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GEOMETRY TwISTS SUPERCONFORMAL OTHER Metric KT HKT

(GEOMETRY FROM SUPERSYMMETRY

CLASSICAL GEOMETRIES

m Riemannian/Lorentzian metric ¢ = (g;;), has a unique
covariant derivative V¢, Levi-Civita connection, that is
metric V*“¢g = 0 and torsion-free VXY — V<X = [X, Y]

23(VXY,Z) =Xg(Y,Z2) + Y3(X,Z) — Zg(X,Y)
+8(1X,Y],2) +8([2,X],Y) + (X, [Z,Y]);
Vﬁ* =T, T = 3880+ 80 — 8ije) =T}
Supersymmetry: usually parallel complex structures | = (J;/):
gUX, V) =g(XY),  JP=-1, V=0
I e =g 1 =0k 14 =Tk
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GEOMETRY TwISTS SUPERCONFORMAL OTHER Merric KT HKT

ONE COMPLEX STRUCTURE
m Kihler geometry: Riemann surfaces, CP(n),
projective varieties X = (;(fi = 0) C CP(n),
Hermitian symmetric spaces,. ..
m Calabi-Yau manifolds, Kihler with ¢; = 0:
have Ric = 0 so Einstein;
X=(f=0) CCP(n), degf =n+1;,K3
surface (x* +y* + z* + w* = 0) C CP(3).
MULTIPLE COMPLEX STRUCTURES
m HyperKéahler geometry I,], K, I] = K = —]JI:
are Calabi-Yau; K3 surfaces, T* = R* /7%
Hilbert schemes; instanton moduli;. . .

HoronoMmy CLASSIFICATION (Berger,...) essentially only get
products of the above examples
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GEOMETRY TwISTS SUPERCONFORMAL OTHER Metric KT HKT

TorstoN GEOMETRY

METRIC GEOMETRY WITH TORSION

m metric g, connection V, torsion
TV(X,Y) = VxY — VyX — [X, Y]
mVg=0
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TorstoN GEOMETRY

Metric KT HKT

METRIC GEOMETRY WITH TORSION

m metric g, connection V, torsion

TV(X,Y) = VxY — VyX — [X, Y]

mVg=0
mc(X,Y,Z)=¢(TV(X,Y),Z) a
three-form

9 _ Ak 0
Vi od = Vi
X'
0 _ .k
Ty = iy
¢
Cijk = Clijk] = 8oLy
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TORSION GEOMETRY

Metric KT HKT

METRIC GEOMETRY WITH TORSION

m metric g, connection V, torsion
TV (X,Y) =VxY—VyX—[X,Y]

mVg=0
mc(X,Y,Z)=¢(TV(X,Y),Z) a
three-form

9 _ ko
Vi od = Vi
X'
0 _ .k
Ty = iy
¢
Cijk = Clijk] = 8oLy

ANDREW SWANN

V=ve+tle

Kk _ k1
vip = L + 5Cijk

® Any c € Q3(M) will
do.

m V, V€ have the
same geodesics
(dynamics).

m The geometry is
strong if dc = 0.
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GEOMETRY TwISTS SUPERCONFORMAL OTHER Metric KT HKT

Such geometries with extra structure from supersymmetry
arise from:

m Wess-Zumino terms in the Lagrangian, superstrings with
torsion, B-fields (Strominger, 1986)

m One-dimensional quantum mechanics with type B
supersymmetry, blackhole dynamics and moduli
(Michelson and Strominger, 2000; Coles and
Papadopoulos, 1990; Hull, 1999; Gibbons et al., 1997)

m Constructions in supergravity (Grover et al., 2009)
Mathematically, one wishes to:

m clarify the basic definitions and relationships to known
geometries,

m construct and classify examples in given categories.

