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GEOMETRY

Section 1

HyPERKAHLER GEOMETRY
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GEOMETRY HypPERKAHLER

HyPERKAHLER MANIFOLDS

HyperKahler manifold: (M, g) Riemannian, I, J, K compatible almost complex
structures parallel for the Levi-Civita connection and with IJ = K = —JI.

CoNSEQUENTLY: (a) I, ], K are integrable, (b) w; = g(I -, -) etc. are symplectic

forms.

C complex symplectic C complex
wc = wy +iwg

Calabi-Y: Ricci-flat
hyperKahler { - Qa :aa:n au C Ricci-fla
c
C tri-symplectic c symplectic

C quaternionic Kahler c Einstein

Despite more rigidity, many constructions from symplectic geometry have
hyperKéhler analogues.

A central reason is that algebraically compatible vy, wj, wx with

dwr = 0 = dwj = dwk gives hyperKahler (cf. Atiyah and Hitchin 1988)
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GEOMETRY ~ QUATERNIONS

QUATERNIONS AND ACTIONS

H = R* basis {1,1,j,k}, i = —1 = j> = k?, quaternion division algebra.
STANDARD FLAT HYPERKAHLER ExaMPLE: H", Iq = —qi, etc., and with
standard inner product.

Sp(1) = SU(2) = {ai+ bj + ck : a® + b + ¢® = 1} acts on the right.
Sp(n) = {A € M, (H) |ZTA = 1,} is centraliser in SO(4n) of Sp(1).

A hyperKahler manifold is a Riemannian 4n-manifold with holonomy
in Sp(n).

If X is Killing, then VX € so(4n) normalises the holonomy algebra.
sp(n) has normaliser sp(n) & sp(1).
(VX)*() determines the action on Span{cwy, W, WK}

Two types of Killing vector field to consider
triholomorphic Lxwr = 0 = Lywj = Lxwk, or
rotating Lxwr = 0, Lxwy = wk, Lywk = —wj.
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GEOMETRY SYMMETRIES

SYMMETRIES AND QUOTIENTS

For X Killing on Riemannian (M, g) RaxB = V4 X, so Ric = 0 implies
AX = 0. If M is compact, then X is parallel and M has a flat factor.

So will usually consider (M, g) non-compact. May impose a completeness
condition.
For X triholomorphic, there is locally a moment map p: U — R3 with

dp = (dpr, dpy, dux) = (X 2 or, X 2 05, X 1 wk)

For p defined globally, X is tri-Hamiltonian. G is tri-Hamiltonian if
p: M — g* ®R3 is also equivariant.

For G tri-Hamiltonian, M///G = p~1(0)/G is hyperKdhler.
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GIBBONS-HAWKING

Section 2

THE GIBBONS-HAWKING CONSTRUCTION
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GIBBONS-HAWKING ANSATZ

THE GIBBONS-HAWKING ANSATZ

Gibbons and Hawking (1978): Any hyperKahler metric g in dimension four
with a tri-holomorphic Killing vector field X away from zeros has the form

1
g= VQZ +V (dx* + dy* + d2%)

u=(xy,z2),etc,V=1/9(X,X), 0(X) =1.
The hyperKahler condition is

df = —x3dV.

Implies V is a positive harmonic function on U c R?.
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G1BBONS-HAWKING ~ CLASSIFICATION

ExAMPLES

Q={0},c=0: (M*g)isflatR*=H.

0=02,c>0:. M*=S'xR3=R*/(z z+e,) flat

0 ={0},c > 0: Taub-NUT metric on R*

Q ={ey;,—e1},c=0: Eguchi-Hanson or Calabi metric on T*CP(1).

O ={n%e; | n€Zsy},c=0: metric of Anderson et al. 1989 with b,(M) = co
(see also Goto 1998; Hattori 2011)
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GIBBONS-HAWKING ~ QUESTION

QUESTION

Local considerations give u: M*/S! — R3 is a local homeomorphism. Global
result above has two ingredients:

1. (Bielawski) y1 gives a conformal immersion p: M;/S' — R?; the metric
on Mg /S has non-negative scalar curvature and can be modified to
also be complete; use a result of Schoen and Yau (1994) to get y is
injective and 9(u (M(‘)1 )) has Newtonian capacity 0

2. using the Martin boundary representation of harmonic functions, get
growth constraints on V, and then completeness of Vggs to get

a(u(M*)) is empty.

