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Introduction.

Let G be a compact connected Lie group and T a maximal torus. If ¢ is
a representation of G on R”, then it is well known that ¢ is determined by its
restriction |7, the latter being completely described by its weight system,
Q() = | T). In the case of acyclic G-manifolds X, one obtains an analogous
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DerLzant HyYPERKAHLER G2

THE DELZANT PICTURE

(M?",w) symplectic with a Hamiltonian action of T"

=
The moment map u: M — R" = t identifies the orbit space
M/T" with a convex polytope in R".

Each such (M?",w) may be constructed as a symplectic
quotient of R?" by an Abelian subgroup of T".
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SYMPLECTIC MOMENT MAPS

Let (M, w) be symplectic: dw = 0.
If X € X(M) preserves w, then Cartan’s formula gives

0=Lyw=d(X_w),

so (locally) X sw = duX for some pu*: M — R.
For G Abelian acting on M preserving w, the action is
Hamiltonian if there is a G-invariant map

u:M—g*

such that d(u, X) = X Jw for each X € g.
M simply-connected and G connected Abelian —-
Hamiltonian <= all orbits are isotropic

w(X,Y)=0 forall X,Y € g.
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THE DELZANT POLYTOPE

Faces of A = u(M) are of the form Fy = {(y, uy) = Ax} and the
Delzant polytope is

A= {a € R" | <a,uk> < Ag Vk}

ur € R" with points over (Fy)° having stabiliser the subtorus
with Lie algebra {v € R" =t | (v, 1) = 0}, so uy € Q".

Smoothness of M is equivalent to:
Fi, N---NF, # @ = the corresponding uy,, ..., u, are part
of a Z-basis.

This restricts the possible u;’s locally.
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HYPERKAHLER MANIFOLDS

(M, wy, wy, wg) is hyperKihler if:
@ cach w, is a symplectic two-form,
® the tangent bundle endomorphisms I = wy 1w], etc.,

satisfy
e P=—-1=J>=K?1I=K= —]I, etc., and
o g=—wy(A-, ) is independent of A and positive definite.
Consequences
e dimM = 4n,

e g is Ricci-flat, with holonomy contained in
Sp(n) < SU(2n).
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SYMMETRY CONSIDERATIONS

Ricci-flatness implies:
e if M is compact, then any Killing vector field is parallel, so
the holonomy of M reduces and M splits as a product,
e if M is homogeneous then g is flat, so M is a quotient of
flat R* by a discrete group (Alekseevskii and Kimel'fel'd
1975).

Take (M, g) complete and G Abelian group of tri-holomorphic
isometries.

Assume the action is tri-Hamiltonian, so there is a hyperKihler
moment map: a G-invariant map

w= (upuy,px): M — R>® g*

with d(pa, X) = X Jwa.
This forces 4dim G < dim M.
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GIBBONS-HAWKING ANSATZ IN 4D

X a tri-Hamiltonian vector field on hyperKahler M*
Away from MX, locally

g = %(dt + w)? 4 V(dx® + dy* + dz?)
where V =1/¢(X, X), dx = X Jwj = dyy, etc., and
dw = —>I<3dV

on R3. In particular,

e 1 = (u1, py, px) is locally a conformal submersion
to (R3,dx? + dy? + dz?),

e V is locally a harmonic function on R3.
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ExXAMPLES

=c+ = Z c>0, p;€ R distinct

25 p— pzll

e ¢ =0, |Z| < oo: multi-Euguchi Hanson metrics

izl 1 2
space flat R* T*CP(1)

e ¢ >0, |Z] < co: multi-Taub-NUT metrics

1Z| 0 1 2
space flat S! x R® Taub-NUT R* T*CP(1)

e Z countably infinite: require V(p) to converge at some
pE R3, get Ao metrics (Anderson et al. 1989; Goto 1994),
e.g. Z= N, pn = (n2,0,0), and their Taub-NUT
deformations.
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CLASSIFICATION

THEOREM (SwANN 2016)

The above potentials

=ty L

c=20, pe€ R distinct,
2=21p- sz

with 0 < V(p) < oo for some p € R3, classify all complete
hyperKihler four-manifolds with tri-Hamiltonian circle action.

