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Geometry

Section 1

HyperKähler geometry
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Geometry HyperKähler

HyperKähler manifolds
HyperKähler manifold: (𝑀,𝑔) Riemannian, 𝐼 , 𝐽 , 𝐾 compatible almost complex
structures parallel for the Levi-Civita connection and with 𝐼 𝐽 = 𝐾 = −𝐽 𝐼 .

Conseqently: (a) 𝐼 , 𝐽 , 𝐾 are integrable, (b) 𝜔𝐼 = 𝑔(𝐼 · , · ) etc. are symplectic
forms.

hyperKähler



⊂ complex symplectic
𝜔C = 𝜔 𝐽 + 𝑖𝜔𝐾

⊂ complex

⊂ Calabi-Yau
Ω = 𝜔𝑛

C

⊂ Ricci-�at

⊂ tri-symplectic ⊂ symplectic
⊂ quaternionic Kähler ⊂ Einstein

Despite more rigidity, many constructions from symplectic geometry have
hyperKähler analogues.
A central reason is that algebraically compatible 𝜔𝐼 , 𝜔 𝐽 , 𝜔𝐾 with
𝑑𝜔𝐼 = 0 = 𝑑𝜔 𝐽 = 𝑑𝜔𝐾 gives hyperKähler (cf. Atiyah and Hitchin 1988)
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Geometry �aternions

�aternions and actions
H = R4 basis {1, i, j, k}, i2 = −1 = j2 = k2, quaternion division algebra.
Standard flat hyperKähler example: H𝑛 , 𝐼𝑞 = −𝑞i, etc., and with
standard inner product.

Sp(1) = SU(2) = {𝑎i + 𝑏j + 𝑐k : 𝑎2 + 𝑏2 + 𝑐2 = 1} acts on the right.
Sp(𝑛) = {𝐴 ∈ 𝑀𝑛 (H) | 𝐴

𝑇
𝐴 = 1𝑛} is centraliser in SO(4𝑛) of Sp(1).

A hyperKähler manifold is a Riemannian 4𝑛-manifold with holonomy
in Sp(𝑛).

If 𝑋 is Killing, then ∇𝑋 ∈ 𝔰𝔬(4𝑛) normalises the holonomy algebra.
𝔰𝔭(𝑛) has normaliser 𝔰𝔭(𝑛) ⊕ 𝔰𝔭(1).
(∇𝑋 )𝔰𝔭 (1) determines the action on Span{𝜔𝐼 , 𝜔 𝐽 , 𝜔𝐾 }.

Two types of Killing vector �eld to consider
triholomorphic 𝐿𝑋𝜔𝐼 = 0 = 𝐿𝑋𝜔 𝐽 = 𝐿𝑋𝜔𝐾 , or
rotating 𝐿𝑋𝜔𝐼 = 0, 𝐿𝑋𝜔 𝐽 = 𝜔𝐾 , 𝐿𝑋𝜔𝐾 = −𝜔 𝐽 .
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Geometry Symmetries

Symmetries and qotients
For 𝑋 Killing on Riemannian (𝑀,𝑔) 𝑅𝐴,𝑋𝐵 = ∇2

𝐴,𝐵
𝑋 , so Ric = 0 implies

Δ𝑋 = 0. If𝑀 is compact, then 𝑋 is parallel and𝑀 has a �at factor.
So will usually consider (𝑀,𝑔) non-compact. May impose a completeness
condition.

For 𝑋 triholomorphic, there is locally a moment map 𝜇 : 𝑈 → R3 with

𝑑𝜇 = (𝑑𝜇𝐼 , 𝑑𝜇 𝐽 , 𝑑𝜇𝐾 ) = (𝑋 y 𝜔𝐼 , 𝑋 y 𝜔 𝐽 , 𝑋 y 𝜔𝐾 )

For 𝜇 de�ned globally, 𝑋 is tri-Hamiltonian. 𝐺 is tri-Hamiltonian if
𝜇 : 𝑀 → 𝔤∗ ⊗R3 is also equivariant.

Theorem (Hitchin et al. 1987)
For 𝐺 tri-Hamiltonian,𝑀///𝐺 = 𝜇−1(0)/𝐺 is hyperKähler.
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Gibbons-Hawking

Section 2

The Gibbons-Hawking construction
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Gibbons-Hawking Ansatz

The Gibbons-Hawking Ansatz
Gibbons and Hawking (1978): Any hyperKähler metric 𝑔 in dimension four
with a tri-holomorphic Killing vector �eld 𝑋 away from zeros has the form

𝑔 =
1
𝑉
𝜃 2 +𝑉 (𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2)

𝜇 = (𝑥,𝑦, 𝑧), etc., 𝑉 = 1/𝑔(𝑋,𝑋 ), 𝜃 (𝑋 ) = 1.
The hyperKähler condition is

𝑑𝜃 = − ∗3𝑑𝑉 .