In particular, we will be looking for compact simply-connected
torsion geometries with compatible complex structures.
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GEOMETRY TwISTS SUPERCONFORMAL OTHER Merric KT HKT

KT GEOMETRY

g V=V<+tl, ceANT'M

KT GEOMETRY

additionally
m | integrable complex
structure
mo(IX, IY) =g(X,Y)
mVI=0

Two form w;(X,Y) = g(IX,Y)
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¢ = —Idwy

the Bismut connection
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mo(IX, IY) =g(X,Y)
mVI=0

Two form w;(X,Y) = g(IX,Y)
V is unique
¢ = —Idwy
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m KT geometry = Hermitian
geometry + Bismut
connection

m ¢ = (0 is Kdhler geometry
m strong KT is ddw; = 0
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KT GEOMETRY

Metric KT HKT

g V=V<+tl, ceANT'M

KT GEOMETRY

additionally
m | integrable complex
structure
mo(IX, IY) =g(X,Y)
mVI=0

Two form w;(X,Y) = g(IX,Y)
V is unique
¢ = —Idwy

the Bismut connection
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m KT geometry = Hermitian
geometry + Bismut
connection

m ¢ = (0 is Kdhler geometry
m strong KT is ddw; = 0

EXAMPLE

M® = $3 x $3 = SU(2) x SU(2)

GAUDUCHON (1991)

every compact Hermitian M* is
conformal to strong KT
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HKT GEOMETRY

HKT STRUCTURE

(g,V,1],K) with
m (g V,A)KT, A=LJK
ml=K=—]I

¢ = —Adw, independent of A
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HKT GEOMETRY

HKT STRUCTURE

(3,V,1,],K) with
m (g V,A)KT, A=LJK

mlJ=K=—JI
¢ = —Adw, independent of A
MARTIN CABRERA AND
SwanN (2008)

Id(U] = ]d(,d] = Kda)K

implies I, |, K integrable, so
HKT.
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HKT GEOMETRY

Examples
Dist 4 T% K3, §% x §' (Boyer,

(¢, V,1,],K) with 1988)
= (5 V,A)KT, A=L]K Div 8 Hilbert schemes, SU(3),
m[[=K=-]I nilmanifolds, vector
bundles over discrete
¢ = —Adw, independent of A groups (Verbitsky, 2003;

” Barberis and Fino, 2008)
MARTIN CABRERA AND
SwanN (2008)

Idw; = ]d(,d] = KdaJK

implies I, |, K integrable, so
HKT.
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GEOMETRY TwISTS SUPERCONFORMAL OTHER Merric KT HKT

HKT GEOMETRY

Examples
Dist 4 T% K3, §% x §' (Boyer,

(¢, V,1,],K) with 1988)
= (5 V,A)KT, A=L]K Div 8 Hilbert schemes, SU(3),
m[[=K=-]I nilmanifolds, vector
bundles over discrete
¢ = —Adw, independent of A groups (Verbitsky, 2003;

” Barberis and Fino, 2008)
SRR (AU0S) Compact, simply-connected

examples which are neither
ldw; = Jdw; = Kdwy hyperKéhler nor

?
implies I, |, K integrable, so homogeneous?

HKT.
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GEOMETRY TwISTS SUPERCONFORMAL OTHER T-puAL

FOUR-DIMENSIONAL INSPIRATION

HyrPERKAHLER M SrronG HKT W4

T duality
ds* = V71(dt + w)? ) ; ) . o
+ Voyydxidy on ds” = V(d't + yydx'dr)
av *lew X=3 c=—dt ANdw
= *3
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GEOMETRY TwISTS SUPERCONFORMAL OTHER T-puAL

FOUR-DIMENSIONAL INSPIRATION

HyPeRKAHLER M SrrRONG HKT W4

T duality
ds* = V71(dt + w)? ) ; ) . o
+ Voyydxidy on ds” = V(d't + yydx'dr)
av *dl]w X=3 c=—dt ANdw
= *3

m Gibbons, Papadopoulos, and Stelle, 1997
m Callan, Harvey, and Strominger, 1991
m Bergshoeff, Hull, and Ortin, 1995
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GEOMETRY TwISTS SUPERCONFORMAL OTHER T-puAL