When |Z| < oo, this is due to Bielawski (1999), and the first
parts of the proof are essentially the same.
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PROOF STRUCTURE

¢ The only special orbits are fixed points
o u: M/S' — R is a local homeomorphism
e near a fixed point x,

-1 . .

V(p(y) = 3llny) — p() I + ¢(u(y)) with ¢ positive
harmonic (Bocher’s Theorem; a Chern class)

o : N®> = (M\ MX)/S! — R3 is conformal: conformal
factor V, positive harmonic

e can adjust to V superharmonic, so that N becomes
complete and use Schoen and Yau (1994) to show
#: N — RR® is injective with image Q having boundary
that is polar

e V is then given by a Martin integral representation
supported on d(); completeness of M forces d() to be
discrete.
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Toric HYPERKAHLER

(Dancer and Swann 2016)

M?*" complete hyperKéahler with tri-Hamiltonian action of T".
Is given locally by the Pedersen-Poon Ansatz:

g = (V_l)ij (dt + wi) (di’ + CUj) + Vi]' (dxl-dx]- + dyidyj + dZidZ]'),

with Vj; = ax ax with F a positive function on R® @ R"

harmonic on every affine three-plane X, , = a + R3 ®v.

For generic X,,, then Y = 1~ Y(X,,) is smooth with free T !
action, Y/T""! is complete hyperKahler of dimension 4 with
Sl-action. Above analysis then fixes V on X, ,, and F,
providing a classification.

All examples may be constructed as hyperKédhler quotients of
flat affine subspaces of Hilbert spaces, cf. Goto 1994; Hattori
2011.
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HYPERTORIC CONFIGURATION DATA

In the hypertoric situation p is surjective:
p(M*) =R = R @ R" = ImH ® R".

Polytope faces are replaced by affine flats of codimension 3:

H, = H(uk,/\k) = {a €eImH®R" | (a,uk) = /\k},

ur € R", Ay € ImH.

Again stabilisers of points mapping to Hj are contained in the
subtorus with Lie algebra orthogonal to uy, forcing u, € Q".
This time H(uy,, Ax) N - - - N H(ug,, Ay,) # & whenever

Ug,, - .., Uy, are linearly independent.

Smoothness implies each such set uy,, ..., u, is part of a
Z-basis for Z", giving a global restriction on the uy’s.

Get only finitely many distinct vectors uy, but possibly
infinitely many Ay’s.
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G> MANIFOLDS

M7 with ¢ € O*(M) pointwise of the form

¢ = €123 + €145 + €167 + €246 — €257 — €356 — €347,
eijk = €; /\ej N\ eg.
e ¢ specifies a metric ¢ and an orientation

¢ The holonomy of g lies in G, when dg = 0 = dx¢
e g is then Ricci-flat
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MULTI-MOMENT MAPS: T2 SYMMETRY

(Madsen and Swann 2012)

Suppose T? acts preserving (M, ¢), holonomy in G,, with
generating vector fields U, V.

The Cartan formula implies U 1V _ ¢ is closed.

A function v: M — R withdv =U_V J¢is called a
multi-moment map.

At regular values X* = v71(x)/T? is a four manifold carrying
three symplectic forms of the same orientation induced by

Usep, Vag, ULV _xe.

These do not form a hyperKahler structure in general.

(M, ¢) may be recovered from the four-manifold X* by
building a T2-bundle Y®, constructing an SU(3) geometry
(0, 9+) on this bundle and then using an adaptation of the
Hitchin flow for ‘time” derivatives of these forms.
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MULTI-MOMENT MAPS: T° SYMMETRY

Suppose T? acts preserving (M, ¢), holonomy in G,, with
generating vector fields U, V, W.
Multi-moment maps vy, vy, vy given by

dvuy=V_iWag, etc

Hamiltonian condition is that this should be T®-invariant, is
equivalent to ¢(U, V, W) = 0.
There is a fourth multi-moment y associated to x¢ via

d“l/l = u_lV_IWJ*(P.

(vu, vy, vw, u): M7 — R* has generic fibre T°.

What is the analogue of the Gibbons-Hawking Ansatz?
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