Implies 𝑉 is a positive harmonic function on𝑈 ⊂ R3.
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Gibbons-Hawking Classification

Theorem (Bielawski 1999; Swann 2016)
𝑀4 complete hyperKähler with tri-Hamiltonian circle action
have 𝜇 : 𝑀4/𝑆1 → R3 a homeomorphism and are given by

𝑉 (𝑝) = 𝑐 + 1
2

∑︁
𝑞∈𝑄

1
‖𝑝 − 𝑞‖ , 𝑝 ∈ R3

𝑐 > 0 (Taub-NUT parameter), 𝑄 ⊂ R3, 𝑉 (𝑝) < +∞ for some 𝑝 ∈ R3.

Examples
𝑄 = {0}, 𝑐 = 0: (𝑀4, 𝑔) is �at R4 = H.
𝑄 = ∅, 𝑐 > 0: 𝑀4 = 𝑆1 × R3 = R4/(𝑧 ↦→ 𝑧 + e1) �at
𝑄 = {0}, 𝑐 > 0: Taub-NUT metric on R4
𝑄 = {e1,−e1}, 𝑐 = 0: Eguchi-Hanson or Calabi metric on 𝑇 ∗C𝑃 (1).
𝑄 = {𝑛2e1 | 𝑛 ∈ Z>0}, 𝑐 = 0: metric of Anderson et al. 1989 with 𝑏2(𝑀) = ∞
(see also Goto 1998; Hattori 2011)
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Gibbons-Hawking �estion

�estion
Local considerations give 𝜇 : 𝑀4/𝑆1 → R3 is a local homeomorphism. Global
result above has two ingredients:
1. (Bielawski) 𝜇 gives a conformal immersion 𝜇 : 𝑀4

0/𝑆1 → R3; the metric
on𝑀4

0/𝑆1 has non-negative scalar curvature and can be modi�ed to
also be complete; use a result of Schoen and Yau (1994) to get 𝜇 is
injective and 𝜕(𝜇 (𝑀4

0 )) has Newtonian capacity 0
2. using the Martin boundary representation of harmonic functions, get

growth constraints on 𝑉 , and then completeness of 𝑉𝑔R3 to get
𝜕(𝜇 (𝑀4)) is empty.

Problem
Is there a direct proof that 𝜇 : 𝑀4/𝑆1 → R3 is injective? or surjective?
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Cotangent bundles

Section 3

Cotangent bundles
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Cotangent bundles General

Cotangent bundles
For 𝑁 a complex manifold, 𝑇 ∗𝑁 = Λ1,0𝑁 carries a complex symplectic
structure 𝜔C. Does it carry a compatible hyperKähler structure?

There are at least three di�erent situations where the is a positive answer.

The most general is

Theorem (Feix 2001; Kaledin 2001)
Suppose 𝑁 is real analytic and Kähler, then a neighbourhood of the zero section
in 𝑇 ∗𝑁 admits a hyperKähler metric compatible with 𝜔C.

Unique characterisation: restricts to the given Kähler structure on the zero
section, and multiplication by 𝑆1 in the �bres is a rotating isometry. In
general, the metric is not complete, but can be controlled in some
circumstances cf. Abasheva 2020.
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Cotangent bundles Special Kähler

Special Kähler
Other extreme, if (𝑁,𝑔,𝜔, 𝐼𝑁 ) is Hermitian with a connection ∇, then
𝑇𝑇 ∗𝑁 � 𝑇𝑁 ⊕ 𝑇 ∗𝑁 carries 𝜔𝐼 B 𝜔 + (𝜔)∗.

Theorem (Freed 1999,. . . )
(𝜔𝐼 , 𝜔C) de�nes a hyperKähler structure on 𝑇 ∗𝑁 if and only if (𝑁,𝜔,∇, 𝐼𝑁 ) is
special Kähler: ∇ is �at, torsion-free, ∇𝜔 = 0, (∇𝑋 𝐼𝑁 )𝑌 = (∇𝑌 𝐼𝑁 )𝑋 .

If the special Kähler structure on 𝑁 is conic, meaning there is a Killing vector
�eld with ∇𝑋 = −𝐼𝑁 = ∇LC𝑋 , then this lifts horizontally to a rotating action
of the hyperKähler structure on 𝑇 ∗𝑁 .
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Cotangent bundles qK/hK

The qK/hK correspondence

𝑃

𝑀 𝑄

𝜋𝑀 𝜋𝑄
𝑀 hyperKähler with rotating 𝑋 , Kähler moment
map 𝜇𝐼 .
𝑃 an 𝑆1-bundle over𝑀 with connection, principal
action generated by 𝑌 , horizontal spaceH ,
curvature form 𝐹 = 𝑑𝑋 ♭ + 𝜔𝐼 .