Is there a direct proof that pi: M*/S' — R® is injective? or surjective?
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COTANGENT BUNDLES

Section 3

COTANGENT BUNDLES
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COTANGENT BUNDLES GENERAL

COTANGENT BUNDLES

For N a complex manifold, T*N = AN carries a complex symplectic
structure wc. Does it carry a compatible hyperKéhler structure?

There are at least three different situations where the is a positive answer.

The most general is

Suppose N is real analytic and Kdhler, then a neighbourhood of the zero section
in T*N admits a hyperKdhler metric compatible with wc.

Unique characterisation: restricts to the given Kahler structure on the zero
section, and multiplication by S! in the fibres is a rotating isometry. In
general, the metric is not complete, but can be controlled in some
circumstances cf. Abasheva 2020.

ANDREW SWANN (AARHUS) HyPERKAHLER METRICS AND SYMMETRIES TACOS, NOVEMBER 2020 15/ 28



COTANGENT BUNDLES SpECIAL KAHLER

SpeEcIAL KAHLER

Other extreme, if (N, g, w, Iy) is Hermitian with a connection V, then
TT*N = TN & T*N carries wr = 0 + (0)".

If the special Kéhler structure on N is conic, meaning there is a Killing vector
field with VX = —Iy = VXCX, then this lifts horizontally to a rotating action
of the hyperKéhler structure on T*N.
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COTANGENT BUNDLES oK/BHK

THE QK/HK CORRESPONDENCE

P M hyperKahler with rotating X, Kdhler moment
4 / \JTQ map py.
M 0 P an S'-bundle over M with connection, principal
action generated by Y, horizontal space H,
curvature form F = dX” + w;.

Then Q = P/(Xg+aY), a = ||X||? - yr + c, is quaternionic Kihler with
isometry (7g).Y, where 7,90 = 7y gm on H with gy the elementary
deformation

_ 1 1 glux

M — M —
u— ™M (=02 X2

of gm
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COTANGENT BUNDLES oK/BHK

Note to get gy, and hence gp, positive definite may need gu to have
indefinite signature.

The gK/hK correspondence, using cotangent bundles of conic special Kéhler
manifolds, produces all known left-invariant quaternionic Kéhler structures
(negative scalar curvature) on Lie groups (Cortés 1996; de Wit and

Van Proeyen 1992).

Other complete quaternionic Kéhler manifolds, e.g. of lower cohomogeneity,
can be produced cf. Cortés et al. 2017
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COADJOINT

Section 4

COADJOINT ORBITS
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COADJOINT CALABI METRIC

THE CALABI METRIC

Calabi’s example T*CP(n).
May be obtained as hyperKahler quotient of S' acting on H", g > €'%g.

u(z+jw) = (3(12f = [wl?), 2" w) +c.

T*CP(n) is also the orbit of

il, O
( . —ni) esl(n+1,C)

The Killing form of sI(n + 1, C) is non-degenerate, so this may also be
identified with an orbit in sl(n + 1,C)*.
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COADJOINT ComPACT

COADJOINT ORBITS

For Gc a Lie group over C, each orbit O C g7, admits a
Kirillov-Kostant-Souriau complex symplectic form

wC(A(p’B(p) = (P([A’ B])
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CoADJOINT ~ CONSTRUCTION

Both results construct the metric as moduli space of solutions of Nahm’s
equations T, T, T3 : interval — g

dT;
d_tl = [L, T, and cyclically.

Give more direct (“finite”) descriptions of these metrics.

All orbits of SL(n, C) may be obtained as finite-dimensional hyperKéhler
quotients

HN=CsCs...sC"lgC"

G=U1)xU2)x---xU(n-1)

Note Z(G) = T" 1.
There are similar constructions for classical groups, but the center is small
and essentially only get nilpotent orbits.
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COADJOINT GENERAL

Allow metrics of different signature.
Allow degenerations (and signature changes) along hypersurfaces.

Existence of hyperKahler structure on O would enable some form of
construction of hyperKihler quotients at non-zero levels A € g* ®R?

M/]];G ~ M x Oy [//G

Note there are now certain non-reductive versions of GIT that are relevant
(Bérczi et al. 2018; Doran and Kirwan 2007).
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