FOUR-DIMENSIONAL INSPIRATION

HyPeRKAHLER M SrrRONG HKT W4

T duality
ds* = V71(dt + w)? ) ; ) . o
+ Voyydxidy on ds” = V(d't + yydx'dr)
av *dl]w X=3 c=—dt ANdw
= *3

m Gibbons, Papadopoulos, and Stelle, 1997
m Callan, Harvey, and Strominger, 1991
m Bergshoeff, Hull, and Ortin, 1995

For circle actions have:

R« 1/R  andhere W= (M/S') xSt

ANDREW SWANN GEOMETRIC DUALITY



m X, generating a n-torus
action on M

= (P,0,Y,) = Man
invariant principal
T"-bundle
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GEOMETRY TwISTS SUPERCONFORMAL OTHER

T-pDuALITY AS A TWIST

T-puAL

m X, generating a n-torus
action on M

= (P,0,Y,) = Man
invariant principal
T"-bundle

m X, = X, + ay,Y, a lift of X,
generating a free torus

: — 0

action, day; = — X, _ Fq
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T-puAL

m X, generating a n-torus
action on M

= (P,0,Y,) = Man
invariant principal
T"-bundle

m X, = X, + ay,Y, a lift of X,
generating a free torus

: — 0

action, day; = — X, _ Fq

DEFINTTION

A twist W of M with respect to
Xy is

W= P/(X,)
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T-puAL

m X, generating a n-torus
action on M

= (P,0,Y,) = Man
invariant principal
T"-bundle

m X, = X, + ay,Y, a lift of X,
generating a free torus

: — 0

action, day; = — X, _ Fq

DEFINTTION

A twist W of M with respect to
Xy is

W= P/(X,)
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m Transverse locally free lifts
always exist for X, FZ
exact.

m W is at worst an orbifold.
p

7 \‘Tw
Y, X,

q p

M W
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T-puAL

m X, generating a n-torus
action on M

= (P,0,Y,) = Man
invariant principal
T"-bundle

m X, = X, + ay,Y, a lift of X,
generating a free torus

: — 0

action, day; = — X, _ Fq

DEFINTTION

A twist W of M with respect to
Xy is

W= P/(X,)
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m Transverse locally free lifts
always exist for X, FZ
exact.

m W is at worst an orbifold.
p

7 \‘Tw
Y, X,

q p

M W

M is a twist of W with respect
tO X;N = (NW)*Y 7
9;,"’ = (a7)Pi6,
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DEFINITION

Tensors a on ay on M and W are H-related, ay, ~;, a if their
pull-backs agree on ‘H = ker 6

Move invariant geometry from M to W by using the
corresponding H-related tensors

w
Iw ~n & wy ~y wp,  ete
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DEFINITION

Tensors a on ay on M and W are H-related, ay, ~;, a if their
pull-backs agree on ‘H = ker 6

Move invariant geometry from M to W by using the
corresponding H-related tensors

w
Iw ~n & wy ~y wp,  ete

For invariant forms
Aoty ~yy da — Ffl A @ PIX, s
For the KT torsion form ¢ = —Idwy:

CW ~py € — (a’l)pqﬂ—"g A XP.
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GEOMETRY TwIsTS SUPERCONFORMAL OTHER QM D(2,1;&) GeomeTrRY HKT SUMMARY

SUPERCONFORMAL QUANTUM MECHANICS

N particles in 1 dimension Standard quantisation
1 * _ab . d
Hzipag P, + V(x) Paw—zﬁ, a=1,...,N
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SUPERCONFORMAL QUANTUM MECHANICS

N particles in 1 dimension Standard quantisation
H= P, + V(x) P J =1,...,N
- ug a'\’_laa, a=1,...,

MICHELSON AND STROMINGER (2000); PAPADOPOULOS
(2000)

m operator D with [D,H| = 2iH <= vector field X with
Lxg = 2 & LyV = —2V

m K so span{iH,iD,iK} = sl(2,R) <= X’ =g(X,-) is
closed

m then K = %g(X,X),

Choose a superalgebra containing s((2,R) in its even part.
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THE SUPERALGEBRAS D(2,1; )