Then 𝑄 = 𝑃/〈𝑋H + 𝑎𝑌 〉, 𝑎 = ‖𝑋 ‖2 − 𝜇𝐼 + 𝑐 , is quaternionic Kähler with
isometry (𝜋𝑄 )∗𝑌 , where 𝜋∗

𝑄
𝑔𝑄 = 𝜋∗

𝑀
𝑔𝑀 onH with 𝑔𝑀 the elementary

deformation

𝑔𝑀 =
1

𝜇𝐼 − 𝑐
𝑔𝑀 − 1

(𝜇𝐼 − 𝑐)2
𝑔 |H𝑋
‖𝑋 ‖2 of 𝑔𝑀

Theorem (Haydys 2008; Maciá and Swann 2015)
Every quaternionic Kähler metric with an isometry is locally of this form and
these are the only elementary deformations that produce quaternionic Kähler
metrics this way.
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Cotangent bundles qK/hK

Note to get 𝑔𝑀 , and hence 𝑔𝑄 , positive de�nite may need 𝑔𝑀 to have
inde�nite signature.

The qK/hK correspondence, using cotangent bundles of conic special Kähler
manifolds, produces all known left-invariant quaternionic Kähler structures
(negative scalar curvature) on Lie groups (Cortés 1996; de Wit and
Van Proeyen 1992).

Other complete quaternionic Kähler manifolds, e.g. of lower cohomogeneity,
can be produced cf. Cortés et al. 2017

Problem
Use the qK/hK correspondence to classify homogeneous quaternionic Kähler
manifolds.
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Coadjoint

Section 4

Coadjoint orbits
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Coadjoint Calabi metric

The Calabi metric
Calabi’s example 𝑇 ∗C𝑃 (𝑛).
May be obtained as hyperKähler quotient of 𝑆1 acting on H𝑛 , 𝑞 ↦→ 𝑒 i𝜃𝑞.

𝜇 (𝑧 + j𝑤) =
( 1
2 ( |𝑧 |

2 − |𝑤 |2), 𝑧𝑇𝑤
)
+ 𝑐.

𝑇 ∗C𝑃 (𝑛) is also the orbit of(
i1𝑛 0
0 −𝑛i

)
∈ 𝔰𝔩(𝑛 + 1,C)

The Killing form of 𝔰𝔩(𝑛 + 1,C) is non-degenerate, so this may also be
identi�ed with an orbit in 𝔰𝔩(𝑛 + 1,C)∗.
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Coadjoint Compact

Coadjoint orbits
For 𝐺C a Lie group over C, each orbit O ⊂ 𝔤∗

C
admits a

Kirillov-Kostant-Souriau complex symplectic form

𝜔C(𝐴𝜑 , 𝐵𝜑 ) = 𝜑 ( [𝐴, 𝐵]).

Theorem (Biqard 1996; Kovalev 1996)
For 𝐺 compact, semi-simple, every 𝐺C-orbit in 𝔤∗

C
carries a 𝐺-invariant

hyperKähler metric.

Theorem (Kronheimer 1986)
For 𝐺 compact, 𝑇 ∗𝐺C carries a complete 𝐺-invariant hyperKähler metric on a
star-shaped neighbourhood of the zero section.
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Coadjoint Construction

Both results construct the metric as moduli space of solutions of Nahm’s
equations 𝑇1,𝑇2,𝑇3 : interval → 𝔤

𝑑𝑇1

𝑑𝑡
= [𝑇2,𝑇3], and cyclically.

Problem
Give more direct (“�nite”) descriptions of these metrics.

All orbits of SL(𝑛,C) may be obtained as �nite-dimensional hyperKähler
quotients

H𝑁 = C� C2 � · · ·� C𝑛−1 � C𝑛

𝐺 = U(1) × U(2) × · · · × U(𝑛 − 1)

Note 𝑍 (𝐺) = 𝑇𝑛−1.
There are similar constructions for classical groups, but the center is small
and essentially only get nilpotent orbits.
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Coadjoint General

Problem
For 𝐺C non-reductive do there exist hyperKähler metrics on O ⊂ 𝔤∗

C
compatible

with 𝜔C?

Allow metrics of di�erent signature.
Allow degenerations (and signature changes) along hypersurfaces.

Existence of hyperKähler structure on O would enable some form of
construction of hyperKähler quotients at non-zero levels 𝜆 ∈ 𝔤∗ ⊗R3

𝑀///𝜆𝐺 ∼ 𝑀 × O−𝜆C///𝐺

Note there are now certain non-reductive versions of GIT that are relevant
(Bérczi et al. 2018; Doran and Kirwan 2007).
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