)
* Q c R3 discrete
® ¢ > 0 the Taub-NUT parameter
* only constraint: 3 p € R3 such that V(p) < o
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dim=12: -

dim=16: :.° and oo

dim = 20 has 4 maximal configurations

T S —
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MULTI-HAMILTONIAN TORUS ACTIONS

(M, ) manifold with closed & € QP(M) preserved by T is
multi-Hamiltonian if there is an invariant

v: M — AP7!(Lie(T%)*) = RV,
dv, X1 A+ AXpg) =alXy, ..., Xp-1, +)

for all X; € Lie(T%).

® b(M)=0 = each T*-action preserving « is
multi-Hamiltonian

e then « pulls-back to 0 on each T*-orbit

Geometry is toric if multi-Hamiltonian for T* and
dim(M /T*) = dim(codomain v)
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A RICCI-FLAT HIERARCHY

Dimensions 4 6 7 8
Holonomies Sp(1) SU(3) G, Spin(7)
Extension M*xSIxR MSxS! M7xS!
Closed forms (wi, wy, w3) (@, Q4, Q) (@, *70) o
Degrees (2,2,2) (2,3,3) (3,4) 4
Toric group St T? T3 T4

w1 = e45 + 967, Wy = 646 +e75, w3 = e47 + 656
§D=€123—€1/\601—€2/\CU2—€3/\CU3

D =A@+

p=e' Ao+Q, xp=0_Ae +1i0?
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TORIC Spin(7)

(M8, ®) with toric T* generated by U;, i = 0, 1, 2, 3, multi-moment
map v = (v, V1, V2, V3)

dv; = (—1)iq)(Uj AU AUy, +)
= (-1)/(U; x Uy x Up)>  (ijke) = (0123)

On the open dense set My where T* acts freely, have rank dv = 4 so
v induces local diffeomorphism M,/T* — R*

THEOREM

v induces a local homeomorphism

M/T* - R*
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LOCAL HOMEOMORPHISM OF LEAF SPACE

Each stabiliser Stab4(p) is a connected subtorus of T# of rank < 2

rank Stabgs(p) = 2
Flat model M = T? x C3, T* < T? x SU(3)

vo = Im(z12223), V1 = Re(212223),

v2 =31z = |z2l?),  v3 = 31zl - |z3%)
Putting ¢ = |z3|? the singularity is
Lt +2v,)(t — 2v3) = vg + v% t > max{0, —2v,, 2v3}  (S)
Projection (S) > (t, v) — v € R* is a homeomorphism

Applies to non-flat case via analysis of (V"v;),, local estimates,
rescaling and degree arguments
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IMAGE OF SINGULAR SETS

dvi = (-1)(Uj x Uy x Up)*  (ijke) = (0123)
Image underv: M — R*
* dim(Stabgs) = 1: straight lines with rational slopes
¢ dim(Stabg4) = 2: points
with three straight lines meeting at point, sum of primitive
tangents is zero

FLAT MODEL

\ _— planar graph
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EXAMPLE

S'x (Bryant-Salamon G, metric on S3 x R*):

non-planar, but lies in R3 ¢ R*
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EXAMPLE

S'x Foscolo, Haskins, and Nordstrém (2018) G,-example on M n:
M., a circle bundle over the canonical bundle of CP! x CP! with
first Chern class (m, —n) over the zero section, symmetry group
SU(2) x SU(2) x St

|

Primitive directions
(m—-n,0,n)
- (0, n —m, m)
A (m-m,m-n,—-m—n)
\ planar

|
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SMOOTH BEHAVIOUR

® = det(V)(G(—l)i(ei A dVje +Ojie A dvy) + %(dva—le)z)
ijke

g =0'v716 + det(V)dv'Vldy
for vV =(g(U;, Uj))™t, 6 = (60, 61, 62, 63) connection one-forms
THEOREM

Holonomy contained in Spin(7) (i.e. d® = 0) ifand only if divV =0
and L(V)+Q(dV) =

3
div(V)e = Via

‘)}.
i=0 i

%
L(V)ap = Zvua Sy Q@) =~ Z
i,j=0 i,j=0
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HOLONOMY SYMPLECTIC HYPER MULTI

3 3
PV, v Vi _
div(V), = ”’= L(V V))ap = 2 i ad
v(V)a Z 0. (LV)+QEV)ab = . Vi vdv " Fv; Bn

i=0 i,j=0

Holonomy in G,, SU(3) and Sp(1) from V = (¥ %), r=1,2,3

dim4, Sp(1), V = (103 V‘;)
divV =0 < Vi3 = V33(‘V(), V1, 7)3) - Q(dV) =0and L(V) =

has only one scalar equation Ags V33 = 0, so V33 is harmonic on R3.

; 1L 0O 0
dimé6,SU(3),V = ( 0 Vi V23)

Vas Vi3

Li (2019) produced Taub-NUT family of complete metrics on C3
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EXPLICIT FULL HOLONOMY

HoLoNOMY = Spin(7)

V = diag(vy, v, v3, Vo) > 0

1
2 2
— 67 +V;pV,,37,dV;

g =
Vi+l

3
i=0

HoLoNOMY = G,

V = diag(1, vo, vo, Vo) > 0

3 3
1
g= —Z@f+v§dv§+v§2d1}f
i1

Y0 i

de; = (—1)i+1vi+2d7/i+2 A dvigs

de; = de A dvg (ijk) = (123)

Cf. Hein, Sun, Viaclovsky, and Zhang (2018)
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