The classification of simple Lie
superalgebras contains one
continuous family

D(2,1;a)
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THE SUPERALGEBRAS D(2,1; )

The classification of simple Lie
superalgebras contains one
continuous family

D(2,1;a)

Bg=gyth
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THE SUPERALGEBRAS D(2,1; )

The classification of simple Lie
superalgebras contains one
continuous family

D(2,1;(x)
Bg=g9got+o
B gy =

s1(2,C) +51(2,C)4 +51(2,C)
mg =CRCLRC:=CH+C
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THE SUPERALGEBRAS D(2,1; )

The classification of simple Lie

superalgebras contains one m Over C,
continuous family isomorphisms
between the cases
D(2,1;a) o, (14 )t
u g:go+gl _(“/(1+0‘))i1'
B go=

s1(2,C) +51(2,C)4 +51(2,C)
mg =CRCLRC:=CH+C
m [$°,Q =D,

4 4
| [Sl,Qz] = —H%Ri - mRa’_

Simple for « # —1,0, c.
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THE SUPERALGEBRAS D(2,1; )

QM D(2,1;&) GeomerrRY HKT SUMMARY

The classification of simple Lie
superalgebras contains one
continuous family

D(2,1;(x)
Bg=g9got+o
B gy =

s1(2,C) +51(2,C)4 +51(2,C)
mg =CRCLRC:=CH+C
m [$°,Q =D,

4 4
| [Sl,Qz] = —H%Ri - mRa’_

Simple for « # —1,0, co.

ANDREW SWANN

m Over C,
isomorphisms
between the cases
ot — (1 +a)*,
—(a/ (14 a))*.

m Real form
go =sl(2,R) +
su(2) 4 +su(2)_.

m Over R,

isomorphisms for
atl
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SUPERCONFORMAL (GEOMETRY

N = 4B QuANTUM HKT maNIFOLD M

BHUEE AL NS with X a special homothety of type (a,b)
with D(2,1; ) -

superconformal m Lxg = ag,

symmetry m Lix] = bK,

| Lxl = 0, lel = 0,
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SUPERCONFORMAL (GEOMETRY

N = 4B QuANTUM HKT maNIFOLD M

BHUEE AL NS with X a special homothety of type (a,b)
with D(2,1; ) -

superconformal m Lxg = ag,

symmetry m Lix] = bK,

| Lxl = 0, lel = 0,

_a
.“—E—l

m Action of
R x SU(2)
rotating I, ], K
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SUPERCONFORMAL GEOMETRY

N = 4B QuANTUM HKT maNIFOLD M

BHUEE AL NS with X a special homothety of type (a,b)
with D(2,1; ) -
superconformal m Lxg = ag,
symmetry m Lix] = bK,
| Lxl = 0, lel = 0,. o0
ma=?-1 Fora #0
m Action of m M is non-compact
R x SU(Z) m = ﬁHXH2 is an HKT potential
rotating I, ], K

= H(dd; + dydx)p = (1 —])dldp.
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SUPERCONFORMAL GEOMETRY Il

ExAMPLE

M =H"1\ {0} — HP(n)
g:2/b:—2,oc:—2.
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SUPERCONFORMAL GEOMETRY Il

ExAMPLE

M = H"t! \ {0} — HP(n)
a=2,b=-2, a0 =-2.

PooN AND SwaANN (2003)

a # 0 corresponds to
Q=M/RxSU2)) =
u~1(1)/ SU(2) a QKT orbifold
(of special type).
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SUPERCONFORMAL GEOMETRY Il

ExAMPLE

M = H"1\ {0} — HP(n)
a=2,b=-2, a0 =-2.

PooN AND SwaANN (2003)

a # 0 corresponds to
Q=M/RxSU2)) =
u~1(1)/ SU(2) a QKT orbifold
(of special type).

E.g. Q = kCP(2).

For S 3-Sasaki, M = S x R
warped product, is
hyperKéhler with special
homothety « = —2
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QM D(2,1;&) Geomerry HKT SuMMARY

SUPERCONFORMAL GEOMETRY Il

ExAMPLE

M = H"1\ {0} — HP(n)
a=2,b=-2, a0 =-2.

PooN AND SwaANN (2003)

a # 0 corresponds to
Q=M/RxSU2)) =
u~1(1)/ SU(2) a QKT orbifold
(of special type).

E.g. Q = kCP(2).

For S 3-Sasaki, M = S x R
warped product, is
hyperKéhler with special
homothety « = —2

ANDREW SWANN

Get to a = 0, special isometry,
by potential change
1 1
= Zo— (4"
§1= 8= 52"

2
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SUPERCONFORMAL GEOMETRY Il

Get to a = 0, special isometry,

M = H"1\ {0} — HP(n) by potential change
a=2,b=-2,a=-2

1 L omoy2
§1= 8~ 5 5(d"H)
POON AND SWANN (2003) ne o 2
a # 0 corresponds to Discrete quotient
Q=M/RxSU2)) = .
u~1(1)/ SU(2) a QKT orbifold M= (p (1) xR)/Z(9,2)
(of special type).

with g1 is HKT with special
E.g. Q = kCP(2). isometry X

For S 3-Sasaki, M = S x R

warped product, is

hyperKéhler with special

homothety « = —2
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SUPERCONFORMAL GEOMETRY Il

Get to a = 0, special isometry,

M = H"1\ {0} — HP(n) by potential change
a=2,b=-2,a=-2

1 | T
§1= 8~ 5 5(d"H)

POON AND SWANN (2003) ne o 2
a # 0 corresponds to Discrete quotient
Q=M/(RxSU(_2)) = .
u~1(1)/ SU(2) a QKT orbifold M= (p (1) xR)/Z(9,2)
(of special type). with g7 is HKT with special
E.g. Q = kCP(2). isometry X
For S 3-Sasaki, M = S x R .

d oroduct. i In this case
warped product, is . dX —0

hyperKéhler with special

homothety & = —2 (M) >1
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OTHER EXAMPLES VIA THE TWIST
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Twist by

SW & W]~y wyete,
Then

Idw]¥ ~y dw; + 1X° A lwy
For HKT need

¢ = —Ildw; = —Jdw; = —Kdwg

«0O0>» «F» « =)» 4
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Twisting HKT

Twist by

SW & W]~y wyete,
Then

Idw}" ~y Tdw; + 1X° A Twg
For HKT need

c= —Idwl = —]dw] = —Kda)[(

PrRoOPOSITION

HKT twists to HKT via a circle if
and only if Fg € S’E = A}’l,
Le., an instanton

ANDREW SWANN GEOMETRIC DUALITY
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Twisting HKT

Twist by X a special isometry, X 1Fy = 0
W twists to Xy a special isometry
Sw ~ & Wr ~y Wy, etc.

Then
Idw}" ~y Tdw; + 1X° A Twg
For HKT need

c= —Idwl = —]dw] = —Kda)[(

PrRoOPOSITION

HKT twists to HKT via a circle if
and only if Fg € S’E = A}’l,
Le., an instanton
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QM D(2,1;&) GeomerrY HKT SuMMARY

Twisting HKT
Twist by

SW 8 W]t~y wyete.
Then

Idw}" ~y Tdw; + 1X° A Twg
For HKT need

c= —Idwl = —]dCU] = —Kda)[(

PROPOSITION

HKT twists to HKT via a circle if
and only if Fg € S’E = A}’l,
i.e., an instanton

ANDREW SWANN

X a special isometry, X 1Fg =0
twists to Xy a special isometry

THEOREM

M HKT with special isometry

(x = —1). Can
m untwist locally to X’ =0
onS xSt
m change potential on S x R to
a#0,(0=-2)
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QM D(2,1;&) GeomerrY HKT SuMMARY

Twisting HKT
Twist by

w ~n & w}/" ~y wi, etc.
Then

Idw}" ~y Tdw; + 1X° A Twg
For HKT need

c= —Idwl = —]dCU] = —Kda)[(

PROPOSITION

HKT twists to HKT via a circle if
and only if Fg € S’E = A}’l,
i.e., an instanton

ANDREW SWANN

X a special isometry, X 1Fg =0
twists to Xy a special isometry

THEOREM

M HKT with special isometry

(x = —1). Can
m untwist locally to X’ =0
onS xSt
m change potential on S x R to
a#0,(0=-2)

Fg = dX’ is an instanton
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QM D(2,1;&) GeomerrY HKT SuMMARY

Twisting HKT
Twist by
w ~n & w}/" ~y wi, etc.

Then
Idw}" ~y Tdw; + 1X° A Twg
For HKT need

c= —Idwl = —]dCU] = —Kda)[(

PROPOSITION

HKT twists to HKT via a circle if
and only if Fg € S’E = A}’l,
i.e., an instanton

ANDREW SWANN

X a special isometry, X 1Fy = 0
twists to Xy a special isometry

THEOREM

M HKT with special isometry

(x = —1). Can
m untwist locally to X’ =0
onS xSt
m change potential on S x R to
a#0,(0=-2)

Fg = dX’ is an instanton

Many simply-connected
examples when b,(S) > 1
E.g., Q =kCP(2)
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OTHER EXAMPLES VIA THE TWIST
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m D(2,1; ) superconformal symmetry realised by HKT with
R x SU(2) action
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SUMMARY

m D(2,1; ) superconformal symmetry realised by HKT with
R x SU(2) action

m & # —1 comes from R x SO(3) bundles over certain QKT
orbifolds
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GEOMETRY TWwISTS SUPERCONFORMAL OTHER QM D(2,1;&) GeomMETRY HKT SUMMARY

SUMMARY

m D(2,1; ) superconformal symmetry realised by HKT with
R x SU(2) action

m & # —1 comes from R x SO(3) bundles over certain QKT
orbifolds

m « = —1 comes from previous examples via change of
potential and twist
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SUMMARY

m D(2,1; ) superconformal symmetry realised by HKT with
R x SU(2) action

m & # —1 comes from R x SO(3) bundles over certain QKT
orbifolds

m « = —1 comes from previous examples via change of
potential and twist

m construct non-homogeneous compact simply-connected
examples with « = —1

ANDREW SWANN GEOMETRIC DUALITY
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GENERAL HKT witea TORUS SYMMETRY

EM= N] X Nz
m N> with an HKT torus symmetry X,
m [F§] € H*(Ny,Z), F§ € S°E instanton

ANDREW SWANN GEOMETRIC DUALITY



GEOMETRY TwISTS SUPERCONFORMAL OTHER

GENERAL HKT witea TORUS SYMMETRY

EM= N] X Nz
m N> with an HKT torus symmetry X,
m [F§] € H*(Ny,Z), F§ € S°E instanton

Twists to N, — W — N; HKT with torus symmetry

ANDREW SWANN GEOMETRIC DUALITY



GEOMETRY TwISTS SUPERCONFORMAL OTHER

GENERAL HKT witea TORUS SYMMETRY

B M=N; XN,
m N> with an HKT torus symmetry X,
m [F§] € H*(Ny,Z), F§ € S°E instanton
Twists to N, — W — N; HKT with torus symmetry

ExAaMPLE

N; a K3 surface

N = G compact Lie dim = 4k or N, = § x S1, S 3-Sasaki
Fy self-dual, primitive

Generate:

m large number of simply-connected examples, including
new examples with reduced holonomy;

m all examples on compact nilmanifolds, N; tori.

ANDREW SWANN GEOMETRIC DUALITY
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HyrercomPLEX vs. HKT

THEOREM (SWANN (2008))

There is a simply-connected T*-bundle M over a K3 surface N that
admits integrable I, | and K, but no compatible HKT metric.

This is constructed as a twist of T* x N using Fg not of
instanton type, but chosen so that integrability of the complex
structures is preserved.

ANDREW SWANN GEOMETRIC DUALITY
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